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A toy example, the Leray–Schauder degree.

Let B be an infinite-dimensional separable Banach space and

S ⊂ B the unite sphere in B. Let E = {E ⊂ B : dimE < ∞}
be the ordered by the inclusion directed set of finite-dimensional

subspaces of B. We set:

Gi(S) = Hi(dimE−1)(S ∩ E)

and call Gi(S) the Leray–Schauder homology of S.
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Now let ϕ : S → B be a compact map such that x+ϕ(x) 6= 0, ∀x ∈
S. ∀ ε > 0, ∃ ε-close to ϕ finite-dimensional map ϕε : S → Eε. We

define a map:

Φε
E : S ∩ E → S ∩ E, Φε

E(x) =
x+ ϕε(x)

|x+ ϕε(x)|
,

for any E ⊃ Eε. The degree of this map d = deg(Φε
E) does not

depend on E and is the same for all sufficiently good approxima-

tions ϕε. This is the Leray–Schauder degree.

The degree is defined by the homomorphism:

Φε
E∗ : HdimE−1(S ∩ E)→ HdimE−1(S ∩ E), Φε

E∗(c) = cd,

for any c ∈ HdimE−1(S ∩ E) = Z. We may interpret it as a

homomorphism Φ∗ : G1(S)→ G1(S), where Φ = I+ϕ
|I+ϕ|.
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Floer Homology

We consider a compact smooth manifold M endowed with a

symplectic structure σ. Let M̃ be the universal covering of M

and σ̃ the pullback of σ to M̃ ; we assume that σ̃ is an exact

form: σ̃ = ds.

We denote by Ω the space of contractible closed curves in M

of class H1. In other words, Ω consists of contractible maps

γ : S1 →M , where γ is differentiable almost everywhere with the

derivative of class L2. The lifts of γ ∈ Ω to M̃ are closed curves

and we use the same symbol γ for any lift of this curve to M̃ .
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Let ht : M → R be a measurable bounded w. r. t. t ∈ S1 family of

smooth functions on M . The functional ϕh : Ω → R is defined

by the formula:

ϕh(γ) =
∫
S1
s(γ̇(t))− ht(γ(t)) dt.

Given c ∈ R, we denote by Ωc
h the Lebesgue set of ϕh:

Ωc
h = {γ ∈ Ω : ϕh(γ) ≤ c}

We assume that M is equipped with a Riemannian structure 〈·, ·〉
adapted to the symplectic structure, i. e. σ(ξ, η) = 〈Jξ, η〉, ξ, η ∈
TM, where J : TM → TM is a quasi-complex structure, J2 = −I.

Then:

∇γϕh = −Jγ̇ −∇γh.
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Second variation of ϕ0 at a “constant curve” q:

bq(ξ, η) =
∫
S1
σ(ξ(θ), η̇(θ)) dθ, ξ, η ∈ H1(S1;TqM).

We denote by ı : H1(S1;TqM) → H1(S1;TqM) the involution

defined by the formula (ıξ)(θ) = ξ(−θ). Then

bq(ıξ, ıη) = −bq(ξ, η), ξ, η ∈ H1(S1;TqM).
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We fix generators X1, . . . , Xl of the C∞(M)-module VecM of all

smooth vector fields on M and define a linear map Xq : Cl → TqM

by the formula

Xqu =
l∑

j=1

vjXj(q) + wjJXj(q),

where u = (u1, . . . , ul), uj = vj + iwj ∈ C, j = 1, . . . , l and

〈ξ, ξ〉 = min{|u|2 : u ∈ Cl, ξ = Xqu}.
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Let W be the space of all curves in M of class H1 parameterized

by the segment [0,1]. We fix a parametrisation of S1 by [0,1];

then Ω ⊂W .

We define the map φ : M × L2([0,1];Cl) → W as follows. Given

q ∈ M and u(·) ∈ L2([0,1];Cl) the curve γ(·) = φ(q, u(·)) is the

solution of the ordinary differential equation

γ̇(t) = Xγ(t)u(t), 0 ≤ t ≤ 1,

with the initial condition γ(0) = q. We also set φt(q, u) =

(q, φ(q, u)(t)) and thus define the map

φt : M × L2([0,1];Rl) → M × M . It is easy to see that φt is

a smooth map and φt is a submersion for 0 < t ≤ 1.
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Let E be a finite-dimensional subspace of L2([0,1];C) and

E0 =
{
υ ∈ E :

∫ 1
0 υ(t) dt = 0

}
. We set:

Xq(E) =

{
θ : 7→ ξ0 +

∫ θ
0
Xqu(t) dt : ξ0 ∈ TqM, u(·) ∈ El0

}
.

We say that E is well-balanced if ıE = E and ker bq|Xq(E) = ker bq.

Lemma 1. Any finite-dimensional subspace of L2([0,1];C) is

contained in a well-balanced subspace.
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We set:

Br =
{
u ∈ L2([0,1];Cl) : ‖u‖ < r

}
, Ur(E) = φ

(
M × (Br ∩ El)

)
.

Let i(E; c, r) be homology homomorphisms

Hi
(
Ωc
h ∩ Ur(E),Ω−ch ∩ Ur(E)

)
→ Hi

(
Ωc
h ∩ U∞(E),Ω−ch ∩ U∞(E)

)
induced by the inclusion Ur(E) ⊂ U∞(E). Finally, E is the di-

rected set of well-balanced subspaces partially ordered by the

inclusion.

Theorem 1. There exist

lim
c→∞ lim

r→∞ E- lim rank
(
i+dE

(E; c, r)
)

= rank(Hi(M)),

where dE = 1
2(dimE − 1) dimM .
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Let βj(M) be the Betti number of M of the dimension j and

Ch be the set of all 1-periodic trajectories of the Hamiltonian

system. If all 1-periodic trajectories are non-degenerate, then

Ch is a finite set.

Theorem 2 (Morse inequalities). Assume that all 1-periodic tra-

jectories are non-degenerate. Then, for any k ∈ Z, the following

inequality holds:∑
j≤k

(−1)k−jβj(M) ≤
∑

{γ∈Ch:ih(γ)≤k}
(−1)k−ih(γ),

where

ih(γ) =
1

2
bsgn(d2

γϕ0)− sgn(d2
γϕh)c.
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Step Two Carnot Lie algebras and groups:

g = V ⊕W, [V, V ] = W, [g,W ] = 0, G = eg.

To any ω ∈ W ∗ we associate an operator Aω ∈ so(V ) by the

formula:

〈Aωξ, η〉 = 〈ω, [ξ, η]〉, ξ, η ∈ V.

It is easy to see that ω 7→ Aω, ω ∈W ∗ is an injective linear map.

Moreover, any injective linear map from W ∗ to so(V ) defines a

structure of step two Carnot Lie algebra on the space V ⊕W by

the same formula. Hence step two Carnot Lie algebras are in the

one-to-one correspondence with linear systems of anti-symmetric

operators.
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An H1-curve γ : [0,1] → G is called horizontal if γ̇() ∈ Vγ(t) for

a. e. t ∈ [0,1].

The following multiplication in V ×W gives a simple realization

of G with the origin in V ×W as the unit element:

(v1, w1) · (v2, w2) =
(
v1 + v2, w1 + w2 +

1

2
[v1, v2]

)
.

Starting from the origin horizontal curves are determined by their

projection to the first level and have a form:

γ(t) =
(
ξ(t),

1

2

∫ t
0

[ξ(t), ξ̇(t)] dt
)
, 0 ≤ t ≤ 1,

where ξ(·) ∈ H1([0,1];U), ξ(0) = 0.
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We set:

ϕ(ξ) =
1

4π

∫ 1

0
|ξ̇(t)|2 dt.

We focus on the horizontal curves corresponding to closed cures

ξ; they connect the origin with the second level. Given w ∈W \0,

let Ωw be the space of horizontal curves connecting (0,0) with

(0, w); then

Ωw =

{
ξ ∈ H1([0,1];V ) : ξ(0) = ξ(1) = 0,

1

2

∫ 1

0
[ξ(t), ξ̇(t)] dt = w

}
.

For any s > 0, we set: Ωs
w = {ξ ∈ Ωw : ϕ(ξ) ≤ s}. Note that

central reflection ξ 7→ −ξ preserves Ωs
w.
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Let E ⊂ H1([0,1];V ) be a finite-dimensional subspace and Ē =(
E \ 0

)
/
(
ξ ∼ (−ξ)

)
its projectivization. We set Esw = Ωs

w ∩E and

denote by Ēsw the image of Esw under the factorization ξ ∼ (−ξ).

We consider the homology H·(Ēsw;Z2) and its image in H·(Ē;Z2)

by the homomorphism induced by the imbedding Ēsw ⊂ Ē. We

have:

rank
(
Hi(Ē

s
w;Z2)

)
= βi(Ē

s
w) + %i(Ē

s
w),

where βi(Ē
s
w) is rank of the kernel of the homomorphism from

Hi(Ē
s
w;Z2) to Hi(Ē;Z2) induced by the imbedding Ēsw ⊂ Ē and

%i(Ē
s
w) ∈ {0,1} is the rank of the image of this homomorphism.
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For given w,E, s, we introduce two positive atomic measures on

the half-line R+, the “Betti distributions”:

b(Ēsw)
.

=
∑
i∈Z+

1

s
βi(Ē

s
q)δ i

s
, r(Ēsw)

.
=

∑
i∈Z+

1

s
%i(Ē

s
q)δ i

s
.

Assume that dimW = 2 and let E be the directed set of all

finite-dimensional subspaces of the Hilbert space H1([0,1]);V ).

It appears that there exist limits of these families of measures

lim
s→∞ E- lim b(Ēsw), lim

s→∞ E- lim r(Ēsw)

in the weak topology. Moreover, the limiting measures are ab-

solutely continuous with explicitly computed densities.
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Let α : ∆ → R be an absolutely continuous function defined on

an interval ∆. We denote by |dα| a positive measure on ∆ such

that |dα|(S) =
∫
S

∣∣∣dαdt ∣∣∣ dt, S ⊂∆.

The operators Aω, ω ∈ W ∗, have purely imaginary eigenvalues.

Let 0 ≤ α1(ω) ≤ · · · ≤ αm(ω) are such that ±iαjm j = 1, . . . ,m,

are all eigenvalues of Aω counted according the multiplicities.

Let W̄ ∗ = (W \ 0)/
(
w ∼ cw,∀c 6= 0

)
be the projectivization of

W ∗, W̄ ∗ = RP1.
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Given w ∈ W \ 0, we take the line w⊥ ∈ W ∗ and consider the

affine line

`w = W̄ ∗ \ w̄⊥ ⊂ W̄ ∗.

Moreover, we define functions

λwj : `w → R+, j = 1, . . . ,m, φw : `w → R+

by the formulas:

λwj (ω̄) =
αj(ω)

〈ω,w〉
, φw(ω̄) =

m∑
j=1

λwj (ω).
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Theorem 3. Assume that there exists ω ∈ W ∗ such that the

matrix Aω has simple spectrum. Then, for any w ∈ W \ 0, there

exist the following limits in the weak topology of the space of

positive measures on R+:

bw = lim
s→∞ E- lim b(Ēsw), rw = lim

s→∞ E- lim r(Ēsw).

Moreover,

bw = φw∗

( m∑
j=1

|dλwj |
)
, rw = χ[0,minφw]dt,

where dt is the Euclidean measure.
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General scheme.

The object to study is a Banach manifold Ω equipped with a

growing family of closed subsets Ωs, s ∈ R.

Auxiliary objects are a Banach space B and a submersion Φ :

U → Ω, where U ⊂ B is a finite codimension submanifold of B.

Moreover, U is equipped with an ordered by the inclusion di-

rected and exhausting family V of open bounded subsets and B

is endowed by an ordered by the inclusion directed family E of

finite dimensional subspaces such that
⋃
E∈E

E = B.
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Given E ∈ E, V ∈ V, s ∈ R, we denote by

i(E, V, s) : Hi
(
Ωs ∩Φ(E ∩ V ),Ω−s ∩Φ(E ∩ V )

)
→ Hi

(
Ωs ∩Φ(E ∩ U),Ω−s ∩Φ(E ∩ U)

)
the homology homomorphism induced by the inclusion V ⊂ U .
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Finally, we select normalizing quantities ri(E, s), ρi(E, s) ∈ R+

and build atomic measures:

b(E, V, s) =
∑
i∈Z+

ρi(E, s)rank (i(E, V, s)) δri(E,s)

in such a way that their exist a limit:

b = lim
s→∞V- lim E- lim b(E, V, s).
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