Tangent Hyperplanes to Subriemannian Balls

A. A. Agrachev”

Abstract

We examine the existence of tangent hyperplanes to subriemannian
balls. Strictly abnormal shortest paths are allowed.

1 Introduction

We still know very little on the balls and spheres in general (in fact, even in
generic) subriemannian spaces. In particular, we do not know if small balls
are always contractible and small spheres are C%-manifolds. The difficulties
are due to the presence of so called abnormal or singular geodesics connecting
the center of the ball with the sphere. The distance is never Lipschitz in
the points of these geodesics where it has rather mysterious singularities.
Nevertheless, there is a good news at least under a generic assumption that all
nonconstant geodesics have corank 1 (see Definition 3). Let v(t), 0 <t <,
be the parameterized by the length shortest path between v(0) and ~(r).
Theorem 1 of this paper states that centered at (0) radius ¢ ball has a
tangent hyperplane at y(t), for any t € (0,7); see Definition 2 for the precise
definition of the tangent hyperplane.

We do not distinguish normal and abnormal geodesics in the statement
and in the proof of the theorem but actual geometry is very different. The
statement is well-known for strictly normal geodesics; moreover, the radius
t sphere is smooth in a neighborhood of ~(¢) in this case and is transversal
to 7. The situation is much more delicate for abnormal geodesics: they
are tangent to the spheres and this is why the distance is not Lipschitz. A
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similar result with additional assumptions was proved in [7]. Important extra
assumptions were Whitney stratifiability of the sphere and uniqueness of the
shortest path.

Theorem 2 of this paper is a counterpoint to Thorem 1: we show that
any ball contains a lot of non-extendable shortes paths such that the passing
through their endpoints spheres do not admit tangent hyperplanes in these
points.

2 Subriemannian structures

We start from basic definitions: see [2] for more details and examples. Let M
be a smooth manifold. A subriemannian structure on M is a homomorphism
f:U — TM, where U — M is a smooth vector bundle equipped with an
Euclidean structure. It is also assumed that f is bracket generating.

Let us explain the last property that is also called the Hormander condi-
tion. Let U be the C°°(M)-module of smooth sections of the bundle U, then
f(U) id a submodule of VecM = TM. We say that a submodule of VecM is
involutive if it is a Lie subalgebra of VecM.

Definition 1. A homomorphism f : U — TM is bracket generating if f(U)
1s not contained in a proper involutive submodule of VecM .

A Lipschitzian curve «y : [0,¢;] — M is called horizontal if there exists a
measurable bounded map u : [0,¢] — U such that 4(t) = f(u(t)) for a.e.
t € [0,¢;]. The subriemannian length of the horizontal curve is defined as
follows:

length(~y) = inf /|u(t)],y(t)dt 2A(t) = fu(t)) for a.e. t € [0,1] p,

where | - |, is the Euclidean norm on the fiber U, = 77*(q).

It is easy to see that any Lipschitzian reparameterization of a horizontal
curve is a horizontal curve of the same length. Moreover, any horizontal curve
is a reparameterization of a horizontal curve v parameterized by the length
such that length(ﬂ[ovtl) = t, Vt € [0,t1]. The subriemannian or Carnot—

Caratheodory distance between points qg, g1 € M is defined as follows:

0(qo, 1) = inf{length(y) : v is a horizontal curve, v(0) = qo, V(t1) = @1 }.
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Classical Chow—Rashevskij theorem implies that §(-,-) is a well-defined
metric on M and this metric induces standard topology on M. In particular,
small subriemannian balls are compact. Moreover, the subriemannian metric
space is complete if and only if all balls are compact.

Given ¢y € M, r > 0, we denote the centered at gy radius r ball and
sphere by B, (r) and Sy, (r), so that

By (r) ={q € M :6(q,q) <r}, Sg(r)={qe€ M:0(q,q) =r}.

If B, (r) is compact then any point of B, (r) is connected with ¢y by a
shortest horizontal path. In other words, for any ¢ € B, (r) there exists a
horizontal curve 7 such that v(0) = qo, v(1) = ¢ and §(qo, ¥(1)) = length(~).

Any segment of a shortest path is, of course, a shortest path between
its endpoints. In particular, if v is parameterized by the length and (r) €
Sy0)(r), then v(t) € Sy (t), Vt € [0,7].

Let ¢ € M and Ey C T, M be a co-oriented hyperplane (vector subspace
of codimension 1); then T, M \ Ey = E, UE_, where £, and E_ are positive
and negative open half-spaces of T, M.

Definition 2. We say that a co-oriented hyperplane Ey C T, M is tangent to
the ball By, (r) if for any smooth curve ¢ : (—1,1) — M such that ¢(0) = q
and ¢(0) € Ey there exists € > 0 such that p(t) ¢ By, (r), Vt € (0,¢) and
@(t) € By, (r), Vt € (—¢,0).

Obviously, the ball may have at most one tangent hyperplane at the given
point.

3 The endpoint map

Subriemannian structures f; : U; — M, i = 1,2 are called equivalent if there
exists a commutative diagram

Uy
Vv TM
X V
U,



where V' is an Euclidean vector bundle over M, g1, g» are epimorphisms and
|u;| = min{|v| ;v €V, gi(v) =u;}, Yu; €U;, i =1,2.

Equivalent structures have the same space of horizontal curves and the length
of these curves is the same.

We say that f : U — TM is a free subriemannian structure if U =
M x R* where R¥ is equipped with the standard Euclidean inner product.
Any subriemannian structure is equivalent to a free one.

Let f : M xR¥ — TM be a free subriemannian structure, e, . . . , e be the
standard orthonormal basis of R* and X;(q) = f(g, e;). A Lipschitzian curve
v : [0,t1] — M is horizontal for this subriemannian structure if and only if
there exist measurable bounded functions u; : [0,%;] — R such that 4(t) =

k 1 k 1
> ui(t)X;(y(t)), for a.e. t € [0,¢1]; moreover, length(y) = [(3 ui(t))2dt.
=1 0 =1

Now fix gy € M, a locally integrable vector-function
Fou(t) = (un(t), . ugl(t)), >0,

and consider the Cauchy problem

j= Zui(t)Xi(q), q(0) = go. (1)

The problem has a unique Lipschitzian solution defined on an interval [0, T').
Let ¢, € (0,7T); then the solution to the Cauchy problem

k

q= sz‘(t)Xi(Q)7 q(0) = qo,

i=1

is defined on an interval that contains the segment [0, ¢;] for any v sufficiently
closed to U in the L;-norm.

In what follows, we prefer a more convenient Lo-norm. Let Q% be the
set of all u € L5[0,¢;] such that the solution of (1) is defined on the segment
[0,#;]. Then €, is an open subset of L5[0,,].

The endpoint map F, : QL — M sends u € Q; to q(t), where

q(r) =Y u(r)Xi(a(r)), 0<7 <t 4(0) = go. (2)

i=1



Standard well-posedness results for the Cauchy problem imply that F ;0 is a
smooth map.
We have:

t
d(qo, q1) = inf /|u(7’)\ dr:u ey, Fo(u)=q p, Vt>0.
0

Moreover,

t
52(qg,q1) = inf t/ |u(¢)|2d7 cu €y, Filuy=q p, (3)
0

as easily follows from the Cauchy—Schwartz inequality.
t
Now assume that u € Qf , [ |u(7)[*dT =t and F,(u) € S, (t). In other
0

words, we assume that the solution of (2) is a shortest path connecting go
with Fi(u). The relation (3) implies that u is a critical point of the map

t
F! restricted to the intersection of € with the Ly-sphere {v: [ |o(7)|*dT =
0

t}. The tangent space to the Ly-sphere at u is equal to the ut = {v :
t

J (), u(r)) dr = 0}.

0

Definition 3. A non-constant horizontal curve -,

Y1) = Zui(T)Xi(v(T)), 0<7 <t 7(0) = (4)

is a subriemannian geodesic if D, Fy(u't) # T M. The codimension of the
subspace D, Fy(ut) C TywyM s called the corank of the geodesic 7.

We explained that any shortest path is a geodesic. It is not hard to show
that the corank depends only on 7 and not on the particular choice of u(-)
that satisfies (4).

Example. Let M = R3 = {(z1, 70, 23) : 2 €R, i =1,2,3}, k=2,

Xl('rlax%xfi) = (17070)7 X2(£17I27I3) = (07 ].,l’?), qo = (070707)7



then

FY (uy, us) = /1 w(t) dt, /1 us(t) dt, /1 u2<t)( j ulde)"dt

0 0

The curve ¢t — F] (0,1) is a geodesic of this structure. The corank of this
geodesic equals 1 if n =1 and equals 2 if n > 1.

Let F(U, M) be the space of subriemannian structures f : U — M en-
dowed with the C'*° Whitney topology and

FYU,M)={f € F(U M) : any geodesic of f has corank 1}.

It follows from the results of [5] that ' (U, M) contains an open dense subset
of F(U, M). Moreover, F(U, M)\ F'(U, M) has codimension oo in F(U, M);
see [4, Sec. 5] for the precise definition of subsets of codimension co and for
the techniques that allow to easily prove this property.

4 Main results

Everywhere in this section we assume that f € F*(U, M) and the ball B, (r)
is compact. We set:

Ay ={fa)(q):ae U}, A7 =span{[f(a),f(?)](q):a,v €U}

Theorem 1. Let g € S, (r) and v : [0,7] — M a parameterized by the length
shortest horizontal path connecting qo with q s.t. v(0) = qo, v(r) = q. Then
Vt e (0,7) there exists a tangent hyperplane to Sy, (t) at the point y(t).

Remark. The corank 1 condition is essential. Indeed, the simplest example
of a corank > 1 shortest path is one from the previous section with n = 2.
The balls for this example are described in [3]; they have acute angles at the
points of the corank 2 geodesic and do not admit tangent planes in these
points.

Theorem 2. Assume that A} # A2 . Then for any t from an everywhere
dense subset of (0,1) there exists g € Sy, (t) such that Sy, (t) does not admit
a tangent hyperplane at q;.



Proof of Theorem 1. We have: y(7) = F,
r. We fix t € (0,r) and denote E' = D, F} (u
E' is the tangent hyperplane to By, (t) at v(t).

), where |u(7)] =1, 0 <7 <
. We are going to prove that

L=

~—

Lemma 1. Let 4 : [0,t] — M be a horizontal path of the length t with the
same endpoints as y:

Y1) =Fg (@), 0<7 <t 5(0) =qo, ¥(t) = ().
Then D,F} (v') = E'.

Proof of Lemma 1. Let P/ : M — M be the diffeomorphism defined by

the relation P/ : q(t) — q(r), where ¢(7), t < 7 < r, is a solution of the
k

differential equation ¢ = > u;(7)X;(q). In particular, P/ (y(t)) = ~(r). The

i=1
curve

is a shortest path. Let (1) = F7 (4), 0 < 7 <t, then 3(r) = F; (v), 0 <
7 <r, where

u(r), 0 <7<t
U(T):{UET;,tSTST’

Hence D, F, (vt) is a codimension 1 subspace of T,M. I claim that

(L r (L r—t(, L
D, Fy (v7) = DyFy (u™) = Dy, Fy (up),
where u(7) = u(t +7), 0 <7 <r—t. Indeed, the restriction of both D, Fy
and D, Fy to the subspace {w : w(r) =0, 0 < 7 < t} equals DutF§(;;. Hence

both D, F; (v*) and D, F} (u') contain DutF;ﬂ(;)t(utL) At the same time, all
these three subspaces have codimension 1 in T} M.

Finally, D, F) (u') = P/, D,F} (u") and D, F} (u) = P/ D F} (a*). O

Lemma 2. Let p: (—1,1) — M, ¢(0) =~(t), be a transversal to E* smooth
curve. Then any W1 -neighborhood of Yo contains a horizontal curve
v :10,t] = M such that v'(0) = qo, 7' (t) € ¢((—1,1))\v(t), length(v') < t.
In particular, p((—1,1) \ {0}) N By, (t) # 0.

Proof. The statement is local and we can work using particular local co-
ordinates in a neighborhood of 7(¢). So we may assume that M = R" =
{(z,y) ;xR y eR}, p(s) = (0,5), E' ={(2,0) : 2 e R"'}.
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Let V C ut be an (n — 1)-dimensional subspace such that DqutO|V is
an isomorphism of V' and E;O. Let O; C V be the radius 1 Euclidean ball
in V, where inner product in V is the restriction to V of the L5[0,t] inner
product, and p : (z,y) — x be the projection of R™ on R"~. We define a
map P! : O; — R"! by the formula:

¢ =F —\/z U+ EV )
qDa(”)_qu (m( + ))7

then po ®! is a diffeomorphism of O; on a neighborhood of 0 in R"~! for any
sufficiently small . We fix such a small ¢.

By the Cauchy— Schwartz inequality, the length of the curve 7 +— F (w),
0 < 7 < t, doesn’t exceed Vi||lw||, Yw € Qf
Hence ®.(0;) € B,

Given s € (0,t), we consider the map

where || - || is the Ly norm.

Vit
0] - R ) =F | ———=(u+ev)].

The maps ®¢ uniformly converge to ®% as s — ¢. Hence p o ®*(0O;) contains
a neighborhood of 0 in R"™! for any s sufficiently close to ¢ and ®3(0;) N
(—1,1) # 0. At the same time, ||(u + €v)|jo,q]| is strictly smaller than [|(u +
ev)|pgll = V12 + |ev|? if s < t, while ][ is a shortest horizontal path of
the length t. Hence y(t) ¢ ®2(0,). O

We use notations introduced in the proof of Lemma 2. Let
B ={we Qfm wllP<t), St={we QZO w|* = t}. (5)
The relation (3) implies that By, (t) = Fy (B").

Lemma 3. For any sufficiently small connected neighborhood O of ulj
in Q , there exists € > 0 such that F (O, N B") No((—¢,¢)) equals either

p((=¢,0]) or ¢([0,¢)).

Proof. Recall that u is a regular point of the map p o F;O| st According to
the standard implicit function theorem, their exists a neighborhood O and
a diffeomorphism ¥ : O — R"~! x H, where H is a Hilbert space, such that
the following properties hold:



o U(u) = (0,0).

e U(O!) =0 x U, where O is a neighborhood of 0 in R"™ and U is a
neighborhood of 0 in H.

e U(S'NO!) = 0 x Uy, where Uy = U NHy and Hj is a codimension 1
subspace of H.

e poFl oW M (z,w)=2, z€0, wel.

Then U(B'N O!) = O x U_, where U_ is the intersection of U with a
closed half-space in H whose boundary is H.
We have:

FlL oW (@ w) = (z,a(z,w)), w€0, wel,

where a is a smooth real function, a(0,0) = 0. Moreover, Lemma 2 implies
that a(0,U_) \ {0} # (. The subset a(0,U_) C R is connected; we have to
prove that 0 is its boundary point.

Assume that it is an interior point: a(0,wg) < 0, a(0,w;) > 0 for some
wp, w1 € U_ and consider the broken line

w={swy:0<s<1}U{sw;:0<s<1}.

Then a(0,w) is a segment and 0 is an interior point of this segment. Hence
0 is an interior point of the segmenta(z,w), Vz close to 0. It follows that
Y(t) € intB,,(t), and 7 is not a shortest horizontal path. O

We say that ¢ is positively oriented for 7|j 4 if

F, (O, NB) Np((—¢,e)) = ¢((—¢,0])
in the notations of Lemma 3.

Lemma 4. If ¢ is positively oriented for |, then ¢ is positively oriented
for any other length-minimizing horizontal path connecting qo with y(t).

Proof. We use notations introduced in Lemma 1. Let ¢ > t be very closed
to t and ¢’ = p!p. By continuity, ¢ is positively oriented for Yljo,07- Now
consider u|y ] and apply Lemma 3 to the length-minimizing horizontal path
’7|[t,t’]‘



Obviously, F Wt/(t’)t ((’)Zl:ﬁ] N Bt'_t) C F!' (O NB") Hence ¢' is positively
oriented for ;4. On the other hand, positive orientation for 7|y . is de-
termined by the curve 7|;» and does not depend on the path connecting go
with ~(¢). O

We are now ready to complete the proof of Theorem 1. The set of length-
minimizers M = (F;O)_l (v(t)) N B is strongly compact. Lemmas 3 and 4

imply the existence of a neighborhood Of;, and € > 0 such that

Foo (O N BY) N (=2, €)) = (¢, 0)).

It remains to note that F (Og, N B') contains a neighborhood of ~(t) in
By, (t). Indeed, it follows from the continuity of F in the weak topology,
continuity of the subriemannian distance and the fact that weak convergence
of a sequence plus convergence of the norms of elements of the sequence imply
strong convergence. U

Proof of Theorem 2. Let (1) = F; (u), 0 < 7 < t, be a parameterized
by the length shortest path, £}, = D, F} (u").

Lemma 5. If By (t) admits a tangent hyperplane T.4Bg(t), then
Ty By (t) = Ey,.

Proof. We use notations (5). For any £ € E! there exists a smooth curve
and s — w(s) € By, s € (—1,1), such that u = w(0), £ = d%F;O(w(s))L:O.
Then o(s) = F} (w(s)) € By, (t), Vs € (=1,1), and § = ‘Z—f(O). Hence £ €
Tyt By (t). O
A shortest path v is normal if 4(t) ¢ E! and abnormal if #(t) € E.
Let A L By, A € T )M \ {0}, and P} : M — M be the diffeomorphism
defined by the relation P, _ : q(7) + q(t), where ¢(7), 0 < 7 < ¢, is a solution
k
of the differential equation ¢ = >~ u;(7)Xi(q). We set A, = P* A\, 0 <7 <
i=1
t, \; € T;‘(T)M.
If ~ is normal, then \,, 0 < 7 < ¢, is a solution of the Hamiltonian

: . k
equation A = H(X), where H(A) = 3> (A, Xi(¢))% A € T; M, q € M,
=1

and H is the Hamiltonian vector field on T*M associated to the function
H. Moreover, u;(7) = (A, X;(7v(7))), ¢ = 1,..., k. In local coordinates,
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g=z€R" A= ({x) e R" xR,

k . OH . OH
De X)) €= b=

=1

H(E, x) =

N | —

If v is abnormal, then A, satisfies the Goh condition: A\, L A?W), 0<1t<t.
Lemma 5 and well-posedness of the Cauchy problem for ordinary differ-
ential equations imply:

Corollary 1. Let v be a normal shortest path. If there exists a one more
shortest path (normal or abnormal) connecting qo with y(t), then By, (t) does
not admit a tangent hyperplane.

Normal shortest paths are projections to M of the solutions of the Hamil-
tonian system A = H(\); those parameterized by the length are projections
of the solutions that belong to the energy level H()\) = L. Moreover, the

2
following fact is well-known (see, for instance, [2]):

Proposition 1. For any compact K C H*I(%) there exists t' > 0 such

that for any solution N(t) € T7. ), 0 < 7 < r, of the system A = ﬁ()\)
with the initial condition A\(0) € K the curve | 5 a unique shortest path
connecting v(0) with v (t').

So short segments of abnormal geodesics are indeed shortest paths. It
may however happen that bigger segments are not like that.

Lemma 6. Given t € (0,7], there exists a solution of the system A =
H(X), H(\) = 3, whose projection to M restricted to the segment [0,t] is
not a shortest path.

Proof. Let ™ A(7) — A(t) be the flow generated by the system A = H()\)
and m : T*"M — M be the standard projection. Assume that 7 +— 7o
e (Xo), 0 <7 < tis a shortest path for any \g € H'(3) N1 M.

Let p € At \ (A2)*; then H(u) = 0 and H(X + p) = H(No) = 3.
Consider the family of normal shortest paths

vs(7) :WOGTﬁ(S,U—i-)\o), 0<7<t seR.
Let A\s(7) = eTFI()\o + sp) and

US(T) = ((AS(T)aXl(/V(T)»v T <)\5(7—)an(7(7))>7 0<r< t;



then v,(7) = Fr(us), As(7) = Pls(sp+ Xo) and A\y(1) L Ej , 0 <7 <t
Due to the compactness of the set of length minimizers, there exists a
sequence s, — oo (n — 00) such that us, strongly converges to a length

minimizer @ as n — oo. Then E!_ converges to £ and P! converges to
n n?’

t
u,T"

We obtain that 1\, (1) = P | (,u + i)\()) converges to \(1) = P p,
where A(t) L E%. The Goh condition implies that 1 = P.A(t) is orthogonal
to Ago that contradicts to our choice of . 0

Let B
v(r)=mo eTH()\O), 0<7<Ht, (6)

be a unique horizonal shortest path connecting gy with ~(¢). We say that ~y
is extendable if there exists ¢’ > t such that 7 — moe™()), 0 <7 <¢,isa
unique horizontal shortest path connecting gy with 7 o e ().

Lemma 7. The set £ of all \g € H™(5) N T M such that the curve (6) is

0

an extendable shortest path is a nonempty open subset of H‘l(%) N1y M.

Proof. The set £; is nonempty because the points connected with ¢y by
a unique normal shortest path form an everywhere dense subset of B, (r)
(see[l, 2]). Let Ay € £;; we have to prove that a neighborhood of Ay in
H~'(3) NTx M is contained in £.

First of all, there exists a neighborhood of the curve (6) in B, (r) free
of endpoints of abnormal shortest paths. This is because the set of these
endpoints is closed as the image of a compact set under the endpoint map.

Recall that ¢ € (0,¢] is a conjugate time moment for the geodesic

rmoe()), 0<7<Y, (7)

if \g is a critical point of the map X\ +— 7 o e’(\). Basic facts (see, for
instance, [2]):

e If (0,¢') contains a conjugate time moment and #' is not a conjugate
time, then the curve (7) is not a shortest path.

e [f any segment of the geodesic has corank 1, then conjugate time mo-
ments are isolated.
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Extendability of the geodesic v implies that (0,t] is free of conjugate time
moments.

Further, ¢ € (0,t'] is a cut time moment for the geodesic (7) if there exists
A€ H 'Y NT:M, A # )\ such that 7o e (\) = 7o e ()\g). Then the
point 7 o et (Ao) € By, (r) is a cut point. The set of all cut points is the cut

locus. One more basic fact (see, for instance, [2]):

e Assume that a geodesic

7'»—>7T067H()\), 0<7<t, (8)

does not admit conjugate time moments and endpoints of abnormal
shortest paths starting at gp. Then geodesic (8) is a unique shortest
path between its endpoint if and only if the interval (0, ') is free of cut
time moments.

These basic facts and compactness of the set of shortest paths together
with Proposition 1 imply that geodesic (8) is a unique shortest path between
its endpoints for any A sufficiently close to Ag and t' sufficiently close to
t. O

We are now ready to finish the proof of the Theorem. Lemmas 6, 7 and
connectedness of H~'(3)NT;; M imply that the boundary of £; is not empty.

0
Let A € 0&;, then 7 +— 7o eTﬁ(X), 0 < 7 <'t, is a non-extendable shortest
path.
The following known fact completes the proof (see [6, 2]): the endpoint of
a non-extendable shortest path is either the endpoint of an abnormal shortest
path or belongs to the closure of the cut locus. U
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