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Abstract

We consider a smooth bracket generating control-affine system in
R? and show that any orientation preserving diffeomorphism of R can
be approximated, in the very strong sense, by a diffeomorphism in-
cluded in the flow generated by a time-varying feedback control which
is polynomial with respect to the state variables and trigonometric-
polynomial with respect to the time variable .

1 Introduction

We consider a control-affine system:

= folg) + Y _uifiq), geR, (1)

i=1
with u = (ug,...,uy,) € R™, where f; are smooth (i.e. C'*) vector fields on
R?. Moreover, we assume that {fi,..., fi} is a bracket generating fam-

ily of vector fields, i.e. Lie,{fi,...,fm} = R% for any ¢ € R? where
Lie,{f1,..., fm} is the linear hull of all iterated Lie brackets of the fields
fi,. .., fm evaluated at q.

Feedback control (or time-invariant feedback control) is a mapping

v=(v1,...,0) R = R™

We can put u; = v;(q) and obtain a closed loop system

m

g=fole)+ > _vi(@)fi(a), qeR" (2)

i=1



It is very interesting to know what kind of dynamics we can realize by an
appropriate choice of the feedback control. Of course, a smooth or at least
Lipschitz feedback is preferable if we want system (2) to correctly define a
dynamical system. Unfortunately, we cannot expect too much. In particular,
if fo = 0 then system (2) with a continuous feedback control cannot have
locally asymptotically stable equilibria as it was observed by R. Brockett [2].

J.-M. Coron suggested to use time-varying periodic with respect to time
feedback controls

v:RxR* = RY wt+1,q9) =v(tq), qcR? teR,

for system (1) and proved that asymptotic stability can be successfully achieved
by a C'* time-varying feedback (see [4, 5] or [6, section 11.2]).
In this paper, we focus on the transformation ¢(0) — ¢(1) in virtue of the

system
m

= folg) + Zvi(t, q9)filq), qeR?. (3)

associated to the time-varying feedback control and demonstrate that prac-
tically any type of discrete-time dynamics can be realized in this way.

More precisely, let ®, : ¢(0) — ¢(1) be the transformation of R¢ which
sends the initial value of any solution of system (3) to its value at ¢ = 1.
We denote by Diff(R? the group of orientation preserving diffeomorphisms
of R, Let P € Diff JR?, Op be a C*°-neighborhood of P and N be a positive
integer. We prove (Theorem 8) that there exists a polynomial with respect
to ¢ and trigonometric polynomial with respect to ¢t time-varying feedback
control v such that ®, € Op and the N-jets of &, and P at the origin coincide.
Moreover, construction of the time-varying feedback v is surprisingly simple.

Let us fix some notations. We denote by Diff(R?) the group of diffeo-
morphisms of R? and by Vec RY the space of vector fields on R?. We assume
that Diff(R?), Diffy(R%), Vec R?, and C*°(R?) are endowed with the standard
topology of the uniform convergence of the partial derivatives of any order
on any compact of R?.

Given a set F of vector fields on R?, we denote by:

CrF ={e"f1o...0e | t, € R, fi € F, k € N},
the subgroup of DiffR? generated by flows of vector fields in F, and by:

GI"SF - {€a1f1 ©---0 eakfk | a; € COO(Rd)afz S Fak € N}7
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respectively the subgroup of DiffR? generated by flows of vector fields in F
rescaled by smooth functions on R?. We consider time-varying vector fields
Vi(q) on R? that are smooth with respect to ¢ € R? and locally integrable
with respect to t € R. All vector fields under consideration are supposed
to satisfy the growth condition V;(q) < ¢(t)(1 + |g|), where ¢ is a locally
integrable function. This condition guarantees completeness of the vector
field.

Given a time-varying vector field V;(g) on R?, let

P :R* S RY teR,

be the (non-stationary) flow generated by the differential equation ¢ = V;(q).

In other words,
0P,
-, (@) = Vi(P(0)).

P(q) =q.

In the following we will use the “chronological” notation: P, =exp f(f V. dr,
to denote such a flow.

Recall that if F is a bracket generating family of vector fields then by
Rashevski-Chow Theorem (see [8, 3]), for every g, the orbit O, of the
family is the whole space R? moreover, according to the Orbit Theorem of
Sussmann([9] or [1, chapter 5]), any smooth vector field can be presented as
a linear combination of vector fields from F transformed by diffeomorphisms
from GrF. In particular it is possible to take X7, ..., X, linearly independent
at a point ¢ € R? and such that X; = P, f;, i = 1,...,d with P’ € GrF and
fieF.

The main result proved in this paper is as follows.

Theorem. Let {f1, fa,..., fm} be a bracket generating family of vector fields
on R?. Consider the control system

= folq) + Zui(t, q9)fiq), gq€RY, (4)

with controls u; such that:
(i) u; is polynomial with respect to q¢ € R%;

(17) w; is a trigonometric polynomial with respect to t € [0, 1];
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for everyi=1,...,m.

Fiz positive integers N and k, € > 0, and B ball in R?. For any ® €
Diffo(R?), there exist controls ui(t,q), ..., un(t,q) such that, if P is the flow
at time 1 of the system, then

Jo(P)=J(®) and ||P—®|crp) <e.

Proof is divided into four sections. In Section 2 we consider a bracket gen-
erating family of vector fields closed under multiplication by smooth functions
on R?, say F, then we prove that the group of diffeomorphisms generated by
flows of vector fields in this family is dense in the connected component of
the identity of the group of diffeomorphisms. In Section 3 we use classical
Implicit Function Theorem to prove that the N-th jet of a diffeomorphism in
Diffy(RY) sufficiently close to the identity can be presented as the N-th jet
of an element in GrF. Then using Proposition 2 we can extend this result to
every diffeomorphism in Diffy(R?). The results of Section 2 and Section 3 are
combined together in Section 4 to prove that it is possible to find an element
in the group GrF with the same N-th jet of a given diffeomorphism and also
close to it in the C'*°-topology. This result, as showed in Section 5, implies
the main result in the driftless case, namely fo = 0, and with controls u;(t, )
that are piecewise constant with respect to t. Therefore we use Brouwer
Fixed Point to prove that it is possible to perturb the map

(uts s tm) = S (e;f)/o Zui(tv')fi(')dt> ;

without losing surjectivity. This argument leads to the proof of the Theorem.

2 An approximation result

We start with a simple modification of a standard relaxation result (see [1,
chapter 8] or [7]). Its proof is done in the appendix for convenience of the
reader.

Proposition 1. Let Xi,..., X, be smooth vector fields on R% and A be a
closed subspace of C°(RY). Then, for any time-varying vector field of the
form

k
V= ai(t,)X;,
=1
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where a;(t,-) € A and 0 < a;(t,q) < p(t) for some locally integrable ¢, i =
1,...,k, there exists a sequence of time-varying, piecewise constant with re-
spect to t, vector fields Z]' such that

zZ ef{aX;lae Aji=1,...,k}, foranyte]0,1]

and
t

t

— —

exp Zde—>eXp/VTdT, as n — oo
0 0

in the standard topology and uniformly with respect to t € [0, 1].

Proposition 2 (Approximation). Let F C VecR? be a bracket generating
family of vector fields on R® such that

af € F for any a € C°(RY), f € F. (5)

Then, for any orientation preserving diffeomorphism P of RY, there exists a
sequence { P, }, C GrF such that

P,— P, as n — oo,

in the standard topology.

Proof. First, note that any orientation preserving diffeomorphism of R? is
isotopic to the identity. Indeed, let P be an orientation preserving diffeo-
morphisms of R?. We can suppose without loss of generality that P fixes the
origin just taking the isotopy H'(t,-) = P — (1 — t)P(0). Now, rename for
simplicity P := H'(0,-) and consider another isotopy

H?(t,q) = P(tq)/t, t€(0,1], and Hﬂaxq):%g%f«up/t

Since P is orientation preserving then H?(0, ) belongs to the connected com-
ponent of the identity of the group of linear invertible operators on R¢,
GL*(d,R).

Let P! C Diffo(R?) be a path such that P° = Id and P! = P. Consider
the time-varying vector field

wzuﬂ”o%ﬁ.



We have .
e?p/ V,dr = P!
0

Recall that, since F is bracket generating then it is possible to take
Xi,..., Xy such that X; = P'f; with PP € GrF, i€ F,i=1,...,d and

d

Vi= Z a;(t, )X,

where a;(t,-) € C*(R?) for any t € [0, 1].
By Proposition 1 there exists a sequence Z' € {aX;|a € C*(RY),i =
1,...,d} such that

t

—

exp ZMdr — P!, asn — oo,
0

and the convergence is uniform with respect to t € [0, 1].
Let P, :=exp [, Zp dt, then

P, — P, asn— oo.

It remains to prove that P, € GrF for every n. Since Z]' is piecewise
constant in ¢, so, for any fixed n € N, there exist disjoint segments Iy, ..., I}
covering [0, 1] and functions ay, ..., ap, € C*°(R?) such that

Zy =X, Vtely,, k=1,... hy.
Hence
!
P, = exp/ Z;dt,
0

ellenXy o o ellhnlan, Xy,

. ih
_ €|11‘O‘1P:1fi1 o...0lnlonP" fiy
= (Pil)_l o elhl(@eP ) fiy o pit o ..

o (Pn) 1 o llhl@nnoP ™) pit, (6)



now let By = |Ix|(ay o P'*), then
P, = (ph)*l oePfii o Piro... o (Pihn)*l o eﬂhnfihn o Pihn ,
and P, € GrF by assumption (5). a

In other words we proved that if F is a bracket generating family of
vector fields then GrgF is dense in the connected component of the identity
of DiffR? endowed with the standard C'*-topology.

3 Get the jet

In this section, given a bracket generating family of vector fields F, we find
a diffeomorphism in the group GrgF whose N-th jet is exactly the N-th jet
of a given diffeomorphism on R?. The main tool used is the classical Implicit
Function Theorem.

Proposition 3. Let F be a bracket generating family of vector fields on R?
and N > 0 a positive integer.

For any diffeomorphism ® : R® — RY sufficiently close to the identity there
exists P € GrgF such that

Iy (P) = Jy' (®).

Proof. Consider a frame of vector fields linearly independent in 0 € RY,
Xq,..., X4 Let X be the space of polynomials of degree less or equal than
N in d variables and let Y be the jet-group of N-th order jets at 0 of smooth
orientation preserving diffeomorphisms, i.e. Y = JY(Diffo(R%)). Note that
dim X < oo and dimY < oo.

Consider the map

F Xd — Y 7
(ul,...,ud) — Jév(@ulxlo...oeudxd) ()

We want to prove that Implicit Function Theorem applies. Let us compute
the differential of F' at 0 € X¢

OF oF
DoF(ay,... = o L
0 (al’ ,(ld) 8U1 u1:‘..:ud=0a1 + * 8“(1 “1:"':“d:0ad

= aJy (X1) 4+ aady (Xa).
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We claim that DyF : X¢ — T14Y is invertible. In fact
TiY = TiaJy (Diffo(RY)) = J3' (Tia Diffo(RY)) = Jg' (Vec(RY)),
so for every V € J¥(Vec(R%)) there exist by, ..., bg such that
Vo= IV X+ 4 b Xy)

Every element V' € TY is image of d polynomials of degree less or equal
than N, a; = JY(b;). Therefore there exists O neighborhood of Id in Y
such that F' is locally surjective on O. Namely, for every 1) € O, there exist
(u1,...,uq) € X% such that F(uy,...,ug) = .

If ® is sufficiently close to the identity, then J¥(®) € O. Therefore there
exist polynomials vy, ...,v4 € X¢ such that

Jév(elel 0---0 e”dXd) = Jév(q)).

It remains to prove that P = e?'*1 o...0¢e%*e € GrgF, but according to
Orbit Theorem, for i = 1,...,d, we have that X; = P} f;, where f; € F and
P’ € GrF. Let P! = ¢'ifi o efaf3 o ... 0 e'i/5 with fi € F. Therefore

P = 6v1p*1fl 0---0 evdpffd
1y—1, -1 A -1
= Ploe) g (P ou o ploe(P) Wl o (pd)
— et%fll 0---0 etilfsll oe(Pl)il(Ul)fl o e_télfsll O-++0 eit%fll O«
N ~"~ 4 A v d
Pl (PHy~!
d ¢d d fd AN _4d sd dpd
0 el 6.0 elsalia oe(P ) Walfa o o=t54f5q o ... o ot
NS 7 A >y
~~ Vv
" ()"
= W o... 0 eWHdE (8)

with g1,...,90 € F and £ = d + 2(s; + --- + s4). Therefore P € GrgF and
the proposition follows. n

Now consider any diffeomorphism ® € Diffs(R%). By Proposition 2 there
exists a sequence {P, },, C GrgF that tends to ®. So for n sufficiently large
last Proposition applies to P, ! o ® and we have the following result.

Corollary 4. Let F C VecR? be a bracket generating family of vector fields
and N > 0 a positive integer. For every ® € Diffo(R?) there exists P € GrgF
such that

To (P) = J§'(®).



4 Geometric statement of the main result

The purpose of this section is to link the results of the last two sections in
order to find an element in the group GrgF with the same N-th jet of a given
diffeomorphism and also close to it in the C"*°-topology.

Proposition 5. Let F C VecR? be a bracket generating family of vector
fields. Let N and k be positive integers, € > 0, and B ball of R%. For any
® € Diffy(RY), there exists P € GrgF such that

Jo(P)=J3(®) and ||P—®|crp <e.

Proof. We can suppose that J(®) = Id. Indeed, by Corollary 4, there exists
Q € GrgF such that J&¥(Q) = J&¥(®). Then we consider, instead of ®, the
diffeomorphism ¥ = ® o Q! which has trivial jet.

The idea of the proof is the same of Proposition 2. Since JI¥(®) = Id,
then ® can be written as

O(z) =z + g(x),

with J3'(g) = 0. Consider the one parameter family of diffeomorphisms with
trivial jet

By(x) = o+ tg()
This is a path in Diff(R?) from ®, = Id to ®; = ®. Let V; a nonautonomous
vector field such that

t
@t:eﬁ/ V. dr.
0

Let X4,..., X be a frame of vector fields linearly independent at 0 such that
X, = Ad Pif;, PP € GrF, f; € F. Therefore

d

i=1
with a;(t,) € C°(R?) for any t € [0,1]. Note that, since J)¥(®;) = Id and
the vector fields X; are linearly independent, then J& (a;(t,-)) = 0 for any
t €10,1].

Now let A be the closed subspace of C*(R?) of smooth functions « such

that J)¥(a) = 0. By Proposition 1 there exists a piecewise constant in ¢
sequence Z;' € {aX;|a € A,i=1...,d} such that

—

t
exp zZrdr — &, asn — oo,
0



in the C'*°-topology and uniformly with respect to ¢t € [0, 1].
So, if P, =exp [, ZIdr, then

P, — &, asn— oo,

in the standard topology. Now, for any n, we have that P, € GrgF for
the chain of equalities (6). Moreover P, has trivial jet. Indeed, since the
sequence Z;' is piecewise constant, then there exist intervals Iy,..., I} such
that

Z = o X;, foranyt e [,

with j; € {1,...,d}. So
JYp) = JY <e¥’p /1 Z:dt)
0
_ J(J)V (€|11IQ1X11> 0---0 Jé\’ (euh\ahth)
eI (@) I3 (X50) o L. L o elnl e (an) I8 (X5),)

= Id,
and the result is proved. O

5 Main Result

In this last section we prove the main result using Proposition 5 and a fixed
point argument. We start giving an equivalent formulation of Proposition 5
in terms of flows of the system:

q= Zui(t, 0)fi(e), qeR" (9)

Suppose that F = {f1,..., fi} is a bracket generating family of vector
field on R?. By Proposition 3 there exist smooth functions a,...,a; such
that

(@) = Jgy (e"ir 0+ 0e™fin) (10)

with i; € {1,...,m}. Now there exist m functions u,(t,q), ..., un(t, q) piece-
wise constant in ¢ such that

JN (@) = JY <e?p /Oliui(t,')fidt> . (11)
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We then proved the following Lemma.

Lemma 6. Let {f1, fa,..., fm} be a bracket generating family of vector fields
on R%. Consider the control system

i=utane,  geR 12)

with controls w; piecewise constant with respect to t € [0, 1] and smooth with
respect to ¢ € R%, for everyi=1,...,m.

Let N and k be positive integers, € > 0, and B ball in R?. For any ® €
Diffo(R?), there exist controls ui(t,q), ..., un(t,q) such that, if P is the flow
at time 1 of system (12), then

J(P)=J(®) and ||P—®|crp <e.

What remains is to prove last result adding a drift fy to system (12).
Moreover we want to have a certain regularity for the controls. Both these
results can be proved with a fixed point argument. Indeed, let U the space
of m~uples of controls u(t, q) piecewise constant in ¢ and smooth with respect
to q. Consider the map

F U — J (Diffo(R%))

(g, .y up) — JY <e?p fol St )X dt) . (13)
This map is continuous and, by last Lemma, it is also surjective. More-
over F has a continuous right inverse. Indeed there is a smooth correspon-
dence between the time-varying feedback controls wuq,...,u,, and the func-
tions ay,...,a; in (10). By Implicit Function Theorem applied to map F
in (7), we have that the right inverse of F' is continuous and so is the right
inverse of F.

In the next Lemma we prove, using a fixed point argument, that every small
perturbation of a continuous surjective map with continuous right inverse
and with finite dimensional target space is surjective too.

Lemma 7. Let X be a topological space, € > 0, and F : X — R™ a continuous
and surjective with continuous right inverse. If G : X — R" is continuous
and such that sup,ci |F(x) — G(x)| < e for any K C X compact, then G is
surjective.
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Proof. Let F~! be the right inverse of F' and define, for every ¢ in R", the map
xi(y) =y—Go F*y)+y. Let § = e+ ||y||, then for every y € Bs = Bs(0)
we have

sl < lly—=GoF 'yl + |yl
< sup ly—Go F(y)|| + |4l
yEBs
< sup [[F(z) —G(2)| + ||yl
z€F~1(Bjs)
< e+ ||yl
= 0.

So x3(Bs) € Bs and, since the map yj is continuous, by Brouwer Fixed Point
Theorem, there exists y € By such that

XQ(:&) = ga
namely
GoF () =17
We proved that, for every y € R™, there exists, z € X such that y = G(z). O

The Main Result can now be proved.

Theorem 8. Let {fi, fa,..., fm} be a bracket generating family of vector
fields on R?. Consider the control system

¢ = folqg) + Zui(t, 0)fi(q), q€RY, (14)

with controls u; such that:
(i) u; is polynomial with respect to q¢ € R%;
(17) w; is a trigonometric polynomial with respect to t € [0, 1];

for everyi=1,...,m.

Fiz positive integers N and k, ¢ > 0, and B ball of RY. For any ® €
Diffo(RY), there exist controls ui(t,q), ..., un(t,q) such that, if P is the flow
at time 1 of system (14), then

JY(P)=Jy(®) and ||P—®|crp <e.
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Proof. Proof splits into three steps. First prove that it is sufficient to consider
controls that are polynomials with respect to ¢ € R?, then we add the drift to
the system, and finally we find controls that are trigonometric polynomials
with respect to t by smoothing the time dependence of the piecewise constant
controls. Let us start with the first step and note that, as a consequence of
the density of polynomials in the space of smooth functions on a bounded
set and bu Lemma 7, we can assume that u;(¢,q) is a polynomial in ¢ for
every t € [0,1] and for every i = 1,...,m.
Now set Y = JI'(Diffo(R?)) and consider the family of continuous maps
F .

0 -

U — Y
(U, ) ng(e?pfoggfﬁz;’;lui(t,-)xidt).

We claim that, if there exists o > 0 such that F, is surjective then so is F,
for o = 1. Indeed

Fy(ui(t,-), ..., um(t,")) = Fy <M M) ‘

0 e 0

Similarly the map F(uy, ..., uy) = J&¥ (e?f) (A€ dt) is sur-
jective for every p > 0 since it is equal to the map F defined in (13) up
to rescalings of the time dependence of the controls w;. We have, for small
0 > 0, that F, is a small perturbation of F, - S0 Lemma 7 applies and F is
surjective.

Finally, for any control u(t,q) piecewise constant in ¢ and polynomial in

q, we can write
N

ult,q) = ) aa(t)q”,

|| =0

with o multi-index and a,(t) piecewise constant. For every «, the function
a, admits a Fourier expansion of the form

aq(t) = Z ! cos(2mjt) + & sin(27jt).
=0
Consider the trigonometric polynomial
ar(t) = S cos(2mjt) + € sin(2mjt),
=0
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then a”(t) — aq(t) as n — oo in L'[0,1]. So let

N
u"(t,q) = Z ag(t)q,
|ee]=0
then
u™(t,q) — u(t,q), asmn — oo, (15)

and the convergence is uniform with all derivatives on compact sets of R?
and in L'[0,1] with respect to .
Let G, be the family of continuous maps

G, : U — Y
(Ugy -y Upy) — S (63)(73 fol fo+ > ul(t, )X, dt) :
By the convergence in (15), G, — F; as n — oo for every (uq,...,u,) € U,

then there exists ng integer for which Lemma 7 applies. Therefore the map
G, is surjective and Theorem follows. O

Remark 1. Clearly the statement of Theorem 8 holds also if we consider the
jet at a point ¢ € R?. It is also clear that it is possible to fix a finite number of
points in R?, say ¢i, ..., ¢, and find an admissible diffeomorphism, arbitrary
close to a given one, that realize its N-th jet at all the points ¢q,...,q, at
the same time.

6 Appendix

Here we prove Proposition 1. The proof is based on the following well-known
fact (see, for instance, [1, Lemma 8.2]).

Lemma 9. Let Z; and Z] forn =1,2,... and t € [0,1] be nonautonomous
vector fields on M. If

t t
/ Zde—>/ Z.dr, asn — oo,
0 0

in the standard C* topology and uniformly with respect to t € [0, 1], then
e t e t
exp Z%dr —exp / Z.dr, asmn — oo,
0 0

in the same topology.
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Proof of Proposition 1. First, note that we can suppose, without loss of gen-
erality, that a;(¢,-) is piecewise constant in ¢ for every i = 1,... k. Indeed,
for any ¢ = 1,..., k, the sequence

tq—nZ/ i(7,q) dr X (1), (16)

where x7(t) is the characteristic function of the interval [£1, 2], is such that

/ XdT—>/VdT as n — 00,

uniformly with respect to ¢t and in the C*°-topology. Therefore Lemma 9
allows us to suppose that a,(t,-) is piecewise constant in ¢ for every 1.

Let ¢ be a positive integer such that V; is constant on [771 1] for every
7 =1,...,¢. We can write

ai(t,q) = al(g)xi(t) (17)

k
of =) aj, (18)

and let {g,} a sequence of nonnegative smooth functions of R% such that
e,(0) = 0 for every n and ¢, — 0 as n — oo in the C*°-topology. Then
ol = ol + g, is strictly positive on R?\ {0} for every j and n.

Now, for every positive integer n and j = 1,...,¢, let b} = af/afl and
consider the family of intervals:

n—1 - . . .. . . ..
. j_]- m b]’]-_i_..._i_b]vl_l j_]- m b]?l_i_..._i_b]vl
A.]ﬂ: < _ n n - n n
v =U { T nl T T T T :

m=0

fort=2,...,k, and

AT AT

m=0



The sequence of vector fields
7l =dlX;, ifte Al (19)

is such that

t t
/Zde—>/VTdT, as n — oo.
0 0

In the standard topology and uniformly with respect to ¢ € [0,1]. The
statement then follows from Lemma 9. OJ
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