SYSTEMS OF QUADRATIC INEQUALITIES

A. AGRACHEV AND A. LERARIO

ABSTRACT. We present a spectral sequence which efficiently computes Betti
numbers of a closed semi-algebraic subset of RP™ defined by a system of qua-
dratic inequalities and the image of the homology homomorphism induced by
the inclusion of this subset in RP™. We do not restrict ourselves to the term FEs
of the spectral sequence and give a simple explicit formula for the differential
da.

1. INTRODUCTION

In this paper we study closed semialgebraic subsets of RP™ presented as the
sets of solutions of systems of homogeneous quadratic inequalities. Systems are
arbitrary: no regularity condition is required and systems of equations are included
as special cases. Needless to say, standard Veronese map reduces any system of
homogeneous polynomial inequalities to a system of quadratic ones (but the number
of inequalities in the system increases). The nonhomogeneous affine case will be
the subject of another publication.

To study a system of quadratic inequalities we focus on the dual object. Namely,
we take the convex hull, in the space of all real quadratic forms on R"*!, of those
quadratic forms involved in the system, and we try to recover the homology of the
set of solutions from the arrangement of this convex hull with respect to the cone
of degenerate forms. This approach allows to efficiently compute Betti numbers of
the set of solutions for a very big number of variables n as long as the number of
linearly independent inequalities is limited. Moreover, this approach works well for
systems of integral quadratic inequalities (i. e. in the infinite dimension, far beyond
the semi-algebraic context) as we plan to prove in another paper.

Let p : R*1 — R**! be a homogeneous quadratic map and K C RF¥*! a convex
polyhedral cone in R¥*! (zero cone K = {0} is permitted). We are going to study
the semialgebraic set

X, ={[zo,...,zn] € RP" | p(xo,...,z,) € K}.

More precisely, we are going to compute the homology H.(X,;Z2) and the image
of the map ¢, : H.(Xp;Zs) — H.(RP";Zy), where ¢ : X, — RP" is the inclusion.
In what follows, we use shortened notations H,(X,;Zs) = H.(X,), RP" =P".
Let Q be the space of real quadratic forms on R**!. Given ¢ € Q, we denote
by it (¢) € N the positive inertia index of ¢ that is the maximal dimension of a
subspace of R"*! where the form ¢ is positive definite. Similarly, i~ (g) = iT(—q)
is the negative inertia index. We set:

I ={qeQ:if(q) > j}.
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We denote by p : RF"1" — Q the linear systems of quadratic forms associated to
the map p. In coordinates:

pO

k
p={:], P€Q  pw=wp=) wp, Yw=(w,. .,w)eRT.

o i=0
More notations:
K°={we RFHL" (w,y) <0, Yy € K}, the dual cone to K;
Q=K°nNS*={weK°: |w =1}
CQ=K°NB"™!' ={weK°:|w <1};
Q) ={weQ:it(wp) >3}

Theorem A. There exists a first quadrant spectral sequence (E,.,d,) converging to
H,_.(X,) such that E5 = H'(CQ, Q).

We define p = Ir?&)z(ﬁ(n)' If p = 0 then X, = P"; otherwise we can describe

the term Fs by the following table where cohomology groups are replaced with
isomorphic ones according to the long exact sequence of the pair (C§2, Q7).

0 0 0
n Z2 0 0
w| Zo 0 0 0 0 0
0 | HYQH)/Zsy HYQH) |- | HY(Q*) |- | HYQ*) |0
0 | HO(QUHY)/Zy | HY(QIHY) | oo | HI(QIFY) | - Hk(QjH) 0
0| HY2Y/Z, HY(QY |- | HY(QY |--- | HYQY |0
Ezample 1. Let n =k =2, p(xg,x1,22) = (%g%) , K ={0}. Then

Q=0'"=952 Q*={weS?: wwiws <0}, Q=0
The term FE5 has the form:
Zo 0 0 O
0 (Z)* 0 0
0 0 0 Zsg

In this case ds : (Z2)® — Zs is a non-vanishing differential and the set X, consists
of 3 points.

Let 4 = {(V,q) € Gr(j) x (@7 \ @) : q|,, > 0}, where Gr(j) is the Grass-
mannian of j-dimensional subspaces of R"*!. It is easy to see that the projection
79 — Q7 \ QT defined by (V,q) — ¢ is a homotopy equivalence.
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Let us consider the tautological vector bundle V; over ¢; whose fiber over (V, q) €
¢; is the space V. C R""; we denote wy(V;) € H'(¥;) the first Stiefel-Whitney
class of this bundle. Recall that w(V;) evaluated on a loop f : S' — %, vanishes
if and only if f*V; is a trivial bundle. Moreover, the value of w;(V;) at f depends
only on the curve 7o f in Q7 \ Q! and w;(V;) = m*v; for a well-defined class
vy € B (Q1\ Q7).

Proposition. The differential da, of the spectral sequence (Ey,d,) depends on the
class ]5|;].\Q].+1(Vj) € HY (W \ Q). Ifﬁ‘;j\g_j+l(yj) =0, Vj >0, then E3 = Es.

The classes v; are defined without any use of the Euclidean structure on R+,
This structure is however useful for the calculation of dy. Given g € Q, let A (q) >
-+ > Ans1(q) be the eigenvalues of the symmetric operator @ on R**! defined by
the formula ¢(z) = (Qz,z), * € R"". Then @/ = {g€ Q: \; > 0}. We set D; =
{g € Q:X(q) # Aj+1(¢)} and denote by Ej the j-dimensional vector bundle over
D; whose fiber at a point ¢ € D; equals span{z € R"*1 : Qz = \;(q)z, 1 <i < j}.
Obviously, 97 \ Q9! ¢ D; and v; = wy (Ej)|gj\gj+1.

Now we set ¢; = 0*w (ﬁ;‘), where 0* : HY(D;) — H?(Q,D;) is the connecting
homomorphism in the exact sequence of the pair (Q, D;). Recall that

O\Dj={ge Q:X\(q) =Xj11(q)}

is a codimension 2 algebraic subset of Q whose singular locus

sing (Q\ D;) ={q € Q: (\j-1(q) = Xj+1(0)) V (Ai(@) = Aj+2(9)}
has codimension 5 in Q. Let f : B? — Q be a continuous map defined on the
disc B? and such that f(0B?) C Dj; the value of ¢; € H?(Q,D;) at f equals the
intersection number (modulo 2) of f and Q \ D; (this intersection number is well
defined since the codimension of the singular locus is big enough).

Theorem B (the differential dz). We have:
da(2) = (2 = 0"05)| cqqy Vo€ H(CQ T,
where — is the cohomological product.

Theorem C. Let (14)q : Ho(Xp) — Hy(P?), 0 < a < n, be the homomorphism
induced by the inclusion v : X, — P™. Then rk(ty), = dim B9,

Next theorem about hyperplane sections is a step towards the understanding
of functorial properties of the duality between the semi-algebraic sets X, and the
index functions i* o p.

Let V be a codimension one subspace of R*™! and V' C RP”™ the projectivization
of V.. We define for j > 0 the following sets:

Q{/ ={w e Q:it (wplv) > 5}
Theorem D. There exists a cohomology spectral sequence (G, d,) of the first quad-
rant converging to Hy,_.(X,, X, N'V) such that
Gy = H(Q,, 1), j>0, G5 =H(CQ,Qb.

Theorem A is proved in Section 3, the differential dy is computed in Section 4,
Theorem C on the imbedding to RP™ is proved in Section 5, and Theorem D on
the hyperplane sections in Section 6. In Section 7 we study the special case of
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the constant index function where higher differentials can be easily computed and
consider some other examples.

Let us indicate the main general ideas these proofs are based on.

Regularization. There could be different definitions of regularization of a smooth
inequality; for any reasonable one the inequality can be regularized without chang-
ing the homotopy type of the space of solutions. Indeed, given a polynomial a, the
space of solutions of the inequality a(x) < 0 is a deformation retract of the space
of solutions of the inequality a(z) < ¢ for any sufficiently small ¢ > 0, and the in-
equality a(z) < € is regular for any ¢ from the complement of a discrete subset of R.
The regularization of the equation a(z) = 0 is a system of inequalities +a(z) < ¢.

Duality. The pair (p, K°), where p : K° — Q, can be considered as the dual
object to X,. Moreover, P \ X,, is homotopy equivalent to B = {(w,z) € Q x P™ :
(wp)(z) > 0}. For a regular system of quadratic inequalities, the spectral sequence
(E,,d,) is the relative Leray spectral system of the map (w,z) — w applied to the
pair (Q x P*, B).

Localization. Setting B(V) = BN(V xP™) for V' C Q, and given wy € Q we have:
B(0O.,) ~ Blwy) ~ P “oP)=1 where O, is any sufficiently small contractible
neighborhood of wy and & is the homotopy equivalence. This fact allows to compute
the member E5 of the spectral sequence.

Regular homotopy. This is perhaps the most interesting tool which allows to
compute the differential do. The notion of regular homotopy is based on the dual
characterization for the regularity of a system of quadratic inequalities. We say that

the system defined by the map p and cone K is regular if p|,, +1\{0} is transversal

to K: this amount to say im(D,p) + K = R¥*! for every 2 € R"T1\{0} such that
p(z) € K.

The dual characterization of regularity concerns the linear map p : 2 — Q but
can be naturally extended to any smooth map f: — Q. Note that Q is the dual
space to R"™1 @ R**!, the symmetric square of R**!. Let

Qo ={q € Q:kerq # 0},

the discriminant of the space of quadratic forms. Then Qq is an algebraic hyper-
surface and

singQp = {q € Qp : dimkerq > 1}.
Given q € Qg \ singQq and z € kerq \ 0, the vector z ® € Q* is normal to the
hypersurface Qg at g. We define a co-orientation of Qg \ singQp by the claim that
x ® z is a positive normal. For any, maybe singular, ¢ € Qg we define the positive
normal cone as follows:

+ _ .
N/ ={z0x:zckerq)\0}.

The cone N, consists of the limiting points of the sequences N, i € N, where
qi € Qo \ singQg and ¢; — ¢ as i — oo.

We say that f: Q — Q is not reqular (with respect to Qp) at w € Q if f(w) € Qo
and there exists y € NI such that (D, fv,y) < 0, Vv € T,Q. The map f is
regular if it is regular at any point. It is easy to check that the transversality of
the quadratic map p to the cone K is equivalent to the regularity of the

Rm+1\{0}
linear map p : Q — Q where, we remind, Q = K° N S*.
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A homotopy f; : Q@ — Q, 0 <t <1, is a reqular homotopy if all f; are regular
maps. The following fundamental geometric fact somehow explains the results of
this paper and gives a perspective for further research. If linear maps pg, p; are
regularly homotopic then the pairs (P™,P"\ X,,) and (P",P"\ X,,) are homotopy
equivalent. Note that the maps f; in the homotopy connecting py and p; are just
smooth, not necessary linear. It is important that the cones N;’ , q € singQy, are
not convex. If IV, ;‘ would be convex then regular homotopy would preserve the term
FE5 of our spectral sequence, the differentials d,., 7 > 2, would vanish and Ey would
be equal to F.

Regular homotopy was introduced in paper [2]. In the mentioned paper the
author computed for a regular quadratic map p, the second term and the second
differential of a spectral sequence converging to the cohomology of the double cover
of X,,. Again in the case of a regular quadratic map, all the differentials of a spectral
sequence (E.,d]) converging to H*(P™\ X,,) were announced (without proof) in [1].
We have to confess that, unfortunately, for the spectral sequence (E,d.) only the
differential d), was computed correctly. Our differential dy and that di, are closely
related: indeed for regular systems they are defined, in a certain sense, by cup
product with the same cohomology classes.

Universal upper bounds for the Betti numbers of the sets defined by systems of

quadratic inequalities or equations were obtained in [3, 4, 5, 9].

Remark. An Hermitian quadratic form is a quadratic form ¢ : C**! — R such
that ¢(iz) = ¢(z). Similarly, a “quaternionic” quadratic form is a quadratic form
q : H"*! — R such that ¢(iw) = q(jw) = q(w). There are obvious Hermitian and
“quaternionic” versions of the theory developed in this paper (for systems of Her-
mitian or “quaternionic” quadratic inequalities). You simply substitute RP™ with
CP" or HIP™, Stiefel-Whitney classes with Chern or Pontryagin classes, differentials
d, with differentials da,_1 or d4,_3, and compute homology with coefficients in Z
instead of Zs (see also [1]).
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2. PRELIMINARIES

2.1. Semialgebraic geometry. We recall here some useful facts from semialge-
braic geometry. We assume the reader is familiar with the fact that semialgebraic
functions can be triangulated and with Hardt’s triviality theorem; for details the
reader is referred to [6] or to [7].

If S is a semialgebraic set and B C S is a compact semialgebraic set then, following
[10], we say that f: S — [0,00) is a rug function for B in S if f is proper, continu-
ous, semialgebraic and f~!(0) = B. The following proposition can be found in [6]
(pag. 229, Proposition 9.4.4).

Proposition 1. Let B C S be compact semialgebraic sets and f be a rug function
for B in S. Then there are § > 0 and a continuous semialgebraic mapping h :
F71(8) x [0,0] — £71([0,4)), such that f(h(z,t)) =t for every (z,t) € f~1(d) x
[0,6], h(z,0) = = for every x € f~1(5), and hys-1(5)x]0,6] 15 a homeomorphism onto

£71(0,0]).
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Proof. By triangulating f we obtain a finite simplicial complex K and a semialge-
braic homeomorphism ¢ : |K| — S, such that f o ¢ is affine on every simplex of
K and B is union of images of simplices of K. Choose § so small that for every
vertex a of K such that ¢(a) ¢ B, then § < f(¢(a)). Let x € f~1(4), y = ¢~ (z).
The point y belongs to a simplex o = [ao,...,aq] of K. We may assume that
¢(a;) € Bfori=0,...,k, and ¢(a;) ¢ Bfori=k+1,...,d. Let (Ag,...,Aq) be
the barycentric coordinates of y in 0. Note that since f o ¢ is affine on o, then
6= f(x) = f(6(y) = TipNif($(ar) = Ty Aif (9(a:). Hence, if we set
o= Zf:o Ai, we have necessarily 0 < o < 1. For t € [0, d], we define h(z,t) as the
image by ¢ of the point of o with barycentric coordinates (ug, - . ., ftq), where

o %)\i for  i=0,...,k;
i = g)\i for i=k+1,...,d.

Then h has the required properties.
O

Now we prove a result which describes the structure of some semialgebraic neigh-
borhoods of a semialgebraic compact set.

Proposition 2. Let B C S be compact semialgebraic sets. Let f be a rug function
for B in S. Then there exists 05 such that for any 0’ < dy there is a semialgebraic
retraction

7 f7(0,8) — B.

Proof. First we show that there exists a semialgebraic retraction for small enough
semialgebraic neighborhoods. Let T5 = a~'([0,6]) and choose 6; = § and ¢ :
|K| — S as in Proposition 1. Given z € Ty, let y = ¢~*(x). Then y belongs
to some simplex o = [ag,-..,ax]; let (Ag,...,A\x) be its barycentric coordinates
with respect to o. Since f(x) < ¢ then there exist some vertices of o belonging to
¢~ 1(B) : let ag,...,ar be these vertices. First notice that Zf:() A # 0 :if it were
zero, then

d d
F@)=fo) = F6( D Xa))= > Nif(la)) >
i=k+1 i=k+1

since f o ¢ is affine; but this contradicts f(x) <¢.
Now we define p, : ¢~ 1(T5) No — ¢~ (B) by

Ao Ak

- N
Zi:O Ai Zz‘:o Ai
Then p, is continuous and semialgebraic and its restriction to ¢~(B) N o is the
identity map. Defining p,s in the same way as for p, for every simplex o’ we
notice that since the p,.’s agree on the common faces, then they together define a
semialgebraic continuous map p : ¢~ 1(T5) — ¢~ 1(9).
Now put © = (bfTi opo ¢ : then m is a semialgebraic continuous retraction from

() = po(Xo,- - Aa) = (

).

Ts to B; given ¢’ < ¢ simply compose 7 with the inclusion Ty C Ty to obtain the
required retraction.
O

In particular we derive the following corollary.
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Corollary 3. Let S be a semialgebraic set and f : S — [0,00) be a proper, contin-
uwous semialgebraic function. Then for € > 0 small enough the inclusions:

{f=0={f<e} and {f>ef—>{f=e —={f>0}
are homotopy equivalences.

Proof. Let T = f~1([0,4]) for § small enough as given by propositions 1 and 2.
Consider the function

g =l {f =0 = {f =0}
where 7 is the retraction defined in the proof of proposition 2. Then propositions
1 and 2 combined together prove that T is a mapping cylinder neighborhood of
{f =0}in S, i.e. there is a homeomorphism

YT — My,
where M, is the mapping cylinder of g, such that t|(;—syufs=o} is the identity
map.
The conclusion follows from the structure of mapping cylinder neighborhoods. [

Finally we state the following corollary of Hardt’s triviality.

Proposition 4. Let A, B be semialgebraic sets and g : A — B be a semialgebraic,
surjective map. Then g admits a semialgebraic section o, i.e. a map 0 : B — A
such that g(o(b)) = b for every b € B.

Proof. By Hardt’s triviality theorem there exists a finite partition
m
B=]]B.
I=1

semialgebraic sets F} and semialgebraic homeomorphisms v : B; x Fj — g~ *(B)
for I = 1,...,m such that g(¢y(b,y)) = b or every (b,y) € B, x F;. For every
l=1,...,mlet a; € F; and define

ol (b) = (b, ar).
O

2.2. Convexity properties. We recall here some useful facts related to convex
open sets of R¥. We begin with the following; recall that for a given convex function
a and ¢ € R the set {a < ¢} is convex.

Lemma 5. Let a : R™ — [0,00) be a proper convex smooth function and xg € R™
such that a(xo) = 0, day, = 0 and the Hessian He(a),, of a at zq is positive definite.
Let also ¢ : R™ — R" be a diffeomorphism. Then there exists € > 0 such that for
every € < €
Y({a < €}) s convex.
Proof. Let ¢ be the inverse of 1, yo = 1¥(xo) and @ = ao¢. Then the set ({a < €})
equals {a < e}. Since day, =0, then
He(a)y, = "Joy,He(a)zy Jdy, > 0

and thus, by continuity of the map y — He(a),;, the function a is convex on B(yo, €’)
for sufficiently small €’; hence for every ¢ > 0 the set {G|p(y,,e) < c} is convex.

Since a is proper, then there exists € such that {y : a(¢(y)) < €} C B(yo,€’). Thus
{a < e} = {aB(y,,e) < €} is convex. O
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Consider a family of functions a, : x — a(x + g — w),w € W C R"™ with
compact closure, with a satisfying the conditions of the previous lemma. Since
He(ay )z = He(a),, then the exstimate on He(a,, ), can be made uniform on W. In
particular taking a(x) = |x|? we derive the following corollary.

Corollary 6. Let U be an open subset of R™ and ¢ : U — R™ be a diffeomorphism
onto its image. For every x € U there exists 0.(x) > 0 such that for every B(y,r) C
B(z,3d.(x)) with r < d.(x)

(B(y,r)) s convex.

Moreover if 1 is semialgebraic, then the function x — 6.(x) can be chosen semial-
gebraic.

Proof. The first part follows immediately from Lemma 5 and the previous remark.
In the case v is semialgebraic, then the condition for §.(z) to satisfy the require-
ments of the previous Corollary is a semialgebraic condition (according to Lemma
5 it is given by semialgebraic inequalities); thus the set S = {(z,d) € U x (0,00) :
d satisfies the condition of Corollary 6} is semialgebraic. Consider thus the semi-
algebraic function g : S — U given by the restriction of the projection on the first
factor. Then the first part of the proof tells that g is surjective; proposition 4 en-
sures there exists a semialgebraic section z — (x,d.(x)) of g and the function &, is
thus semialgebraic. O

We define now the tangent space to a convex set; this definition applies also
in the case we have a set Q C RF*! diffeomorphic to a convex set, using the
diffeomorphism to define it.

Definition 7. Let K C R**! be a conver set and y € K. We define the tangent
space to K at y by:

T,K = cone(K —y)
where cone(K —y) = {v € R¥1 . v =t(z —y) witht > 0 and v € K }.

All the definitions concerning smooth maps can be extended to the case of convex
sets (see [2]). For Q = K°N Sk, with K° a convex cone, and w € ) we define:

T.Q0=T,KNT,S*.

We will say that a map K — M, where M is a smooth manifold, is a smooth map
if it extends to a smooth map on an open neighborhood of K in R**1; we will say
that f: Q@ — M is smooth if it extends to a smooth map on K. In particular the
restriction of a smooth map to €2 is clearly smooth.

2.3. Space of quadratic forms. Let V be a vector space; we denote by Q(V') the
space of all quadratic forms on V. Notice that Q(V) is a vector space of dimension
d(d+1)/2 where d = dim(V'). We denote by Qq(V) the set of degenerate quadratic
forms, i.e. Qy(V) = {q € Q(V) : ker(q) # 0}; we will write QT (V) for the set of
positive definite quadratic forms.

In the case V = R"*! we simply write Q, Qp and Q* for Q(R"*1), Qg(R"*+1) and
Q+ (antl).

Suppose now that a scalar product in R®*! has been fixed. Then we can identify
each ¢ € Q with a symmetric (n+ 1) X (n + 1) matrix @ by the rule:

q(z) = (z, Q).
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Now also the value of g at © € P™ is defined: let S™ be the unit sphere (w.r.t. the
fixed scalar product) in R"*! and p : S — P" be the covering map; then, with
a little abuse of notation, if x = p(v) we will write ¢(z) to abbreviate g(v). The
etgenvalues of ¢ with respect to g are defined to be those of @:

AM(q) = - > Mg (a)-
Recall from the Introduction that we have defined
Dj={qec Q: \(q) # X j+1(9)}.

Notice that 7\ Q7+ C D; for every possible choice of the scalar product in R™*1.
On the space D; is naturally defined the vector bundle:

£y

|

D;

RI

whose fiber over the point ¢ € D; is (L;')q =span{r € R"*! : Qr = \jz,1 <i < j}
and whose vector bundle structure is given by its inclusion in D; x R+,
Similarly the vector bundle R*~7+! /Jj_ — Dj has fiber over the point ¢ € D;
the vector space (£ ), = span{z € R"™" : Qz = Nz, j+1 <4 < n+1} and vector
bundle structure given by its inclusion in D; x R™*1. Notice that

t LT D, +1

Lr@®L; =D xR"

and thus Whitney product formula holds for their total Stiefel-Whitney classes:
w(ﬁ;r) — w(L;) = 1. In particular:

’w1(£j) = wl(ﬁ;)
We recall the following fact (see [12]).

Lemma 8. Let R*' — E — X be a vector bundle and P* — P(E) 5 X be its
projectivization. Suppose f : P(E) — P" is a map which is a linear embedding on
each fibre, let x € HY(P";Z3) be the generator and set y = f*x € HY(P(E);Z2).
Then

k
y' =) mrw (B) — gt
i=1

Proof. Since f is a linear embedding on the fibres, then f*z generates the cohomol-
ogy of each fibre and by Leray-Hirsch theorem H*(P(E);Z2) is a H*(X; Z3)-module
with generators {1,y,...,4*"!}. The formula is the definition of Stiefel-Whitney
classes. O

In the sequel we will need for g € D; the projective spaces:
P]'JF(Q) = P(ﬁj)q and P/ (q) =P(L} )q.

For a given ¢ € Q with i~(¢) = ¢ (which implies ¢ € D,11—;) we will use the
simplified notation

P+(Q) = ij-s-l—i(‘J) and P~ (q) = Pn_-i-l—i(q)'
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(even if ¢ € D,,41_; for every metric still there is dependence on the metric for these
spaces, but we omit it for brevity of notations; the reader should pay attention).
Notice that ¢|p- (4 < 0 whereas g|p+(q) > 0, i.e. P*(q) contains also P(ker ¢). The
following picture may help the reader:

A(q) > > Xgimi- (@) 20> Aioi—(g)(@) > -+ > Anga(q)

P*(q) P=(q)

We recall the following result describing the local topology of the space of quadratic
forms.

Proposition 9. Let gy € Q be a quadratic map and let V' be its kernel. Then there
exists a neighborhood Uy, of qo and a smooth semialgebraic map ¢ : Uy, — Q(V)
such that: 1) ¢(qo) = 0; 2)1™ (q) =i (qo)+i" (¢(q)); 3) dimker(q) = dimker(¢(q));
4) for every p € Q we have dog,(p) = plv.

Proof. Let v be a closed semialgebraic contour in the complex plane separating the
non zero eigenvalues of ¢o from the origin. For any ¢ such that the corresponding
operator does not have eigenvalues on v we define 7, to be the orthogonal pro-
jection onto the invariant subspace V,(q) of the operator @) corresponding to the
eigenvalues which lie inside the contour - formally speaking we have to consider
the semialgebraic set S of the pairs (¢, L) where L is a linear map from R"*! to
V,(q) - and the correspondence ¢ — 7, is semialgebraic. Notice that in particular
Tgo|v = idy. Then the correspondence ¢ — ®(¢q) = g o my|v is semialgebraic and
satisfyies the required properties. For details the reader is referred to [2]. ([

2.4. Nondegeneracy properties. Consider the set K = {(2,q) € R"T! x Q| €
ker ¢} and the map h : K — Q which is the restriction of the projection on the
second factor. Let Qg be the set of singular forms and

Qo :HZj

be a Nash stratification (i.e. smooth and semialgebraic) such that h trivializes over
each Z; (see [7]).

Given a quadratic form g € Q we may abuse a little of notation and write ¢(-, -) for
the bilinear form obtained by polarizing ¢; no confusion will arise by distinguish
the two from the number of their arguments.

Lemma 10. Let r be a singular form and suppose r € Z; for some stratum of Qg
as above. Then for every q € T, Z; and zo € ker(r) we have q(zg, o) = 0.

Proof. Let r : I — Z; be a smooth curve such that 7(0) = r and 7(0) = ¢. By the
triviality of p over Z; it follows that there exists  : I — R"*! such that z(0) = zg
and z(t) € ker(r(t)) for every ¢t € I. This implies r(¢)(z(t), z(t)) = 0 and deriving
we get
0 =7(0)(x(0),2(0)) + 2r(0)(2(0), £(0)) = g(x0, zo)-
O

We recall that for K C R**! we defined Q = K° N S*; it is diffeomorphic to a
convex set and the notion of tangent space and of smooth map for it were introduced
before.
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Definition 11. Let f : Q — Q be a smooth map. We say that f is degenerate at
wo € Q if there exists v € ker(f(wo))\{0} such that for every v € T, we have
(dfwov)(x,2) < 0; in the contrary case we say that f is nondegenerate at wy. We
say that f is nondegenerate if it is nondegenerate at each point w € €.

Lemma 12. Let Q = [[V; be a finite partiton with each V; Nash and f : Q — Q
be a semialgebraic smooth map and Qo =[] Z; as above. Suppose that for every V;
the map flv, is transversal to all strata of Qu. Then f is nondegenerate.

Proof. Let wyg € Q and z € ker(f(wp))\{0}; we must prove that there exists v €
T.,,€? such that (df,,v)(z,x) > 0. Let V; such that wy € V;. Then T, V; C T,,9;
suppose f(wo) € Z;. Since fjy, is transversal to Z;, then

im(df\Vi)wo + Tf(wo)Zj =Q.
Thus let ¢* € Q be a positive definite form, v € T,,,V; and 7 € T}(,,)Z; such that
dfu,v +7=q".

Since x € ker(f(wo))\{0}, then the previous Fact implies 7(z,x) = 0, and plugging
in the previous equation we get

(dfoov)(z,7) = (df ) (x, ) + 7(z,7) = ¢* (2, 2) > 0.
O

Lemma 13. Let f : Q — Q be a semialgebraic smooth map. Then there ezists a
definite positive form qo € Q such that for every € > 0 sufficiently small the map
fe: Q — Q defined by

w = f(w) — €qo

is nondegenerate.

Proof. Let Q =[[V; and Qo = [[ Z; be as above. For every V; consider the map
F; . V; x QF — Q defined by

(w,q0) = f(w) = qo-

Since Q% is open in Q, then F; is a submersion and F; *(Qy) is Nash-stratified
by [1F;'(Z;). Then for gy € Q* the evaluation map w + f(w) — qo is transver-
sal to all strata of Qg if and only if gy is a regular value for the restriction of
the second factor projection m; : V; x Q% — Q7T to each stratum of Fi_l(Qo) =
[1E(Z;). Thus let m;; = (7"1’)|F;1(Zj) : F7YZ;) — QF; since all datas are
smooth semialgebraic, then by semialgebraic Sard’s Lemma, the set 3;; = {¢ €
QT : §is a critical value of m;;+ is a semialgebraic subset of Ot of dimension
dim(%;;) < dim(Q"). Hence ¥ = U; ;%;; also is a semialgebraic subset of QF
of dimension dim(X) < dim(Q") and for every qo € QT\X and for every 4,j the
restriction of w — f(w)—qo to V; is transversal to Z;. Thus by the previous Lemma
f —qo is nondegenerate. Since ¥ is semialgebraic of codimension at least one, then
there exists qo € Q1\X such that {tqg}s>0 intersects 3 in a finite number of points,
i.e. for every ¢ > 0 sufficiently small egy € QT\X. The conclusion follows. O

Let f:Q — Q be a smooth map. We define, for every V' C € the set
Bi(V) ={(w,z) e VxP" : f(w)(z)> 0}
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Lemma 14. Let f : Q — Q be a smooth nondegenerate map. Then there exists
01 : Q — (0,400) such that for every w € Q, for every Vi C Vi closed convex
neighborhoods of w with diam(V2) < 61(w) and for everyn € Vi such thati=(f(n)) =
i (f(w)) and det(f(n)) # 0 the inclusions

(n. PT(f(m)) = Bf(V1) = By (V2)

are homotopy equivalences.
Moreover in the case f is semialgebraic, then the function d1 can be chosen to be
semialgebraic (but in general not continuous).

Proof. The existence of d; is the statement of Lemma 8 of [2]. The fact that &,
can be chosen to be semialgebraic if f is semialgebraic follows directly from the
proof of Lemma 7 of [2]: in fact the set S of pairs (w,d) € Q x (0,00) such that
01 satisfies the requirement of the Lemma is semialgebraic (it is given by a formula
with semialgebraic inequalities). Lemma 8 of [2] tells that the projection on the
first factor g|s : S — € is surjective and, arguing as in Lemma 6, Proposition 4
gives the semialgebraicity. O

2.5. Negativity properties. Let now f: Q — Q and w € Q; let M(w) < 0 be

such that

)‘n+2 i=(f(w)) (f(w)) ( )
)

(notice that by definition A, 1o~ () (f(w)) is the biggest negative eigenvalue of
f(w)). Then by continuity there exists 05 (w) such that for every neighborhood V'
of w with diam (V') < §4(w) and for every n € V

)‘n+2—i_ (f(w)) (f(n)) < M(W)
Thus for every neighborhood U of w with diam(U) < 65 (w) we define:

P (w,U)={z €P" : thereexists neUst. x € P, (f(w))(f(n))}.

For z,y € Q we denote by dist(z,y) their euclidean distance and for r > 0 we set
B(z,r) ={w € Q : dist(z,w) < r}. We claim the following.

Lemma 15. For every w € Q there exists 0 < §5(w) < 85 (w) such that for every
neighborhood of w with diam(V') < §4(w)

CI(P™ (w,V)) S P"\{f(w)(x) = 0}.
Proof. By absurd suppose for every k € N the two sets Cl(P~ (w, B(w, 1/k))) and
{f(w)(z) >0} intersect Then for every k € N there exists a sequence xf, — x4, such
that for every z! there exists wl € B(w,1/k) such that 2} € P (w)(f(wé))
and f(w)(z) > 0.
Then it follows that f(w!)(z!) < M(w) and, by extracting convergent subsequences,
that

0< lim f(w)(zg) = lim f(wg)(zr) < M(w)

k—o00 k—o0

which is absurd since M (w) < 0 by definition. O

Lemma 16. For every w € §Q there exists 0 < d2(w) < 85 (w) such that for every
neighborhood V' of w with diam(V') < d2(w) the following holds:

CI(P™ (w, V) C P"\B(B;(V)).

Moreover in the case f is semialgebraic, then w — da(w) can be chosen semialge-
braic.
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Proof. Let W be a neighborhood of w with diam(W) < 65(w). Then the two com-
pact sets C1(P~ (w, W)) and {f(w)(z) > 0} do not intersect by the previous Lemma.
Consider the continuous function a : CI(W) x P* — R defined by a(n,z) = f(n)(x)
and a neighborhood U of {f(w)(z) > 0} in P" disjoint form C1(P~ (w, W)). Then
B-YU) N {a > 0} is an open neighborhood of {w} x {f(w)(z) > 0} in {a > 0}.
Consider now b : {a > 0} — R defined by (n,z) — d(n,w). Then, since {a > 0}
is compact, the family {b71[0,8)}s>0 is a fundamental system of neighborhoods
of b71(0) = {w} x {f(w)(z) > 0} in {a > 0}. Thus there exists § such that
b=10,8) C B-H(U)N{a > 0}. Hence any d(w) such that B(w, 362(w)) C B(w,d)NW
satisfies the requirement, since every neighborhood V of w with diam(V) < da(w)
is contained in B(w,3d2(w)) and

Cl(P™ (w, B(w,3d2(w))) C Cl(P~ (w, W))
C P"\B,({a = 0}) C P\, (B (B(w,302(w))))-

Suppose now that f is semialgebraic. Then the set S = {(w,d) € Q x (0,00) |Vr <
26, Vo € Cl(P™ (w, B(w,7))) : © € P"\B,(Bf(B(w,r)))} is semialgebraic too. Let
g : S — Q) be the restriction of the projection on the first factor; then g is semial-
gebraic and by the previous part of the proof it is surjective (for every w € € there
exists a J satisfying the query). Proposition 4 implies that g has a semialgebraic
section w +— (w, d2(w)) and d2 is the required semialgebraic function. O

2.6. Spectral sequences. Here we fix some notations and make some remarks
concerning spectral sequences which will be useful in the sequel. We always make
use of Zs coefficients, in order to avoid sign problems; the following results still
hold for Z coefficients, but sign must be put appropriately. All the introductory
material we present here is covered (up to some small modifications) in [8], to which
the reader is referred for more precise details.

We begin with the following.

Lemma 17. Let (C.,0,) be an acyclic free chain complex and (D.,0P) be an
acyclic subcomplex. Then there exists a chain homotopy

K* . C* i C*Jrl
such that 041Ky + K10, = I, and K.(D.) C (D.11)-

Proof. By taking a right inverse s{?_l of 5‘5 , which exists since Dy_; and hence

Zf_l are free, a chain contraction KqD for D is defined by: Ké) = qu(Iq — qu_lan).

Since Z, is free, then it is possible to extend qu_l to a right inverse sq—1 of Jg:
Sq—1: 4g-1 = Byg_1 — Cy.
Then by setting
Kq = sq(Ig = 5¢-10,)

we obtain a chain contraction for the complex (Cj, d,) which restricts to a chain
contraction for the subcomplex (D,,dP). O

Let now X be a topological space and Y be a subspace. Consider an open cover
U = {Va}aeca for X; we assume A to be ordered. For every ag,...,a, € A we
define Vag-a, tobe Vo, NNV, (sometimes we will use the shortened notations
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@ for (o, ..., 0p) and Vg for V..o, ). The Mayer-Vietoris bicomplex Ey*(Y") for
the pair (X,Y) relative to the cover U is defined by

ERIYU) =CPUUNY;CY) =[] CUVag-ay: Vagea, NY).

ap<-<ap

This bicomplex is endowed with two differentials: d : EL9(Y,U) — ELITH(Y,U)
and & : EPU(Y,U) — EYT(Y,U) defined for 1 = (1jag..a,) € EY*(Y,U) by:

(dN)aga, = dNaga, a0d (0N)ag-apyr = Znao---ar--ap‘vao cop
By the Mayer-Vietoris principle, each row of the augmented chain complex of
E;™(Y,U) is exact, i.e. for each ¢ > 0 the chain complex
0— CLX,Y) = C'UUNY,CT) —

is acyclic - we recall that (C};(X,Y),d) is defined to be the complex of U-small
singular cochains and that the following isomorphism holds:

Hu(Cy(X,Y)) = H*(X,Y).
From this it follows that
H*(X,Y) ~ Hp(Ey™ (Y, U))

where Hj,(Ey" (Y,U)) is the cohomology of the complex Ej " (Y,U) with differential
D = d+ 4. We also recall that

o CH(X,Y) — C*(U,UNY,C)

induces isomorphisms on cohomologies; if we take a chain contraction K for the
Mayer-Vietoris rows of the pair (X,Y"), then we can define a homotopy inverse f

to r* by the following procedure. If ¢ = """  ¢; and Dc = Z"H b; then we set
n ] n+1 )
fle) = (dK)'ei+ > K(dK)'b;.
i=0 =0

We define now E}*(Y,U) = Hq(Eo(Y,U))**. The bicomplex E;"*(Y,U) is naturally
endowed with a differential dy (i) defined in the following way: let n € EJY(Y,U)
be such that dn = 0, i.e. n defines a class denoted by [n]; in EY*(Y,U); then
dy (U)[m] is defined to be [6n]; € EPTHY(Y,U).

In general we say that an element 7 € E5'?(Y,U) such that dn = 0 can be extended
to a zig-zag of lenght r if there exist n; € EXT*I(Y,U) for for i = 0,...,r — 1
such that 19 = n and én; = dn;1q for every ¢ = 0,...,r — 2 (notice that this is a
necessary condition for n to define a class in Hp (Eo(Y,U))).

Thus n € E§Y(Y,U) can be extended to a zig-zag of lenght 1 if and only if dn = 0, i.e.
n defines a class [n]; € EY4(Y,U). We define inductively E,.(Y,U) from E,_1(Y,U)
in the following way:

ET’(Ya U) = Hdrfl(u) (Er—l(Ya U))

and if n € EPY(Y,U) is such that its class is defined in EP4(Y,U) we denote it
by [n]-; moreover we define the differential d,.(U) : E.(Y,U) — E.(Y,U) by the
formula:

drU)[n)r = [6nr-1lr,
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where 19, ...,n.—1 is a zig-zag of lenght r extending n (the fact that this zig-zag
exists is ensured by the fact that the class [n], is defined and similarly for the fact
that [0n,_1], is defined). If n € EPY(Y,U) defines a class [n], € EP4(Y,U), then
it is said to survive to E,.(Y,U). If this inductive procedure stabilize, i.e. if we
have E.(Y,U) = E,+1(Y,U) for some r > 0 and for every [ > 0, then we denote
by Eo(Y,U) this stable value. It is a remarkable fact that in this case, setting
EX(Y,U) = Sptq=«EPU(Y,U), we have for every | € Z :

EL(Y,U) = Hp(Eg™ (Y,U)) =~ H'(X,Y)

but this isomorphisms are not canonical, i.e in general they only tell that the di-
mensions of the previous vector spaces coincide.

The sequence of vector spaces with differentials (E,.(Y,U),d,(U))r>o is called the
Mayer-Vietoris spectral sequence associated to U and the fact the previous iso-
morphism holds translates the sentence that the spectral sequence converges to
Hp(Ey™ (Y,U).

We recall also that the bicomplex E;™(Y,U) is endowed with a Zs-bilinear product
EPUY,U) x Ey*(Y,U) — EET™7T°(Y,U) defined for n € EPY(Y,U), € Ey*(Y,U)
by:

(77 : "/})aﬂ"'ap+r = na()"'ap|vao---ap+ ~ wap~~-ap+r ‘Vao---ap+,,,7

r

where on the right hand side we perform the usual cup product. The differentials
D,d,d are derivations with respect to this product (we are using Zsy coefficients
and no signs are appearing) and each FE,.(Y,U) inherits a product structure from
E,_1(Y,U); it is worth noticing that the product structure of E* (Y,U) is different
from that of H} (Ey ™ (Y,U)). In the case we have a continuous map f : X — Q
and an open cover W of Q we have that f~!W is an open cover of X. Setting
U = f~'W in the previous constuction, the corresponding spectral sequence is
named the relative Leray’s spectral sequence of f with respect to the cover W (the
case Y = () correspond to the usual Leray’s construction as presented in [8].)

If we take the direct limit over all the open covers of ) (with the natural restriction
homomorphisms) we get what is called the (relative) Leray’s spectral sequence of
the map f:

(Br(Y),dp) = lim {(E,(Y,U),d(U))}
U=F—1W

The following result can be stated in much more generality (see [11]), but for our
purpose the following version is sufficient.

Theorem 18. Let Y C X and 2 be semialgebraic sets and f : X — Q be a
continuous, semialgebraic map. Then the Leray’s spectral sequence of f converges
to H*(X,Y) and the following holds:

ByU(Y) =~ HP(Q, F7)
where F is the sheaf generated by the presheaf V +— H(f~1(V), f~1(V)NY).

If we let Z C Y be a subspace, then E;*(Y) is naturally included in the Mayer-
Vietoris bicomplex E " (Z) for the pair (X, Z) relative to the cover I (here we omit
to write the U to avoid heavy notations):

io: By (Y) — Ey*(2).
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Since iy obviously commutes with the total differentials, then it induces a morphism
of spectral sequence, and thus a map

i s Hp(Bo(Y)) — Hp(Eo(2)).
At the same time the inclusion j : (X, Z) — (X,Y) induces a map
JFH*(X,Y)— H*(X,Z).
With the previous notations we prove the following lemma.

Lemma 19. There are isomorphisms fy @ Hp(Eo(Y)) — H*(X,Y) and f} :
H}(Eo(Z)) — H*(X, Z) such that the following diagram is commutative:

Hyy(Eo(Y)) —2— Hp(Eol2))

Iy fz

H(X,Y) —— H*(X,2)

Proof. The augmented Mayer-Vietoris complex for the pair (X,Y) relative to U is
a subcomplex of the augmented Mayer-Vietoris complex for the pair (X, Z) relative
to U. Thus by Lemma 17 for every ¢ > 0 there exists a chain contraction Kz for
the complex

0— CLX,Z) = C'UUNZ,CT) — - -
which restricts to a chain contraction Ky for the complex

0— CL(X,Y) = C'U,UNY,CT) — ---

We define fy and fz with the above construction and we take fy- and f7; to be the
induced maps in cohomology. Then fy restricted to Ey*(Y') coincides with fy and
since j* is induced by the inclusion j° : C}(X,Y) — C}(X, Z), then the conclusion
follows. 0

Remark 1. Notice that ig : E;”"(Y) — Ey"(Z) induces maps of spectral sequences
respecting the bigradings (i,)as : E2°(Y) — E%®(Z) and thus also a map iy :
Eo(Y) — E(Z). Even tough Eo(Y) ~ H*(X,Y) and E(Z) ~ H*(X, Z), in
general i, does not equal j, (neither their ranks do); the same considerations hold
for the more general case of a map of pairs f: (X,Y) — (X', Y’).

We recall also the following fact. Given a first quadrant bicomplex E;™ with
total differential D = d+¢ and associated convergent spectral sequence (E,, d,),>0,
then

EZ, ~ Hp(Ey)
and there is a canonical homomorphism
pe: Hp(Eo) — B

constructed as follows. Let [1)]p € HE(Ep); then there exists ¢; € Ey* ™" for
i=0,...,k such that D(¢)o +---+ ) = 0 and

[W]p = [0 + -+ Yr]D.
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By definition of the differentials d,., 7 > 0, the element 1)y survives to F.,. We check
that the correspondence

PE : [Y]p = [Yo]eo
is well defined: since ¢y € EJ* and Ei7 = 0 for i < 0, then [thloo = [t0h]oo if
and only if g and ¢ survive to Es and [¢g]1 = [¢(]1; if ¥ = ¢' + D¢, then
o = Y, + déo and thus [o]1 = [¢)]1-

2.7. Construction of regular covers. The spectral sequence we are going to in-
troduce will be a kind of Leray’s spectral sequence, hence defined using direct limits
over open covers. The aim of this section is to detect a family of covers of €2, cofinal
in the family of all covers, for which the direct limit map on spectral sequences will
be an isomorphism and such that they will be pratical for computations.

Lemma 20. Let f : Q — Q be a smooth map transversal to all strata of Qo =[] Z;.
For every w € Q let Ug,y and ¢ : Upy — Q(ker(f(w)) be defined by setting
qo = f(w) in proposition 9. Then there exists d4(w) > 0 and ¢ : B(w, d(w)) —
Q(ker f(w)) x RY, where 1 + dim(Q(ker(f(w))) = dim(Q), such that v is a diffeo-
morphism onto its image and the following diagram is commutative:

B(w, 8)()) —— Qker () x B!

N

Q(ker f(w))

Moreover if f is semialgebraic then w — d4(w) can be chosen to be semialgebraic.

Proof. If det(f(w)) # 0 then let d5(w) > 0 be such that f(B(w,d4(w))) N Qo = 0;
in the contrary case let f(w) € Z; for some j. Consider ¢ : U,y — Qker f(w))
the map given by the previous proposition. Since d@ )P = P|ker f(w) then doy ()
is surjective. On the other hand by transversality of f to Z; we have:

im(dfy,) + Tyw)Z; = Q
Since ¢(Z;) = {0} (notice that this condition implies (ddy(w))|1;(, 2z, = 0) then
Q(ker f(w)) = im(dd () = im(d(¢ o f).)

which tells ¢o f is a submersion at w. Thus by the rank theorem there exists U,, and
a diffeomorphism onto its image ¢ : U, — Q(ker f(w)) x R! such that p; 01 = ¢o f.
Taking d5(w) > 0 such that B(w,d5(w)) C U, concludes the proof.

In the case f is semialgebraic, then the set

S ={(w,0) € 2x(0,00) : Y|p(,s) is a diffeomorphism}
is semialgebraic too (by semialgebraic rank theorem 1 is semialgebraic (see [7]) and
the condition to be a diffeomorphism is a semialgebraic condition on its Jacobian).
By the previous part of the proof we have that the restriction g|s of the projection

on the first factor is surjective and the semialgebraic choice for 5 follows (as in the
proof of lemma 16) from proposition 4. O

Corollary 21. Under the assumption of lemma 20, for every w € ) there exists
d3(w) > 0 such that for every B(w',r) C B(w,3d3(w)) with r < d3(w) then

(BW',r)) s conver.
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In particular if w € B(wg, 1) for some wy,...,w; € Q and ro,...,r; < I3(w), then
for every 7 € N the space

{neQ:i (f(m)<n—3}yn ([ Blwk ) is acyclic.
k=0

Moreover if f is semialgebraic, then d3 can be chosen semialgebraic.

Proof. The first part of the statement follows by applying lemma 20 and corollary
6 to ¢ : U, — Qker f(w)) x RL.

For the second part notice that by Proposition 9 we have for every n € U,, (using
the above notations):

i7(fm) =17 (f(w) +17 (pr (2 (n)))-
This implies that, setting as above Q,_;(f) ={n € Q : i~ (f(n)) <n—j},

V(U N Qi () € Qnj(ker f(w)) x R,

where Q,,_j(ker(f(w))) = {¢ € Q(ker f(w)) : i (¢) < n — j}. Since for each
k=0,...,i the set ¢)(B(wg, rt)) is convex, then

ﬂ (B(wg,mk)) is convex
k=0

and by hypothesis it contains ¢ (w). Since Q,,—;(ker f(w)) x R! (if nonempty) has
linear conical structure with respect to 1(w), then

Y(Qn—ji(f)) N ﬂ Y(B(wg, ) is acyclic
k=0

and since ¢ : (), B(wg, 7x) C Uy, — Q(ker f(w)) x R! is a homeomorphism onto its
image the conclusion follows.

In the case f is semialgebraic, then v is semialgebraic and we let 65 and 6. be given
by Lemma refcomm and Corollary 6 respectively. As both §; and . can be chosen

semialgebraic, then the same holds true for §3 = min{d5, d.}.
(|

Let now f : Q — Q be smooth, semialgebraic and transversal to all strata of
Qo =[[Z;. Then we define § : @ — (0,00) by
§(w) = min{d; (w), d2(w), d3(w)}.
By construction d can be chosen to be semialgebraic. Under this assumption we

prove the following.

Lemma 22. Let W be an open cover of Q and f and § as above. Then there
exists a locally finite refinement U = {Vy = B(x4,040),Za € Q}aca satisfying the
following conditions: (i) for every multi-index & = (- -+ ;) with V5 # 0 there
exists wg € Vg such that for every k =0,...,1 the following holds:

B(xak’ 5ak) C B(wa,d(wa));

for every & multi-index we let ng be the minimum of i~ o f over Vg # (), then the
cover U can be chosen as to satisfy (ii):

Ny = MaAX{Nags - -+ Ny -
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Proof. We first set some notations. Let N = Hi:l N; C Q be a finite family of
disjoint smooth submanifold such that djz is continuous. For i = 1,...,[ let also
N! C N; be a compact subset and define N/ =[] N/.

Then there exists e(N,N”) > 0 such that for i # j the two sets {z € Q : d(z, N]) <
€W, N")} and {z € Q : d(x, Nj) < e(N,N")} are disjoint.

Let W be the cover {IW NN’ : W € W} and Ay~ > 0 be its Lebesgue number.
Finally let 8’ A = min,cn~ 36(n) > 0 which exists since d| is continuos and N is
compact.

We define 6(NM, ') > 0 to be any number such that

SIN,N') < min{e(N,N"), Anv, 6" A}
We construct now the desired cover. Let h : |[K| — Q be a smooth semialgebraic
triangulation (i.e. smooth one each simplex) of € respecting the semialgebraic sets
{w e Qi (f(w)) = k}ren and such that ¢ is continuous on each simplex (see [7]).
Thus Q =[] S;, where i =0, ...,k and S; is the image under h of the i-th skeleton
of the complex K.
Let So = {zo,...,x,} and define

u() = {B(CIJ“ 5(.5'0, So)),Z = 0, N ,’U}
and Ty = UiB(.ﬁi, (S(SQ, So))
Now proceed inductively: first set S; = [,, cf, h(oi;) and S; = [T h(os;)\Ti-1.
Then let U; = {B(a:f,&) : xf € Sland d; < §(S;, S1)} be such that U; and U; N S}
have the same combinatorics; let also T; be defined by

Ti = UVGUi‘/‘
With the previous settings we finally define
U=UyU---UUy.

Then U verifies by construction the requirements and this concludes the proof. [

Definition 23. Let f : Q — Q be a smooth semialgebraic map transverse to all
strata of Qo = [[Z; and 6 the semialgebraic function min{d1, 62,03} where d1,92
and 03 are given by Lemma 16, Lemma 14 and Corollary 21. Let W the open cover
of Q1 defined by

W= {Va = B(xaaéa)}aeA
for certain x, € Q and §o > 0, o € A. Then W will be called an f-reqular cover of
Q if it satisfies conditions (i) and (ii) of Lemma 22.

In particular Lemma 22 tells that the set of f-regular covers is cofinal in the set
of all covers of €.
3. THE SPECTRAL SEQUENCE
Using the above notations for Q = K° N S* ¢ (R¥+1)* we define
B = {(w,x) € A x P" : (wp)(z) > 0}.

The following lemma relates the topology of B to that of X. We have that B C
Q x P™ and we call §; and 3, the restrictions to B of the projection on the first and
the second factor.

Lemma 24. The projection B, on the second factor defines a homotopy equivalence
between B and P"\X = (3,.(B).



20 A. AGRACHEV AND A. LERARIO

Proof. The equality 5,.(B) = P*"\ X follows from (K°)° = K. For every x € P" the
set 871(z) is the intersection of the set 2 x {x} with an open half space in (RF+1)* x
{x}. Let (w,, ) be the center of gravity of the set 3 1(x). It is easy to see that w,
depends continuosly on = € 3,(B). Further it follows form convexity considerations
that (wy/ [|wz||,z) € B and for any (w,z) € B the arc (%,@, 0<t<1
lies entirely in B. It is clear that z — (w,/||ws|,z), z € B.(B) is a homotopy
inverse to [,. O

We first construct a slightly more general spectral sequence (Fy., d,.) converging to
H*(2xP™, B) which in general is not isomorphic to H,,—.(X). The required spectral

sequence (F,.,d,.) arises by applying the following Theorem to a modification (g, K)
of the pair (¢, K) such that H*(Q x P", B) ~ H,,_,.(X).

Theorem 25. There exists a cohomology spectral sequence of the first quadrant
(Fy,d,.) converging to H*(Q) x P™ B;Zs) such that for every i,5 >0

Fy? = HY(Q, Q71 Z,).

Proof. Fix a positive definite form and consider the well defined function a : Q x
P™ — R defined by (w,x) — (wp)(z). The function « is continuos, proper (2 x P"
is compact), semialgebraic and B = {« > 0}. By corollary 3, there exists ¢ > 0
such that the inclusion:

Be)={a>¢e}— B
is a homotopy equivalence.
Consider the projection Gj(e) : B(e) — Q on the first factor; then by theorem

18 there exists a cohomology spectral sequence (F).(€),d,(¢)) converging to the
cohomology group H* (2 x P™ B(e); Za) ~ H*(Q x P*, B; Zs) such that:

Fy(e) = H'(Q, F(¢))

where F7 (¢) si the sheaf generated by the presheaf V — H7(V xP", B;(e)~1(V); Zs).
Let now w be in Q; then for the stalk (F;(e)), = lim . F;(€)(V) we have from
Lemma 14

(]:j (6))w ~ Hj (]P;n’ Pn—indf(wp—eqo))
Hence if we set i~ (e) for the function w +— ind™ (wp — €qo), the following holds:

Thus the sheaf F7(e) is zero on the closed set Q,_;(e) = {i(¢) < n —j} and is
locally constant with stalk Zs on its complement; hence:

Fy7(e) = H'(Q, () = H (2, Yy (€); Z2).

Consider now, for ¢ > 0, the complex (Fy(e),D(e) = d + ). Then for €; < e
the inclusion C(ez2) — C(e1) defines a morphism of filtered differential graded
modules ig(e1,€2) : (Fo(er), D(er)) — (Fo(ea), D(e2)) turning {(Fo(e), D(€))}eso
into an inverse system and thus {(F.(¢), d,-(€)) }e>o into an inverse system of spectral
sequences. We define

(Fr,dr) = }iLn{(Fr(e), dr(€))}-

€
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We examine i (€1, €2) in’j(el)ﬁ Fi (€5); it is readily verified that for 4,5 > 0 the
map is(€1, €2); ;1 Fy? (e1) — Fy7(e2) equals the map

(€1, €2) « H'(Q, Quj(er)) — H'(Q, Qj(e2))

given by the inclusion of pairs (2, ,_;(€e2)) — (£, Q,—;(€1)). By semialgebraicity
i*(€1, €2) is an isomorphism for small €1, €2, hence is(eq, €2) is definitely an isomor-
phism and thus i (€1,€2) and if(e1, €2) : Hpy(Fo(er)) — Hj(Fo(ez)) are definitely
isomorphisms. Thus we have

Fy? = lm{ H'(Q, Q0 j(€); Z2)}.

The following lemma 26 gives im{H, (2, Q2,—;(¢))} =~ H. (%, QJ*1) (using the long
exact sequences of pairs). The chain of isomorphisms Lim{H Y, Qe jl€); Zo)} ~
(U {H(©, Q5 (€): Z)})* = (H:(Q, Q%13 Z5))* finally gives

Fy? = HY(Q,Q71 2,).
O

Lemma 26. For every j € N we have /! = Ueso Qn—j(€); moreover every

compact subset of QIt1 is contained in some Q,_;(€) and in particular

lim{ H. (2 (e))} = H.(Q7H),

Proof. Let w € |J.5oQn—j(€); then there exists € such that w € ,_;(e) for every
€ < €. Since for € small enough

im(6)(w) =i (w) + dim(ker wp)
then it follows that
it(w)=n+1-1i" (w) — dim(kerwp) > j + 1.

Viceversa if w € 71 the previous inequality proves w € ,,_;(e) for € small enough,
ie. we€UpsgQnjle).

Moreover if w € Q,,_;(€) then, eventually choosing a smaller e, we may assume e
properly separates the spectrum of wp and thus, by algebraicity of the map w — wp,
there exists U open neighborhood of w such that ¢ properly separates also the
spectrum of wp’ for every w’ € U (see [13]). hence w’ € Q,,_;(¢) for every v’ € U.
From this consideration it easily follows that each compact set in 711! is contained
in some ,,_;(€) and thus

lim{H. (Q_(€)} = H.(*),

€

O

Remark 2. Lemma 14 is not really needed to construct the spectral sequence. If
we consider C(e) = {(w,z) € @ x P* : (wp)(z) > 0)} then by lemma 3 the
inclusion C(€) — B is a homotopy equivalence for ¢ small enough. Consider the
projection f;(e) : C(e) — Q on the first factor; then by theorem 18 there exists
a cohomology spectral sequence (F.(¢),d,(¢)) converging to the cohomology group
H*(Q x P*,C(€); Z2) ~ H*(Q x P™, B; Zs) such that:

Fy7(e) = H'(Q, F(e))
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where F7 (¢) si the sheaf generated by the presheaf V +— H7(V xP", 31(e)~1(V); Zs).
Since C(€) and  are locally compact and (;(¢) is proper (C(e) is compact), then
the following isomorphism holds for the stalk of F7(e) at each w € Q (see [11],
Remark 4.17.1, p. 202):

(F7(€))w = H ({w} x P, Bi(e) ™ (w); Zo).
The set Bi(€) Hw) = {z € P" : (wp)(z) > €} = {z € P" : (wp — €qo)(z) > 0} has
the homotopy type of a projective space of dimension n — ind” (wp — €qo) and it
follows that, as above, Fy” (€) ~ H*(Q, Q,_;(€)). Letting € be small enough, Lemma
26 gives as before N _ _

lim{ F (6)} = HY(Q, 7).

It is possible to show that actually the two spectral sequences agree, but we prefer
the previous approach because it is more practical for computations.

Remark 3. Inthe case K # — K, i.e. Q # S!, then (E,.,d,) converges to H,,_.(X, Zy).

This follows by comparing the two cohomology long exact sequences of the pairs

(@ x P*, B) and (P",P"\X) via the map §,. In this case 3, : @ x P — P" is a

homotopy equivalence and the Five Lemma and Lemma 24 together give
H*(QxP" B)~ H* (P",P"\X) ~ H,_.(X)

the last isomorphism being given by Alexander-Pontryagin Duality.

Theorem A. There exists a cohomology spectral sequence of the first quadrant
(Ey,d,.) converging to H,_.(X;Zs) such that

Eyl = HY(CQ, YT 7).
Proof. Keeping in mind the previous remark, we work the general case (i.e. also
the case K = {0}). We replace K with K = (—o00,0] x K, the map p with the map
p: R"1 — R**2 defined by p = (—qo,p), where g is a positive definite form and
Q with . .

Q=K°nSH.
We also define
Y = {(n,w) € : ind" (wp — ngo) > j +1}.

Then, by construction,

PN (K) =p H(K) = X.

Applying Theorem 25 to the pair (p, K'), with the previous remark in mind, we get
a spectral sequence (ET, (fr) converging to H,,_.(X;Zs) with

Ey) = HY(Q, W 7).
We identify Q11 with Q7! 0 { = 0} and we claim that the inclusion of pairs
(Q, Q1) — (€, Q7+1) induces an isomorphism in cohomology. This follows from
the fact that (/t1 deformation retracts onto Q711! along the meridians (the defor-
mation retraction is defined since j > 0 and i*(1,0,...,0) = 0, thus the “north
pole” of S¥*1 does not belong to any of the Q7T1). Tf 15, < 1y then ind ™ (wp—mn1q0) >
ind™ (wp — 1m2q0) : thus if (n,w) € (7 +1 then all the points on the meridian arc con-
necting (7, w) with Q = QN {n = 0} belong to QI*1.
Noticing that (€, Q7+1) ~ (CQ, 711, where CQ stands for the topological space
cone of €, concludes the proof. O
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Corollary 27. Let = max,cqit(n), and 0 <b<n—pu—k then
Hy(X) =Zs.
In particular if n > p+ k then X is nonempty.
Proof. Simply observe that the group Eg’"fb equals Zs for 0 < b<n—pu—Fk and

that all the differentials d,. : E@"~% — Ern=b+7=1 for 1 > ( are zero, since they
take values in zero elements. Hence

Zy = B3 " = Hy(X).

4. THE SECOND DIFFERENTIAL

Suppose that a scalar product on R" ! has been fixed and let wl(ﬁj) € H'(D;)
be the first Stiefel-Whitney class of £j+ — D; (the definition of the previous bundle

depends on the fixed scalar product).
Notice that given z € H* (€, Q’T!) then the product

x— O prw (L)) € HP(Q, T U D;)

and since &/ C Q7+'UD; we can consider the restriction (z — 0*p*w1(£]))|.0) €
H*2(Q, Q7). With the previous notations we prove the following theorem which
describes the second differential for the spectral sequence of Theorem 25.

Theorem 28. Let 9* : HY(D;) — H?(, D;) be the connecting homomorphism.
Then for every i,j > 0 the differential dy : Fo? — Fit>7 ™ s given by:

dy(z) = (2 — 0*p w1 (L)) (.00)-

Proof. We fix at the very beginning a scalar product g; for this proof we will use
in the notations for the various objects their dependence on g.
Recall from Theorem 25 that we have defined (F;.,d,.) by:

(F’N dr) = lin hi>n {(FT(E,Z/[),CZT(E,Z/[))}

€ ﬂflw
where the (¢,U)-pair is the relative Leray’s spectral sequence for the pair (2 x
P", B(e)), the map £ and the cover U = B, W (the direct limit ranges over all
covers of Q). The set B(e) was defined using the function a : Q x P" — R,
a(w,z) = (wp)(x)/qo(x), where ¢ is a positive definite form, as B(e) = {a > €}.
By Lemma 13 we may assume qg is such that the map:

fe:w— wp—eq
is nondegenerate (and also can be made transversal to Qg and Q\DY, where DI =
ﬂij ). In this way Lemma 22 ensures the existence of an f.-regular cover of Q:

W = {Va = B(a:0a) taca

Thus the proof develops as follows. (i) We compute for € small and U = 3, W the
differential ds(e,U). Since W is fe-regular, then by Lemma 21, it is acyclic for each
FI(e) and thus the limit map gives for every 4,j € Z isomorphisms:

Fyl(e,U) ~ Fy (e).
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Under this isomorphism the differential da(e,U) happens to be given by:
z = (z— 0w (L)) (@001 ()

Thus under the limit map the second differential is given by the previous formula
for every fe-regular cover; since the set of such covers is cofinal in all covers of €,
then the previous is actually the expression for da(e). (ii) We perform the e-limit
and get the expression for da(e).

We stress that the definition of our spectral sequence using direct and inverse limits
is somehow formal: both limits are attained for ¢ small enough and W a f.-regular
cover.

We introduce now some auxiliary material. Let K" = K™ (i) be the Kunneth
bicomplex associated to the map F; : Q@ x P* — Q with respect to . Notice
that F""(e,U) is a subcomplex of K" and we denote by dp,dr and dx,dx the
respective bicomplex differentials (the first two are the restriction to Fj™* of the
second two).

For every w €  and € > 0 we let i~ (€)(w) = ind™ (wp — €qp) and for every multi-
index @ = (ap, ..., ;) such that V5 # 0 we let ns be the minimum of i~ (€) over
V5. We take an order on the index set A such that

a < implies ny < ng.

In this way, by Lemma 22, for every multi-index & = (ap, - . ., ;) such that Vg # 0
we have that ng = n,,. For every multi-index @& such that Vz # 0 let ws be given
by Lemma 22, i~ (€)(ws) = na, and we let 75z € Vi be such that det(fe(ns)) #
0,17 (€)(na) = na and fe(nz) € DY (such 74 always exists, and by transversality of
the map f. to Qg and to Q\DY, which have respectively codimension one and two,
there are plenty of them).

For every 0 < j <mn and o € A we define

N(a,j) = (Pji)g(fE(na))

where the g on (Pj_)g denotes the dependence on the fixed scalar product. Moreover

we let v(a, j) € CJ(P") be the cochain defined by the intersection number with
N(a, j); since N(a,j) is a Za-cycle, then v(a, j) is well defined and it represents
the Poincaré dual of N (o, j). Then we define a cochain 4% € Kg’j by

¥ (@) = Biv(a, j).
Notice that if n — n, +1 < j < n then , by Lemma 16, N(«,j) C P™\8,.(Bas(€))
and thus v(a, j) € C¥(P", 3,(Ba(€)). Hence
(1) n—ng+1<j<n implies %% (a) € CI(V, x P", Byle))

Moreover N(a,n —nq, + 1) is a (nq — 1)-dimensional projective space contained in
P™\ B, (Bay...a;a(€)) for every (ag,...,q;); thus by Lemma 14 if n —n,+1<j<n
then the cohomology class of v(a, j) generates H7 (P", 3,(Ba/(€))). Hence it follows
that for every @ = (g - - - o) such that Vg # ()

(2) n—na+1<j<n implies [*/(a)a] generates H’ (Vi x P*, Bz(e)) = Z,

For every ag, a1 € A such that V,,a, # 0 we consider a curve coga, : L — Vo, UVa,
such that caga, (1) = Na,, i = 0, 1; since Q\ f-1 (DY) has codimension two in €2, then
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we may choose a4, such that for every ¢t € I we have fc(cqpa,(t)) € DY. Con-
sider the R™~/*!-bundle LY(apa1) = ¢}, o, f(L;)? over I and its projectivization
P(Lf(apai)). Then the natural map

P(Li(apar)) — P"

defines a (n — j + 1)-chain T'(apa1,7 — 1) in P™. Let 7(apa1,5 — 1) be the j — 1-
cochain defined by the intersection number with T(apaq,j — 1). This cochain is
defined only on singular chains that are transverse to T'(aa, j — 1), but since such
chains define the same homology groups as the singular ones we may restrict to
them. Slightly abusing of notations we define 171 ¢ Ké -l by setting for every
ag, oy with Vo, # 0

0" apar) = Bit(apar, j —1).

The reader that feels uncomfortable with this assumption may prefer to use from
the very beginning triangulations of all the topological spaces we introduced (every-
thing is semialgebraic) and a bicomplex with simplicial cochains instead of singular
cochains; then using dual cell decompositions the above cochains happen to be ev-
erywhere defined. This procedure will end up with an isomorphic spectral sequence,
but it is remarkably more cumbersome.

Notice that 0T (apary, j—1) = N(ap, 7)+N (a1, ), hence dr(agay, j—1) = v(ag, j)+
v(ag,7); it follows that

(3) S =dg" 1

Moreover by construction if n —ng, +1 < j <nand n —n,, +1 < j <n, which
implies n — Ngga; +1 < J < n, then

(4) 01 (apar) € CT7H(Vigay X P™, Baga, (€)).

We compute now 661, Let (aparan) = @ be such that Vg # 0. Then the curves
Capars Cayay AN Caya, define a map agaya, : ST — Q and we have the bundle

Li(agarag) = 03 40, fE(L5)? and its projectivization P(L{(apaias)) over S*.

The natural map
P(LI(aparaz)) — P

defines a (n — j + 1)-cochain whose pullback under (3 by construction equals
S0~ (apajas). Thus by Lemma 8 we have:

(5) Ox0"Haporas) = w1 (O(coa1a2)) (7 (2)|agaras) + dr*? T (@paaz)
where wi (9(aparaz)) = wi(Lf(apaiaz)). Let now € e Fi (e,U); we define €0 e
Kg° by

§i’0(a0 e Oéi) = §i(a0 R ai)

i.e. the values of £9%(ag...a;) on every O-chain equals £ (ap...q;) € Zo. Notice
that by construction dx &Y = 0 and that

(6) di€ =0 implies &0 =0.

Everything is ready now for the part (i) of the proof.
Pick z € Fy”(e,U) =~ Fy”(€) and & € F{”(e,U) such that d;1£! = 0 and = = [¢7]5.
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According to the definition of dy(e,U), to compute it on & we must find in Fy(e, U)
a zig-zag:

0
d [
OF
N ——

such that [ng]z = x. This will give
dg(e,l/l)x == [(51’}1]2

We claim that ng = &0 - 9%, ny = £40. 91971 is such a zig-zag. First notice that
since & € F{(e,U), then (1) implies 40 - % € Fy7(e,U). Moreover by (2) it
follows that [¢80...4)0J]; = ¢ and thus
[0 ]y = .
We calculate now:
5F(£i,0 . ,l/)O,j) _ (SK(fi’O . wO,j) _ 57,',0 . (;Kwo,j _ gi,o . dKal,jfl
_ dK(é-i,O . el,jfl) _ dF(é-i,O . 01,]‘71)'

The first equality comes from Fé’j (e,U) C Ké’j; the second from d1&" = 0; the third
from (3); the fourth from (6); the last by &0 . 917~ € FiT7 (¢ /), which is a

direct consequence of (4). Thus the chosen pair is such a required zig-zag and we
can finally compute da(e,U)(z) = [§£ (€50 - 91771)]5. We have:

(SF(gi’O . el,j—l) — (SK(ELO . el,j—l) — 52’,0 3 5K91,j—1
and thus by (5) we derive:
[07(670 0" D)1 (- - aviga) = £ (w0 - - 0 )wr (O vicvip1 viga)).

This gives the description of [§¢(¢%0 - §1971)]; as the cochain representing (using
Fy(e,U) ~ F3(e)) the cohomology class (z — f:@*wl(Ej)9)|(g’gn7j+l(€)) (here we
are using the fact that w; (E;r) = w1 (L} )). This proves part (i).

We proceed now with part (ii). Define I'1 ; € H?(Q, D;) by

1"5170. = 8*w1(ﬁj+)9.
Consider now the following sequences of maps:

H2(Q, DY) 15 HX(Q, DY(€)) "5 H2(Q, Q2 j11(6)\ 2 (€)).

Notice that 7} f:l"i ; does not depend on g and thus the differential dy () is given
by

z = (2 — fITY D005 (0)
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for any g. Let now g = qo; then in this case DJ* = DJ’(¢) and f* = f. Consider
the following commutative diagram of inclusions:

. L .
Q) — (Y uDP)

p(e) p(e)

1(€)
(2, Qn—ji1(6) ———— (@, Qnj() UDJ)
Then, using p(e) also for the inclusion (Q,Q,_;(e)) — (2,Q711) and setting
71,5 = [T{%;, we have for z € H'(Q, Q") the following chain of equalities:

p(6) ((z = m)laen) = ple) " (z — fTT)) = u(e)"ple)"(x — fTT))
= &) (ple)" — fITT;) = da(€)(p(€)"x).

This proves that the following diagram is commutative:

. , (=)l ) .
Hi(Q, 1) —— P ive )

ple)* p(e)*

i dz(€) i+2
H' (2, Qp—j(€) ——— H"™(Q, L jt1(e))

From this the conclusion follows. O

We are now ready to prove the statement concerning the second differential of
the spectral sequence of Theorem A.
We let 0* : H'(D;) — H?(CS, D;) be the connecting homomorphism and we define
T1,5 € HZ(CQ,Dj) by
Y15 = O prwi (L))
(notice that all the previous objects are those associated to gy and that v, ; = p*¢;
as defined in the Introduction).

Theorem B. For every i,j > 0 the differential ds : E;] — E;+2’j_1i3 given by:
da(z) = (. — 7,5)|(ca.0i)-

Proof. We replace now K with K = (—00,0] x K, the map p with the map p =
(qo,p) : R™1 — R¥+2 where ¢y € QF, and we apply the previoius Theorem to
(p, K). As for Teorem A we use the deformation retraction (0, Q7 +1) — (Q, Qt1) =
(CQ,QIF1). Notice that we have also the deformation retraction

r:(Q,D;) — (Q,D;)
where D; is identified with ﬁj N {n = 0} : by definition w € D; if and only if
(n,w) € Dj and for every 0 < j < n+ 1 we have (1,0,...,0) ¢ D; since all

the eigenvalues of ((1,0,...,0),p) = —qo with respect to ¢o coincide. Then by
construction

7‘*’)/17j = 8*]7*101 (ﬁ;_)
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and by naturality the conclusion follows.

5. PROJECTIVE INCLUSION

In this section we study the image of the homology of X under the inclusion

map
L: X — P

Using the above notations, we define B = {(&,z) € Q x P : (&p)(x ) > 0} and
we call (F,,d,) the spectral sequence of Theorem A converging to H *(Q x P, B).
Moreover we let K" be the Leray bicomplex for the map QOxP? — (it equals
the Kunneth bicomplex for QO x P™). Thus there is a morphism of spectral sequence
(ir : B, — K,)z>0 induced by the inclusion j : (2 x P*,0) — (Q x P", B). With
the above notations we prove the following theorem which gives the rank of the
homomorphism

Lyt Ho(X) — H,(P™).
Theorem C. For every b € Z the following holds:
rk(ex)p = rk(ic0)0,n—b-

Moreover the map (ioo)0,n—b : E0 n—b _, KO "=b — 7, is an isomorphism onto its
image.

Proof. First we look at the following commutative diagram of maps

~ A (j*)n—b
H () x P, B)

H"(Q x P")

Bf Br
_p (jl*)nfb b
Hr=b (P PP\ X) ——0 fnb(pn)

P* p

Hy(X) Ch | emy

where the maps ¢, j* and j'* are those induced by inclusions and the P*’s are
Poincaré duality isomorphisms; commutativity follows from naturality of Poincaré
duality. Since Q ~ CQ, then it is contractible and f; : (Q x P, B) — (P",P"\ X)
is a homotopy equivalence; hence all the vertical arrows are isomorphisms. Thus
we identify (i.)p with (5%)n—sp.
Let now € > 0 be such that B(e) — B is a homotopy equivalence, where B(e) =
{(&,z) € QxP" : (&p)(x) > €} (such e exists by Lemma 3). Then the inclusion of
pairs

Q@ x P, B(e)) XL () x P, B)

also is a homotopy equivalence and the inclusion (€2 x P", () SR (QxP", B) factors
trough:
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(© x P, B(o))
Since j(e) is a homotopy equivalence, it follows that:

k(5 )n—p = 1k(5(€)")n—b-

Let now W be any cover of Q and U = B, YW. Consider the Leray-Mayer-Vietoris
bicomplexes F**(e,U) and K™ (U) with their respective associated spectral se-
quences; since io(e,U) : Fy*(e,U) — Ko™ (U) there is a morphism of respective
spectral sequences. Moreover by Mayer-Vietoris argument, the spectral sequence
(B (e,U), d(e,U))r>0 converges to H*(Q x P*, B(e)) and (K,.(U),d,.(U)),>o con-
verges to H* (Q x P, (). We look now at the following commutative diagram:

(ico(€,U)) =
B et) ————" KU u)

pE(Evu) PK
i5(6,U))n—
Hp ™" (Eo(e,U)) ale iy, Hy™ " (KoU))

(fe)™ (fri)™

~ A (j*)nfb N
H=5(Q) x P, B) ————— H"%(Q) x P")

The upper square is commutative, since if we let ¢ =g+ -+, _p € Eg_b with
Dy = 0, then (avoiding the (e,U)-notations, but only for the next formula):

pK(ZEk))nfb[w]E = pK[¢]K = [¢O]oo,K = (ioo)O,nfb[/(bO]oo,E = (ioo)O,nfpr[w]E~

The lower square is the one coming from Lemma 19 with the vertical arrows in-
verted, hence it is commutative.

Since K (U) = Ka(U) has only one column (the first), then pg (U) : Hp " (Ko(U)) —
K%"=%(U) is an isomorphism, hence for 0 < b < n and using the above identifica-
tions we can identify the map (5*),,—p with

(iso (€, U))0,n-0(PE(€;U))ns : HE " (Eo(e;U)) — Zo.
Since (pg(€,U))n—p is surjective, then:
k(5 )n—b = rk(ico(6,U))0n—b-

By Corollary 21 and Lemma 22 there exists a family C of covers which is cofinal
in the family of all covers such that for every U € C the natural map Fy”7 (e,U) —
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E37(€) is an isomorphism. Tt follows that rk(ise(€,U)on—b) = rk(ioo(€))0n_p, and
thus by semialgebraicity we have
rk(ioo(e))o,n—b = rk(ioo)o,n—b

It remains to study the map (iso)o.n_p: EL* 0 — KOn=b = K00,
If E%"~? is zero, then (100)0,n—b is obviously an isomorphism onto its image.
If E%"? is not zero then, since E3™~" = HO(CQ, Q1) it must be Q"~0+1 =
and thus Q* b+ = () and

Eon—b _ pn=b _ 7

o] - 2 - .

From this it follows that

:0,n—b __ :0,n—>b
i =iy

By the definition of the two spectral sequences as direct limits, for e sufficiently
small and U an f. regular cover, we see that is(e,2/)>" " is the identity and thus
also iy ™" HO(€,0) — HO(Q) @ H"b(P™) is the identity and then the conclusion
follows. d

Remark 4. Since here we do not need the cover to be convex, the existence of the
family C follows from easier consideration. Let h : Q — |K| C RY be a triangulation
respecting the filtration {QJ }?;"02, and W be a cover of . Let V' be a conver cover
of | K| refining h(W) and such that for every U’ € V' the intersection h(Q;) N U’
is contractible for every j (the existence of such a V' follows from the fact that
h(€;) is a subcomplex of |K|). Then the cover V = h~(V') refines W and since for
every j and U € V the intersection Qj N U is contractible, then the natural map
E37 (e, 87'V) — Fy?(e) is an isomorphism.
We can immediately derive the following elementary corollary

Corollary 29. Ifb > n — p then (j«)p = 0.

Proof. Since n — b < pu then Q"=+ =£ (). This gives Ea™ " = 0 and thus applying
the previous theorem the conclusion follows. (I

6. HYPERPLANE SECTION

We consider here the following problem: given X C P" defined by quadratic
inequalities and V' a codimension one subspace of R™*! with projectivization V C
P™ determine the homology of (X, X NV).

Thus let p : R**! — R*¥+1 O K be homogeneous quadratic and X = p~1(K) C P".
Let h be a degree one homogeneous polynomial such that
V={h=0}={h? =0}
We can consider the function i?} : 2 — N defined by
i{ (w) =" (wplv)
and we try describe the homology of (X, X NV) only in terms of it and i’.
We introduce the quadratic map py, : R**1 — R¥+2 defined by

pr = (p, h?).
Then we have the following equalities:
X=p,"(KxR) and XNV =p, " (K x (—o0,0]).
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We consider Q = (K x (—00,0])° N S¥*1, and the function i : R*! xR — N
defined by
i (w,t) =1 (pn(w, t) =it (wp + th?), (w,t) € RF xR,
For the moment we define, for j € Z the set
Yl ={neQ:if(n>j+1}
and we identify Q with {(w,t) € Q : t = 0}.
With the previous notations we prove the following.

Lemma 30. There exists a cohomology spectral sequence (G, d,) of the first quad-
rant converging to H,_.(X, X N'V) such that

G;’j _ Hi(Qj+17Qj+1).
Proof. Consider for € > 0 the sets Cj,(e) = {(n,z) € Q x P : (npy)(z) > €} and
C(e) = Ch(e) N x P™. By Lemma 3 for small € the inclusion

(Ch(e),C(€)) — (B, B)

is a homotopy equivalence (here By, stands for {(n,z) € Q x P : (npn)(x) > 0}
and B for B, N Q x P™).
Consider the projection £, : Q x P* — P"; then 3.(Bj) = P*\(X N H) and
Br(B) = P™\ X; moreover by Lemma 24 the previous are homotopy equivalences.
Hence it follows:

H*(Ch(e),C(€)) =~ H*(Bp, B) ~ H*(P"\(X N H),P"\X) ~ H,_.(X, X N H)

where the last isognorphism is given by Alexander-Pontryagin Duality. Consider
now 3; : Cp(€) — 2. Then by Theorem 18 there is a cohomology spectral sequence
(Gr(€),dr(€)) converging to H*(Ch(€), C(¢)) such that
Gyl = H'(Q,6())
where G7(e) is a sheaf such that for 5 € Q
(G7(€))y = H (B, (n) N Cr(e), B H(n) N C(e))

(here, reasoning as in Remark 2, we are using the fact that both Cj(e) and C(e)
are compact). We use now i, (¢) : ¢ — N for the function n — i~ (np, — eg) where
g is an arbitrary positive definite form, and we set ,_;(€) = {i, (¢) < n —j}. If
n & Q, then (3, (n) N Ch(e), B (n) N C(e)) =~ (PP~ (DM (); on the contrary if
n € Q then (B, (n) N Ch(e), B, (n) N C(e)) = (Pr=in () Pr=iy () Since Q is
closed in €2, it follows that
Gy’ (e) = H' (- j(e), 2n—;(e)).

We define now

(G, dy) = @{(Gr(da dr(€))}

€

and Lemma 26 finally gives

Gyl = HI(QIT Qi)
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We are ready now for the proof of Theorem D; we define for j > 0 the following
set:

¥, ={weQ:it (wplv) > j}.

Theorem D. There exists a cohomology spectral sequence (G, d,) of the first quad-
rant converging to Hy,_.(X,, X, N V) such that

Gy = H'(O, %), j>0, Gy’ =H(CQ,QY.

Proof. Take the spectral sequence (G, d,.) to be that of lemma 30; then it remains
to prove that Gé’j is isomorphic to the group described in the statement.

In the case j = 0 we have that O contains (0,...,0,1) and, since t; < to implies
in(w,t1) <if (w,ts), the set (! is contractible. Thus, using the long exact sequences
of the pairs, we see that for every ¢ > 0 the following holds:

GL0 = H(QL QY ~ H(CQ,QY).

We study now the case 7 > 0.
We identify O\{(0,...,0,1)} with Q x [0,00) via the index preserving homeomor-
phism

(W, 1) = (w, 1) /[|e]l-
Thus, under the above identification, we have for j > 0
P = {(w,t) € Q2 x[0,00) : i) (w,t) > 7+ 1}
and letting 7 : Q x [0, 00) be the projection onto the first factor, we see that
() ={w >0 st if (w,t) >4+ 1}

We prove that 7 : Q71 — 7(Q7+1) is a homotopy equivalence. Let w € m({7+1),
then there exists t, > 0 such that (w,t,) € Q7! Since Q1! is open, then there
exists an open neighboroud U, X (t1, t2) of (w,t) in Q9+1; in particular for every 5 €
U, we have (n,t,) € QI and o, - 1 — (n,t,) is a section of 7 over U,,. Collating
together the different o, for w € W(Qj +1), with the help of a partition of unity, we
get a section o : (1) — QI+ of m. Since for every w € w(QI11) the set {t >0 :
(w,t) € Qj‘H} is an interval, a straight line homotopy gives the homotopy between
o o7 and the identity on 7+, This implies 7 : Q91 — 7(Q9*1) is a homotopy
equivalence. Using the five lemma and the naturality of the commutative diagrams
of the long exact sequences of pairs given by 7 : (QF+1, Q1) — (x(QI+1) QI+
we get (mqi+1 = Id|gi+1):

ng — Hi<Qj+17Qj+1> ~ Hi(w<Qj+1)’Qj+l).
It remains to prove that for j > 0
(T =0,
First suppose that (w,t) € Q71 Then there exists a subspace W71 of dimension
at least j 4+ 1 such that p(w,t)|ws+r > 0. Then
wplwi+iny = p(w, ) |witiny >0
and by Grassmann formula

dim(W N V) = dim(W7H) + dim(V) — dim(W7H + V) > j
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which implies if; (w) > j, i.e. m(w,t) € Q{/ Thus
() c .
Now let w be in Q{'/; we prove that there exists ¢ > 0 such that i} (w,t) > j + 1.

Since w € Q{/ then there exists a subspace VJ C V of dimension at least j such
that

(.«.)p|vj > 0.

Fix a scalar product on R"*! and let e € R"*! be such that V+ = span{e}; consider
the space W = {Ae}rer + V7, whose dimension is at least j + 1 since e L VI C V.
Then the matrix for pp(w,t)|w with respect to the fixed scalar product has the

form:
(wag+t  twa
Qw(w,t) = ( wa wQv )

where wQy; is the matrix for p(w, t)|ys = wplys. Since wplys > 0 we have that for
wag wa

t > 0 big enough det(Qw (w,t)) = tdet(wQy:) + det( wa wQ,,; ) has the same sign
of det(wQy;) > 0. For such a ¢t we have

ﬁh(ﬁ% t)|W >0
and since dim(W) > j + 1 this implies (w,t) € Q! and w € 7(Q1). Thus

Q, cw(H

and this concludes the proof.

7. REMARKS ON HIGHER DIFFERENTIALS AND EXAMPLES

Let X C P™ be a compact, locally contractible subset and consider the two
inclusions:

X L P and PM\X - P
We recall the existence for every k € Z of the following exact sequence, which is a
direct consequence of Alexander-Pontryagin Duality:

i*

0 — ker(c,) — Hp(P"\X) & Hy(P") ~ H" *(P") & H"*(X) — coker(i*) — 0
In particular we have the following equality for the k-th Z,-Betti number of P™:
(7) be(P") = rk(c")k + rk(ju)n—k
Consider now p : R — RF+1 O K such that

it(pn) =p YneQ.
Then in this case Q! = --- = Q¥ = Q and Q**! = ... = Q"F! = (). For any
scalar product g on R™™! we have D, = Q* = Q and we denote by wy,, the k-th
Stiefel-Whitney class of the R¥#-bundle ﬁ*ﬁ;‘ — Q (notice that this class does not
depend on g). We define v, , € HFT1(CQ, Q)~H*(Q2) by
i = 8*wk7u

(notice that this notation agrees with the one previously used for 1 ;).
Letting (F,,d,) be the spectral sequence of Theorem A convergent to H,_.(X),
where as usual X = p~1(K) C P", we have that (E,,d,) degenerates at (k + 2)-th
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step and Ey = --- = Ejy1. Moreover Ej; has entries only in the 0-th and the
(k 4+ 1)-th column:

Zo ifa=0and u<b<mnor
EYY = a=k+land0<b<p
0 otherwise

Thus the only possible nonzero differential is dj. 1, for which we prove the following.

Theorem 31. Suppose it = u. Then Eo = -+ = Epy1 and the only possible

nonzero differential is dyy1 : ngl — E:Ill’b_k for u < b <n and it is given by:
dey1(7) =2 — Ypp

Remark 5. Notice that v, and z are nothing but numbers modulo 2, thus since

Eg’_f_’l =79 = E’,j_ﬂ’bik the element dy1(z) is nothing but the product xvyy .

Proof. By Theorem C we have that dj1 : ngl — Elgii’bfk is identically zero if
and only if rk(j.)n—p = 1 and formula (7) implies
(dk+1)op =0 iff rk(c*)p =0

where ¢* is the map induced by ¢ : P"\X < P". Consider now the following
commutative diagram:

B Q x P
Brot
ﬂ”B ﬁr
P\ X ¢ pn

Since 3, |p is a homotopy equivalence, then
rk(c™)p = rk(t* G-

Let P#~! — P(p*L,,) — Q be the projectivization of the bundle R* «— p*L,, — €.
It is easily seen that the inclusion

P(p*Ly) — B

is a homotopy equivalence. From this, letting [ : P(p*L,) — P™ be the restriction
of B, o to P(p*L,), it follows that:

rk(c*)p = rk(1*)p.

Let y € H'(P™) be the generator; since [ is a linear embedding on each fiber, then
by Leray-Hirsch, it follows that

H*(P(p*L,)) =H"(Q) o {1,l"y,..., (l*y)“‘l}.
Thus for 4 < b < n we have:
ry =(y)" =y — Ty
=B Wiy — (V) — ()

=0 we = (y)" "
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Thus (dg+1)o, is zero if and only if wy,, = 0 and by looking at the definition of
Vr,u We see that
di+1(z) = 2 — Vi oo
O

Ezample 2 (The case of one quadric). This is the most elementary example we can
consider, namely the homology of a single quadric in P". Let ¢ € Q be a quadratic
form on R™*! with signature (a, b) with a < b (otherwise we can replace ¢ with —q)
and a + b =rk(q) < n+ 1. Consider

Xop ={qg=0} CP"™

For example, in the case ¢ is nondegenerate (i.e. a+b=mn+1) then X, ; is smooth
and S~ x §*~1 is a double cover of it.
Define the two vectors h™ (X4 5), h" (Xap) € N by:

h™(Xap)=(1,...,1,0,...,0), hT(Xup)=(0,...,0,1,...,1).
—— ——
n+1-—b a
Then a straightforward application of Theorem A gives the following identity for
the array whose components are the Zg-Betti numbers of X, 4 :
(bO(Xa,b>7 s abn(Xa,b» = hi(Xa,b) + h+(Xa,b)-

Moreover if we let j : X, — P" be the inclusion, then Theorem C gives the
following:

(tk(jx)o, -+ -, k(G )n) = B~ (Xap)-

Ezample 3 (The case of two quadrics). In the case p = (q1,¢2) and it not con-
stant, then the spectral sequence of Theorem A degenerates at the second step and
E5; = E. In the case of constant positive index we can use Theorem 31 to find
H.(p~'(K)) (notice that K # {0} again implies Fy = Fx.)

Ezample 4 (see [14]). For a = 1,2,4, 8 consider the isomorphism R* ~ A where A
denotes respectively R, C, H, Q. Consider the quadratic map
he :R*@®R* - R*PR

defined, using the previous identification R* ~ A, by

(2, w) > (227, [wf? — [2[?).
Then it is not difficult to prove that h, maps S2?~! into S® by a Hopf fibration.
Hence it follows that

0= K, =h;'0)cP>* !

In each case we have it (wh,) = a for every w € Q = S®. Using Theorem 31, since
K, = () then d,1 must be an isomorphism, hence

0 # wy,q = wq(hiL,) € HY(S%).

For example in the case a = 2 we have the standard Hopf fibration hg|gs : S3 — S92
and the table for Fy = F3 is:

Zy|0]0] 0O
Zy|0]0] O
0 |0]|0]2Zs
0 |0]|0]Zs
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The bundle R? < ALy — S? has total Stiefel-Whitney class
”U.)(}_L:,CQ) =1 + U/Q’Q, w272 7é 0

and the differential dg is an isomorphism.
Notice that for a = 1,2,4,8 we have ker(wh,) = 0 for every w € Q. It is an
interesting fact that the contrary also is true.

Fact 1. if p : R™ — R! is such that ker(wp) = {0} for every w € S" and pjgm-1 :
Sm=1 _ §'=1 then, up to orthonormal change of coordinates p = h, for some
a€{1,2,4,8)}.

Proof. First observe that it = ¢ for a constant ¢ and that m = 2c¢. Then, since p
maps the sphere S2¢~! to the sphere S'~1, we have

0 =pt({0}) c P* L.

Thus Theorem 31 implies that the differential d; must be an isomorphism and this
forces | = ¢+ 1. Moreover the condition ker(wp) = {0} for every w € S¢~! says
also pjgze-1 : §2¢71 — S is a submersion. It is a well-known result (see [15]) that
the preimage of a point trough a quadratic map between spheres is a sphere, and
thus p|g2c-1 is the projection of a sphere-bundle between spheres, hence it must be
a Hopf fibration. ([l

The situation in the case {w € S'=! : ker(wp) # 0} = () with only the assumption
X = (which is weaker than p(S™~1) C S'~1) is more delicate.

Ezample 5. For i = 1,...,1 let p; : R — R**! be a quadratic map and set
N =3, n;. Define the map

@p; : RN — RFF!

by the formula
1
(ml,...,xl)HZpi(xi) Z; c R™.
i=1

Then for every w € S* we have

l

it (w(@ip)) = Zi+ (wpi).
i=1
In particular if each p; has constant positive index function with constant value p;,
then @;p; has also constant positive index function with constant value ), p;.

Generalizing the previous example, we consider now for a = 1,2,4,8 the map
he : R%2¢ — Rt defined above and we take for n € N the map

n-hg =@M he : R*" — RO
In coordinate the map n - h, is written by:
(w,2) = (2(z,w), [w]* = [|2]%), w,z €A™
Then for this map we have
it =na, and (n-he)*Lpa =n(hiL,) =hiL, ® - D hiL,

n
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The solution of {n - h, = 0} on the sphere S?¢~! is diffeomorphic to the Stiefel
manifold of 2-frames in A™, and it is a double cover of

n-K,={n-h, =0} cpPoL,

We can proceed now to the calculation of the Zs-cohomology of n - K,, using
Theorem 31: we only need to compute doy1, i.e. wa(nh;L,). Since wy(h;L,) =
Wa,q # 0, and wi(hiL,) = 0 for k # 0,k # a, then we have

wa(nhiL,) =nmod?2 € Zy = H(S).
There are some cases in which the problem of describing the index function can

be reduced to a simpler problem; this is the case of a quadratic map defined by a
bilinear one. We start noticing the following.

Fact 2. Let L be a n x n real matrix and @ be the symmetric 2n x 2n matrix

defined by:
0 L
Cr= ( ‘L 0 )

Then, setting ¢, for the quadratic form defined by = — (x, Q) we have:
i*(qz) = rk(L).

Proof. Let x = (z,w) € R*" ~ R" @ R"; then Qr, () = (fLLLZ) . Hence ker Q; =
ker L & ker L and
dim(ker Q1) = 2dim(ker L).
Consider now the characteristic polynomial f of Qp:
f(t) =det(Qr — tI) = det(t?] —'LL) = (—1)" det("LL — t*I) = (—1)"g(t*)

where ¢ is the characteristic polynomial of *LL. Let now A € R be such that
g(\) = 0; since ‘LL > 0, then A > 0 and f(£v/A) = 0. Since Q, is diagonalizable,
then for each one of its eigenvalues algebraic and geometric multiplicity coincide,
hence

*(g2) = 1 (42) = r(Qr).
It follows that )
it(qr) = 5(271 — dim(ker Q) = rk(L).
U

In particular if b : R® x R® — R**! is a bilinear antisymmetric map whose
components are defined by

0 B;
(l’,y) = <(l',y), (tBi, 0 ) (xay»
for certain real squared matrices B;, ¢ = 1,...,k + 1, then we can consider the
quadratic map
Db ]RQn N Rk+1
defined by (x,y) — b(z,y). In this case we define for w € S*¥ the matrix wB by
wB = wlBl + 4 wk+1Bk+1.
By the previous fact we have

it (wpy) = rk(wB).
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Ezample 6. Let R® be identified with the space of pairs of 2 x 2 real matrices. We
apply the previous consideration to describe the topology of

I'={(X,Y)eR®: [X,Y] =0}

Since the equation for I' are homogeneous, it is a cone, and we can study the
homology of its projectivization

P(I') C P.

If we define V = {(X,Y) € R® : tr(X) = tr(Y) = 0} and I'y = T'N 'V, then it is
readily seen that
=Ty ®R%
We proceed first to the computation of H,(P(T'y)) using the above theorems.
In coordinates (X,Y) = ((7 “.), (% %)) we have

{{X,)Y]=0}NV ={tz —ys = ot — yw = sz — wz = 0}.

Consider the following matrices

0 0 0 0 0 1 0 10
Bi=|0 -1 0|, Bo=|-1001], Bs=| 0 0 0
0 0 1 0 00 -1 0 0

and the bilinear map b : R? x R3 — R? whose components are (x,y) — (x, Biy).
Then pp : V — R3 equals the quadratic map defined by (X,Y) — [X,Y] (we are
using the above notations for the quadratic map p, defined by a bilinear map b).
It follows that

Iy =vVNT ={p, =0}.
Using wB for the matrix wy By + ws By + w3 B3, then by the previous fact we have
it (wpy) = 1k(wB) Yw € S%.

Let w@) the symmetric matrix associated to wpy by the rule (wpp)(x) = (z,wQpz).

Then
0 wB
Wiy = ( twB 0 )

The matrix wB, for w = (w1, ws,ws) € S? has the following form:

0 w3 (55)
—Ww2 —W1 0
—Wws 0 w1

and we immediatly see that rk(wB) = 2 for w # 0; this gives
it (wpy) =2 Vw €S2

Since it = 2, we can apply Theorem 31; letting (E,, d,.) be the spectral sequence of
Theorem A converging to H,,_.(P(I'y)), we have the following picture for Ey = F3 :

Zy|0]|0] 0
Zy|0]0] 0O
Zy|0]0] 0O
Zy|0]0] O
0 |0]|0]2Zs
0 |0]|0]Zs
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Consider the section o : S? — 52 x RS defined for w = (w1, ws,ws) € S? by:
a(w) = (w2,0,w1, —w1w37w2w3,wf +w§).

Since for every w € §?
(W@p)o(w) = o(w)
then it follows that o is a section of the bundle pj;L,. The index sum of the zeroes

of o (which occur only at (0,0,1),(0,0,—1) € S?) is even, thus the euler class e of
pp Lo is even. This implies

wa(PyL2) = emod 2 = 0.

Thus by Theorem 31 we have d3 = 0 and Fs = F3 = E,. It follows that the only
nonzero homology groups of P(I'y) are:

Ho(P(Tv)) = H3(P(I'v)) =22 and  Hi(P(I'v)) = Ho(P(T'v)) = (Z2)*.

Actually since the equations for I'y are given by the vanishing of the minors of the
matrix (,, 2 %), then I'y is the Segre variety ¥ ~ P x P2,

Notice also that in the case it = u if we take [ = {t?v}4cr, then we can easily
calculate the homology of X+ = {z € P : p(z) € [}}) (the preimage of a half
line): using Theorem 2 we immediatly see that Ey = Eo, which implies H, (X lj> ~
H, (P #).

Example 7. Consider the map p : R* — R? given by
(zo, 21,22, 23) — (ToT2 — 5”%@0% — X1%2,T1X3 — 993)

Then C = {p = 0} C P3 is the rational normal curve, the so called twisted cu-
bic. In this case Q = S? and the set {w € Q : ker(wp) # 0} consists of two
disjoint ovals in S?, bounding two disks B;, By. Then S? is the disjoint union of the
sets Int(B1), 0B1, R, 0B, Int(Bs), on which the function it is constant with value
respectively 2,1,2,2,2. Then

Q' =52 Q2=5%0B;, Q=90

and the second term of the spectral sequence (E,.,d,.) of Theorem A converging to
H;_.(C) is the following:

Zy| 0 |0 O
Zy| 0 |0 O
0 |Z2|0] O
0|0 |0]|Z

The differential ds : Ezl’1 — Eg”o is an isomorphism; hence E3 = F,, has the
following picture:

From the previous, using Theorem C, we see that j, : H1(C) — Hi(P3) is an
isomorphism (we can check this fact also by noticing that, since C' is a curve of
degree 3, then the intersection number of C' with a generic hyperplane H C P? is
odd).
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