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A natural mechanical system on a Riemannian manifold M:
trajectories: vy : R — M, v € T, HyM;

kinetic energy: 5|5(t)|?;

potential energy: V(~(t)), where V : M — R;

Hamiltonian: H(p,q) = %|p|2 + V(q),

where p € Ty M, |p| = max{(p,§) : £ € TyM, |§] = 1}.



System with an isotropic dissipation:
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where o > 0 is a friction coefficient.
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V(g) = bcosg,
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V(q) = bcosgq, |b] < G-



Definition 1. “Potential stationary flow” is a gradient vector
field Vu, where u € C%(M) and {dqu : ¢ € M} C T*M is an
invariant submanifold of our system.

In particular, ¥(t) =V, u implies that ¢ — d.yu is a solution.

Definition 2. The curvature of the Hamiltonian H at p € T;M
is a self-adjoint linear operator jo 2) : T;M — T;M defined by
the formula

R & =R(Epp+ (VEV)IE, e TyM,
where V is the covariant derivative and ‘R the Riemannian cur-
vature.



Assume that M is complete, ‘R and V2V are uniformly bounded.
Let &, : T"M — T*M, t € R, be the flow generated by our
system, Q¢ = {(p,q) € T*M : |p| < c}.

Theorem. If Rg? 0 < O‘TQI, V(p,q) s.t. H(p,q) < maxV, then 3

a potential stationary flow Vu s. t.

Pi(Q2e) »{dqu:qge M} as t — o0

with an exponential rate, Ye¢ > 0.

dou: g € M} is a normally stable submanifold of ®t.
q
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If M is compact and Rg) o < %I, then uw € Ck(M).

The map (H,a) — u is continuous in the C2—topo/ogy.



The least action principle:
0

u(@) =—infd [ e (SHOPR - VO®)) dt:(0) =g
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The modified Hamilton—Jacobi equation:

H(dqu,q) + au(q) = 0.



Smaller dissipation:

© @)
Consider a Markov process on measures: A : p+— o [ e~ Dl ydt.

0
The limiting *velocity distribution” on T;M is limit of conditional

probability measures:

£—( M—00

vg = lim_lim ((A”u) o) /A",u(Og(T;M))>,

where p is a volume measure on 2., q € M.

Proposition. If M is compact and V is a Morse function, then
for a.e. q € M there exists an atomic vq that does not depend
on p and c; supp(vq) C Ty M N{unstable subman. of the equilibria}.
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One degree of freedom:

Waq)
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V" (@min) < G < max vV’
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aT < V"(qmin)
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lim_ g = pq(p)dp,

a—0

pq(p) = cqArea{z : H(z) < H(p,q)}, if H(p,q) < maxV; otherwise
pq(p) = 0.
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