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We show tha t  if  r i s  an  a r b i t r a r y  coun tab le  s e t  of con t inuous  func t ions  of n v a r i a b l e s ,  then  
t h e r e  e x i s t s  a con t inuous ,  and e v e n  i n f i n i t e l y  s m o o t h ,  func t ion  r 1 . . . . .  x n) such  tha t  * (~,, 
. . . .  ~ )  * ~ [~ (~, (~,) . . . . .  s~ (~,))] f o r  any  func t ion  ~ f r o m  ff and a r b i t r a r y  con t inuous  func t ions  g 

and f i '  d epend ing  on a s ing le  v a r i a b l e .  

1 ~ In k -va lued  l o g i c s  S l u p e c k i ' s  c r i t e r i o n ( s e e  [1], fo r  e x a m p l e ) ,  which  g i v e s  a n e c e s s a r y  and su f f i -  
c i en t  cond i t i on  fo r  the  c o m p l e t e n e s s  of s y s t e m s  con ta in ing  a l l  func t ions  of a s i ng l e  v a r i a b l e ,  i s  w ide ly  
known. 

In the  g e n e r a l i z a t i o n  of t h i s  c r i t e r i o n  to  a coun tab ly  va lued  log i c  ( see  [2]) i t  was  found tha t  i f  the  func- 
t i on  r  . . . . .  Xn), t o g e t h e r  wi th  a l l  func t ions  of a s i n g l e  a r g u m e n t ,  f o r m s  a c o m p l e t e  s y s t e m ,  then  an a r b i -  
t r a r y  func t ion  r 1 . . . .  , Xn) can  be  ob t a ined  in  the f o r m  of a s u p e r p o s i t i o n  r e l a t i v e  to  ~o of o r d e r  not  h i g h e r  
t han  the s econd ,  w h e r e i n  only func t ions  d e p e n d i n g  on a s i ng l e  v a r i a b l e  a r e  used ,  i . e . ,  in  the  f o r m  

(xl . . . .  , x . )  = go (qD (el  [~ (/11 (xl) . . . . .  /~,~ (x~))], �9 �9 �9  g~ [q) ( / ~  (x~) . . . . .  I ~  (x.))])).  

Ana logous  p r o b l e m s  fo r  con t inuous  func t ions  a r e  a l s o  of no s m a l l  i n t e r e s t  i n a s m u c h  as  A. N. Ko l -  
m o g o r o v  [3] showed  tha t  an  a r b i t r a r y  func t ion  r 1 . . . . .  Xn), con t inuous  on the uni t  n - d i m e n s i o n a l  cube,  can  
be  w r i t t e n  in  the  f o r m  

~_~2rt+l ~n 

w h e r e  gm ~ C [0, l ] ,  i,~z ~ C I0, t] fo r  l = 1, �9 . . ,  n; m = 1 . . . .  , 2 n +  1, i . e . ,  a s  a c o m p l e t e l y  s p e c i f i c  s u p e r -  
p o s i t i o n  of con t inuous  func t ions  of a s i ng l e  a r g u m e n t  and a d d i t i o n  (in K o l m o g o r o v ' s  c o n s t r u c t i o n  the func-  
t i ons  f m l  do not even  depend  on r 

2 ~ In th i s  note we e s t a b l i s h  a n e g a t i v e  r e s u l t  c o n n e c t e d  with the  p o s s i b i l i t y  of r e p r e s e n t i n g  con t in -  
uous  func t ions  in  the  f o r m  of s u p e r p o s i t i o n s  of bounded  o r d e r .  

Le t  E = [0, 1] ,* n _>2; E n i s  the n - d i m e n s i o n a l  uni t  cube .  Le t  C(E n) be  the  s p a c e  of a l l  r e a l  func t ions  
con t inuous  on En.  F o r  any func t ion  ~ f r o m  C (E n) l e t  S~ deno te  the s e t  

{s (xl, � 9  x D  : s (zl . . . . .  xD  ~ C (E  ~) & (:~g,/1 . . . . .  /~) (e  ~ C (E),  1~ ~ C (E),  i ----- t . . . . .  n)& 

& s (x l  . . . . .  x~)  - g [~ ( / i  (x l )  . . . . .  /,~ (x~))]).  

The fo l lowing  t h e o r e m  i s  v a l i d .  

THEOREM.  T h e r e  e x i s t s  a n o n d e n u m e r a b l e  s e t  of func t ions  ~ such  tha t  ~ c C(E n) and such  tha t  f o r  
any func t ion  ~E  C(E n) the  s e t  r f~ S~ i s  a t  m o s t  d e n u m e r a b l e .  

*We can  a l s o  t ake  E = ( -  ~,  + ~),  
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F o r  the  p roo f  of t h i s  t h e o r e m  we r e q u i r e  the  fo l lowing  two l e m m a s .  

L E M M A  1. L e t  [a0, be] be  an i n t e r v a l  and  l e t  A ~ = [al, b~] X . . . X [ak, b~] be  a k - d i m e n s i o n a l  cube,  
w h e r e  a l e  E, bif i  E,  a i C b i  fo r  i = 0, 1 . . . . .  k.  T h e r e  e x i s t s  a n o n d e n u m e r a b l e  s e t  {I~} of c o m p a c t a  such  
tha t  fo r  any ~ the c o m p a e t u m  I ~  i s  d e n u m e r a b l e ,  i s  con ta ined  in  [a0, be], and ,  i f  ~ ~ ~2, t hen  I ~  x Ak i s  
not  h o m e o m o r p h i c  to Io~ 2 x A k. 

P r o o f .  L e t  ~ be  an o r d i n a l  n u m b e r ,  and l e t  us denote  by  W(~) a t o p o l o g i c a l  H a u s d o r f f  s p a c e ,  the e l e -  
m e n t s  of which  a r e  a l l  the  o r d i n a l  n u m b e r s  B such  tha t  f~ _ c~, and the topo logy  i s  i nduced  by i n t e r v a l s  of 
the  f o r m  (B1, /~2)' A s s u m e  now tha t  ~ < ~1. Then  

1) W(~)  i s  a c o m p a c t u m ,  s i n c e  f r o m  an a r b i t r a r y  in f in i t e  s e t  in  W(~) we can  s e l e c t  a m o n o t o n i c a l l y  
i n c r e a s i n g  s e q u e n c e ,  and an a r b i t r a r y  m o n o t o n i c a l l y  i n c r e a s i n g  s e q u e n c e  in  W(~) i s  c o n v e r g e n t .  

2) The c o m p a c t u m  W(~)  i s  h o m e o m o r p h i c  to s o m e  e o m p a c t u m  I~ ,  w h e r e  Ic~ = [a0, be]. 

A c t u a l l y ,  the  c o m p a c t u m  W(~)  i s  of m e a s u r e  z e r o  s i n c e  i t  c o n s i s t s  of a t  m o s t  a d e n u m e r a b l e  n u m b e r  
of po in t s  and i s  t h e r e f o r e  h o m e o m o r p h i c  to  s o m e  c l o s e d  s u b s e t  of the  Can to r  p e r f e c t  s e t  (see ,  fo r  e x a m p l e ,  
[4]) and,  h e n c e ,  a l s o  of an  i n t e r v a l .  

To c o m p l e t e  the  p r o o f  of the  l e m m a  i t  r e m a i n s  to show tha t  fo r  any ~ < w~, we can  f ind a 3/ such  tha t  
< 3 ~ < wl and W( 0 x A k i s  not h o m e o m o r p h i c  to any W(/~) x Ak fo r  fl ___ ~.  Le t  ~ = c~. w; then  i f  W (~) (a) :~ 
[W(')(a) i s  the  y - th  d e r i v a t i v e  of the s p a c e  W(~)] ,  t hen  ~ r W(Y+I)(~). Conse que n t l y ,  if  W ( ~ ) x  Ak has  e x -  

a c t l y  ~ nonempty  d e r i v a t i v e s ,  t hen  W(~)  x A k h a s  at  l e a s t  ~ + 1 nonempty  d e r i v a t i v e s .  Hence  no s u b s p a c e  of 
the  c o m p a e t u m  W(~)  x Ak i s  h o m e o m o r p h i c  to W@)x A k. Thus the  l e m m a  is  p r o v e d .  

Le t  A ~-~ = [a~, b~] X . . . X [a~_~, b~_~] and A~-~ =[a~, bd • ... X [a~, b=] be n - d i m e n s i o n a l  cubes ,  w h e r e  
ai ~ E, b~ ~ E, a~ =/= bi fo r  i = 1, . . . ,  n. We c o n s i d e r  the  s e t  

r ~ = (2  • ~ - ~ )  U ( ~ - ~  • x~ (i) 

w h e r e  x~ ~ (al, bl), x ~ ~ [a , ,  b=]. I t  i s  not  h a r d  to s e e  tha t  T n i s  a con t inuum (a c o n n e c t e d  c o m p a c t  s e t ) .  

L E M M A  2. In E n t h e r e  e x i s t s  an  a t  m o s t  d e n u m e r a b l e  s e t  of p a i r w i s e  n o n i n t e r s e e t i n g  con t inua  of the  

f o r m  (1). 

In the  c a s e  n = 2 th i s  l e m m a  i s  the  we l l -known s t a t e m e n t  tha t  we can  l o c a t e  on a p lane  an  a t  m o s t  d e -  
n u m e r a b l e  s e t  of p a i r w i s e  n o n i n t e r s e e t i n g  con t inua  hav ing  the f o r m  of the  l e t t e r  "T . "  

3 ~ L e t  f :  E n - * E  n, w h e r e  f ( x  1, . . . ,  x n) = {f~(x 1) . . . . .  fn(Xn)) and the f i  a r e  s t r i c t l y  mono ton i c  func-  
t i ons  f rom C(E) (i = 1 . . . . .  n). Then  i f  M = M~x . . .  x Mn, w h e r e  Mi = E ( i  = 1 . . . . .  n), i t  fo l lows  tha t  f{M) = 
f l (M1) x . . .  x fn (Mn) ,  m o r e o v e r ,  if  M i = [a i ,  b i] c E, then  1, (Mi) = [] (al), / (b,)]. F r o m  th i s  i t  fo l lows  tha t  
if  T n i s  a s e t  of the  f o r m  (1), then  f ( T  n) i s  a l s o  a s e t  of the  f o r m  (1). 

4 ~ We p r o c e e d ,  f i na l ly ,  to  the  b a s i c  f o r m u l a t i o n .  Le t  A = {x = (x~ . . . . .  x,) :  x ~ E ~ & Xl . . . . .  
x~ = x } .  F u r t h e r ,  l e t  A = = [ a l ,  b l] x . . .  X[an, b ~ ] C i n t ( E " \ A ) ,  w h e r e  a, E E ,  b i ~ E ,  at=/=b, (i = 1 ,  

. . . .  n). Le t  

A n-~ = [a=, b 2] • . . .  • [an- i ,  bn-1], 

A"r-* = [al, bi] • A"-=, ~,~-I = h,,-= • [a,,, bn]. 

Us ing  L e m m a  1, we c o n s t r u c t  a n o n d e n u m e r a b l e  s e t  of e o m p a e t a  { Is}  such  tha t  I s  = [al ,  bl] and,  if  
~ i  ~ ~2, t hen  I ~ l x  A n-2 i s  not h o m e o m o r p h i c  to I a  2 x A n-2. We i n t r o d u c e  the  nota t ion :  B~ = (I~ x A~-~) U 
(A n-1 x x~ w h e r e  x ~ E [a n, bn]~ It  i s  obvious  tha t  the  B ~  a r e  cont inua;  B~ ~ A" ~ int  (E ~ \ A) and,  if  
~ ~ ~2, t hen  B a  t i s  not  h o m e o m o r p h i c  to  B~2 s i n c e  the  s e t  of b r a n c h i n g  po in t s*  of B a  c o i n c i d e s  with Io~x 
A n-2. We now def ine  func t ions  r  be long ing  to  c (En) ,  in  the  fo l lowing  way :  

p (A, x) 
~p~(X) = P (A,x)~-p(Ba, x) 

(where  p r e p r e s e n t s  d i s t a n c e  in  En).  

*We s a y  tha t  x i s  a b r a n c h i n g  po in t  of the  s e t  B a  i f  xE Boz and,  fo r  any c l o s e d  n e i g h b o r h o o d  V of x,  the in -  
t e r s e c t i o n  V f3 B ~  i s  a l w a y s  nonhomeomorph i -e  i to E n-1 and B a  i s  l o c a l l y  c o n n e c t e d  a t  the po in t  x .  
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It is  c l ea r  that  A = {x: x ~ E ' & , ,  (x) = 0} is the level  se t  of the function r  cor responding  to zero .  
B~ ={x: x @ E~&~;~ (x) = 1} is  the level  se t  cor responding  to one. Let  ~!, = { r  be a nondenumerable  se t  

of functions f rom C(En). 

Assume  now that  CE C(E n) and ,~ ~_ S~ ~ T, then ~ (x~ . . . . .  x~) ~ g~ [~ (/~ (x~), . . . ,  /~ (x,,))], where  
g~ ~ c (E), /? ~ C (E) (i = i . . . . .  n). 

Let  us suppose that some one of the functions f ~  (1 -< i _< n) is not s t r i c t ly  monotonic on E; a s sume ,  
for  def ini teness ,  that  i t  is f ~ .  Then there  ex i s t  x ' ,  x " r  E, such that x '  ~ x" and f ~ ( x ' )  = f ~ ( x " ) .  If we le t  
f ~  = ( f~ . . . .  ~ /~ " x', x'). Consequently,  ~ (x', x' x') . f n  ), then (x', x . . . . .  x') : / ~  (x", . . . . . . . . .  = 
~ ( x " , x ' ,  . . . . .  x'). B u t ( x ' , x '  . . . . .  x ' ) ~ & a n d ( x " , x '  . . . . .  x ' ) ~ E n \ A .  We have come to a contradic t ion 
with the fact  that  A is a level  se t  of the function r  Thus, f ~  is s t r i c t ly  monotonic on E for i = 1 . . . . .  n. 
Consequently,  f ~  maps  E n homeomorph ica l ly  onto f~ (En) .  

We prove  that  the continuum f ~ ( B ~ )  is a connected component  of some level  se t  of the function ~.  

1) It is obvious that /~ (B~) ~ int (]~ (E'~)). It is the re fo re  sufficient  to show that  f ~ ( B ~ )  is ,  in fact ,  a 
level  se t  of the function ~ = ~[~(~-~. 

2) Let  M~ be a level  se t  of the function ~ such that /~ (B,) N M, ~ r Let  us suppose that  Mo~ does 
not appear  in f~(Bc~). Then there  exis t  points x ~ B~, ~ ~ E" \ B~, such that  f~ (x)  ~ Mvz and /~ (~) ~ M,, 
consequently,  ~ (/" (x)) ----- ~0 (]~ (~)), and, hence,  a lso  ~ (x) -- $~ (~). But the l as t  equation cont radic ts  the fact  
that B~ is  a level  se t  of the function r  Thus M~ c_f~(B~).  

3) If the c losed se t  M~ appea r s  in f ~ ( B ~ ) ,  then /~ (E ~) \ M~ is connected.  Actually,  this follows 
from_ the fact  that  E n \ B ~  is  connected,  Bo~ is a se t  nowhere dense in E n, and f ~  is a h o m e o m o r p h i s m .  

It follows f rom 2) and 3) that  if M~ is a level  se t  of the function ~ such that M~ (~/~ (B~) =A r then 
e i ther  

(M~)= max T(x), or q~(M~)= min q~(x). 
xEf~( E n) x~.fa( E n ) 

That is ,  the continuous function ~ a s s u m e s  on the continuum fC~(B~) at mos t  two values ,  consequently,  
it a s s u m e s  exact ly  one value.  Using 2) and 1), we find that  f~ is a connected component  of some level  
se t  of the function ~. There fo re ,  if ~l ~ (~2 and ~ , ,  ~ ~ $~ N ~, then e i ther  ]~, (B~,) n ]~' (B~) ---- r or  
]~, (B~,) = ]~ (B~). But Bcq is  not homeomorph ic  to B~2, while f ~ l  and f~ are  homeomorph ic ,  consequently,  
I , ,  (B~,) n I~' (B~,) = r 

We note also that  each B~ contains a continuum of the f o r m  (1)~ Then if ~ ~ S~ N T, then (see 3 ~ 
f~(Bc~) also contains a continuum of the form_ (1). There fo re ,  using L e m m a  2, we find that  the se t  S~ N 
is at mos t  denumerab le .  This comple tes  the proof  of the theorem~ 

R e m a r k .  Fror~, a cor responding  theo rem of Whitney [5] i t  follows that  for  an a r b i t r a r y  closed se t  B, 
lying in E n, the re  ex is t s  a function ~?B(X), nonnegative and infinitely d i f ferent iable  in E n, such that  B is the 
level se t  of the function ~B(X) cor responding  to ze ro .  

If in the definit ion of the function ~ ( x )  we rep lace  p(A, x) by ~A(x) and p(B(~, x) by ~Bo~(x), then the 
proof  goes  through without any changes and we may  a s sume  that  all the functions of the se t  q, a r e  infinitely 
d i f ferent iable .  

COROLLARY 1. Assume  again  that  {%}~=1+~ _-- Cp C C (E"), then for  an a r b i t r a r y  function F(x) f rom 
C(E n) and an a r b i t r a r y  neighborhood of the function F in C(En), it follows that the in te r sec t ion  of this neigh- 
borhood with the se t  C(E n) \S@ is nondenumerable ,  i .e . ,  an a r b i t r a r y  e lement  of the space  C(E n) is a con- 
densat ion.point  of the se t  C(E n) \ S ~ .  

Proof .  Suppose that F ~ C (E~), e > 0. For  a r b i t r a r y  6 > 0 we denote [0, 5] by ES, and we choose a 
50 > 0, such that  if x~ E~0, then IF(x) --F(O) I<'e/2. 

For  any x f r o m  E n ~ ( ~ )  60 we now define the function ~ "  (x) as follows: $~'~(x) ---- F (0) + y $ ~  ~-0 " It  is 

then obvious that  max I F (x) -- ,~ '~ (x) [ < e. We extend the function cF, e onto the whole of E n, so that  the 

l as t  inequali ty is  mainta ined.  
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Let  ~F ~,~ = {$~'~} then the se t  Sr n ~F~ ~ is at m o s t  denumerable .  We" can prove this fact  in the s ame  
way we proved the t heo rem,  the only di f ference  being that,  he re  and there ,  instead of f ~  we need to consider  
]? IE~ 0, and ins tead of ~0 ]j~r to cons ider  ~ r1~r ~. The Corol la ry  2 now follows immedia t e ly  f rom the non- 

denumerab i l i ty  of the se t  ~ F , e .  

help. 
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2. 

3. 
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In conclusion, the author thanks G. P. Gavri lov for  his s t a t ement  of the prob lem and for  his constant  
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