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I. Local story: a no-Goh singular curve.

We consider a system:

k
1=1

with the initial condition ¢(0) = qg. The endpoint map:

Fy o L2([0,¢; RF) — M, Fy(u) = q(t),
where v = (u1(-),...,ur(-)) € R¥,
k
q(t) = fola(m)) + D ui(r) fi(e(r)), 0<7 <t
=1

We are interested in the level sets of the endpoint map and, in
particular, in the local structure of these level sets.



Digression. Let U be a finite-dimensional manifold, o : U/ — M a
smooth map.

If 4 € U is a regular point of ¢, Dgp(TzU) = TzM, where ¢ = (),
then ¢~ 1(§) N O; is a ball,

p N @ noz\ {a} =s™,
where m =dimU —dimM — 1

If w is a critical point of ¢, i.e, AD;¢ = 0 for some \ € Tg, A #= 0O,
then we have to study the Hessian:

ADZy : ker Dy x ker Dyp — R. ()

Let o be the signature of the quadratic form (*). If XA is unique
and (*) is nondegenerate, then

o 1@ N Oy \ {i} = 530 F) 5 g30n=0),



F; : L%([0,t];RF) — M is defined on the infinite dimensional
space.

If @ is a regular point, then Ft_l(fj(t)) N Oz is a Hilbert ball and
Ft_l((j(t)) N Oz \ {u} is contractible.

Let uw be a critical point, \¢DzF; = 0. We set:
Pl M — M, P:qg(0)w— q(t),

where §(7) = fo(a(r)) + é () fi(a(m),

gl = (P i, Ao=P" N, Xo € TyM.



Then:

Lk
DgFy(v) = P! [ 3" 0i(r)g] (a0) dr,
5 i=0

ADZFy(v,v) = / / S w00 o o 551 (40)) dor

t,7=0
Theorem 1 (Goh cond|t|on). If 37,4,7 such that

(Ao, l9i »971(q0)) # O,
then both positive and negative inertia indices of )\tD%Ft are
infinite.
Theorem 2. Under conditions of Theorem 1, the pointed neigh-
borhood Ft_l(c'j(t)) N Oz \ {u} is contractible.

What about finite dimensional sections?



Let E, C L2([0,t]; RF) be the space of vector trigonometric poly-
nomials of degree not greater than n (with rescaled frequencies
%Tm, 0<m<n).

Assume that the system and control w are real-analytic and let
u(0) = 0.

Theorem 3. If the matrices {(AO,[gZ,g;-])}ij:l, T > 0, and

k
{<>‘07[[f07fi]7fj]]>}ij_1 are nondegenerate, then there exists a

piecewise constant integral-valued function t — o(t), t > 0, such
that for any continuity point t of o(-), 3N > 0 such thatVn > N
the form Qp} = AngFt|E is nondegenerate and sgn(Q}) = o(1).

n



Corollary 1. Under conditions of Theorem 3,
1 1
Fy Y (@) 0 (@ + Ea) 1 05\ {a} 2 520mF7(0) 5 g2(m=o(0),

where m =dim E, —dimM — 1.

Proposition 1. 0(t) is a gauge invariant, i.e. it depends only
on the affine distribution fg(q) + span{fi(q),..., fr(¢)},q € M,
trajectory q(-) and \g.

Example. Let A = span{f1,..., fir} be a contact distribution, fg a
contact vector field and the matrix [[fo, fi], f;] is nondegenerate,
then u = O satisfies conditions of Theorem 3.



Special case: M is a 3-dimensional unimodular Lie group, fo, A
are left-invariant. Then fp is a Reeb field for a sub-Riemannian
structure on A. Let y,x be basic invariants of this structure,

(Mo, fo) > 0.

We have:

s < [ (24 [Y520) it > x

0, it |k < x.

Here [] is the integral part of a real number.



N
5“(2)\\\\

s[(2) with killing form su(2) with killing form



II. Global story: a step two Carnot group.

A step two Lie algebra and group:

g=VeWw, [V,V]=W, [gW]=0, &=2¢"

To any w € W* we associate an operator A, € so(V) by the
formula:

(Awg,m) = (w,[§n]), &neV.

It is easy to see that w+— Ay, w € W* is an injective linear map.
Moreover, any injective linear map from W* to so(V) defines a
structure of step two Carnot Lie algebra on the space V& W
by the same formula. Hence step two Carnot Lie algebras are
in the one-to-one correspondence with linear systems of anti-
symmetric operators. Sometimes we need non-resonance generic
assumptions on the linear system, which I won’t specify.



An Hl-curve v :[0,1] — & is called horizontal if 4(t) € V. for
a.e. te[0,1].

The following multiplication in V x W gives a simple realization
of & with the origin in V x W as the unit element:

1
(v1,wy1) - (vo,wp) = (’01 + v, w1 + wo + 5[’01702]> :

Starting from the origin horizontal curves are determined by their
projection to the first level and have a form:

1®) = (). [lE@,éar), o0<e<n,
where £(-) € H1([0,1]; U), £(0) = 0.
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We set:

_ Lot
(&) = o [ 1E®Pat

We focus on the horizontal curves corresponding to closed curves
¢; they connect the origin with the second level. Given w € W'\ 0,

let Q2 be the space of horizontal curves connecting (0,0) with
(0,w); then

1 /1 .
Qu = {g e HY([0,11:V) 1 £(0) = (1) = 0, = [ [6(8), é(B)] dt = w}.

For any s > 0, we set: Q3 = {£ € Qu : (&) < s}. Note that
central reflection £ — —¢ preserves Q5. We denote by QF the
image of Q23 under the factorization £ ~ (=¢£).
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Proposition 2. There exists a finite-dimensional subspace E C
HL([0,1]; V) such that QS N E is a deformation retract of 5,
where E is the projectivization of E .

Corollary 2. QZfU has homotopy type of a semi-algebraic set.

We introduce the notation ES = QS NE and consider the homol-
ogy H.(E$;Z>) and its image in H.(E;Z>) by the homomorphism
induced by the imbedding ES C E. We have:

rank(H;(E5; Z2)) = Bi(E5) + 0i(ES),
where B;(E$) is rank of the kernel of the homomorphism from

H;(E$;7Z>) to H;(E;Z>) induced by the imbedding ES C E and
0;(E3) € {0,1} is the rank of the image of this homomorphism.
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Now we build two positive atomic measures on the half-line Ry,
the “Betti distributions”:
— o1 _ _ o1 _
b(E,fU) =g Z 5@(33))51, t(Ezsu) Zg Z Qq;(Efu)Csi-

iEZ_|_ iEZ+

Assume that dimW = 2; it appears that there exist limits of
these families of measures:
H S H S
JNim (B, Jim (B}
in the weak topology. Moreover, the limiting measures are ab-
solutely continuous with explicitly computed densities!
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Let o : A — R be an absolutely continuous function defined on
an interval A. We denote by |da| a positive measure on A such
that

do
do| (S =/—dt, ScCA.
da| (S) = [ |-]
The operators Ay, w € W*, have purely imaginary eigenvalues.

Let 0 < aj(w) <--- < am(w) are such that fiaym j = 1,...,m,
are all eigenvalues of A, counted according the multiplicities.

Let W*
W*, W*

(W \ 0)/(w ~ cw,Ve # 0) be the projectivization of
RPL.
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Given w € W \ 0, we take the line wl € W* and consider the
affine line

bw = W*\ o C W*
Moreover, we define functions
APy =Ry, g=1,...,m, ¢ ly — Ry

by the formulas:

m

N (&) = () p¥(@0) = > AP (w).

<w7w>’ ]:1
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Theorem 4. Assume that there exists w € W* such that the
matrix Ay has simple spectrum (a non-resonance assumption).
Then, for any w € W \ O, there exist the following limits in the
weak topology of the space of positive measures on R_.:

by = lim b(E3), vw = lim_ t(ES).
Moreover,
m
by = qbgku( Z |d>‘:;u|)7 tw = X[0,min ¢w]dt7
j=1

where dt is the Euclidean measure.
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