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VOLTERRA SERIES AND PERMUTATION GROUPS

A. A. Agrachev and R. V. Gamkrelidze UDC 512.542.7+517.972.1

Algebraic structures, connected with the asymptotic expansions of perturbations of smooth dynamical systems,
are investigated; first of all, the so-called shuffle multiplication for permutations and for iterated integrals.

1. INTRODUCTION. VARIATIONS OF A DYNAMICAL SYSTEM

1. We consider a system of differential equations
x=[((x), XM,

on a manifold M of class C™ with a fixed initial condition x(0) = X and then we perturb this system by adding to the right-
hand side a vector field eg,(x), where ¢ is a small parameter. We obtain the system

x=Fi(x)+eg:(x), £(0)=x. (1.1)

Letx.(t), 0 <t < 1, be the solution of the system (1.1). We pose the classical question: how to find the tangent to the curve
& = x(1) for ¢ = 0. The answer can be found in any manual on ordinary differential equations: one has to solve the linear
system of equations in variations

f | ten), 2O=0.
Then £(1) is the desired tangent vector in the case when £(1) # 0. However, we are concerned with those more interesting
cases when £(1) = 0. In this case one has to consider higher terms in the Taylor expansion of the curve ¢ = x.(1) (higher
variations of the system (1)). However, as it is known, the higher terms of the Taylor expansion do not have an invariant
meaning: they are correctly defined only in fixed local coordinates. Under nonlinear changes of coordinates, the various
terms of the series are intermixed and may appear and disappear depending on the choice of the coordinates. Indeed, it is
obvious that there exist always local coordinates in which a segment of the given smooth curve for ¢ = 0 can be represented
by a segment of a straight line.

A given n-th term of the Taylor expansion is a correctly defined tangent vector only in the case when all the terms
with smaller index are equal to zero.

Thus, we must draw the following conclusion: the n-th variation of the system (1.1) is what is left from the n-th term
of the Taylor expansion of the curve ¢ = x(1) in the case when all the preceding terms are equal to zero. Naturally, if the
initial point x, and the fields f;, g, are given, then the computation of the first nonzero term of the Taylor expansion is not a
problem. However, with the variation of the initial data, the index of the first nonzero term changes. At the same time it is
important in the theory to have the higher variations as some universal forms, into which one can substitute the initial data
without knowing beforehand how many terms of the expansion are equal to zero.
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In other words, the n-th variation is that new object that contains the n-th term of the expansion in comparison with
the previous terms. One of the problems of this paper is to separate this new object so that the higher variations be finally
describable in terms of concrete mathematical structures. The subsequent investigation is determined by the character of these
structures.

2. In order to move forwards we need some notations and formulas from chronological calculus. They are described
briefly in this subsection. For details see [1], [2]. Chronological calculus is a variant of operational calculus, enabling us, at
least for formal calculations, to work with nonlinear dynamical systems like with linear ones.

Let C*(M) be the algebra of all real infinitely differentiable functions on M. We identify an arbitrary point x € M
with the homomorphism ¢ = ¢(x), ¢ € C®(M), of the algebra C*(M) into R; we identify a diffeomorphism p: M - M
with the automorphism of the algebra C*(M), obtained if to an arbitrary function on M one associates the superposition of
this function and p:

e(-)—o(p(-)) VoeC=(M).

The value of the diffeomorphism p at the point x is denoted by x op, i. e. the composition of the automorphism of the
algebra C*=(M) and the homomorphism of this algebra into R (which again is a homomorphism of C*=(M) into R.

The smooth vector fields on M are identified with the derivations of the algebra C*(M), i. e. R-linear mappings f:
C=(M) - C=(M), satisfying the Leibnitz rule: f(¢,¢,) = (fo))¢; + ¢,(fe,). The Lie bracket [f, g] = fog — gof defines
a Lie algebra structure on the space Vect(M) of all smooth vector fields. In local coordinates x = (x;, ..., X)), in which the
vector fields have the form

|

i
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the Lie brackets are computed in the following manner:

2 (dx] fi— gi; g/)
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The tangent vectors § € T,M are R-linear mappings £: C*(M) —> R, satisfying the condition: £(p¢;) = Ee1)e(x)
+ ¢;(X)(£py). The value of the field f at the point x is denoted by x of, i.e., the composition of the operator f and the
functional x, which is the tangent vector at the point x.

Each diffeomorphism p (considered as an automorphism of the algebra C*(M)) defines the adjoint automorphism Ad
p of the Lie algebra Vect(M), acting according to the rule (Adp)f = pofo p~L. We note that Ad p~! is nothing else but the
differential of p; in more traditional notations: p« = Ad p~L

Finally, for each f € Vect(M) by ad f: Vect(M) = Vect(M) one denotes, as usually, the operation of left Lie
multiplication: (ad f)g = [f, gl

In the described system of notations, a diffeomorphism, denoted by the same symbol p, may be considered both a
smooth transformation of the manifold and a linear operator on C*(M). This, however, cannot lead to ambiguity since in
each formula the meaning of the symbol is uniquely recovered from the fact whether the point of the manifold is placed to
the right or to the left of p.

The algebra C*(M) is considered with the standard topology of the convergence of all the derivatives on compacta.
This topology is defined by the system of seminorms [ - |y x, N = 0, K € M, and the convergence | ¢, [y =0 (n—> o)
means that all the derivatives up to order N of the function ¢ tend to zero, uniformly on K. The seminorms | - Il N K- unlike
the topology induced by them, are not uniquely defined and can be selected in various manners. However, we shall assume
that the selection has been realized and the seminorms are fixed once and for all.

For a vector field f € Vect(M) we define the seminorms

Il we=sup{ll Foll il 1@l wpr,e =1

We ‘will have to deal constantly with one-parameter families of linear operators and functionals on C*(M) or on
Vect(M).
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The concepts of continuity, summability, differentiability, absolute continuity, etc. are defined "pointwise": we say
that a family A;: C*(M) - C*=(M) of linear operators (or A;: C*(M) — R of linear functionals) has one of the enumerated
properties if the families t > A, have this property for each ¢ € C*(M) (for details see [1], [2]). The same goes for
families of operators and functionals on Vect(M).

Families f, € Vect(M), locally integrable with respect to t € R, are called nonstationary vector fields on M, while
families of diffeomorphisms p, € Diff(M), absolutely continuous with respect to t, are called (nonstationary) flows on M.

A nonstationary vector field f;, t € R, defines the ordinary differential equation (dx/dt)(t) = x(t) - f,, x € M.

A field f, is said to be complete if all the solutions of this equation are defined for all t € R. Each complete field f;
generates a flow p,, t € R, which is the unique absolutely continuous solution of the operator equation

d . )
i Pt= pefo  po=id, (1.2)

where id is the identity operator (the identity diffeomorphism of M). We call this flow the right chronological exponent of f;
and we denote it p, = e?p § oif, d7. One has an asymptotic representation of the chronological exponent in the form of a
so-called Volterra series:

t © .,
e?()pgftdtzid-{-z 5 SfT,f' .ofdy. . dT,, 1.3
0

ne=l An“)

where AM(t) = {(r{, ..., 7)|0 < 7, < ... < 7| <t} (for t = 1 we shall use the abbreviated notation A"(1) = A").
The remainder in the asymptotic expansion (1.3) is estimated in the following manner:

<

N, K

— 3 n—!
(expgftd*l:—id--~ S Sf‘f' Lofdr. . .dt,)tv
0

= Ai(l)

t
e lIrghipy, xrdv ( ! (1.4)

{ n
<ge’ S||fr” N+n—l.K'dT) [l @l x5
0
where K' is some (compact) neighborhood of the compactum K, while c;, ¢, depend neither on f, nor on ¢ € C®(M).

4
—
If Pr=exp S f+dt, then p;! satisfies the equation
0

L prt=—fepr', pri=id,

Moreover, the flow pl'l, t € R, is the unique solution, absolutely continuous with respect to t, of the equation (d/dt)Q, =
—f,.Q, with initial condition Q; = id. We call this flow the left chronological exponent of (—f) and we denote it p.!

il

¢

<« P
exp S — f+dT. We have the asymptotic expansion

]

t

exp S—ffdrzid+i(—1)"s o\ frooofodty. . at,
0

n=! a™(t)

with an estimate of the remainder similar to (1.4).
Further, the family of operators Ad p,: Vect(M) - Vect(M), t € R, satisfies the equation (d/dt)Ad p, = Ad p,-.adf,.
Indeed, '

d d
ar (Adp)g= 7 (Preep;'y=pelf o8 —gof Fp7'=Ad py[ f1, 8]

Moreover, the family Ad p, is the unique solution of the operator equation Fd't— P,=Ppad f, with initial condition $y =
Id and, therefore, the following notation is natural:

t

t
Ad (&E { ftdr) - eEBS ad f <.
0 Q
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We have the asymptotic expansion

1 oo
Ad (eIIa Sf,dt)zld-{-z S e Sadf,no. . .oad fed1,. . .dv, .5)
0

n=t a0

with an estimate of the remainder similar to (1.4). For a stationary field f, = f we make use of the traditional notation

{ !

—_
exXp S fdt=e<ﬁ) S fdi=e!/,
0 0

Let f,, f, + g, be complete nonstationary fields. We have the following "variation formula" (which is a straightfor-
ward generalization of Lagrange’s variation of constant formula):

¢ 1 T {
e;B S (f++8g-)dr=exp S (eﬁ S ad f edegf) droe;E S fdr. (1.6)

0 0 0 0

Indeed, we set

14

1 3 -1 t
Cr=exp{ f+gedr (&B { ffdr) —exp { fo+gudveexp { — fudr.
[}

0 0 0

Then - ! f /
d - —>
57 Ci=exp §(f1 +gdregpexp S— fdt=C,;:Ad (exp 5 f,dr)g,=

0 0

> 4
=C,exp \ ad f.dvg,, Co=id.
0

! T
Consequently, ,=e;;) S (eﬁ) S ad f ndeg,) dt. Making use of the variation formula, it is easy to find the directional

0 0

3

— >
derivatives of the mapping e x p, associating to a nonstationary field a flow on M. Namely, let p:¢e)=exp S (f<Tege)dr, ¢ER.
. 0

Then
s 1 t \
pi(e4-€")=exp S e’ (Ad p (e)) ged oy (v) = (id—l—a’ S (Ad py(e)) grdT+. .. )op,(s).
0 1] .
Correspondingly,
3 ! 4 > T
2 Pi(&)= S (Ad pr (¢)) gedop, () = S exp S ad (fo -+ ego) dOgdep, ()=
0 0 0
1.7)
{ ? t
d -«
=P (e (Ad p7 (&)ope (6)) gt = py (e § exp { —ad (fo+sg0) dogeds.
¢ 0 T
3. We return to the system (1.1). In accordance with the variation formula we obtain
—> : —> . —> !
Xe (1)= xcexp S (f+egdt—= xpoexp S eh dfeexp S fdt,
0 ] 0
where

4

-— H —>
h,=(Ad exp S f-;d‘l:) g;=exp S ad f.dvg,.
0

0
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!

—_ —> !
If we set g (&)= xpexp S ehydt, then xe(1)=gq (c)pexp S fdt.
0 1 0

. . » - » . .
Since the diffeomorphism exp S fdt does not depend on &, we have the right not to turn our attention to it and
0

instead of the curve x.(1) to investigate the curve q(g), corresponding to the system

x=¢exoh,, x(0)=ux,, (1.8)

homogeneous with respect to €. We have

q(e)=xoo(id+e S h,dt+82S S Ryohy db dty+ . . ) (1.9)
0 At
1

Consequently, the first variation of the system (1.8) is the tangent vector x°°S h.dt.
1]

The coefficient of &% in the expansion (1.9) is the composition of x, with a second-order differential operator, i.e., it
is in no way a tangent vector. However, according to the general rule, this coefficient must coincide with some tangent
vector at the point X, in the case when xg, § o!hdt = 0. It is easy to find the explicit expression of this tangent vector in
terms of h,. Indeed,

SAS Byohs dt,dty,= SAS (Besohs, by ohe) dt dts +

+ S S[h,,. ke ]dt,dt, — (gh,dt) (S A dt) S S[h,,, he ] dt dty.
0 A

Al h

The commutator fh, , h, ] of vector fields is again a vector field. Consequently, the desired tangent vector has the form

1 :
7x°°S S[/lt.. h,]dt,dt,. (1.10)
Al
We note that the expression (1.10), i.e., the second variation of the system (1.8), is a correctly defined tangent vector,
independent of the fact whether the first variation is equal to zero.

\ I
It is natural to assume that in any case the vector field S S [he,, ke,] dEdt, = S [S hdr, }z,] dt carries an important
ar 0 0
3

-
information, if not about the curve q(¢) in M, then, at least, about the curve &€—Q(g)=exp S eh,dt in the group Diff(M)
0

of diffeomorphisms. Precisely the presence of a group structure in Diff(M) leads to additional invariants, different from the
tangent vector to the curve.
We consider the logical chain:

4
[Shtdt,h] 0, 0<t<1,=
0

i o
- ] ) - ek dt L.
errexp S ehdt is a one-parameter subgroup in Diff M« expS eh,dt=e ' , ecR, and there are no variations whatso-
0 0

ever, except the first one (if the first variation is equal to zero, then so are all the remaining ones).
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¢

The first implication cannot be reversed. The condition [S hedz, ht]EO’ 0< <1, s very rigid; from it there
0

t
follows that all the curves e»e-)_:p S gh-dv, t€[0, 1], are one-parameter subgroups. It can be reversed only partially:
0

1

- Clgktdt !
expSeh,dt=e , eeR,=>S hdx, b, | di=0.
0 i}

(=L

—
Thus, the second variation is the first obstacle for the curve &—€Xp S ehdt (o pe a one-parameter subgroup.
0

4. The method of the representation and the interpretation of the second variation can be extended also to higher
variations. Namely, the third term of the Volterra series can be represented in the form of some commutator expression of
the initial nonstationary field h, plus a polynomial in the first two terms. Naturally, this commutator expression, calculated at

the point xg, represents the third variation. In addition, the corresponding vector field is an obstacle to the fact that the curve
1

s 1 1t
€ —exp 05 ehydt  Yie in the subgroup generated by the one-parameter groups e“'g":d" eeng[{)"zﬂ'"(]d‘.

In the same way also an arbitrary n-th term of the Volterra series can be represented in the form of the sum of a
vector field, namely a commutator expression of degree n in h,, and a polynomial in the first n — 1 terms of the series. This
vector field is an obstacle to the fact that the curve

i
e Q (e)=exp { enat
0
lie in the group generated by the one-parameter subgroups corresponding to the previous n — 1 fields.

The simplest method to find the required commutator expressions is the following: making use of the variation
formula, represent Q(¢) in the form of a chronological exponential with respect to ¢ (i.¢., taking the parameter £ as the new
"time") of some "nonstationary" (i.e., depending on &) vector field.

Indeed,

2 Q(e)=4 (£6Q ()= Q ()0 (¢)

where
1,
:n—(e)= S exp S ead hdth,dt  (see (1.7)),
0 v
11
8(3)= AdQ ' ()w(e)= § exp S —ezad hdih,dt.
t
Let

«— hod <« — had —
m(e)zz e™lat, m(e)zz " lo,
A=l =

be the expansions of u{£) and w(¢) into series of powers of &. We have

E,,_—_S. . .Sadh,n ... adhyhe dty . .. dt,
A’l

o= (=1, Sadh, .. adh,_hiat, ... dt,

Al‘l
Since
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< 84— e'->
Qe)=exp o) der=exp { @ (e1yde,
[1] 0

according to (1.3), the n-th term of the expansion of Q(g) into a series of powers of ¢ is equal to (1/n)7.$n plus some polyno-
mial of w, ..., w,_y, and also (1/n)w, plus (in general, a different) polynomial of w, ..., wp—1- Thus, both the vector field
(1/n)w, and the field (1/n)w, represent the n-th variation of the system (1.8).

For n = 1, 2 the vector fields @ and wj, coincide; however, for n = 3 this is not so and we have two different
representations of the n-th variation. There is nothing strange in this; in fact the admissible representation are very numerous:
if to a representation of the n-th variation we add an arbitrary commutator polynomial of any representations of the first n —
1 variations, then we obtain again a commutator expression, representing the n-th variation. For example,

—_ «~ ] «— <«
0y =034 [0, @y].

In other words, one obtains an entire Lie algebra of variations and one has only to separate that general feature which
exists at various commutator representations of the same variation. A remote hint that here a meaningful theory is possible is
given by the comparison of w,with @, One representation of the n-th variation is obtained from another by the inversion of
the variables in the integrand and multiplication by (— 1)"~1. One of the main goals of this paper is the description of all the
symmetries that transform representations of the n-th variation again into (in general, different) representations of the n-th
variation.

5. We have already mentioned above that the presence of infinitesimal invariants of the curve Q(e), different from the
tangent vector to this curve, are due to the fact that Q(g) is a curve on a group (the group of diffeomorphisms). In this
subsection we introduce the concepts, fundamental for this paper, of the variational group and the Lie algebra of variations of
an arbitrary curve on the group of diffeomorphisms and we give the exact definitions of the higher variations of such a curve.

Let R(g), ¢ € R, be'a smooth curve on the group of diffeomorphisms, R(g) € Diff (M), ¢ € R, R(0) = Id. We
recall that a diffeomorphism for us is an automorphism of the algebra C*(M) (see Subsection 2). Then (d"/deMR(0) is a
differential operator of order < n on M, acting according to the rule

P27 (R(E)) e VOEC™ (M).

In the sequel we shall use the abbreviated notation R™ = (d"/de™R(0).

Let ny > 0 be the smallest n such that R®W = 0.

It is easy to see that in this case R() is a vector field (operator, satisfying Leibnitz’ rule for the differentiation of a
product). The vector field (I/no)R(“O) is said to be tangent to the curve R(¢) at ¢ = 0 and is denoted by

TR(O)=75R"™.

Then R(¢) = id + eWTR(0) + O(e"@*1). The number ny is called the order of tangency of the field TR(0) of the curve
R(e), '

n,=ord(T R (0)).
We set further
p()=(ZR @R (@) 'eVect (M)
and
. an 1

p(”)=d8" p(o)tTl’ n>0.

The collection of all curves in the group Diff(M) is itself a group if the product of curves is defined pointwise:
def
(R’=R") (e) = R’ (e)=R"'(e).

By # we denote the subgroup of the group of curves on Diff(M), generated by the curves ¢ =R (ae"), €R, n=1,2,..
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PROPOSITION 1. The following two sets coincide:

1) {TS(0)|S(-)€eR};

2) Lie{p™, n = 0}, i.e., the Lie subalgebra in Vect(M), generated by the fields p(™.
Proof. First we prove that

{TS(0) ]S (-)eR)}cLiefp™, n>0}. (1.11)

We set
ins (&)= (‘—;ie S (e))oS (e)'eVect (M).

Then

S(e)=e<x_p S inS (v)dr VS (e)

0

and
in R (ag)=qap (ae).

The inclusion (1.11) is obtained from the following two statements, the first of which is a consequence of the
Volterra expansion (1.3), while the second one is a consequence of the variation formula (1.6) and of the expansion (1.5).
i) % 1'5 S(e)—e"T S(0)=0 (™), where n = ord TS(0) for any smooth curve S(¢).

i) (S, (e)oS7 (e))=Tn S, (€) —exp { —adins, () axin 5, (o).
0

We proceed to the proof of the inclusion
Lie{p', n> 0}c{T'S(0) | S (- )E&}.

First of all we show that the set, situated in the right-hand side of this inclusion, is a Lie subalgebra in Vect(M). The
latter is a consequence of the fact that & is a certain group of curves. Indeed,
T(S)°82) (0) =TS (0)+T7S2(0), TS~ (0)=—TS5(0),
TS (.-0) =@ordTSOTS (0),

where by TS(x-0) we denote the tangent field to the curve £ - S(wg); finally, if ord TS{(0) = ord TS,(0) = n, then

T (8,55287'85") (0)=[T'S1 (0), T S>(0)],
otd T (8,:857%87") (0)=2n.

It remains to prove that o™ € {TS(0)|S(:) € %}, knowing already that {TS(0)|S(:) € %} is a Lie subalgebra in Vect(M).
We have p@® = TR(0). Further,

In(R(5 )RR (5))= g (@*—Dprt-nhlon.- - ., pr1))

where 7} is some commutator polynomial of py, ..., p,_;, k = 1, 2, ... . This follows easily from the variation formula and
the expansion (1.5). Consequently, the tangent field to the curve £ - R(&/2) o R~1(e) o R(e/2) is equal to —%p, (see i)). We
continue this in the same spirit, making use of induction on the tangency order. Let S(-) € % be a curve such that s ()=

2 8*34-. Then

Resn—1

1
—

in (s (o= e)os-l(e)as (2‘173)) =i «2"—TM— 1) ﬁ,,).;_ng @u_tre + o Buy)et,

2416



1
where ={l is a commutator polynomial of #,_y, ..., ¢ _,. In particular, the tangent field to the curve e—S (2-78)::8“ (exS-

]
l — —
ry isequalto 2 " —1 see i)). ®
(2 "(—;) q _n_l—&" ( ))

Definition. By the variational group of the curve ¢ - R(¢) in Diff(M) we mean the subgroup in Diff(M) that is
generated by the diffeomorphisms R(¢), € € R, i.e., by the "points" of the curve R(-).

We note that the variational group of the curve R(-) coincides with {S(g)|S(-) € %} for any ¢ € R.

Definition. By the Lie algebra of variations of the curve ¢ - R(¢) we mean the Lie subalgebra {TD(0)|S(:) € #}
in Vect(M). ,

Remark. In the case when the curve R(-) is such that its variational group is a finite-dimensional Lie group, while
R(") itself is an analytic curve on this group, the Lie algebra of variations is simply the Lie algebra of the variational group.

Meanwhile, the Lie algebra of variations is correctly defined also in the general infinite-dimensional situation, when
the standard Lie theory does not work.

We also mention that variational groups and Lie algebras of variations can be naturally defined and satisfactorily
described, not only for curves in Diff(M), but also for mappings of R into Diff(M), k > 1. However, in this paper these
objects are not used and we postpone their description to subsequent publications.

Taking into account, not only the tangent fields to the curves from %, but also the orders of tangency, we obtain a
natural nondecreasing filtration of the Lie algebra of variations by Lie subalgebras, generated by fields that have order of
tangency at most n, n = 1, 2, ... . The analysis of the proof of Proposition 1 shows that we have the following

PROPOSITION 2. For any n = 1 we have the equality

Lie{TS(0) |S(-) €%, ordTS (0) <n}=Liefp®, ..., p" "}

Now, finally, we are reédy to give the precise definition of the higher variations of a curve R(-).
Definition. By the variation of order n > 0 of a curve & -» R(¢) in Diff(M) we mean the image .of the vector field
(1/m)p(@—1) under the canonical factorization

{TS(0)|S(-)eR~TS(0)|S(-)€R}/Lie{TS(0) |S(-)€R,
' ordTS(0) >n}.

Let x € M and let n(x) be the smallest n such that (d"deMx.R(0) # 0. Then

xR (e)=x+ e’ p(rn=1) 4 O (™).

n(x)

At the same time, x 0 p® = 0 for k < n — 1 and, consequently,

0= xcLie{p®,...,p" "=
— xsLie {TS(0)| S(-)ER, ord TS (0) < n(x)}.

These relations elucidate the definition of the higher variations.

With this we conclude the consideration of an arbitrary curve in the group of diffeomorphisms and we return to the
perturbations of dynamical systems and to the asymptotic expansions generated by them (see (1.1), (1.8), (1.9)). The
variational group, the Lie algebra of variations, and the variations of the systém (1.8) (and also of the system (1.1)) are
defined as the corresponding objects for the curve

)
gm>exp S ek (dt in Ditf (M)
0
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2. THE SHUFFLE ALGEBRA. THE ABSTRACT VARIATIONAL GROUP AND THE ABSTRACT
LIE ALGEBRA OF VARIATIONS

1. During an unsystematic investigation of variational groups and of Lie algebras of variations, one has to consider
products of several Volterra series of the form (1.3). In order to work with some objects one makes use of the so-called
shuffle multiplication.

Let py: (1, -..h ty) = Pulty, ..., 1), n =0, 1, 2, ..., be locally summable mappings from R" into the associative
aigebra of differential operators onto M. The formal power series in the variable s,

~
ot s Npatt. . tyatr. . at,
ne=l n
&
is called a chronological series (defined by the sequence pp).
The product of several chronological series contains already integrals over products of simplexes:

(isus...Sp‘n(fl,. ce tn)dtl"'dtn>° (ﬁ s"S- Sp; (A Y: .dt,,)=

o) K n=0 Al

=i$" 3 SS ép;l(t‘,...,t,,)dt,...dtn,

p, i=!
n=0 k,+...+kl=n A"lx..'XA ]

where
!
ggnp;e,(t"' . "t")=p}&, (Fyse v or e )o- _opzl (t,,_,,,_‘,_ e tn),

In order to represent such a series in the form of a chronological series, it is sufficient to take triangulations of the products
of several simplexes, without adding new vertices, and then to map linearly each simplex of the triangulation onto the
standard simplex by performing an appropriate substitution of the integration variables.

Let I be the group of all permutations of the n-element set and let T C {1, ..., n}. We introduce the notation

Sa(T)={0€63, |0 (i) < (i +1) Vig(l,..., m}\T).

We shall use also the simplified notation

Satky, .. R)=S.({k), Byt ks ..., n—k))),

1
where n = E k;.
i=1
Finally, for any permutation ¢ € L, and vector-valued function q(t;, ..., t)) we set oq(ty, ..., ty) = qtyqys ---» o))
It is easy to see that (» 0 6)q = v(0q), where » © ¢ is the product (composition) of permutations.
One can show that

SS q(t,,...,t,,)dtl...dt,,=S...S > oq(t, ... tydt ... dt,

sFixatt an ¥ OGSk k)

for any summable q.
Definition. By the shuffle product of the vector-valued functions p,'(t;, ..., t;) and p,_ "(t;, ..., t,_) we mean the
vector-valued function

Pp, _y(t oo ty= X B8, Mt ..., 1),
6GS,(#)

It is easy to show that the shuffle multiplication is an associative operation and, moreover,
!
{ i
pLm... wpe,= > o®ph)

=1
OGSytrre ) !
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I
vk;, ..., k; such that E ki = n.
i=1

2. Diverse variants of the shuffle multiplication have been encountered, starting from the fifties, for different reasons
and at several authors (also at the authors of this paper [1]). Some references can be found in the recent paper [5]. Apparent-
ly, the notation "w" is due to M. Fliess {6]. The most important properties of the shuffle multiplication are determined,
naturally, by the linear combinations of permutations, occurring in its definition, and not by the vector-valued functions p,,.
At the basis of everything is the "abstract shuffle multiplication,” the definition of which is given now.

Let & be the group algebra of the symmetric group Z,over R, n = 1,2, ..., & = Rand &= 50@3,,. By the
n=
abstract shuffle product of the permutations » € L, and »' € L. we mean the following element from Serar

VIV =: 2 oo(v®V'), where (vAV') (i) = {1’(8‘—‘5—?-& P>k

OEShir' (k)

Since the permutations form an additive basis of the space &, the shuffle multiplication is uniquely extended "by linearity"
to any pair of elements from & and defines in ®=ne°9°06,, a structure of graded associative algebra. Moreover, the shuffle

multiplication can be extended uniquely "by continuity" to an associative multiplication in the completion © of the graded
B

space ©. As usually, by the completion of a graded space we mean the space of formal series of the form 2 Gnr Q€S

n=0

while multiplication is performed according to Cauchy:

Se)e{Ee) &)

The algebra &, just as other algebra of formal series, is considered with the standard topology of termwise convergence. The
algebra & is indeed the completion of  in this topology, while the multiplication "according to Cauchy"is the extension by
continuity of the shuffle multiplication in &.

Everywhere in the sequel, unless otherwise mentioned, by an associative algebra we mean an associative algebra with
identity over R. For each associative algebra %, by [ %] we denote its associated Lie algebra with Lie multiplication {a, b]
=ab —ba,b € ¥.

3. We recall the nonstationary vector field h, in which we were interested in the first section. The mapping

hyivess? S . S h;v(n)cw. . .Oh;v(l)dl‘, ...dt,, V€3, n>0,
All
can be extended in a unique manner to a continuous homomorphism h,_ of the algebra & with shuffle multiplication into the
algebra of chronological series. ,
For n = 1, 2, ... we denote by 1, the identity element in the group I, 15 = 1 € R. We have

E*(i In)=id+§ s"S. . 'Sf’n°' ..ok, dby ... dE,

=0 =l
n n An

o0

—
the asymptotic expansion of the right chronological exponential. We introduce the notation exp (€)=2 e*l,, e6R . The
R0

elements exp(e) are invertible in & as any formal series with invertible constant terms.
Definition. The group ¥°, generated by the elements exp(¢), ¢ € R, with the multiplication operation "w“, is
called an abstract variational group.
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According to definition, 7’ . The curves with values in the group ¥ (just as in any other group) form them-
selves a group with pointwise multiplication. We denote by &the subgroup in the group of the curves on &, generated by
the curves

er—»&p (x*e), a€R, k=1,2,.. .(see Subsection 1.5)

An arbitrary curve a(-) € &has the form a(e) = 1 + E e"a,, ¢ € R, where 2,66, n=1,2, .

n=1
Let ny be the smallest n such that a = 0. We denote a, = Ta(0); this is the abstract analogue of the tangent field to
a curve on the group of diffeomorphisms. In accordance with the notations of Sec. 1, we set

«— bl <«— o s d —_>
o (8)= 21 e, = 55 (€xp () w (exp ().
Just as Proposition 1, one proves the following
PROPOSITION. The following two subsets in & coincide:
1) {Ta(0)] a()E&Y; _
2) Lie{w,|n>1} i.e., the Lie subalgebra in [G], generated by the elements ©,68,, n=1,2, ... W
Definition. The Lie subalgebra -

V=(Ta(0) [a(-) €&} in [&]

is called the abstract Lie algebra of variations.
The abstract variational group and the abstract Lie algebra of variations lie in the closed associative subalgebra of G,

generated by the elements 1,, n = 0.
Definition. The associative subalgebra in &, generated by the elements 1, n = 0, is called the shuffle algebra and

......

is denoted by the symbol SSH?, while its closure in & by the symbol ..’ is a graded subalgebrain &, I/= é iu,,

n=10
where U/,=UINE,.
4. When working with the shuffle algebra, the following concepts, related to the combinatorics of permutations, are
useful.
Definition. By the monotonicity type of an arbitrary permutation 0 € I, we mean the word S(o) of length n — 1,
S(o) = s;...s,_;, in the alphabet of two letters «, B, defined by the following rule:

oy it oD el = 1),
SEAR, i ay)>aii 1)

For example, S(i,)==a ... z==2"" | while the monotonicity type of the inversioni—»n — i+ 1,i =1, ..., n, is the

01

word P---f=B""" ; forn = 1 we obtain in both cases the empty word.

n =1

The sum of all permutations having the same monotonicity type a will be denoted by iaj. If a is a word of length n
— 1, then igj € &, . The notation igj may seem to be strange at the first glance, but it will be elucidated a little later.

PROPOSITION 3. Let a be a word of length n — 1 in the alphabet of the letters o, 8, and let T, C {1, ...,n — 1}
be the subset consisting of the indices of the "places” in the word a where the letter 8 occurs, #T, = m. Then

m
lllj=2 (—1)y=* E 1 g, ... “’"rm-.“”"-la' (2.1
=0 {ir SRYCT,

Proof. According to definition,

Ii,mi,,_,,w ‘e lﬂ‘lk—'ik_‘lﬂ‘n-—ik": 2 a. 2.2)
OGS K{tr---+1a})

Consequently, the element (2.1) is the sum of all permutations, whose monotonicity type contains the letter « at all the
places, except at ij, ..., iy, while at the places iy, ..., iy one can have either the letter o or 8. Thus, in the sum (2.1), each
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permutation, having monotonicity type a, occurs with coefficient 1, while a permutation, containing the letter 8 exactly at the
m

places j,, ..., j,, where {j;, ..., j;} is contained strictly in T,, occurs with the coefficient E (—1m-kC__k-{=0=0.
k=1

Indeed, {j;, .-, j;} is contained exactly in C;,_ X~/ subsets of T, of cardinality k.

COROLLARY. SSH? is a free associative graded algebra, having exactly one generator of each degree n > 0. The
elements of the form igj, where a is an arbitrary word in the alphabet «, 8, form an additive basis of the algebra ILI.

Proof. From Proposition 1 there follows that i for any word a of length n — 1. Obviously, the elements igj € U,
for distinct words a are linearly independent. Since one has in all 2"~! words of length n — 1, it follows that dim I, =
2°—1_ On the other hand, the algebra Lli is generated by the elements 1, n = 0; consequently, it has at-most one generator
of each positive degree. It remains to note that the dimension of the components of degree n for a free associative algebra,
having one generator of each positive dimension, is equal exactly to 20~ L.

THEOREM 1. The abstract Lie algebra of variations V is a free Lie algebra with generators w, ‘€ SSH?;, n = 1,
2, ...

Proof. We have

exple)=1+ & (t)ywexp (v) dx.
0

Consequently,

n

‘n=—:l—k :;,,m‘,,_m n-_—-’l. 2,‘ e e

=1

2.3)

From the formulas (2.3) we derive by induction on n that the elements &, € ', generate the algebra . Since __ is
a free algebra, having one generator in each of the homogeneous components ii. , it follows that w, = 1, are free generators
of the associative algebra ._. From standard result of the theory of Lie algebras there follows that wp 1 2 1, are free
generators of the Lie subalgebra in __, generated by these elements.

COROLLARY. The imbedding V C __: induces an isomorphism of the universal enveloping algebra UV of the Lie
algebra V onto the algebra ., ie., = .

Indeed, the universal enveloping algebra of a free Lie algebra is a free associative algebra with the-same collection of
generators.

Remark. Certainly, the sequence @y, i = 1, is not the unique system of homogeneous generators of the Lie algebra
V. As another system of homogeneous generators of the same Lie algebra we can take, for example, En, n = 1, where
~ —> - —> 0, . . o . .. .
2 e" o, =0 (g)=(exp(e))'m % (exp (). In the next section we give an explicit description of all possible systems of
Rl
generators.

5. Thus, . is the subalgebra in &, consisting of all those linear combinations  of permutations such that the
permutations with the same monotonicity type have the same coefficients.

PROPOSITION 4. For any words a, b in the alphabet «, 8 we have the equality

(iaj) w (ibj) =iaamj-+iapbj.
Proof, Let igj € IL{,, ibj € . Then

(aj)m(ibj)= 2, oliaj®ibj).

965 n+min)

Since each permutation ¢ € S, (n) increases monotonically on the segment 1, ..., n and, separately on the segmentn + 1,
.o, 1 + m, it follows that vu € I, » € L, the monotonicity type S(o -« (u ® »)) of the permutation o «(u @ v) is equal
either to S(u)aS(¥) or to S(u)BS(»). Consequently,

(aj)m(ibj)=Fk: (taxbj)+ko(iaBb)),
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where k;, k, are nonnegative integers. Further, if 0 € S, (n) and 0o(y®V)=p2®Vy , then o = p; 7! opy ® ¥~ 1.y,
=1, since S, (m) N (Z, ® ) =1, Consequently, the coefficients k;, k; are equal either to zero or to unity. In
order to conclude the proof it remains to note that

S (1n4mo(p ®V)) =S (5®V) =S (p) @S (v),
S, ....n—=ln+1, m,n+2, ..., 8+ mpp®v)=S (a)BS ().

By the symbol ¥ we denote the associative algebra with generators «, 8, i, j, not free, but defined by the relations
ji=a+B, =j’=qi=Bi=ja=jp=0.

We define in the algebra % the grading by semiintegers %= @ A k , assigning to the variables the following degrees: deg o

= deg B = 1, deg i = deg j = 1/2. From Proposition 4 there follows that L/ =~ EB 91,, , i.e., the graded algebra SSH? can

be identified in a natural manner with the subalgebra in % , consisting of the linear combinations of homogeneous elements
of integer degree. We shall make use of this identification without any special reference up to the end of this section, i.e., we
shall assume that IJc® (while IIc¥ ), and we shall omit the symbol sh? at the multiplication of the elements of a
shuffle algebra, represented in the form of polynomial of the (noncommutative) variables «, 8, i, j.

We recall that

o0

e;B (e)=2 e"l,=1 +32 ghia’j=14¢ei (1 —ea)!j,

n=0 ne=0
5(8)= E s”"5n= (a% e;p (e)) is (e_;(p ey,
n=l

oo

o= oo, —(axp ) 'm a5 exp @),

n=l

PROPOSITION 5. We have the identities

1) (exp (o)) =1 —ei (1 +-epy'j =1—& 3, (—eyif"/;
n =0
2) ©(e)=i(1—ex) (1 +ep)ylj;
3) @ (e)=i(1 +2By" (1 —eo) /.
Proof.
1)(1 €6 (1 —ea) /) (1 — i (14-e) /) = 1 88 (1 — ey 1 — (1 -ef) ™) j —ei (1 —ect)™ (e + eB) (1 +-ef) 1/ =1

2) m(e)—(a (et(l—sa)"j))(l—st(l—}—aﬁ)“j)—t(l—ea)'?j X (1 —ei (1 4+ef)!j)=i (1 —ea)2(1 —(ex+2f)
(14epy?)j = i(l—ea) (1 +-ef)ylJ.

Identity 3) is proved in a similar manner.
COROLLARY.

n n
D= O (— 1A j5 0y = X, (— 1ifram*j, n>0.
k=0 k=0

6. We recall that by a differentiation in an arbitrary algebra we mean any linear operator D in this algebra, satisfying
the "Leibnitz differentiation rule": D(xy) = (Dx)y + x(Dy). We define two homogeneous differentiations u, v of degree 1 of
the graded associative algebra %, by giving their values on the generators with the aid of the formulas

u(a)y=a?, u(@)= —p2,
u(iy=in, u(j)=—8j;
v(a)=—o2, o(p)=p2
v(@)=if, v(j)=—aj.

2.4)
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Straightforward computation shows that the formulas (2.4) are consistent with the identities defining the algebra «.
For example: u(ji) = u(j)i + ju(i) = —Bji + jie = =B + B) + (¢ + Bl = a2 — B2 = u(a + P), etc. Therefore, the
formulas (2.4) define correctly differentiations of 9. In addition, since the operators u, v are homogeneous and have integer
degree, they map the subalgebra /% into itself.

PROPOSITION 6. We have the identities

o) =e(ij), ©e)=e*(i)).

Proof- wl = l_],

U0y =1 ;0 (— Diiam kgt j = F(— 1) (i) B j L it ) —
= £=0

= D (=1 (rt 1— k) iot 1m0t — N ( 1)k 1) dcnspet j —
k=0

k=0
n+l1

= (1) X, (— a4 = (14 1)

bt L~
Thus, uw,=no,, Va>1 , consequently,

« ult -

«— «
Oy =7 01, %0y =0 (g).

A similar computation proves also the second identity.

The following proposition shows that the differentiations u, v are closely related with the inner differentiations adx:
a - xa — ax of the algebra ¥ forx EV C ¥ .

PROPOSITION 7. We have the identities

ada (e)=e*2dup + 1, ad3(8)= e—eadvy L g,

Proof. For ¢ = 0 both identities reduce to the equality ad(ij) = u + v. This equality is verified by straightforward
computation: since both the right- and the left-hand sides of the equality are differentiations of the algebra 1i: it is sufficient to
verify that they coincide on the generators. The rest follows from Proposition 4 and from the universal identity [D, adx] =
ad(Dx), valid for any differentiation D and any element x of an arbitrary algebra.

COROLLARY. The Lie algebra generated by u and v is free and the mapping

ad : V—>-Der %, wheread : x~ad x Vx6V 9,

is an isomorphism of the Lie algebra V onto the ideal of codimension 1 in Lie(u, v) of the form R(u + v) + [Lie(u, v),
Lie(u, v)].

Proof. From standard results on free Lie algebras (see [4]) there follows that the subalgebra in Lie(u, v), generated
by the elements u + v, (adu)™, n = 1, contains all the commutator monomials of u, v of degree at least two. The rest
follows from Proposition 7 and Theorem 1.

Starting from this place we digress from the operator origin of the elements u, v. Henceforth, the letters u, v will
denote the generators (alphabet) of a free associative algebra (algebra of words). We have

V=~ (R(u+v)+[Lie(y, v), Lie(u, v)])<Lie(x, v) cAss(x, v). 2.5)
Consequently,
II=UV = Ass ((adu)"(u+v); n>=0)c<Ass (4, v),

since the elements (adu)™(u + v) are (free) generators of the Lie algebra R(u + v) + [Lie(u, v), Lie(u, v)]; UV denotes the
universal enveloping algebra of the Lie algebra V. We denote u + v = w. We have a simple algebraic characterization of
the elements of the subalgebra Ass((adu)"w, n = 0) in the algebra

Ass (4, w)=Ass (4, v)..
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PROPOSITION 8. We consider the representation  of the algebra Ass(u, w) by linear operators in Ass(u, w),
defining it on the generators by the formulas

0(u)x={u, x], 8 (w)x=wx Vx€Ass(u, w).

Then the mapping x —> 6(x)1 is the projection of Ass(u, w) onto the subalgebra generated by (adu)"w, n = 0.

Proof. First of all, since 8(u) = adu is a differentiation of the algebra Ass(u, w), it follows that the mapping x -
6(x)1 maps Ass(u, w) into Ass((adu)”w, n = 0). It remains to show that this mapping is the identity on Ass((adu)"w, n = 1).
This follows from the following statement.

LEMMA. Let L, be the operator of left multiplication by x € Ass(u, w). In this case, if x is such that 6(x) = L,,
then 6([u, x]) = L[u'x].

Proof. 8 ([u, x])y=0(u)0(x)y—8(x)0(u)y = [u, xyl—ou, y] =[w xly=Lw. xy. I

THEOREM 2. Let - I:1I7 - Ass (&, v) be a continuous homomorphism (and monomorphism), uniquely defined by
its values on the generators I(e;) =(1/n!)(adu)?v + u. Then

nr (e_;p (e))=e"ve®.

2) I| 7 is an isomorphism of the abstract variational group ¥ onto the subgroup in Ass(u, v), consisting of all

& k
elements of the form €'%en. . . e‘¥e'¥ £ >0, 2 = E Si.
i=l i=l

3) /(V)=R(u#+ v)+|Lie(u, v), Lie(z, v)].
Proof.

1) 2 e"":;,, = (-:—e e;;)) (e)) w (e;;) (e)y!. Consequently,

Rl
e e e
- -« - s -« ,
exp (e)=exp S o(e)de’, [(exp(e)) =—exp S I (w(e") de’ =exp S (e¥'2%4y + u) de’ = et4ete,
) 0 0
We have made use of the variation formula.

2) Statement 2) follows directly from 1) and the definition of the abstract variational group.
3) Statement 3) has been already defined above and can be derived independently without difficulty from 1) and the

definition of V. -
COROLLARY. The exponential mapping x - e* = E (1/n!)x" maps V onto ¥ in a one-to-one manner.
n=0

Proof. It is known that the exponential mapping maps Lie(u, v) in a one—to—one manner onto the closed subgroup
T' in Ass(u, v), generated by the one-parameter subgroups t — ' and t — e'¥ (see [4]). From Theorem 2 there follows that
1(7”) is a normal subgroup in T, consisting of all elements whose homogeneous components of degree 1 have the form a(u
+v),a €ER. &

3. SHUFFLES AND SYMMETRIES

1. In the previous section we have elucidated the structure of the shuffle algebra LI, as well as the variational
group 1. and the Lie algebra of variations V, contained in ¥°. Now we recall that the graded algebra [/ C&= ®06n‘ ,
n=

where &, is the group algebra of the symmetric group I, (the group of permutations of an n-element set). The elements of
&, are linear combinations of permutations, while multiplication in the group algebra is defined by the group multiplication,
i.e., by the composition of permutations: if o, » € L, then also 0. » € I,. The classical multiplication " o " will be said to
be symmetric in order to avoid confusion with the shuffle multiplication ". In addition, we extend the symmetric

w".
muitiplication to all of &, by setting u.» = Oforvu € L, » € L, m # n. It turns out that there exists a deep connection
between the two associative multiplications: the shuffle product " " and the symmetric one "o ".

THE FUNDAMENTAL LEMMA. For any X € 7 and any g, v € @ we have the equality

xo (puv) = (xop) m(xev).

2424



oo

Proof. Let x=2xke7’ , where XL S, VE >0, pEZ,, 63, One has to prove that

k=0
X mo(pUtv) = (X pop.) 11 (X 0V).

First of all, it is sufficient to prove this equality for the case p = 1, » = 1, since
Xm0 (@IIV) = Xy mo(1 Ui 1) ©V)
and
(mope) 12 (o) = (151111 )0 op ® X o¥) = (111 15)o( S ® X)o(p OV) = (X Ll ) BV).

Thus, the fundamental lemma is equivalent to the equalities

Xnime(1pittl,) = x,mx, Vm, n> 0, 2 XY, 3.D
k=0

LetJ, € L, be the inversion: J (k) =n—k + 1, k=1,..,n1J, = iB"—1j. We mention that

)= el (exp(e) = (=o' sy
n=0 nRax0

if we assume that J; = 1.

An arbitrary element - ¥ = E %4€7° has the form

n=0
. : wﬂ ‘ N i gk
x 2(2"0 t(‘)a‘i‘) w (lz’ t;a;) w...wm (;; ti a! ) (3-2)
n= A= = :

where for any j = 0, 1, ..., k the sequence @;, i = 0, either coincides with 1;, i = 0, or with J;, i = 0; 5,1=01,...,k
are arbitrary real numbers, k is an arbitrary nonnegative integer.

Formula (3.1) has a purely combinatorial character. However, we do not know its straightforward proof and we have
to make use of a sufficiently artificial auxiliary construction.

Let A be an associative algebra with n + m generators A\, ..., A;4n. defined by the following relations: any (non-
commutative) monomial of A, ..., A, having degree not less than two at least with respect to one variable, is equal to
Zero.

For each k > 0 there is defined the right action of the group I, on the polynomials of degree k of Ay, ..., Ay by
the rule
Vo€,

0').1|' e .}"lk:AlO(*)' PP ')"'c(k)

We have (0oV) A, - ... +Ay, =v(0his,o ...+ Ai)).
Let 7 = {9y, 73, ..., My, .-} be a sequence of monomials of the first degree of the algebra A, having only a finite
number of nonzero elements. We set

Be(m)= Z IR TR

1< <y

By the letter A we denote the standard sequence N =-{\, ..., N4y, 0, 0, ...}; thus, \y = O fork > n + m. We
have, in particular, Ay, (N = N* Ay
It is easy to verify the following identity, valid for any sequence and any k, [ = O:

Av(m) Ai(n) = (Lauly) Anyr(n)- (3.3)
Indeed,
Ar(MA, ()= 2 My My, = 2 2 Nigay® * =+ *Woa+n)

Li<...<lp OGS gy (R J1<---<Jgiy
Iy <eoo<ipyy

(we have made use of the fact that n; -....n; , = 0 if iin = ij, for some j, # i)
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Let x be an element from ¥ of the form (3.2). Then

_ 0. i
Xnem = 2 tf;‘a;.mtl‘ a,'|[1.l. .. mtzkafk.
l°+...+ik=n+m

From the element x we construct a special sequence n = 7(x), setting
n](n+m)+i=tjl'a’{+m(i) ’ j=01 11 coey k! i=1' eeey n+ml
=0 for I>(k+1)(n+m).
We have the identity

A (m)y=x,8,(R) VI> 0, (3.4)
Indeed,
Ar(n)= 2 LT TS
]1<...<jl
= ) 1yn0
o 2, LGN E AL 0 . (a0, 00)

= fe. .0 @ x .
1,+..§-k=1 : »*(a),8...®a}) A, ()-....A ().

At the same time, according to (3.3), we have
(a9 ®...®8al) A, () ... AL, M=
= (a2 ®...®af,) (Ii,um. . .ul, ) A1) =
= ((ty,u. . .ty (a2 ®. . . ®af,) ) A, ()= (e w. . .way,) A, (A).
Consequently,
M= 2+1 !té"- ooty h (0w . wab) A (A= x,A, (1),
(] e k—

Making use of the equalities (3.3), (3.4), it is already easy to prove equality (3.1). We apply the left-hand side of the identity
to be proved to Ay A o = A (M)

(g mo( 1l ) Drem A)y=(1pmul ) (X pymA g (A))=
= (Imu-ll n) Au-i-m ('ﬂ)= Am (71) * An ("l)= (xmAm (}")) (ann (}"» =
=(Xn®x,)An (A) Ay (A)=(xp®x,) (1 minl,) Ay M) =
= ((JC,,,@JC,,)O(I,,IH]L,)) An+m (A’)"——' (XpiLa,) An-m (}")

Consequently, Xpymo(lpml,)=x,mx, [l

2. A surprising consequence of the fundamental lemma is the fact that the symmetric product of two elements of a
shuffle algebra is again an element of the shuffle algebra. Moreover, this lemma enables us to describe completely the table
of the symmetric multiplication of the elements of an additive basis of a shuffle algebra.

PROPOSITION 9. For any n, m > 0 and positive integers iy, ..., iy, j;, ..., jy We have the equality

(]g,ll]. . .11111")0(1],“1. . .Uli/m)=

= D te . ool iy, .l .l o il
X

k:n ---’?m
K=(: A
k’u uu-knm

where the summation is taken over all matrices
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satisfying the conditions

Zk”=j[, l=l, .oy m;

1=I

m
Nby=in =1, ..., n.

j=1

Proof. From the fundamental lemma there follows that

(e;p (¢) . . .me)_ﬁ)(t,,))o(l,-,m. Lol )=

~ (eXp (). . .y exXp (£)p1; ). . .ux((eXp (£ . . . exp (£n)1,)-

Making equal the coefficients of t;!-...-t,in in the right- and left-hand sides, we obtain the desired equality.
Thus, vn > O the space ' is an algebra relative to the symmetric multiplication " o ", a subalgebra in the group

algebra of the symmetric group L. The space i, with the symmetric multiplication will be denoted by l]fn, while the space
u,= o L1 ; = with the same multiplication will be denoted by the symbol s +- We note that L/ [/l =0 forn # m.

The circlets over —_ and ", are used in order to distinguish the symmetric multiplication from the shuffie multipli-
cation. Everywhere below (just as above) the symbol i without a circlet denotes the shuffle algebra, ., — i.e. is its
maximal ideal, while [J i=£tlu_ﬂ_”iﬂ+ is the k-th power of the maximal ideal.

k times
COROLLARY. The subspace _ X is a two-sided ideal in I/, , i.e., Lolll LIy, oLl L.
This follows directly from Proposition 9.
We note that 1, is the identity element in llln, while the subspace L/, N LI % is an ideal of codimension 1 in 1,
Definition. We denote by p: il - R the homomorphism of the algebra Lif into R, defined in the following manner: if
x € L, x =cl +y, wherey € .2, thenp(x) = c.

We give the values of the homomorphism p on the elements iaj, forming the natural additive basis of ._; here a is a
word in the alphabet {«, 8}.

PROPOSITION 10. Let degga be the number of letters 8 in the word a. Then p(a) = (— 1)degsa,

Proof. The required equality follows directly from the definition of p and the formula (2.1).

Remark. The functional p on the algebra of the "monotonicity types of permutations” Ll[n plays a role similar to the
role of the parity for individual permutations. We recall that by the letter 8 we denote the places where the permutations of
the given monotonicity type decrease (i.e., are in disarray!). On the other hand, p does not coincide at all with the parity: for
example, for the inversion J, = i8"~1j, having parity (—1)*@~12, we obtain p(J;) = (—1)"~!. The point is that at the
computation of p we do not take into account all the disarrays but only those that correspond to adjacent values of the
argument.

The infinitesimal variant of the fundamental lemma is the following

PROPOSITION 11. For any n > 0, ¢ € V,, x € 1li;, = 0 we have the equality § .x = p(x)J.

Proof. First of all, #.1, = J. Therefore, the assertion to be proved is equivalent to the relation SolII5, =0 . We
have ¢*%6¥7 veGR , where the exponential series is considered relative to the shuffle multiplication:

o
\ &

2o — 1_*_“-,-”—8111. ..md,
n=l n times

From the fundamental lemma there follows that €% (x,irxy) =(e®%.x;)ui(e®%xp), V.<,, x6LL,. Differentiating this
identity with respect to € at ¢ = 0, we obtain

B 2y 1) = (Yo ) 111 (€00.¢5) -+ (€% xp) 1 (Boxtp) = 0. W

We recall that the associative algebra 11| is the universal enveloping algebra of the Lie algebra V. In particular, the
subspaces V" form an increasing filtration in 111 .
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THEOREM 3. 1) V"={xall | xolL/}*'}=0, Vn>0. 2) Let 9,, ..., 8, € V be homogeneous elements. For an
arbitrary nonempty subset T C {1, ..., n}, T = {i}, ..., iy}, i; < ... < iy, we set 9=, m...wd;, . Then

(e . oud (1w . omly )= 97, . .wdr, (3.5)

where the summation is taken over all partitions of {1, ..., n} into k subsets T; such that Sr€ll, j=1.... k.
Proof. We start with statement 2). Equality (3.5) is a direct generalization of Proposition 11. The same can be said
about the proof. For any t;, ..., t,R the element e’:®wu. . .we'’n lies in 7. Consequently,

(e’-ﬂ-lu. . .me'"ﬂ")o(l;,m. cowly )=
=((e"® w...men®)o1; Jur. . .o ((e" 0. . .me'%)o1,,).

Making equal the coefficients of t;-...-t, in the right- and left-hand sides of the last equality, we obtain (3.5).

We proceed to the proof of statement 1). First of all, from (3.5) there follows that 1/* L7 =0. It remains to
show that x:L1/""" 0. if x & V"

Let ;, 9,, ... be an additive basis of V, consisting of homogeneous elements, linearly ordered in such a manner that
the degrees of the elements do not decrease monotonically. From the Poincaré—Birkhoff—Witt theorem there follows that the
elements . ...l . £ ... < ip m < K, form a basis of the space VK vk > 0. The union with respect to all k yields
an additive basis of the space .. For each x € _ by x; ; we denote the coefficient of . Wiy the expansion of
x with respect to this basis.

Let x € VK\Vk—1: by the principal term of the expansion of x with respect to the given basis we mean the element

R SPPP P 1) B 1Ly

where jy, ..., j, is lexicographically minimal among all sequences iy, ..., iy such that x; ; # 0.

If n.el/l.. - 1.... k, then, according to formula (3.5), the principal term of the element .x- | l,ut.. .1, is
equal to
Xy ,’:~[,!- R L B T ! ik;’é()"
where I, ..., [, are the lengths of the constancy intervals of the nondecreasing integer-valued function i di.i ...k &

COROLLARY. The subspaces V" are two-sided ideals in jj - Vooilf =1 _ V=V "W
3. Now we leave for a short time the bounds of the shuffle algebra iii in order to give some consequences of Theorem
3, related to the group algebras €. of the symmetric groups £,.
Let A, ..., A, be independent generators (alphabet) of a free associative algebra. Associating to each permutation o
€ L, the monomial A, = Ng(jy'-.."Ay(q), While to the linear combination x = E cjo; of permutations the polynomial A,
]

= E Ci\g,, We identify the group algebra ©, with the subspace in Ass(\;, ..., Ap), consisting of elements that are
i

homogeneous of degree unity with respect to each variable. We set
Lie,={x€&, |A€Lie (A, ..., An)}.

It is easy to see that Lie, is a left ideal in the group algebra &, since a permutation of the variables in the commu-
tator polynomial in A, ..., A, leaves the polynomial a commutator.

THEOREM 4. For any n > 0 we have the following relations:

1) V.=Lie.N/,:

) ifd € V, p(9) # 0, then &,-8=Lie,.

Proof. Let

T Ass(hy, ..., A)—>Lie(A, ... 2 An)

be a linear mapping, acting according to the rule

. 1
a (l-,'.' . .';.ik) ='Fadl-,‘l. . .ad;uk_,;\.ik.
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It is well known that = is a projection of Ass(h, ..., A;) onto Lie(A;, ..., \,) (see [4]). Now we note that w(\,) =
(I/m)\, - w,vx € &, (compare with Subsection 1.4). Consequently, w, generates the left ideal Lie, i.e., 6,,03),,—_—.Lie,,.
We mention that p(w,) = n and we set 7, = (1/n)w,. The element 7w, € V, is an idempotent by virtue of Proposition 9:
T, © 7, = 1. Consequently,

x66,01, =Lie g1, = X.

From Proposition 9 there follows that Yo, =®# VY8¢l/,, while from the Corollary to Theorem 3 we obtain that x . 7, € V,
vx € Li,

Thus, assertion 1) of the theorem is proved.

Further, if ¢ € V, p(9) # 0, then m, = [l/p(H)]7, - . Consequently, & 0 =8& 1, =Lie,,

Let Ass(S)= 2, Assu(S) be a free associative algebra with some set S of generators, graded in the usual manner.

We define the right action 6, of the algebra &, on the space Ass,(S), by setting for all - X = E 0,68,

13

6.(x)s-. .. -s,,»—»Ec,soUV <.+ Sa(nn
i

where s; € S, i = 1, ..., n, are arbitrary variables, not necessarily distinct .
COROLLARY. Let ¢, € V., po(¢) = 1,k = 1, 2, ... . Then the mapping

él 0z (B2): Ass (S) - Ass(S)

is a projection of Ass(S) onto Lie(S). ®

4. The results of the last two subsections contain the solution of the initial problems of this paper, formulated in
Subsection 1.4: describe all the commutator representations of the n-th variation and find the symmetries that transform an
arbitrary representation of the n-th variation again into some representation of the n-th variation. In this case, as elucidated,
the solution of the second problem includes, basically, the solution of the first problem.

Let h, be a nonstationary field. All the commutator representations of the n-th variation of the system (1.8) have the
form

h.8, 06V.Np-'(1).

By applying to h_¢ the symmetry x € i, we obtain the expression h (x - #). Thus, the set of the symmetries from
,» which map the representations of the n-th variation again into representations of the n-th variation is _, N p~ (). In
addition, for all 8, 9, € V, N p~(1) we have &, .3, = &;.

Thus, by the application of symmetries to an arbitrary commutator representation, we obtain easily another commuta-
tor representation and there are no privileged commutator representations.

4. EXTENSIONS

1. So far we have investigated algebraic structures, connected with the asymptotic expansion of flows, generated by
a fixed system of the form (1.8). In applications we encounter frequently the situation when on the right-hand sides of the
considered systems there acts some group I' and it is necessary to compare and combine the asymptotic expansions of the
systems obtained from the given one by the action of various elements of the group. In other words, it is necessary to extend
the variational group in a special manner with the aid of the group I'.

We obtain a simple and important example of the action of the group on the right-hand side by starting directly from
a nonstationary system (1.8), without any additional structures. This is the action of the group of affine transformations of the
time axis: h h 4o, €1, ¢ € R, ¢; # 0. If the right-hand side depends on parameters, discrete or continuous, as this
happens in control theory, then there acts the transformation group of the space of the parameters. For example, for the
investigation of the interaction of I systems with right-hand sides h!, ..., h/} one makes use of the symmetric group I' = I},
whose elements rearrange the fields hi.
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2. We proceed to the description of the extension of the shuffle algebra with the aid of the group I". Let
Tr={y=(y1,...,¥a) |V:€T, i=1,...,n}

be the Cartesian product of n copies of the group T',

def s
T =0T o0 Tntp)e
If ¢ € L, then the correspondence

T=00 o WY =oy 1 To)

defines the right action of L, onto T'".
Definition. By the symbol LI we denote the following semidirect product of I, by I':

v ={(1, o) |YET™, oes,),
(" oR(Y, 0)=(y-7,, o’0). @.0)

The initial objects at the construction of the shuffle algebra have been the groups L,; at the construction of the
extended shuffle algebra the initial objects are the groups Elr; , while multiplication in these groups plays the same role as the
usual symmetric multiplication.

Assume that on some set U there is defined a left action of the group I'. The result of the application of the element
v € T tou € U will be denoted simply by yu. Let $: U" » 2 be a mapping of U" into some set 2 (the selection of the
letters is justified by the fact that, in our important applications, U is the set of control parameters, while & is the algebra of
differential operators on M).

For (y, 0) € LT we set

(Yv O)Q(ul» ey u,,)=(D('Yluq(1), e 'Y,,ug(n)).

The multiplication (4.1) is defined in such a manner that the correspondence ® - (v, 0)® is a left action of the group
Il e,
(' o)y, 0) D) =(Y’, o’)(y, 0) D.

We denote by S the group algebra over R of the group E,I; , & =R, and @P=§06£ .
We define the shuffle product of arbitrary (y, ) € E" and (y', ¢') € Er}; by the formula

(1, o) w(y’, o')=((1, ¥'), Ow0)ESr4m,
where (1, ¥)=01 - > Ym Y1 - - o1 T)EPH™
The shuffle product is extended by linearity for any pair of elements of &T and defines in & a structure of an
associative graded algebra.
Let U C RN, let D be a Fréchet space, assume that the mappings u - yu, u € U, are continuous vy € T, the
mapping ®: U" - D is also continuous, and u(-): [0, 1] = U is a measurable bounded vector-valued function. It is easy to
verify the identity

I

S...Sm(m(t,), v 1) - - o0 Yo pllED)) Ay . dEs
akatt . 4.2)
={...§@ 1wy Loy 0@, . att)at . dt

A n
for any

k=0, ], eeny N, ‘\’=(Y], ooy '{,,.)El"", T'=('Y|,, e ey ’Y;_k)EF""‘.

Let u - h(u) be some continuous mapping of U into Vect(M). We set Hk(ul, «oos W) = h(uy). ... - h(u). We obtain
an important special case of the identity (4.2) by taking for ¢ the mapping

(ull v ey un)’—’Hk(uu(l): e sy uU(k))alin-k (uq'l_l), e ud'("_k))’
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where o € Ly, o' € _,.
In this case (4.2) reduces to the equality

S"'S(‘" OV HA(u(ty). ..., u(t)dh. . .dt e
k

A

S . .S(*{', SYH™ (b)), ..., w(tu ) dy ... dtps=— 4.3)

An—k

= S owe, onar@) ... atyat, . .. at,.

An
Thus, the mapping
ol S @), . aenat L at,

Ak

(. 0)eZ;, k=1,2, ...

defines a homomorphism of the algebra &T into the algebra of differential operators on M.
3. The subgroup in Diff(M), generated by the diffeomorphisms

eXPgeh(xu(t))dt, e€R, q€r,

0

is called the I'-extension of the variational group of the system
x=xeh(u(t)). (4.4)

Correspondingly, by the I'-extension of the Lie algebra of variations of the system (4.4) we mean the Lie subalgebra
in Vect(M), generated by the Lie algebras of variations of the systems

x=xoh(yu(t)), yer.

We define the abstract analogues of these entities by following the same scheme as in Sec. 2. First of all let &" be

the completion of the graded algebra &= "62065 in the standard topology of the convergence of the homogeneous compo-
nents.
If v € T, then we denote

(D= -. 1) 1), (7)a€ZR, (Y)y=1€R;

————
n pas

— - - —
exp (e, 1)=E e"()n exp (e, 7)E&;
n=0

o6, )= 3 e To, (1) =3 (exp (e, 1) (exp (e, ).

n=I

Definition. The subgroup ¥°T in the multiplicative semigroup of the algebra &, generated by the elements e)—i)(t:,
v), € € R, vy € T, is called the I'-extension of the abstract variational group.

The Lie subalgebra VI in [&T] , generated by the elements w,(y), n = 1, 2, ..., ¥ € T, is called the I'-extension
of the abstract Lie algebra of variations.

The I'-extension of the abstract Lie algebra of variations is contained in the (associative) subalgebra of the aigebra
& r , generated by the elements (v),, v € I', n = 0, 1, ..., while the I'-extension of the abstract variational group lies in the
closure of this subalgebra in & r .

Definition. The (associative) subalgebra in &r , generated by the elements (y),, y € I', n = 0, 1, ..., is called the
T-extension of the shuffle algebra and is denoted by the symbol LT, while its closure in &* is denoted by the symbol LLIT.

Clearly, LT is a graded subalgebra in &T, LI/T '=n A LT, where LUT = LI NEL.
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Let e € T be the identity element of the group I'. Identifying ¢ € &, with the element (e, ....e). o)er , we

n {imes
obtain a natural imbedding of the algebra & into &T , under which 1il is imbedded in [iiT. From the definition of Li!T and
from the fact that [ii is a free algebra with generators 1,, n = 1, 2, ... (see the corollary to Proposition 3) there follows that
~T is a free associative algebra with generators vy €ET,n=1, 2, .... A simple generalization of Theorem 1 is
Theorem 1 is

THEOREM 1. The I'-extension VI of the abstract Lie algebra of variations is a free Lie algebra with generators
o ()€, @

4. The extensions of the variational group and of the shuffle algebra, described briefly in the previous subsection,
would be of little worth if the fundamental lemma, connecting the symmetric multiplication " o " with the shuffle multiplica-
tion "sh?", would not extend to them.

As in Sec. 3, we extend the symmetric multiplication (initially defined separately on each of the homogeneous
components ST ) to all of ©T | setting aob = 0 for 2€&7, bEGL, n+ m.

The Fundamental Lemma for I'-Extensions. For any x € 7’T and any b’ € &T we have the equality

xo (awb) = (xea)u(x-b).

The proof follows the same scheme as the proof the fundamental lemma in Sec. 3 if we generalize in an appropriate
manner the construction of the algebra A, used there. Namely, let AT be the associative algebra with generators (y, N;),

veT, i=1,...,n+4m,

defined by the following relations: an arbitrary monomial (v, )‘il)"'-'(’)’k’ )‘ik)’ in which i = ij» for some j # j', is equal to
ZEero.

Instead of the right action of the group L, on polynomials of degree k from the algebra A, used in Sec. 3, one has to
consider the right action of the group I} on polynomials of degree k from the algebra AT, defined in the following manner:

(0 005 Ao e (. M (W Toayr Paqy) -+ (k= Yoy Moy
V=1 -+ -1 1a)ET*, 0€Ls

The remaining arguments differ very little from the proof of the fundamental lemma in Sec. 3 and we omit them.
Just as in the case of the usual shuffle algebra, the fundamental lemma enables us to describe completely the "table
of the symmetric multiplication” in the I'-extension of the shuffle algebra.
PROPOSITION 12. For any n, m > 0, elements v, ..., ¥, ¥{'» ---» Ym' € T, and also positive numbers i, ...,
in» J1» ---» Jm We have the equality
(o), e oot (Yoo )ol(yy) 5, e ooy, )s, )=

(Y ¥ae e (Y Ya)&y, WY Ya)e,, e oot (Y0 Yoo 0 -

14

oYt Yo e, W (Y Yty
where the summation is taken over all matrices

satisfying the conditions

1=l

n M
zk”=j1’ I=1,....m 2 ky=i, I=1,...,n.
j=i

This statement is proved in exactly the same way as Proposition 7 in Sec. 3.

From it there follows that for each n > 0 the space anr is an algebra relative to the symmetric multiplication "o ",
a subalgebra in the group algebra of the group I¥. We denote this "symmetric" algebra 1l I by /I/.T in order to distinguish
it from the shuffle algebra.
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Let (LT = ,.EBI LT ; from Proposition 12 there follows that LL/T w/l/% )\ UJT is a two-sided ideal in [/,T. Any

element x € /T has the form

x—_—zci(f{,),,ﬁ—y, where yewf_mwﬁ, c:€R, y,€r.

The mapping p© ZJC'—'EC 1{1;)» is an antihomomorphism of Llln’ into the group algebra of the group I'.
{

The following statement, an infinitesimal variant of the fundamental lemma, is proved in the same way as Proposition
11.
PROPOSITION 13. For any n>0,86V T 0 LUT, x€LUE we have the equality

Fox = Fol(pT (X))s-

Concluding this section and at the same time also the paper, we note that the investigation of the I'-extensions of a
shuffle algebra and of an abstract Lie algebra of variations is only outlined here. More detailed information about these
objects and their applications will be presented in subsequent publications.

REFERENCES

1. A. A. Agrachev and R. V. Gamkrelidze, "Exponential representation of flows and chronological calculus,” Mat. Sb.,
107 (149), No. 4, 467-532 (1978).

2. R. V. Gamkrelidze, A. A. Agrachev, and S. A. Vakhrameev, "Ordinary differential equations on vector bundles,
and chronological calculus," Itogi Nauki i Tekhniki, Ser. Sovr. Probl. Mat. Noveish. Dostizh., 35, 3-107 (1989).

3. A. A. Agrachev, R. V. Gamkrelidze, and A. V. Sarychev, "Local invariants of smooth control systems," Acta Appl.
Math., 14, No. 3, 191-237 (1989).

4. N. Bourbaki, Lie Groups and Lie Algebras, Addison-Wesley, Reading (1975).

5. P. E. Crouch and F. Lamnabhi-Lagarrigue, "Algebraic and multiple integral identities,” Acta Appl. Math., 15, No.
3, 235-274 (1989).

6. M. Fliess, "Fonctionnelles causales non linéaires et indéterminées non commutatives,"” Bull. Soc. Math. France, 109,

No. 1, 3-40 (1981).

2433



