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ABSTRACT. Measure contraction property is one of the possible
generalizations of Ricci curvature bound to more general metric
measure spaces. In this paper, we discover sufficient conditions for
a three dimensional contact subriemannian manifold to satisfy this

property.

1. INTRODUCTION

In the past few years, several connections between the optimal trans-
portation problems and curvature of Riemannian manifolds were found.
One of them is the use of optimal transportation for an alternative def-
inition of Ricci curvature lower bound developed in a series of papers
(38, 18, 41]. Based on the ideas in these papers, a generalization of
Ricci curvature lower bound for general metric measure spaces, called
curvature-dimension condition, is introduced in [30, 31, 39, 40] (see
section 5 for a quick overview of these results). Recently the case of a
Finsler manifold was studied in [36] and the results are very similar to
that of the Riemannian case due to strict convexity of the correspond-
ing Hamiltonian.

The situation changes dramatically in the case of subriemannian
manifolds. The reason is that the class of metric spaces we are dealing
with have Hausdorff dimensions strictly greater than their topologi-
cal dimensions. Therefore, the interplay between the metrics and the
measures of these spaces should be significantly different from that of
the Riemannian or Finsler case. One particular case of subriemannian
manifolds, the Heisenberg group, is studied in [24]. In this case the
space does not satisfy any curvature-dimension condition mentioned
above (however, see [9, 11, 10] for a different definition of curvature-
dimension condition in the subriemannian setting). Instead it satisfies
a weaker condition, called measure contraction property, introduced in
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40, 35] (see Section 5 for the definition). Like the curvature-dimension
condition, measure contraction property is a generalization of Ricci cur-
vature lower bound on Riemannian manifolds. However, it is a weaker
condition for general metric measure spaces.

The approach used by [24] relies on the complete integrability of
the subriemannian geodesic flow on the Heisenberg group. Because of
this, the changes in the measure along the geodesic flow can be written
down explicitly in this case, which is not possible for subriemannian
manifolds in general.

The goal of this paper is to study a subriemannian version of the mea-
sure contraction property for three dimensional contact subriemannian
manifolds under certain curvature conditions. This study uses a sub-
riemannian generalization of the classical Riemannian curvature. The
generalized Ricci curvature was introduced by the first author in the
90s for some special cases (including the three dimensional contact sub-
riemannian structures), and in full generality by the first author and
I. Zelenko (see [7]). Later C.-B. Li and I. Zelenko found a complete
system of curvature invariants (see [27, 28]). To state some interesting
consequences of the main result in this paper, let us first give a brief
introduction to the curvature invariants (see Section 6 for a more detail
discussion of these invariants).

Let et be the subriemannian geodesic flow defined on the cotangent
bundle T*M and let a be in T*M. In a similar spirit of the Frénet-
Serret frame, one can find a special moving frame along the trajectory

t s etf (). The main property of this frame is that it satisfies certain
first order equations when pulled back to the tangent space T, 7*M at

the point a by the geodesic flow et The pulled back frame is called
the canonical Darboux frame.
In the Riemannian case, the canonical Darboux frame

{e1(t), ..., en(t), fi(t), ..., ful(t)}

satisfies the following equations which is the Jacobi field equation (up
to certain identifications of tangent and cotangent spaces)

é(t) = fit), filt) = —Rd(D)e; ().

The matrix R, := R,(0) with ij-th entries given by R (0) above is the
Riemannian curvature operator (again up to certain identifications).

In the three dimensional contact subriemannian case, the canonical
Darboux frame

{ei(t), ea(t), es(t), f1(t), f2(t), f3(t)}
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satisfies the following equations instead

ét) = fi(t),  fi(t) = =Ry (Bes(t) — falt),
é2(t) = ei(t),  fo(t) = —RZ(t)ea(t),
es(t) = f3(t), f3(t) =0

RI(0) 0 0
Therefore, R, = 0  R*(0) 0 | isanatural generalization of
0 0 0

the Riemnnian curvature.

In this paper, we introduce a new generalized measure contraction
property MCP(K;2,3) (see Section 7 for the definition and its motiva-
tion). One of the main results (Theorem 8.1) gives sufficient conditions
on the curvature R for a class of three dimensional contact subrieman-
nian manifolds, called Sasakian manifolds, to satisfy this new measure
contraction property. Our generalized measure contraction property
MCP(0;2,3) coincides with the old condition MCP(0,5) (see Section
5 for the definition of MCP(0,5)). As a result of this and Theorem
8.1, the following theorem holds. In particular, it generalizes the result
in [24] for the Heisenberg group.

Theorem 1.1. (Measure Contraction Property) Assume that the three
dimensional contact subriemannian manifold is Sasakian. If R > 0
for all « in the cotangent bundle T* M, then the metric measure space
(M,d,n) satisfies the measure contraction property MCP(0,5).

Several interesting consequences also follow from Theorem 1.1 (see
Section 8 for the detail). They include:

e Volume doubling property

e Local Poincaré inequality

e Harnack inequality for harmonic functions of sub-Laplacian
e Liouville property of sub-Laplacian

The method used in the proof of Theorem 8.1 also apply to three
dimensional contact subriemannian manifolds which are not necesarily
Sasakian. In the second main result (Theorem 9.1), we apply it to
any three dimensional compact contact subriemannian manifolds and
give estimates of the measure contractions for these subriemannian
manifolds.

The structure of this paper is as follows. In Section 2, we give sev-
eral basic notions on subriemannian geometry necessary for the present
work. In Section 3, we give the definition and the properties of contact
subriemannian manifolds. A special class of examples of contact sub-
riemannian manfiolds, called Sasakian manifolds, is introduced here
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as well. Sasakian manifolds serve as examples to the main result of
this paper. In Section 4, we recall the definition and some basic re-
sults on the optimal transportatin problem. In Section 5, we give a
brief overview on how the optimal transportation problem gives rise to
the curvature-dimension condition and the measure contraction prop-
erty. We also give the motivation of the present work in this section.
In Section 6, we recall and specialize the recent result of [27, 28] on
the curvature type invariants of subriemannian manifolds to the three
dimensional contact case. We also give explicit formulas for these in-
variants. In section 7, we give the definition of the new generalized
measure contraction property. We will also motivate its definition by
considering how measures contract in the Sasakian version of space
form. In Section 8, we state the main theorem (Theorem 8.1) and its
consgeuences. The main theorem gives sufficient conditions on when a
three dimensional contact subriemannian satisfies the generalized gen-
eralized measure contraction property MCP(K;2,3). (see Definition
7.3 below). In particular, MCP(K;2,3) coincides with the old mea-
sure contraction property MCP(0,5). As a consequence, these spaces
satisfy the volume doubling property, the local Poincaré inequality, the
Harnack inequality and the Liouville property for harmonic functions
of the sub-Laplacian. In Section 9, we give the measure contraction
estimates for three dimensional compact contact subriemannian man-
ifolds. The proofs of all the results of this paper are given in the rest
of the sections.
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A table of notations

M a metric space or a manifold
(9, | a subriemannian metric and its norm
A a distribution on M
n the Popp’s measure
Wy o, 1, Mt measures on M
II a measure on M x M
d a distance function on M
U a Borel set in M
H subriemannian Hamiltonian
et subriemannian geodesic flow
ei(t), fi(t) canonical Darboux frame
R (t) curvature invariants
v tangent vectors
e} covectors
Qg contact form
g the Reeb field
V1, Vg subriemannian orthonormal basis
g, (1, (g dual basis of vy, v1, V9
0 tautological 1-form on T M
w standard symplectic 2-form on 7% M
X a tangent vector in TT*M
L Lie derivative
Vi horizontal gradient
Ay sub-Laplacian

2. SUBRIEMANNIAN MANIFOLDS AND THEIR GEODESICS

In this section, we recall several basic notions in subriemannian ge-
ometry. For a detail discussion of various topics, see [34].

Recall that a Riemannian manifold is a manifold M together with a
fibrewise inner product defined on the tangent bundle T'M. The length
of a curve is defined by this inner product and the Riemannian distance
between two points is the length of the shortest curve connecting them.
For a subriemannian manifold the fibrewise inner product is defined on
a family of subspaces A inside the tangent bundle TM. Therefore,
the notion of length can only be defined for curves which are tangent
to this family A. These curves are called horizontal curves and the
subriemannian distance between two points is the length of the shortest
horizontal curve connecting them.
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More precisely, a subriemannian manifold is a triple (M, A, (-, -)),
where M is a smooth manifold, A is a distribution (a vector subbundle
A of the tangent bundle T'M of the manifold M), and (-, -) is a fibrewise
inner product defined on the distribution A. The inner product (-, -)
is also called a subriemannian metric. An absolutely continuous curve
v : [0,1] — M on the manifold M is called horizontal if it is almost
everywhere tangent to the distribution A. Using the inner product
(-,+), we can define the length I() of a horizontal curve v by

/ y(t)|dt,

where | - | denotes the norm of the subriemannian metric (-, -).
The subriemannian or Carnot-Caratheodory distance d between two
points  and y on the manifold M is defined by

(2.1) d(z,y) = infl(y),

where the infimum is taken over all horizontal curves which start from
x and end at y.

The above distance function may not be well-defined since there may
exist two points which are not connected by any horizontal curve. For
this we assume that the distribution A is bracket-generating. Before
defining what a bracket-generating distribution is, let us introduce sev-
eral notions. Let A; and Ay be two distributions on a manifold M, and
let X(A;) be the space of all vector fields contained in the distribution
A;. The distribution formed by the Lie brackets of the elements in
X(A) with those in X(Ay) is denoted by [Ay, Ay]. More precisely,

(A1, Ag], = span{w (), [we, ws]()|w; € X(4,),i=1,2,3,j =1,2}.

We define inductively the following distributions: [A, A] = A? and
AF = [A, A*1]. A distribution A is called k-generating if AF = TM
and the smallest such k is called the degree of nonholonomy. Finally the
distribution is called bracket-generating if it is k-generating for some k.

Under the bracket-generating assumption, the subriemannian dis-
tance is well-defined thanks to the following famous Chow-Rashevskii
Theorem (see [34, Chapter 2] for a proof):

Theorem 2.1. (Chow-Rasheuvskii) Assume that the manifold M is con-
nected and the distribution A is bracket-generating. Then there is a
horizontal curve joining any two given points.

Finally, let us discuss the subriemannian geodesics and the corre-
sponding geodesic flow. As in Riemannian geometry, horizontal curves
which realize the infimum in (2.1) are called length minimizing geodesics
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(or simply geodesics). From now on, all subriemannian manifolds are
assumed to be complete as a metric space. It follows that given any
two points on the manifold, there is at least one constant speed geo-
desic joining them. Next we will discuss one type of geodesics called
normal geodesics. For this let us recall several notions in the symplec-
tic geometry of the cotangent bundle T*M. Let w: T*M — M be the
projection map, the tautological one-form 6 on T*M is defined by

0. (X) = aldr(X)),

where « is in the cotangent bundle 7*M and X is a tangent vector on
the manifold T*M at «.

The symplectic two-form w on T*M is defined as the exterior de-
rivative of the tautological one-form: w = df. It is nondegenerate in
the sense that w(X,-) = 0 if and only if X = 0. Given a function
H : T*M — R on the cotangent bundle, the Hamiltonian vector field
H is defined by ijw = —dH. By the nondegeneracy of the symplectic

form w, the Hamiltonian vector field H is uniquely defined.

Given a distribution A and a subriemannian metric (-, -) on it, we can
associate with it a Hamiltonian H, called subriemannian Hamiltonian,
on the cotangent bundle 7*M. To do this, let a be in the cotangent
space T M at the point z. The subriemannian metric (-,-) defines a
bundle isomorphism I : A* — A between the distribution A and its
dual A*. It is defined by

{(L(B),-) = B(),
where [ is an element in the dual bundle A* of the distribution A.
By restricting the domain of the covector a to the subspace A, of
the tangent space T, M, it defines an element, still called «a, in the
dual space A*. Therefore, I(«) is a tangent vector contained in the
space A, and the subriemannian Hamiltonian H corresponding to the
subriemannian metric (-, -) is defined by

H(0) = s0(I(a) = 5 {I(0), I(a)

Note that this construction defines the usual kinetic energy Hamilton-
ian in the Riemannian case.

Let H be the Hamiltonian vector field corresponding to the sub-
riemannian Hamiltonian H and we denote the corresponding flow, the
subriemannian geodesic flow, by e!. If t — e () is a trajectory of the

subriemannian geodesic flow, then its projection ¢t — (t) = w(e'" (a))
is a locally minimizing geodesic. That means sufficiently short segment
of the curve v is a minimizing geodesic between its endpoints. The
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minimizing geodesics obtained this way are called normal geodesics. In
the special case where the distribution A is the whole tangent bun-
dle TM, the distance function (2.1) is the usual Riemannian distance
and all geodesics are normal. The same is true for subriemannian
manifolds, called contact subriemannian manifolds (see Section 3 for
the definition), studied in this paper. However, this is not the case
for general subriemannian manifolds. To introduce another class of
geodesics, consider the space €2 of horizontal curves with square in-
tegrable derivatives. The endpoint map end : 2 — M is defined by
taking an element 7 in space of curves €2 and giving the endpoint (1)
of the curve: end(y) = v(1). Geodesics which are regular points of the
endpoint map are automatically normal and those which are critical
points are called abnormal. However, there are geodesics which are
both normal and abnormal (see [34, Chapter 3] and reference therein
for more detail about abnormal geodesics).

3. CONTACT SUBRIEMANNIAN AND SASAKIAN MANIFOLDS

In this section, we recall the definition of contact subriemannian
manifolds which is the main object of study for this paper. We will also
recall the definition of Sasakian manifolds which served as key examples
of various results. Finally we will mention some explicit examples in
the three dimensional case.

A distribution A on a manifold M is contact if there exists a 1-form
ap, called contact form, for which the kernel of ag is A and the dif-
ferential day is nondegenerate on A. In other words, a tangent vector
v is contained in A if and only if ag(v) = 0 and doy(v,-) = 0 if and
only if v = 0. Note that the second condition implies the manifold
M is odd dimensional. Once a contact distribution is fixed, there are
lots of contact form associated with it. However, if a subriemannian
metric (-,-) is also fixed on the distribution, then there is a unique
contact form aq such that the restriction of the 2n-form dag A ... A day
to the distribution A coincides with the volume form induced by the
subriemannian metric (-,-) on A. Therefore, we say that the subrie-
mannian manifold (M, A, (-,-)) is a contact subriemannian manifold if
A is a contact distribution and we call the 1-form ¢ defined above the
induced contact form of (M, A, (-, -)).

For each contact subriemannian manifold (M, A, (-, -)), we can asso-
ciate with it a unique vector field vy, called the Reeb field. If ay is the
induced contact form, then vq is defined by conditions ag(vg) = 1 and
dag(vg, ) = 0. Note that the second condition implies the Reeb field
Vg 1s transversal to the distribution A.
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Using the Reeb field vy, we can define a natural measure on the
subriemannian manifold. Let vy, ..., v9, be a basis in the contact dis-
tribution A which is orthonormal with respect to the given subrie-
mannian metric. Let n be the (2n + 1)-form defined by the condition
n(vg, ..., Vo, ) = 1. The measure induced by this volume form 7, which
will be denoted by the same symbol throughout this paper, is an ex-
ample of a Popp’s measure. Popp’s measures can be defined for any
subriemannian manifold. For the detail definition of this measure in
general, see [34, Chapter 10]. From now on, when we consider a contact
subriemannian manifold as a metric measure space, it always refers to
the triple (M, d,n) where d is the subriemannian distance and 7 is the
Popp’s measure.

Before giving examples of contact subriemannian manifolds, let us
recall the definition of an important class of manifolds, called Sasakian
manifolds. They are contact subriemannian manifolds for which the
Reeb field vy is a subriemannian isometry. Note that by the definition
of the Reeb field vy, the flow of vy preserves the induced contact form
and hence the distribution A. Therefore, subriemannian isometry here
means the flow of the Reeb field vy preserves the subriemannian length
of tangent vectors in A.

If we assume further that the Reeb field vy of the Sasakian manifold
generates a free and proper group action (i.e. the flow of vy is a free and
proper group action), then the quotient N := M /G of the manifold M
by this G-action (G = S! or R) is again a manifold. Let my : M —
N be the quotient map. Then there is a Riemannian metric on N
such that the restriction of dm to the distribution A is an isometry.
Many of the interesting examples of subriemannian manifolds have this
structure. The Heisenberg group H" is one of them.

The standard subriemannian structure of the Heisenberg group H"
can be defined as follows. The underlying manifold of H" is the 2n + 1-
dimensional Euclidean space M = R?*"*!. If we denote the coordinates
of this Euclidean space by {xg,x1, ..., T2, }, then the distribution A is
defined by

A =span{X; Y;li=1,...,n},
where X; = 0,, — %a:nﬂaxo and Y; = 0,,,, + %xié?xo.
The standard subriemannian metric (-,-) is the one for which the

vector fields { X}, Y;|i = 1,...,n} are orthonormal. The induced contact
form «y is given by

1 n
Qy = —dCCO + 5 Z(I’Zdl'n+z — xn_deZ)
i=1
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The Reeb field vy in this case is —0,, and the Popp’s measure 7 is the
2n + 1-dimensional Lebesgue measure. The Reeb field vy, in this case,
is a subriemannian isometry. It also defines a proper R-action and the
quotient manifold N is the 2n-dimensional Euclidean space R?®. The
standard subriemannian structure (-, -) on H" descends to the standard
Euclidean structure on R?".

We end this section with two more examples of contact subrieman-
nian manifolds with the above symmetry structure. For more examples
of subriemannian manifolds with symmetry, see [34, Chapter 11]. For
other examples of contact manifolds, see [14].

Recall that SU(2), the special unitary group, consists of 2 x 2 matri-
ces with complex coefficients and determinant 1. The Lie algebra su(2)
consists of skew Hermitian matrices with trace zero. The left invariant
vector fields of the following two elements in su(2)

“1:(—?/2 1(/)2)7 “2:<z’?2 i{)Q)

span the standard distribution A on SU(2). The standard subrieman-
nian metric is given by the condition (v;,v;) = ¢;;, ¢ = 1,2. The Reeb

field vy is given by
B 0 -1/2
w=l12 o0 )¢

The flow of the Reeb field defines a S'-action on SU(2) called the
Hopf fibration. The quotient N of SU(2) by this action is the standard
2-sphere S?. The standard subriemannian metric on SU(2) descends
to the Riemannian metric on S? of contant curvature 1.

The special linear group SL(2) is the set of all 2 x 2 matrices with
real coefficients and determinant 1. The Lie algebra sl(2) is the set of
all 2 x 2 real matrices with trace zero. The left invariant vector fields
of the following two elements in si(2)

“1:(1(/)2 —?/2)’ ""2:<1(/)2 162>

standard subrieman-

span the standard distribution A on SL(2). Th
0;;, © = 1,2. The Reeb

nian metric on SL(2) is defined by (v;,v;) =
field in this case is vy, where

Yo = ( 192 _10/2 )

The flow of the Reeb field also defines a S'-action on SU(2). The
quotient N of SL(2) by this action is the upper half-space with the
standard non-Euclidean structure.
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4. INTRODUCTION TO OPTIMAL TRANSPORTATION

In this section, we give a quick introduction to the optimal trans-
portation problem. A standard reference on this is the book [42].

Let M be a metric space with distance function d. Let ug and pu,
be two Borel probability measures on M. The theory of optimal trans-
portation starts with the following minimization problem

(4.1) inf d*(z, () duo()

xpo=p1 J s

where the infimum is taken over all Borel maps ¢ : M — M which
pushes g forward to py (i.e. po(e 1 (U)) = py(U) for all Borel sets U
in M).

By the famous work of [25], the relaxed version of the above problem
given below in (4.2) always has a solution (i.e. existence of minimizer).

(4.2) inf /M N d*(z,y) dll(z, y)

(m1)+II=p0,(m2) =401

where my,m : M x M — M are projections onto the first and sec-
ond component, respectively, and the infimum is taken over all Borel
measures II on M x M satisfying (7).l = po and (my). Il = py (i.e.
I(U x M) = po(U) and II(M x U) = p;(U) for all Borel sets U in M).

The existence and uniqueness of solution to the origin problem (4.1)
were proved much later in ([15]) in the Euclidean setting under certain
assumptions on the measures pg and p;. It was later extended to
the compact Riemannian setting by [33]. The following is a summary
of their results (see also the result in [19] where all the compactness
assumptions are removed).

Theorem 4.1. [15, 33] Let M be a Riemannian manifold with Rie-
mannian distance d. Assume that the measures o and py have com-
pact supports and the measure pig 1s absolutely continuous with respect
to the Riemannian volume. Then the optimal transportation problem
(4.1) has a solution ¢ which is unique up to a set of u-measure zero.
Moreover, there exists a Lipschitz function § : M — R such that the
map ¢ is given by

p(x) = exp(Vf(z)).

The problem (4.1) in the subriemannian setting was first considered
in [8]. Under the same assumptions as in Theorem 4.1 on the mea-
sures, the existence and uniqueness of the solution was shown when
the space is the Heisenberg group equipped with the standard subrie-
mannian metric (see Section 2 for the defintion). The generalization
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to more general subriemannian manifolds is later done in [4]. In [4],
the authors proved that the existence and uniqueness theorem holds
when the subriemannian manifold is 2-generating (see Section 2 for the
definition of k-generating distribution). In particular, it is applicable
to the contact subriemannian case considered in the present work.

Theorem 4.2. [4] Let M is a subriemannian manifold with subrieman-
nian distance d and a 2-generating distribution A. Assume that the
measures jy and py have compact supports and the measure o s abso-
lutely continuous with respect to a Riemannian volume. Then the opti-
mal transportation problem (4.1) has a solution ¢ which is unique up to
a set of po-measure zero. Moreover, there exists a function §: M — R
which 1s Lipschitz with respect to a Riemannian metric such that the
map @ is given by

() = (e (df,)).

where et denotes the subriemannian geodesic flow and w : T*M — M
15 the natural projection.

The difficulty in extending the above theorem to all subriemannian
manifolds lies in the presence of abnormal minimizers. Using geometric
measure theory, [20] is able to extend Theorem 4.2 to more general sub-
riemannian manifolds. However, the problem of showing uniqueness or
non-uniqueness of solutions to (4.1) in the subriemannian case remains
unsolved in general.

5. OPTIMAL TRANSPORTATION AND RiccCl CURVATURE

In this section, we give a very brief overview of results concerning the
connection of optimal transportation with generalized Ricci curvature
lower bound (see [30, 31, 39, 40] for a detail discussion).

The optimal transportation problem in (4.2) defines a distance func-
tion on the space of all Borel probability measures of a given metric
space. More precisely, let P, called the Wasserstein space, be the space
of all Borel probability measures p such that the following integral is
finite for some point xo in M

/M & (z, z0)du(z).

The Wasserstein distance function VW on P is defined by the optimal
transportation problem as follows.

(5.1) W, m):( inf /M ) dH(x,y))l/Q.

(m1)+II=po,(m2) « I=p1
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Assume that the space M is locally compact complete separable met-
ric space. Then the Wasserstein space P equipped with the Wasserstein
distance W is a geodesic space (i.e. distance between two points is given
by the length of the shortest curve, called geodesic, connecting them,
see [40] for the precise definition of geodesic space and the proof of this
fact).

Remark 5.1. Assume that the metric space (M,d) is a contact sub-
riemannian manifold and the measure pq is absolutely continuous with
respect to a Riemannian volume. Then the geodesics of the correspond-
ing Wasserstein distance are given by

t = (©r)«to

where ¢; = ’/T(@tﬁ (df)) and § is defined as in Theorem 4.2. These paths
of measures, called displacement interpolations, were first introduced
in [32].

Finally let us fix a locally finite measure n and introduce the relative
entropy functional Ent(u|n) on P by

[y 9loggdn if p=gn
Ent —{Jm
" (,u]n) {+oo otherwise.

Formally, a metric measure space (M,d,n) satisfies the curvature-
dimension condition C'D(K, co) if the above relative entropy functional
has second derivative bounded below by K along any geodesic in the
Wasserstein space P of M equipped with the Wasserstein distance W.
More precisely, the second derivative is replaced by the following dif-
ference quotient.

Definition 5.2. The metric measure space (M, d,n) satisfies the con-
dition C'D(K, 00), called curvature-dimension condition, if for any ge-
odesic p; in P the following holds

S = W, ) < (1= OEb(oly) + (B0t |7) — Bt sl

There are also other curvature-dimension conditions C'D(K, N) for
N > 0 finite. The definitions of these conditions are similar to that of
CD(K,00) but are more involved. Their detail definitions as well as
related results can found in [40].

In the Riemannian case, the condition C'D(K,c0) is the same as

Ricci curvature bounded below by K. More precisely, the following
holds.
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Theorem 5.3. [38, 18, 41| Assume that M is a complete Riemannian
manifold with Riemannian distance d and a measure n induced by the
Riemannian volume form. If we denote the Ricci curvature by Ric
and the Riemannian metric by (-,-), then the the metric measure space
(M, d,n) satisfies curvature-dimension condition C D(K, oo) if and only
if
Ric(v,v) > K|v|?
for all tangent vector v in the tangent bundle T M.

Besides Riemannian manifolds, it was shown in [36] that C'D (K, o0)
is equivalent to the flag Ricci tensor bounded below by K in the Finsler
case. The situation in the subriemannian case is completely different.
In [24], it was shown that the most basic subriemannian example, the
Heisenberg group (see Section 3 for the precise definition of the Heisen-
berg group and the standard subriemannian structure on it), does not
satisfy any curvature-dimension condition mentioned above (however
see [9, 11, 10] for a different curvature-dimension condition in the sub-
riemannian setting which is satisfied by the Heisenberg group in par-
ticular). On the other hand, it was shown in [24] that the Heisenberg
group satisfies the measure contraction property MCP(K, N) defined
below.

Definition 5.4. The metric measure space (M, d, n) satisfies the mea-
sure contraction property MCP(K, N) if for any point xq in the space
M, for any geodesic p; in P satisfying p; = d,, (the delta mass at xg)
and pg = 7, the following holds

sxl(1— D)V
@) = [ =0 (SEIEI)

for any Borel set U, where
7= sin(vKr) if K >0
sg(r)=<r it K=0
\/+T{ sinh(v—Kr) if K <0

and D(z) = o)

N—-1

As mentioned in the introduction, M C'P(K, N) is another character-
ization of Ricci curvature lower bound for N-dimensional Riemannian
manifolds.

Theorem 5.5. [40, 35] Assume that M is a N-dimensional complete
Riemannian manifold with Riemannian distance d and a measure n
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induced by the Riemannian volume form. If we denote the Ricci cur-
vature by Ric and the Riemannian metric by (-,-), then the the met-

ric measure space (M,d,n) satisfies the measure contraction property
MCP(K,N) if and only if

Ric(v,v) > K|v|?
for all tangent vector v in the tangent bundle T M .

Finally we end this section with the following theorem, proved in
[24], which motivates the present work.

Theorem 5.6. [24] Let H" be the 2n+1 dimensional Heisenberg group.
Let d be the standard subriemannian distance and n be the (2n + 1)-
dimensional Lebesque measure dx®"*1. Then the metric measure space
(H", d, dz***1) satisfies the measure contraction property MCP(0, 2n+
3).

6. GENERALIZED CURVATURES ON SUBRIEMANNIAN MANIFOLDS

In this section, we recall the definition of the curvature type invari-
ants studied in [3, 7, 27, 28] and specialize it to the case of a three
dimensional contact subriemannian manifold.

Let e be the subriemannian geodesic flow defined in Section 2 and
let a be a point in the manifold 7*M. As mentioned in the introduc-
tion, the idea is to construct a Frénet-Serret type frame along the curve
t — e (a) so that the pulled back frame, called canonical Darboux
frame, satisfies certain differential equations, called structural equa-
tions. The coefficients of these equations, in turn, defines the curvature
operator that we need.

The vertical space V,, at a of the bundle 7 : T*M — M is defined as
the kernel of the map dm, : T,7*M — Ty (o) M. Recall that a subspace
V' of a symplectic vector space of dimension 2m is Lagrangian if the
symmplectic form restricted to V' vanishes and the dimension of V
is m. Each of these vertical spaces V,, is a Lagrangian subspace with
respect to the canonical symplectic form w defined in Section 2. On the
other hand, the differential de ' : Tetg(a)T*M — T, T*M of the map

et is a symplectic transformation (i.e. it preserves the symplectic
form) between the symplectic vector spaces T .5 (a)T *M and T, T*M.

Therefore, the one parameter family of subspaces

tes Jolt) = de™ (V)

e

defines a curve of Lagrangian subspaces contained in a single symplectic
vector space T, T*M. This curve is called the Jacobi curve at «.
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Recall that the space of all Lagrangian subspaces in a symplectic
vector space X is a finite dimensional manifold (in fact a homogeneous
space of the symplectic group), called the Lagrangian Grassmannian
LG(X) of ¥. The Jacobi curve defined above is a smooth curve in the
Lagrangian Grassmannian LG (T, T*M). The curvature type invariants

of the geodesic flow e are simply differential invariants of the Jacobi
curve under the action of the symplectic group (see [27, 28] for further
detail). The construction of differential invariants for a general curve
t + J(t) in the Lagrangian Grassmannian LG(X) of a symplectic vector
space Y was done in the recent papers [27, 28], though partial results
were obtained earlier (see [3, 7]).

Recall that a basis {ey, ..., e, f1, ..., fu} in a symplectic vector space
with a symplectic form w is a Darboux basis if it satisfies w(e;, e;) =
w(fi, f;) = 0, and w(f;,ej) = d;;. Given a subriemannian Hamilton-
ian, there is a moving Darboux basis {e1(t), ..., e, (t), f1(t), ..., fu(t)},
called canonical Darboux frame, of the symplectic vector space T,T* M
such that J,(t) = span{e;(t),...,e,(t)} and, more importantly, the
canonical Darboux frame satisfies a system of first order ODEs of
specific form, called structural equations. This defines a splitting of
the symplectic vector space TyT*M = J,(t) @& Ju(t), where J,(t) =
span{ fi(t), ..., fn(t)}. In particular, the subspace J,(0) is the vertical
space V,, of the bundle 7 : T*M — M and the subspace ja(O) is a com-
plimentary subspace to J,(0) = V,, at time ¢ = 0. Hence, U, cp+p, Jo(0)
defines an Ehresmann connection on the bundle 7 : T*M — M.

In the Riemannian case, this is, under the identification of the tan-
gent and cotangent spaces by the Riemannian metric, simply the Levi-
Civita connection (see [3, Proposition 5.2]). The canonical Darboux
frame, in this case, satisfies the following equations which is the Jacobi
field equation (up to certain identifications of tangent and cotangent
spaces)

&(t) = filt), fi(t) = —Rd(t)e;(t).
The matrix R, := R,(0) with ij-th entries given by R (0) above is the
Riemannian curvature operator (again up to certain identifications).

Using the above splitting we can also define a generalization of the
Ricci curvature in the Riemannian geometry. Indeed let 7; ) and
T () be the projections, corresponding to the splitting T, T*M =
Jo(t) @ Ju(t), onto the subspaces Jo(t) and J,(t), respectively. Let
w(+) be a path contained in the Jacobi curve J,(-) (i.e. w(t) € Ju(t)
for all ¢). Then the projection j_ w(t) of its derivative w(t) onto the

subspace J,(t) depends only on the vector w(t) but not on the curve
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~

w(+). Therefore, it defines a linear operator (I)ffafa s Jo(t) = Ju(t)

@Zaja (v) =, (W)

Similarly we can also define another operator ®, 1 J,(t) — Ju(t) by

switching the role of J and J above. The composition of @% ;. and

@3 ; defines a linear operator @g Lo <I>3 i Jal0) = Vo =V, of
the vertical space V,. Finally the generalized Ricci curvature Ric(a)

at « is defined by the negative of the trace of @f} L0 <I>3 ;- When the

geodesic flow e is Riemannian, the generalized Ricci curvature Ric
reduces to the usual Ricci curvature (under certain identifications of
tangent and cotangent spaces).

Now let us consider the three dimensional contact subriemannian
case. The structural equations, in this case, have the following form
(see Section 10 for the proof):

Theorem 6.1. Let (M,A,(-,-)) be a three dimensional contact sub-
riemannian manifold. For each fixed o in T*M, there is a moving
Darbouz frame

el(t)a e2<t)7€3(t>7f1(t)7f2(t)7 f3(t)

of the symplectic vector space T,T*M and functions R(t), R*(t) of
time t such that {e(t),ea(t),es(t)} form a basis for the Jacobi curve
Jo(t) and it satisfies the following structural equations

( €:1(t) = fl(t)a

Moreover, the generalized Ricci curvature Ric(a) at « is given by
Ric(a) = RH0).

Next we will write down explicit formulas (Theorem 6.2) for the
canonical Darboux frame and the differential invariants Rii(¢) and
Ryo(t) in Theorem 6.1. Let {v1,v2} be a local orthonormal frame in the
contact distribution A with respect to the subriemannian metric (-, -)
and let vy be the Reeb field. This defines a convenient frame {vg, v1, vo}
in (a neighborhood of) the tangent bundle T'M and we let {«g, a1, as}
be the corresponding dual co-frame in the cotangent bundle T*M (i.e.

;(v;) = 6ij)-
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The frame {wvg,v1,v2} and the co-frame {ag, a1, as} defined above
induces a frame in the tangent bundle TT* M of the cotangent bundle
T*M. Indeed, let @; be the vector fields on the cotangent bundle T* M
defined by iz,w = —a;. Note that the symbol «; in the definition
of @; represents the pull back 7*q; of the 1-form « on the manifold
M by the projection © : T*M — M. This convention of identifying
forms in the manifold M and its pull back on the cotangent bundle
T*M will be used for the rest of this paper without mentioning. Let
51 and 52 be the vector fields defined by 51 = hydy — hed; and fg =
hidy 4+ hody. Finally if we let h; : T*"M — R be the Hamiltonian
lift of the vector fields v;, defined by h;(«) = «(v;), then the vector
fields EO, ﬁl, ﬁg,@'o,é,é define a local frame for the tangent bundle
TT*M of the cotangent bundle 7*M. Under the above notation the
subriemannian Hamiltonian is glven by H = 1((h)? + (h2)?) and the

Hamiltonian vector field is H = h1h1 + hghg. Let o, : T*M — T*]\{
be the dilation in the fibre direction defined by 9s(a) = s and let £
be the Euler field defined by E(o) = %Os(a)‘ . It is also given by
s=1
B = —hodig — &.
We also need the bracket relations of the vector fields vg, v1, v9. Let
ij be the functions on the manifold M defined by

(6.1) [vi, v;] = 0 + ¢jv1 + ¢0s.
Note that cfj = —c;?i. The dual version of the above relation is
(6.2) doy, = — Z i Ay
0<i<j<2

By (6.2) and the definition of the Reeb field vy, it follows that do =
dag = ay A ag. Therefore, ¢, = ¢, = 0 and ¢, = —1. If we also take
the exterior derivative of the equation in (6.2), we get ¢f; + 2, = 0.
Finally we come to the main theorem of this section. Note that all
vector fields in Theorem 6.2, Theorem 6.6, and their proofs should be
evaluated at a. They are omitted to avoid heavy notations.

Theorem 6.2. The canonical Darboux frame

el(t)a 62(t)763(t>7f1(t)7f2(t)7 f3(t)

and the differential invariants R (t) and R*%(t) in Theorem 6.1 satisfy
R () = Rl (0), R2(0) = B, (0), and

tH(
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(e1(t) = 57 (e)E,
ea(t) = = (),
es(t) = Az (e E = (B — tH),

) N (t) = ﬁ(et?)*[hﬁz - h2fl1#+ XoQo + (éﬁhm)ﬁé - }7:}25;]7
fot) = 5 (™) [2Hho — hoH — x1do + (§1a)61 — aa],
fs(t) = ——=H, .

Ric(a) := RI(0) = R} +2Hk __,%SEG’ S
[ R?2:= R?(0) = R1N0)&a — 3HE Ha + 3H?Ea + £ H?a.

where

—

a = dhy(H),
Xo = hahor — hihga + glaa
X1 = hoa + Zﬁéa — glﬁa,
K= V16T, — Vacty — (€19)” — (cfy)? — %(0(2)1 — Cga)-
The proof of Theorem 6.2 is postponed to Section 10.
Remark 6.3. Note that a — R(a) = R!(0) is a quadratic form on

T M which is positive on the kernel of the subriemannian Hamiltonian
H. On the other hand, a — R?? is a form of degree 4.

Remark 6.4. It was recently shown in [5] that x coincides (up to a
multiple of a constant) with the Tanaka-Webster curvature in CR ge-
ometry.

Recall that a = dho(H) defined in Theorem 6.2 is the Poisson bracket
of the subriemannian Hamiltonian H and the Hamiltonian lift Ay of the
Reeb field vg. It follows immediately that a three dimensional contact
subriemannian is Sasakian if and only if @ = 0. It turns out that this
is also equivalent to R?? = 0.

Theorem 6.5. A three dimensional contact subriemannian manifold
is Sasakian if and only if R** = 0.

For the proof of this, see Section 10. In the Sasakian case, the
equations in Theorem 6.2 simplify to

Theorem 6.6. Assume that the subriemannian manifold in Theorem
6.1 is Sasakian. Then the canonical Darbouz frame

e1(t), e2(t), e3(t), f1(t), f2(t), f3(t)
and the differential invariants R (t) and R*(t) satisfy
R¢111 (t) = Ritlﬁ(a) (0)7 RiQ(t) = Rz?ﬁ(a)(0)7
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and

[ ei(t) = () é,
es(t) = —— (e diy,
es(t) = A= () E = S (E — tH),

} 1) = Az () by = hohy + 2Hc,d0 + (Ghno)& — hioal,
fo(t) = = () [2Hho — hoH],
f3(t) = —ﬁﬁ;
Ric(a) := RL(0) = hZ + 2H«k,

| R%:= R%(0) = 0.

2

where Kk = V13 — Vacly — (cly)? — (25)? — 3.

If we assume that the flow of the Reeb field vy defines a free and
proper group action, then the quotient N of the manifold M by this
group action is a manifold and the subriemannian metric on M induces
a Riemannian metric on N. In this case, x is simply the Gauss curva-
ture of N (see Section 11 for the proof of the following proposition).

Proposition 6.7. Assume that the Reeb field vy defines a proper G-
action (G = S' or R) on the subriemannian manifold M. If the quo-
tient manifold N = M/G is equipped with the Riemannian metric in-
duced by the subriemannian in M. Then the Gauss curvature of N
coincides with k defined in Theorem 6.6.

In particular, Proposition 6.7 shows that H?, SU(2), and SL(2) with
standard subriemannian structures defined in Section 3 satisfies k = 0,
k=1, and kK = —1, respectively.

7. SASAKIAN SPACE FORMS AND GENERALIZED MEASURE
CONTRACTION PROPERTY

In this section, we specialize the definition of measure contraction
property to the contact subriemannian case and rewrite it as a condi-
tion on the volume growth of the Popp’s measure along subriemannian
geodesics. Then we go on and compute explicitly this volume growth
for the Sasakian manifolds with s defined in Theorem equal to a con-
stant. We will refer to these Sasakian manifolds as Sasakian space
forms. With this as a motivation, we will introduce the generalized
measure contraction property MCP(K;2,3) at the end.

Let (M,A,(-,-)) be a contact subriemannian manifold with subrie-
mannian distance function d and let xy be a point in M. Let § be the
function defined by f(z) = —3d?(zo, ). According to the result in [4],
the function f is Lipshitz with respect to a Riemannian distance. In
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particular, it is differentiable almost everywhere. Therefore, we can
define the map ¢; by

(7.1) pr() = m(e (df,)),

where e is the subriemannian geodesic flow and 7 : T*M — M is the
natural projection.

For each fixed = in the manifold M, the curve t — ¢;(x) is a mini-
mizing geodesic starting from = and ending at xy. In particular, ¢, is
the constant map ¢1(z) = xq. It follows that ¢; is the unique solution
to the optimal transportation problem (4.1) when the final measure ji
is a delta mass d,, at the point xy. It also follows that the path of mea-
sures @yt defines a Wasserstein geodesic and all Wasserstein geodesics
py with gy = 9, is of this form. If we substitute the map ¢; into the
definition of measure contraction property, we have the following.

Proposition 7.1. Let (M, A, (-,-)) be a contact subriemannian man-
ifold with subriemannian distance d and Popp’s measure n. Then the
metric measure space (M,d,n) satisfies the measure contraction prop-
erty MCP(K, N) if and only if for any point xo in the space M the

following holds
W) 2 [0 (T )

U

for any Borel set U, where
\/LE sin(vK 1) if K>0
sg(r)=<r if K=0
\/i7 sinh(v—-Kr) if K <0,
D(z) = d(f\,—\/oi’_xl), and the map ¢y is defined in (7.1).
It follows from Proposition 7.1 that the measure contraction property
is a control on the volume growth 1(p,(U)) of the set U along geodesics
t — ¢i(z) which end at xy. In the case of Sasakian space form, the

volume growth 7(p;(U)) is given by the following equality (see Section
12 for the proof).

Theorem 7.2. Let (M,A,(-,+)) be a Sasakian manifold with k = K
a constant. Let d be the subriemannian distance and n be the Popp’s
measure. Let xy be a point on the manifold M and let ¢; be defined as

in (7.1). Then the following holds
(e (U)) = /(1 y (s(é(:cl, (1—t)D(x))

U

) anta)
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for any Borel set U, where

12(2—2COS(\/E7}C)2—\/E7‘SH](\/ET) Zf k>0
s(k,r) =< rt ifk=0
12(2—2(:osh(\/—7kr)—;g\/—7kr) sinh(v/—k 7)) ka <0

t(z) = (voD)*(z) + K, and D(x) = d(xg, ).
Note that
s(t(z), (1 —t)D(x))
s(t(z), D(x))

In view of this and Theorem 7.2, we define the generalized measure
contraction property as follows.

s(K, (1 —1)D(x))
s(K, D(z))

vV

Definition 7.3. The metric measure space (M, d,n) satisfies the gen-
eralized measure contraction property MCP(K;2,3) if for any point zg
in the space M, for any geodesic p; in P satisfying p; = d,, (the delta
mass at xg) and po = 7, the following holds

po(pe(U)) > /U(l —t) (5K<£i&)t(>£)(x))) dp(x)

for any Borel set U, where

12(2—2005(\/?7‘[){;\/?rsin(\/?r) FK>0
si(r) = q if K=0
12(2—2cosh(v—K r)#[»((g/jr) sinh(v/—K 7)) FK <0

and D(z) = d(zo, x).

Remark 7.4. Note that the condition MCP(0;2,3) coincides with the
condition MCP(0,5).

Remark 7.5. sx in the Definition 7.3 satisfies
si(r) =r*4+o(r*) as r — 0.

Therefore, MCP(K;2,3) does not imply MCP(0, N) for any N > 5.

8. THE MAIN RESULT AND ITS CONSEQUENCES

In this section, we state our main result and its consequences. For
their proofs, see Section 13.
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Theorem 8.1. (Generalized Measure Contraction Property) Assume
that the three dimensional contact subriemannian manifold is Sasakian
(i.e. R* = 0) and there is a constant K such that R > 2K H(«)
for all o in the cotangent bundle T*M. Then the metric measure
space (M,d,n) satisfies the generalized measure contraction property
MCP(K;2,3), where d is the subriemannian distance and n is the
Popp’s measure (see Section 2 for the defintions).

Recall that MCP(0;2,3) is the same as MC'P(0,5). Therefore, The-
orem 1.1 follows from Theorem 8.1.

Remark 8.2. The proof of Theorem 6.2 also works when we assume that
R* > () for all « in the cotangent bundle. However, it is I. Zelenkos
observation (private communications) that R?*> > 0 for all o implies
R??> = 0. On the other hand, see Section 9 for result with relaxed
assumption on R?2.

Remark 8.3. If A is a bracket-generating distribution, then it defines
a flag of distribution by

Al =AcCA’c..cTM.

If we denote the dimension of the vector space AL by n’, then the
growth vector of the distribution A at the point z is defined by

(ni,ni, ,n'j)

The pair (2, 3) in the generalized measure contraction property is the
growth vector of the three dimensional contact subriemannian mani-
fold. In this paper, we add MCP(K;2,3) to the measure contraction
property MCP(K, N) introduced earlier by Sturm. It would be very
interesting to find appropriate measure contraction properties for other
subriemannian manifolds with different growth vectors.

Remark 8.4. Many ingredients used in the proof of Theorem 8.1 also
present in the higher dimensional contact subriemannian case. This
includes the recent result in [27, 28], a comparison principle of matrix
Riccati equations, and the solvability of matrix Riccati equations with
constant coefficients. Therefore, results similar to Theorem 8.1 can
be proved in a similar way in the higher dimensional case where the
canonical Darboux frames and curvature invariants are well understood
(i.e. an analog of Theorem 6.2). For instance, the result in [24] for the
higher dimensional Heisenberg group can be proved in the same way
as in Theorem 8.1.

Let B,(R) be the subriemannian ball of radius R centered at a point
2 in the manifold M and let 7 : T*M — M be the natural projection.
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The proof of Theorem 8.1 is still valid if the curvature assumptions
only holds on a ball B,(R) and the measure is contracted towards the

ceneter of the ball x. Therefore, the following volume doubling property
holds.

Corollary 8.5. (Volume Doubling Property) Assume that there is a
point xo in the three dimensional contact subriemannian manifold and
a constant R > 0 such that R' > 2K H (o) and R** = 0 for all « in
7By, (2R)) and for some constant K > 0. Then

1(Buy (2kR)) < 2°n(Byy(kR))
forall0 <k < 1.

Remark 8.6. Note that although the generalized measure contraction
property is sharp (see Section 7), the constant 2° in Corollary 8.5 is not.
This is because the generalized measure contraction property, which is
a condition on general sets, does not take into account the symmetry
of the subriemannian balls.

The local Poincaré inequality also holds under the assumptions in
Corollary 8.5. For this, let Vg f be the horizontal gradient of the
function f defined by the condition df(v) = (Vf,v) for all v in the
distribution A. For the proof of the following Corollary, see Section
13.

Corollary 8.7. (Local Poincaré Inequality) Under the assumptions
in Corollary 8.5, the following local Poincaré inequality holds for all
smooth functions f and all 0 < k < 1

1

m /Bzo(kR) |f<x> - <f>B;cO(kR) |dT](I)
CR

< BT oy V1)

for some constant C' and where

1
) batm = 0, kR) /Bzo(kR) Jle)dnte).

Let Ay be the sub-Laplacian defined by Ay = div, Vg, where div,,
denotes the divergence with respect to n. Under the assumptions in
Theorem 1.1, the results in [17] together with Corollary 8.5 and 8.7
show that any positive harmonic function of the sub-Laplacian Agy
satisfies the Harnack inequality. More precisely,
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Theorem 8.8. (Harnack inequality for sub-Laplacian) Under the as-
sumptions in Corollary 8.5, any positive solution to the equation Agf =
0 satisfies

sup f<C inf f
By (kR) Bz (kR)

forall0 <k < 1.

For the proof of Theorem 8.8, see [17]. Finally, by letting R goes to
+00 in Theorem 8.8, the following Liouville theorem holds.

Corollary 8.9. (Liouville Theorem for sub-Laplacian) Under the as-
sumptions in Theorem 1.1, any non-negative solution to the equation
Ay f =0 1is a constant.

9. MORE GENERAL SITUATIONS AND FINAL REMARK

In this section, we show that the assumption on R?? in Theorem 8.1
can be relaxed. To do this, let €2, be the injectivity domain at a point
x in M defined as the set of all covectors o in T M such that

—

t m(e(a),0<t <1

is length minimizing between its end points. Finally, let Q = {J_€, be
the injectivity domain.

One can apply similar arguments as in the proof of Theorem 8.1
under the assmption that R?? is bounded below by a constant on 2
instead of bounded by zero. This will give certain measure contraction

property.

Theorem 9.1. Assume that M is a three dimensional contact sub-
riemannian manifold with subriemannian distance d and Popp’s mea-
sure 1. Assume further that there are constants Cy and Csy such that
RN > 2C H(a) and R*? > —C% for all a in Q2. Let @, be as in (7.1).

Then the metric measure space (M, d,n) satisfies

801’02(\/5(1 - t))
<1—t>< e )dn(ﬂv)

we) = [

U
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for any Borel set U, where

(94 cosh(;!zr)*l i cos(b;r)*l) ifa>0and b >0,
24 (2 4 COS(bb247”)—1> ifa=0 and b > 0,
24 cosh(;lz’l“)—l - §> ifa>0and b =0,
24 (—cohietn L cosh(:j”*) ifa>0andb <0,
o4 (12 4 cosh(bzr)—1> ifa=0 and b <0,

Scy.0,(1) = y cosfl(uQ'r)—l ° 2 ‘ _
a4__|_2> ifa>0and b=0,
94 _cos(cir)—l i cos(b;;)*l) ifa<0andb <0,
24 § 4 cos(bb247”)—1 ifa=0and b <0,
o (st 2 ifa<0andb =0,
[t ifa=b=0,

a(z) = Cy — 3C1d?(wo, ), and b(z) = Cy + 3C1d? (20, ).

The proof of Theorem 9.1 is very similar to that of Theorem 8.1
and will be omitted. Finally, we show that the any compact three
dimensional contact subriemannian manifold satisifies the assumptions
in Theorem 9.1.

Theorem 9.2. Assume that the three dimensional contact subrieman-

nian manifold is compact. Then R*? 0 is bounded.
ac

For the proof of Theorem 9.2, see Section 14.

After the submission of this paper, there are some very interesting
works which are also on Ricci curvature type condition and its con-
sequences to subriemannian geometry and PDE ([9, 29, 11, 10, 5]).
Among them, [9, 11, 10] uses an apporach very different from ours.
It would be very interesting to establish connections between the two
approaches. Finally, we would like to point out that curvature type
invariants on three-dimensional contact subriemannian manifolds were
considered in [22] and a Bonnet-Myer theorem is proved there. We
would like to thank one of the referees who pointed this out.

10. PROOF OF THEOREM 6.1, 6.2, AND 6.5

In this section, we give the proof of Theorem 6.1, 6.2, and 6.5. Let
us start with a lemma on Euler field. Recall that E denotes the Euler
field and H denotes the subriemannian Hamiltonian.
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Lemma 10.1. (e!)'E = E —tH

Proof. Recall 05 : T*M — T*M is the dilation map 9s5(a) = sa. By
the definition of the symplectic form,

Oiw = sw.
It follows that
w(doy(H(a)), X (sar))
= sw(H(a),dd; (X (sa)))
= —sdH (doy/5(X (sa))),
where X is any tangent vector in the tangent bundle T7™M.

The subriemannian Hamiltonian H is homogeneous of degree two in
the fibre direction. In other words,

H(,(a)) = s°H().
Therefore,

w(ddy(H()), X (sa)) = —%dH(X(sa)) = 1cu(]r:_i(soz),X(soz)).

S

It follows that O:ﬁ = sH , Where D:ﬁ is the pullback of the vector

field H by the map d,. By comparing the flow of the above vector
fields, we have

etﬁO(S :5 oetsﬁ
By differentiating the above equatlon with respect to s and set s to 1,
it follows that (e’ ) E =F —tH as claimed. O

Proof of Theorem 6.1. According to the main result in [27, 28], there
exists a family of Darboux frames

{ei(t), ea(t), e3(t), f1(t), fo(t), f3()}

and functions RY(t) which satisfy

(é(t) = f1(t),
ea(t) = e(t),
és(t) = f3( ),
i) = =R (t)er(t) — REN(t)es(t) — fa(t),
fa(t) = =R (t)ea(t) — B2 (t)es(t),
[ f3(t) = =R} (Hea(t) — B2 (D)ea(t) — B3P (t)es(t).

Remark 10.2. In the language of [27, 28], the Young diagram associated
with the above structural equations consists of two columns with two
boxes in the first column and one box in the second column.
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Note that dr(E) = 0. Therefore, E(etﬁ(a)) is contained in the
vertical space at e'(a) for each time ¢. Hence, by the definition of the

Jacobi curve J,(t), the vector (etﬁ)*ﬁ(a) is contained in J,(t) for each

t. It follows from Lemma 10.1 that
3

E(o) —tH(a) =Y ai(t)e(t)
i=1
for some functions a; of time t. If we differentiate with respect to time
t twice, we get
2a1 () f1(t) + 2a9(t)er () + 2a3(t) f3(t) — ar(t) (R (t)er (t)+
+Ro! (tes(t) + f2(1)) + az(t) f1(t) — as () (R (H)ea(t) + B3 (t)ea(t)+
+R3(t)es(t)) + ai(t)er(t) + ao(t)ea(t) + ds(t)es(t) = 0.
If we equate the coefficients of the f;(t)’s, we get a3 = ay = a3 = 0.
Therefore, E(a) —tH (a) = ages(t) and —H («) = as f3(t) for some con-
stant as satisfying (a3)? = w(asf3(t),azes(t)) = dH(E(a)) = 2H ().
It follows that R3'(t) = R3%(t) = R33(t) = 0. Moreover, we also have
(10.1)
1 . . 1 .
-~ _(E(a)—tH S — (0
63(t) (2H(a))1/2( (Of) t (a))a f3(t) (2H<&))1/2 (a)
U
For the proof of Theorem 6.2, we need a few more lemmas. Let
hij : T*M — R be the Hamiltonian lift of the vector field [v;, v;] defined
by
hij(a) = a([vi, v;]).
The commutator relations of the frame {h;, @;|i = 1,2, 3} are given by
the following:

Lemma 10.3.
[Ei, EJ] = Eija Ez, Oéj Z C] Oék7 Oéz, O?}] = 0

Proof. Since the Lie derivative £ of the symplectic form w along the
Hamiltonian vector field h; vanishes,

(10.2) i[ﬁiﬁj}w = £ﬁiiﬁjw — iﬁjﬁﬁiw = Eﬁiiﬁjw = —d(w(hi, hj)).

The function w(h;, ﬁ]) is equal to h;;. Indeed, since dr(h;) = v;, we
have . .
Qa(h,i) = OZ(d’]T(hl)) = CY(Ui) = hl(a)
It follows from this and the Cartan’s formula that
dh;(hi) = w(hi, hy) = dO(h;, hy) = dh(hi) — dha(hy) = O([fs, hy)).
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If we apply again d’/T(Ei) = v;, then we have
Oul[i, 15]) = aldr([hi, 1)) = a([vi, v]) = hij(@).
Therefore, we have
(10.3) w(hy, hy) = —dhi(h;) = hy;.

If we combine this with (10.2), the first assertion of the lemma follows.
A calculation similar to the above one shows that

U)W = Eﬁizcij.
. .
By Cartan’s formula, the above equation becomes
. g s '
iy aw = i, T doy = — (iy;dej).

The second assertion follows from this and (6.2).
If we apply Cartan’s formula again,

: . . . . : .
iaga)w = Laiaw — ia;Law = —ig,d(T a;) +ig,d(7"a;)

Since dm(d;) = 0, it follows that i, 4w = 0. Therefore, the third
assertion holds by the nondegeneracy of w. 0

Let 8 = hidhy — haodhy, then we also have the following relations:

Lemma 10.4.

—

dhi(h;) = —hij,  ai(hy) = —dhi(@;) = 65, i(@;) =0,

B(&) =dH(&) =0, B(E)=dH(&)=—2H.

Proof. The first assertion follows from (10.3) and the next two asser-
tions follow from dm(h;) = v; and dm(d;) = 0. A computation using
a;(h;) = d;; proves the rest of the assertions. O

Proof of Theorem 6.2. Recall J,(-) denotes the Jacobi curve at the
point « in the cotangent bundle 7% M. By Theorem 6.1, there exists a
family of Darboux frame

{er(t), e2(t), es(t), f1(£), f2(t), f5(t)}
and functions RY(t) such that

Jo(t) = span{e;(t), ea(t), e5(t)}
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and

Let £(t) be defined by
E(t) = (") dp(a) = de™ (d@o(e' (a))).

By the definition of the Jacobi curve J,(-), we known that £(¢) is
contained in J,(t) for each t. Since e;(t),eq(t), es(t) span J,(t), we
must have

E(t) =c1(t)er(t) + calt)ea(t) + c3(t)es(t)
for some functions ¢; of time t, 1 = 1,2, 3.
Let w# : T*M — M be the natural projection. The Hamiltonian
vector field H of the subriemannian Hamiltonian H satisfies

dr(H () = dr(hy(a)vy + hy(a)vs) = 0.

It follows that
w(d@y, H) = —1*a(H) = 0.

—

Since the flow e/ preserves the symplectic form w, it follow from
the definition of £(¢) that

w(& H) =0.

By (10.1), we know that f3(t) = —Wﬁ Since {e;(t), fi(t)|i =

1,2,3} is a Darboux basis, we have
0=w(& H) = (2H)"?c5(1).
This shows that ¢3 = 0 and so
E(t) = c1(t)er(t) + eat)ea(t).

By the definition of £(t), if we differentiate this with respect to time t,
then we have

() [H, Go] = £(t) = éx(t)ea(t) + er(t) falt) + éa(t)ea(t) + ca(t)en(t).
By the Cartan’s formula and ag(H) = 0, it follows that

—

w(E), X)) = w([H, dy), d) = T ao([H, d@)) = —m*dag(H, &) = 0.



RICCI CURVATURE FOR CONTACT 3-MANIFOLDS 31

By combining this with the above equation for & and &, we have
¢y = 0. If we differentiate the equation

E(t) = co(t)ea(t)
with respect to time ¢ again, we get
(") (ad (o)) = ca(t)es(t) + calt)es (1)
(etH)*(ad%(&o)) = Co(t)ea(t) + 2¢a(t)er (t) + ca(t) f1 ().

Here ady denotes adg(-) = [H, ).
Since {e;(t), fi(t)]i = 1,2,3} is a Darboux basis and the flow e
preserves the symplectic form w,

(ea(£))? = wa () ad% (o

_ (tHYx (1 ._ 1
Therefore, c(t) = (e")* (1), where c(a) := o aE o) ad g GO

It follows from the definition of £ that

1 tH\x/ .~
ex(t) = m«‘?(t) = (e")"(cdip).

To find out what ¢ is more explicitly, we first compute [ﬁ ,ap|. The
Lie bracket is a derivation in each of its entries, so

[H, @] = [hihy + hahs, dy)
— —dhy(do)hy — dhy(@o)hy + halhy, @o) + halha, dy).
It follows from this, Lemma 10.3, and Lemma 10.4 that

[ﬁ,&o] == hl&g - hg&l - f_i

Next, we want to compute [ﬁ , é] For this, let

2
(10.4) [H, &) = kodlp + k1&1 + koo + Z Cihi
i=0
for some functions ¢; and k;.
To compute ¢, for instance, we apply «g on both sides of (10.4).
Using Lemma 10.4 and Cartan’s formula, we have ¢; = 0. Similar
computation gives ¢; = —ho and ¢; = hy. This shows that

(10.5) [ﬁ, f_ﬂ = kodp + klé + k?252 + hIEQ - hQEl-
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By applying dhg on both sides of (10.5) and using Lemma 10.4 again,

we have kg = haohgr — hihga + 51@. Similar calculations using 5 and dH
give

(10.6) []—‘_iv gl] = h152 — h2fl1 + XoGo + (ﬁhu)é — h12€2'

where xo = hohgr — hihga + gla and a = dho(ﬁ).
It follows that

c?= w(ad%(c?), adz(0)) =2H
and ey(0) = \/%TJ&O' It also follows from Theorem 6.1 that

1(0) = Zgés,
f1(0) = ﬁ[H, 1,

1o £10) = g F.[A.E)),
£1(0) = 5 [H, [H, [H, &]]].

[
A computation similar to that of (10.6) gives

(10.8) [H,[H, &) = —2Hho + hoH + 160 + (x2 + X0 — &a)E) + aéy

where X1 = hoa + 2[?501 - glfjla and X2 = h0h12 + Zﬁg‘lhlg — é[‘_jhlg.
It follows from Theorem 6.1, (10.6), (10.7) and (10.8) that

Ril(O) = w(f1<o)7fl<0))
= —Xo — Xa2-

(10.9)

Note that, in (10.9), £1a does not appear. This is because
w(—2Hﬁo, hlﬁg — hgﬁl + Xo&o) = —2H€1a
and L . .
w(—(&a)&, hlhg — h2h1> = 2H€16L.

Since f1(0) = —R(0)e1(0) — £2(0), it follows from (10.7), (10.8),
and (10.9) that
fg(O) = \/%[QHEO — ho[‘_j — XIO_ZO + (éa)g; — aé]

A long computation using the bracket relations (6.1) gives

X2 = —(ho)? + 2H[(cly)? + () — vich, + vacty] + &ra.
and ) .
Xo — 551(1 = haho1 — hihoz + 561(1 = H(ch, — c5y).
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It follows as claimed that
3=
RIM0) = hj +2HkK — G

To prove the formula for R??, we differentiate the equation
fit) = =Rl (D)e(t) — fo(t)
and combine it with the equation
fo(t) = =R (D)ex(t).
We have
R (0)ex(0) = f1(0) + HR; (0)e1(0) + Ry (0)£1(0).

Therefore, by applying dhy on both sides and using dhg(e;(0)) = 0,
we get
Re2(0) = —V2H([dho(f1(0)) + R, (0)dho(f1(0))]-
By using Cartan’s formula and (10.7), it follows that
V2Hdho(f1(0)) = dho([H,&1]) = Eia,
V2Hdho(f1(0)) = dho((H, [H,&])) = & Ha — 2HEa,
V2Hdho(f1(0)) = 3HE Ha — 3H?6a — & Ha.

The formula for R?%(0) follows from this.

(
(
0

Finally, we come to the proof of Theorem 6.5. The proof involves
lengthy computations of R*2. Therefore, only a sketch is given below.

Proof of Theorem 6.5. Clearly, if a = 0, then R??> = 0 by Theorem 6.2.
Conversely, assume that R??> = 0. By using the expression of R* in
Theorem 6.2 and Lemma 10.4, we can rewrite R?? as a homogeneous
polynomial of degree 4 with three variables hgy, hy, and hy. A long
computation shows that the coefficients of h2h? and h3hihy are —3(c3, +
csy) and 12¢};, respectively. Therefore, if R?> = 0, then ¢, + ¢y = 0
and ¢}, = —c%, = 0. It follows that

—

a = dho(H)
= hadho(hy) + hadho(h2)
— —ch b2 = (B + cby)hahy + b, 12
—0.
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11. PROOF OF THEOREM 6.6 AND PROPOSITION 6.7

In this section, we will give the proof of Theorem 6.6 and Proposition
6.7. The result of Theorem 6.6 follows from the following two lemmas.

Lemma 11.1. Under the above assumptions, the functions cfj in the
bracket relation (6.1) satisfies

0 _ 0 _ 1 _ 2 _ 2 _ 1
o1 = Cop = Co1 = Cop = 0 and 5 = —Coy.

Proof of Lemma 11.1. If the flow of the vector field e = vy is denoted
by e, then the invariance of the subriemannian metric under the
group action implies that

(™) v, (") vy) = by, a((e"°)* ;) =0, 4,5 =1,2.

By differentiating the above equations with respect to time ¢, it follows
that

Oéj([@,?}i]) + ai([ea vj]) =0, U([e>vj]) =0, 4,j5=12
If we apply the bracket relations (6.1) of the frame vy, vg, v3, we have
C(j)i"i_CE)j = O‘j([eavi])_‘_o‘i([e»%]) =0, ng = U([e>vj]) =0, ¢5=12
O
It follows that

Lemma 11.2. The function hq is a constant of motion of the flow et

i.e. a=dho(H) =0.

Proof of Lemma 11.2. This follows from general result in Hamiltonian
reduction. In this special case this can also be seen as follow. By
Lemma 10.4

(11.1) dho(H) = dho(hihy + hahs) = hihyo + hohay.
By Lemma 11.1 we also have
hio = —c5 ho — ¢y b1 — coyha = —c5 ho.
Similarly hyy = —clyhi. The result follows from this, (11.1), and
Lemma 11.1. U

Proof of Proposition 6.7. Let mp; : M — N be the quotient map. Let
wy and ws be a local orthonormal frame on the surface N. Since 7 is a
submersion, there are unique vector fields @, and w5 in the distribution
A such that dr(w;) = w;. If @, is the flow of the Reeb field vy, then
(P (z)) = w(x) by the definition of the quotient map. Therefore,
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dm(d®(w;)) = dm(w;). Since d®,(w;) is in A, we have (®,),w; = w;. If
we differentiate this equation and set ¢ to zero, then we have [vg, w;] = 0.

Since w; and wy are orthonormal with respect to the subriemannian
metric, we can set v; = w;. It follows that ¢2; = 0 and & is simplified
to
(11.2) K = Uicty — Vacty — (C1)” = (c1)%.

From (6.1), we also have [vy,v2] = Jyvg + clyv1 + ove. If we apply
dmyr to the equation, then we get [wy, ws] = clyw; + Ayws.

Let us denote the covariant derivative on the Riemannian manifold
N by V. It follows from Koszul formula ([37, Theorem 3.11]) that

_ 1 _ 2

Vu, W1 = —CjgWa,  Vy,We = —Clyw1,
_ i _ 2

Vi, Wa = clowi, VW) = —CiyWa.

(11.3)

Since the covariant derivative V is tensorial in the bottom slot and
is a derivation in the other slot, it follows from (11.3) that

V[w1,wg]UJ1 :Vlcbw1+c%2w2w21
- Clszlwl + Clszle
1 \2 2 \2
—[(c12)* + (c12) w2

and
[le,va]wl = levwzwl — VwQlewl
= _vw1 (C%QwQ) + sz (C%ng)
= —(wicdy)wy + (wacty)wy — 2¢t,cEqwy.

Therefore, it follows from the above calculation that the Gauss cur-
vature is given by
< V[w17w2]w1 - [vw17 sz]wl, Wy >= U}10%2 - w2ci2 - (0%2)2 - (C%2>2'

By (11.2), this agrees with k. O

12. PROOF OF THEOREM 7.2

Proof of Theorem 7.2. From the main result in [16], the function § =
—%dQ(m, xg) is locally semiconcave on M — {xg}, so it is differentiable
almost everywhere. Assume that 2’ is a point where § is differentiable.
It follows that the map t — ¢;(2') := 7(e'™ (df,)) is the unique mini-
mizing geodesic connecting ' and xy. An argument similar to the Rie-
mannian case using inverse function theorem shows that the function
fis C* in a neighborhood of the curve ¢t — ¢;(z’) (see, for instance,
23]). Moreover, it follows from [1, Theorem 1.2] that there is no con-
jugate point along the curve ¢ — ¢;(2’). Therefore, the map (dp;), is
nonsingular for each ¢t < 1.
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If we denote the differential of the map z — df, by ddf, then
do; = dr(det™ (ddf)). Let e;(t) and fi(t) be the Darboux frame at
df, defined as in Theorem 6.1 and let ¢; = dn(f;(0)). Then the vec-
tors {ddf(c1), ddf(s2), ddf(s3)} span a linear subspace W of Ty , T*M.
Therefore ddf(s;) can be written as

(12.1) ddf(s) = Y (a(t)e;(t) + by () f;(t)) or W = AE; + B,F,

k=1

where A; is the matrix with entries a;;(t), B; is the matrix with entries
b;;(t), and ¥, E;, and F} are matrices with rows ddf(s;), e;(t), and f;(¢),
respectively.

By a result in [20], the measure .7 is absolutely continuous with
respect to 1. Let g; be the density of ¢unmn (i.e. wun = gm). Since ¢y
is smooth in a neigborhood of 2/, we can consider 7 as a volume form.
It follows from ¢un = g, that

9e(0e(2")) [n(de(s1), d(sa), dp(ss))| = In(si, 52, 3)]-
By Theorem 6.2,

In(dep(1), dip(sa), dip(ss))| = [n(s1, G2, 63) det By .

Note also that since (dg;),s is nonsingular, B, is invertible for all
t < 1. Since By is the identity matrix, det B, > 0 for all ¢ < 1.
Therefore, we have proved the following lemma.

Lemma 12.1. .

B det Bt.

If we differentiate (12.1) with respect to time ¢ and apply Theorem
6.1, then we have

0 - AtEt + AtEt + BtFt —|— BtFt
= AE, + A(CLE + CoF,) + B.F, — Bi(R+CI'F),

ACHC)

where
0 00 1 00
Ci=1 100 |, C 0 00|,
0 00 0 0 1
r 0 0
R=| 000 ],
0 00

r(a’) = hg(dfw) + 2K H(djw) = (wf(z"))* — Kf(a),
and Cf denotes the transpose of Ci.
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Therefore, we have the following equations for the matrices A; and
B;.

(12.2) A+ ACL—B,R=0, Bi+AC,— BCl =0.
If sy = gi(ps(x)), then we have, by (12.1) and (12.2), the following:

d .
dot B, — det(B; ) = ~tr(B; ' B) = tr(B; ' A,C).

Therefore, if we let S; = B; ' A, then we have the following lemma.

Lemma 12.2.
det B, = e~ f(;t tT‘(S'SCQ)dS'

By (12.2), the matrix S, defined by S, = B, ' A, satisfies the following
matrix Ricatti equation

Sy — R+ 5,Cy + CTS, — S,C5S; = 0.

Since ¢1(x) = zo for all x, we have dp;(s;) = 0. Therefore, by
Theorem 6.2 and (12.1), B; = 0. Therefore, S; ' satisfies the following
matrix Ricatti equation

d
%(5;1) + SRS - O - S CT + 0y =0 and  S; =0,

Since the coefficient of the above equation does not depend on time
t, the solution to this equation can be found explicitly by the result in
26] as follows.

Let us consider the matrix
C; —Cs
Q(R T
and the corresponding matrix differential equation %q = Qq together

with the condition ¢(1) = I.
The fundamental solution is given by

COS T} 00 512—0” —l_izgs o 0
_ % 1 0 COS:é—l sin ::S—Tt 0
o(f) = D2 — o 01 0 0 1-t
—1psiny; 0 0 cosTy S‘f—ﬂ” 0
0 00 0 1 0
0 00 0 0 1

if r >0,
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1 00 1-¢ 02
(1-1)? (1-t)®
001 ¢ o
t) = et=DQ =
al ) 0 0 0 1 1—1¢
0 0 0 0 1
0 00 0 0
if r=0,
COSh Ty O O sinh 7¢ cosh 72't—1
. 70 70
__sinhmy 1 O 1fcozsh Tt Tt 751§1h Tt
T0 TO TO
g(t) = p(t=1Q _ 0 0 1 0 0
Tosinh7, 0 O coshmy %
0 00 0 1
0 00 0 0
if r <0, where 7, = /|r|(1 — ).
It follows from [26, Theorem 1] that
St_l cos;rég—l sm:sS—Tt 0 0 1
0 0
0 0 1—t 0 0
tan 1 cosT—1 O
o ‘rg COS Tt
T e 0|,
0 0 1—1¢
if r >0,
1—¢ 4 11—t
he ot ot 0 1
0 0 1—t 0 0
1—t Ut
a2 -
2 b

1

o O

t

0
0
1
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if r =0, and
sinh 7¢ cosh 1+ —1 ; —1
p 2 0 coshr, sohm
1 1—cosh inh s
S;to= | lmemhm mesmhn o 1 0
0 0
0 0 1—t 0 0 1
tanh 7¢ 1—cosh 1y 0
T 2 cosh
0 75 cosh 7y
— 1—coshmy Tt —tanh ¢ 0
‘rg cosh ¢ Tg
0 0 1—1
if r <0.

Therefore, inverting the above matrix gives the following. If r > 0,
then

To(sin ¢ —7¢ cos T¢) Tg (1—cosT¢)

0
D . D
St — ‘rg(lfcos Tt) Tg sin 7¢ 0
D D 1
0 0 T
where D = 2 — 2cos 7, — 73 Sin 7.
If r =0, then
. A1—1)? 6(1—t) 0
Si=—— | 6(1-t) 12 0
(1-1) 0 0 (1-1)
If r < 0, then
70 (7¢ cosh 7 —sinh 7¢) Tg (coshi—1) 0
) Dh 5 'Dh
St — 75 (coglhrt—l) T zg;h T 0
0 0 ﬁ

where D" = 2 — 2cosh 7y + 7, sinh 7.

If r > 0, then
To(sin 1y — 73 cos 1) 1
tr(CyS;) = )
r(C5) 2—2cosTy —Tsiny, 1—t
If r =0, then
5
tr(CyS;) = ——.
I‘( 2 t) 1—¢
If r <0, then
(058, = 7o(7 cosh 7y — sinh 1) 1

2 —2cosh7 +msinhm,  1—t
If we integrate the above equations, we get

(1 —1)(2—2cosT, — 1y sinT)

t
(12.3) / tr(CyS;)ds = —log
0

(2 —2cosTy — T sinTy)
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if r >0,
t

(12.4) / tr(CyS,)ds = —log(1 — t)°.

0
if r =0, and

t .
(1 —t)(2 —2cosh7, + 7, sinh 7y)
12. t ds = —1

(12:5) /0 r(Co5)ds ©8 l (2 — 2 cosh 7y + 79 sinh 1)
if r <0.

Since all the above computations hold for n-almost all x’, we can
combine them with Lemma 12.1 and 12.2 and obtain

n(e(U)) = / mdn(ﬂf)

:/det By dn(z)
U
:/e—fttr(SgCg)dsdn(x)

(1—t)(2—2 cos ¢ —7¢ sin 7¢) .
fU ey dn it >0,

(2— 2c0s7'o To sinTp)
=< (1—-1t)5n(U) if r=0,

(1—¢)(2—2 cosh 74 +7¢ sinh 7¢) .
fU (2— 2005h70+7051nh70) d77 if 1 <0.

Here we recall that 7, = (1 — ¢)/|(vof)?(z) — Kf(z)]. O

13. PROOF OF THEOREM 8.1 AND ITS CONSEQUENCES

Proof of Theorem 8.1. We use the setup and notations as in the proof
of Theorem 7.2. Both Lemma 12.1 and 12.2 still hold in this case. The
only difference is that the curvature R, (f) now is not given explicitly
and, more importantly, it depends on time t.

Let us consider the following matrix Riccati equation with constant
coefficients:

d - o _ _

(13.1) %(S,;l) + SRS — 1S = STCT + Gy =0
. 3 2KH 0 0
together with the condition S;' = 0, where R = 0 00
0 00

It follows from the assumption of the theorem that

Ry (t) > 2K H(df,)
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and
RE (1) =0.
Therefore, by comparison theorem of the matrix Riccati equation (see
21, Theorem 2.1]), we have S;' > S;' > 0 for ¢ close enough to 1.
Here A > B means that A— B is nonnegative definite. By monotonicity
(see [13, Proposition V.1.6]), 0 < S; < S; for t close enough to 1. If we

apply the same comparison principle to S; and S, then 0 < S, < S,
for all ¢ in [0, 1]. Therefore,

tr(gt02) 2 tr(StOQ).
It follows from Lemma 12.1 and 12.2 that
gt(SOt(Z)) — efg tr(SsCQ)ds S efot tr(SSCQ)dS.

The last term of the above inequality can be computed as in the
proof of Theorem 7.2 and this finishes the proof. U

Proof of Corollary 8.5. From the proof of Theorem 8.1, we have

1
n(¢1/2(Bx0(2kR))) 2_
Since ¢1/2(Bg,(2kR)) is contained in B, (kR), the result follows. [

1(Buy (2kR)).

The proof of Corollary 8.7 can be found, for instance, in [31, 43], for
metric spaces satisfying condition MCP(0,5). We give the proof here
in the subriemannian case for completeness.

Proof of Corollary 8.7. Let 2" and Z be two points on the manifold M.
Let f(z) = —2d*(z,2’) and let f(z) = —3d?*(z, 7). Let

pi(x) == (e (df,)),  @ulx) == m(e T (df,)).

Recall that t — ¢;(z) is a minimizing geodesic connecting = and z’
for n-almost all . Assume that both 2" and Z are contained in the ball
B, (kR). Then

1/2 1/2
!f(a‘f)—f(x’)|§2R</0 Vi (er@)e + [ rva<@t<:c'>>|dt>.

By the proof of Theorem 8.1, we have
1/2
[ [ utteainte)
Buy (kR)

< - / o 'Vlﬂ_f (t)”dn(x)dt.
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Since @By, (kR)) is contained in B,,(2kR), it follows that

' 15
[ Wt < [ [Vuf@ldn).
By (kR) J0 Buy (2kR)
Therefore,

[ 1) = B ()
Buy (kR)

1 - / - /
< ST o o sy 1~ F @)

15R
<2t Vi (@)]dn()
Bay (2kR)

Finally, if we apply Corollary 8.5, then we get

1 N .
m/&om‘f@) <f>Bwo(kR) |dn (")
15R
S ST oy 7

240R
= (Bon(2kR)) /on(%R) Vi (@ldn(e).

14. PROOF OF THEOREM 9.2

In this section, we give the proof of Theorem 9.2. Like the proof
of Theorem 6.5, it involves the expansion of R?? found after a lengthy
calculations. So only a sketch of the proof will be given.

Proof of Theorem 9.2. Let «; be an unbounded sequence in 2. It fol-
lows that h3(a;)+ H(a;) — 0o as i — oo. By [2, Theorem 3], it follows
that H(o;) — 0 and so h2(a;) — oo as ¢ — oo. On the other hand,
recall that R?? is a degree 4 polynomial of hg, hy, and hy. But R* is
also quadratic in hg and the coefficient of R%? in h{ is given by

3(chy + cho) s + 12¢h hiha — 3(chy + cop) b3
Moreover, by [1, Theorem 3.1],

2m 1
\/ 1(i) + hi(ay) (a;) ho(Oéi)+ (h%<ai)) as i — 00
It follows that R>? stays bounded as i — oo and the bound is inde-
pendent of the sequence by compactness of the manifold. U
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