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We consider a smooth control system of the form:

q¢=fl(q), q€M, ucl, (1)

with a fixed initial point qog € M. Here M and U are smooth man-
ifolds (without border) and the vector fy(q) € T;M smoothly de-
pends on (q,u) € M x U and is measurable bounded with respect
to t € [0, 1].

We denote by U the set of all admissible controls; then U is
an open subset of L°° ([0,1];U). Hence U is a smooth Banach
manifold modelled on the space L>® ([O, 1];Rd‘mU>.

Given t € [0, 1] we define the “evaluation map” F; : U4 — M by
the formula Fi(u(-)) = q(t;u(-)); then F; is a smooth map from
the Banach manifold U/ to M.



Let ¢/ : M x U — R be a smooth ‘“Lagrangian’”. We consider
functionals ¢+ : U — R, 0 <t <1, defined by the formula:

t
or(u(-)) = /O 0(q(r u()), u(r)) dr. (2)

Definition 1. We say that v €¢ U is a normal extremal control if
there exists A1 € leil(u)M such that \{DyFq = duyp1, here A\{DyFy
is the composition of DykFy : Tuld — T, )M and Ay : Tp )M —
R. We say that a normal extremal control is strictly normal if it
s a regular point of Fy.

A family of Hamiltonians A, : T*MR, v € U, is defined by the
formula:

RE(O) = (N fl(@)) — (g, w), g€ M, XET;M.



Let o be the canonical symplectic formonT*M and w: T*"M — M
be the standard projection, w(T;M) = q. Recall that o = ds
where s is a Louville (or tautological) 1-form, (sy,n) = (A, mn),
VAXeET*M, ne Th(T*M). Given a smooth function h: T*M — R,
the Hamiltonian vector field h on T*M is defined by the identity:
dh = o(-,h).

Proposition 1. Letuc U and g(t) = q(t;u), 0<t<1; then u is
a normal extremal control if and only if there exists \; € T(.;.‘(t)M
such that

— <t <1.
oL R D 0, 0<t<1 (4)



The time-varying Hamiltonian system \ = E%(t)(A) defines a flow

S TM — T*M, P A0) — A1),
where A(r) = FL%(T)(A(T)), 0 < 7 < t. Obviously, ®(Xg) = M.
Moreover, w*fi%(t)(A) = fé(t)(Q)7 Vge M, XeT;M.

Let Pt : M — M be the flow generated by the time-varying sys-
tem ¢ = fé(t)@]), i.e. P':q(0) — q(t), where ¢(7) = fg(T)(Q(T)),
0 <7 <t Itfollows that ®t are fiberwise transformations and
%t __

) (T;M) = Tl’gt(q)M.



Now we consider Hamiltonian functions
gy = (hy, = hgpy) o @', wel, telo,1].

A time-varying Hamiltonian vector field g, generates the flow
(&)~ 1ol where ®! is the flow generated by the field hl. We
have:
t (3 2t (3 21t (X
t —po 89ﬁ(t)(>\0) — 0 0 gﬁ(t}(AO) _ 0 h,&(t)(At)
Jat) =+ ou ’ A2 A2 '

We introduce a simplified notation H; = gQu - recall that

Hy Ty pnU — Tg(t)U is a self-adjoint linear map.




More notations. Consider the map u — g%, (Ag) from U to T5 (T M)

We denote by Z; the differential of this map at u(t), Z; =

0G5y (A0)
u(& . then Z; is a linear map from TrnU to TXO(T*M)-

We also set X; = w2, then X; is a linear map from T,&(t)U to
T5HM. Finally, we denote by J : T;\O(T*M) — T)i\kO(T*M) the anti-
symmetric linear map defined by the identity 05\0(" )= (J-,-).




Note that T, U is the space of measurable bounded mappings
t—o(t) € TypyU, 0 <t < 1. We have:
_, [t
(D;Fy) v = Bt /O Xro(r) dr.

Now we introduce a “Gramm matrix’, a self-adjoint linear map

e Ty M — Ty, M defined by the formula:

t
r, = /O XX dr.

We see that w is a regular point of F; (i.e. Dg;F}; is surjective) if
and only if I is invertible.



The Hessian of g01|F_ at 4 is a quadratic form D? : ker Dz F1 —
1

1/~
(q(1))
R. This is the ‘second variation” of the optimal control prob-
lem at uw, the main object of this paper. It has the following

expression:

D2p1(v) = - [

0

1 1 t

(How(t), v(t)) dt — /O <J /O Zow(r) dr, Ztv(t)> dt,
(5)

where v € Ty and [3 Xyv(t) dt = 0.

Definition 2. The extremal X\, 0 < t < 1, is regular if u(-) is

smooth and H; is invertible for any t € [0, 1].



Linear map DyFy : Ty — Ty1yM and quadratic form DZe; are
continuous in the topology L2. Let V be the closer of ker Dz Fq
in the topology L2. Then V is a Hilbert space equipped with a
Hilbert structure

1
< vylvg >= /O (—Hyvy (£), va(t)) d.

Formula (5) implies that

D2p1(v) =< (I + K)vjv >, vV, (6)

where K is a compact symmetric operator on V. In particular,
the spectrum of K is real, the only limiting point of the spectrum
iIs O, and any nonzero eigenvalue has a finite multiplicity.
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Example 1. Let M =U =R?2, ¢ = (¢}, ¢?), u = (v}, u?), fu(q) =
u, £(g,u) = 3|u? + r(¢tu® — ¢?ul), g0 =0, %(t) =0. Then
2 2 1
Y = {ve L2([0, 1]: R?) : /O v(t) dt = 0.

It is convenient to identify R? with C as follows: (vl,v?) =
vl 4 iv2. A simple calculation gives the following expression for
the operator K:

Kov(t) = /Ot 2riv(T) dr — /Ol /Ot 2riv(T) drdt.

The eigenfunctions of this operator have a form t — ce?™t (0 <
t <1 c¢ce C, n==+1,+42,..., where the eigenfunction ce2™"
corresponds to the eigenvalue %

11



We denote by (; is the sum of positive roots (counted according
to multiplicity) of the equation

Oht, . Ohl O2ht.
det ({ at) ’“(“}(Xt) 4 si (t)(;"\t)) —0

u
ou = Ou Ou?

with unknown s.

Let Sp(K) C R be the spectrum of the operator K, Sp(K)\{0} =
Sp4+(K)USp_(K), where Sp1(K) C Rt. If Sp4(K) is an infinite
set, then we introduce a natural ordering of Spy(K) that is a
monotone decreasing sequence ayn, n € Z4, with the following
properties:

U {an} =Spx(K), #{ncZi: an=a}=ma  (7)
neliy
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Theorem 1.If (; = 0, then an = O(|n|™2) as n — +oo. If( is
not identical zero and H; and Z; are piecewise real analytic with
respect to t then Spy (K) and Sp_(K) are both infinite and

1
ap = 1 ‘ Crdt + O (\n|_5/3> as n — $oo. (8)

m™wn

A cancellation of slow convergent to zero terms of the opposite
sign in the expansion (8) gives the following:
Corollary 1. The depending on € > 0 families of real numbers

Z maQ, H (14 )™

aeSp(K) acSp(K)
o] >e || >e

have finite limits as € — O.
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We use natural notations for these limits:

trKk =1im > maa, detI+K)=Im ][] 1+ &)™

e—0 acSp(K) 7Y aesp(K)
|a|>e a2
Assume that AT(A\) = maxhl(A\) is smooth with respect to

uelU
A € T*M. We define the exponential map 5}51 : ToM — M by

the formula Ei(Xg) = m(X\), where Ar = h™()\r), 0 < 7 < ¢, and
set: Q+ = (Pﬂé)_lDXOSSO'

Theorem 2. Under conditions of Theorem 1, the following iden-
tities are valid:  det(I + K) = det(Q:I; 1),

1 st
trK = tr </O /O X H Zr I Z-Ho X dnztr;l> .
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et us consider a very simple example, a harmonic oscillator.

Example 2. M =U =R, fu(q) = u, £(q,u) = 3(u2 —r¢?), g0 =
0, u(t) = 0. Operator K has a form:

Ko(t) = r/ot(t — o(r) dr — r/lft(t — Po(r) drdt.
OO0

The eigenfunctions of this operator have a form t — ccos(nnt), c €

R, n =1,2,..., where the eigenfunction cCOS_(7T\7/1_t) corresponds

. r __ SIinvy/r .
to the eigenvalue )2 Moreover, Q1 = NG if » > 0 and
Q1 = ShT V|||r| if r < 0. The determinant formula from Theorem 2

-

OO .
coincides with the Euler identity: 1— L) — SNV o g
Y ,,,21( @2) =
hyperbolic version. The trace formula gives another famous Eu-
©.@)
i . T — T

ler observation: ngl )2 = 6
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Example 3. M =U =R", fu(¢) = Ag+u, £(q,u) = 3(|u? -
(g, Rq)), qo = 0, u(t) = 0, where A and R are symmetric m x m-
matrices. The determinant and trace identities take the form:

00 2 det (sim/R—AQ)
det (I — R(A%2 4+ (mn)21)~ 1) = ,
L ool R D) = (Jr = 1y e

i tr(R(A% 4+ (7n)?D)~ 1) =

n=1

tr( /// e(TQ—Qt)ARe(TQ—QTl) dTQdTldt(/Ol e—ZtA dt)_1>.

0<71 <1 <t<1
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The right-hand side of the determinant formula has an obvious
meaning also in the case of a degenerate R— A2 If m = 1, A=
a, R=a?+ b2, we get:

o0 a? + b2 asinb
I {1- 2 2| —

iy a< 4+ (7n) bsha

an ‘interpolation” between the classical Euler identity and its
hyperbolic version. The trace identity is essentially simplified if
the matrices R and A commute. In the commutative case we

obtain:

©@)

tr(R(A2 + (rn)21)~1) = %tr (R(ActhA - DA™2).

n=1
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Definition 3. We say that a compact quadratic form b(u) =
(Bu,u), uw € V, has the spectrum of capacity ¢ > 0 with the
remainder of order v > 1 if Spy(b) and Sp_(b) are both infinite
and

ﬁnZE—I—O(n_V) as n — $oo. (11)
n

We say that b has the spectrum of zero capacity with the re-
mainder of order v if either Sp4(b) is finite or B, = O(n™") as
n — +oo.
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Proposition 2. (i) Ifb has the spectrum of capacity ¢ > 0, then
sb has the spectrum of capacity sc with the remainder of the
same order as b, for any s € R.

(ii) Ifbq,b> have the spectra of capacities ¢1,s> with the remain-
ders of equal orders, then b1 ®bo has the spectrum of capacity
s1 + <o and the remainder of the same order as b1, bo.

(iii) Let Vo be a Hilbert subspace of the Hilbert space V and
dim(V/Vg) < co. Assume that one of two forms b or bl has
the spectrum of capacity ¢ > 0 with a remainder of order
v < 2. Then the second form has the spectrum of the the
same capacity ¢ with a remainder of the same order v.
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(iv) Let the forms b and b be defined on the same Hilbert space
Y, where b has the spectrum of capacity ¢ and b has the
spectrum of zero capacity, both with the reminder term of
order v. Then the form b+ b has the spectrum of capacity <

with the reminder term of order QV’/_;"ll.

Proof. Statement (i) is obvious. To prove (ii) we re-write
asymptotic relation (11) in a more convenient form. An equiva-
lent relation for positive n reads:

k
and similarly for negative n. Statement (ii) follows immediately.

#{kEZ:O<Bi<n}=gn—I-O(n2_V), as n — oo

Statement (iii) follows from the Rayleigh—Courant minimax prin-
ciple for the eigenvalues and the relation: ‘% — nng‘ = O(#) as
In| — oo for any fixed j.



To prove (iv) we use the Weyl inequality for the eigenvalues
of the sum of two forms. Weyl inequality is a straightforward
corollary of the minimax principle, it claims that the positive
eigenvalue number ¢ 4 5 — 1 in the natural ordering of the sum
of two forms does not exceed the sum of the eigenvalue number
1 of the first summand and the eigenvalue number 3 of the sec-
ond summand. Of course, we may equally works with naturally
ordered negative eigenvalues simply changing the signs of the
forms.

In our case, to have both sides estimates we first present b+ b
as the sum of b and b and then present b as the sum of b+ b
and —b. In the first case we apply the Weyl inequality with
i = n—[nd], j = [n°] for some § € (0,1), and in the second
case we take i = n, j = [n%]. The best result is obtained for

— 1
b=t O




We have to prove that the spectrum of operator K (see (6), (5))

has capacity = [g (¢dt with the remainder of order 3.

Let 0 = tg < t1 < --- <ty < ;41 = 1 be a subdivision of the
segment [0,1]. The subspace

t; l

(veVy :/t T X)) dt=0,i=0,1,...,1} = @ Vi, V; ¢ L2([0, 1];R™)
i i=0

has a finite codimension in V. The quadratic form

< Kolp >= /01 <JZtv(t),/Ot Zov(7r) dT> dt (12)

restricted to this subspace turns into the direct sum of the forms
tit1 t

< Kjvlv >:/ JZtv(t),/ Zoo(r)dr) dt, v; €V, i=0,1...1.
ti t;
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Under the analyticity condition we may assume that

k
0 —¢;(t)
Z{JZy = P ( | . )
where 0 < 2k < m and (;(t) are not identical zero. Indeed,
according to the Rayleigh theorem, there exists an analytically
depending on t orthonormal basis in which our anti-symmetric

matrix takes a desired form.

The functions (;(t), j = 1,...,k, are analytic and may have
only isolated zeros. Hence we may take a subdivision of [0, 1] in
such a way that (;(t), j = 1,...,k, do not change sign on the
segments [t;,t;41]. Actually, to simplify notations a little bit, we
may simply assume that (;(t) >0, 0<t<1, j=1,...,k In this

_ k
case ((t) = _21 ¢;(t).
]:
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Let us study our quadratic form on the space {v € L2([0, 1]; R™) :
fol v(t)dt = 0}. Recall that we are allowed by Proposition 3 to

work on any subspace of L2([0,1]; R™) of a finite codimension.
We set w(t) = fgv(f) dr; a double integration by parts gives:

/01 <JZtv(t), /Ot Zrv(T) d7> dt = /01 (JZy(t), Zyw(t)) dt+

[ (120, 200®) e+ [ (1200, [ Zewrydr) dr

Moreover, we have:

'/01 <Jth(t),th(t)> dt + /01 <Jth(t),/c)t Zrw(T) d7-> dt| < C/Ol w(t)|2 de
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Let A%, n € Z\ {0}, be naturally ordered non zero eigenvalues of
the quadratic form

/01 (T Zpo(t), Zyw(t)) dt + 6/01 w(t)|? dt.

The minimax principle implies that A\, < ap < A;f, n € Z \ {0}.

Moreover, the form

/01 (JZw(t), Zew(t)) dt + 0/01 lw(t)|? dt

splits in the direct sum of the forms

[ G,y dete [ wPd, =1,k (13)
0 & v;(t), w; CO w; ., 5 =1,...,k,

where v;(t) € R2, w;(t) = I3 vi(t), wj(1) =0 and J = <? _01)
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It remains to estimate the spectrum of the forms (13). To do
that, we’ll study the spectrum of the forms

[ GO, w@yds, e[ woPd,  (18)
g & j\t); Wy : o 1 :

and then use the Weyl inequality for the eigenvalues of the sum
of two forms. Weyl inequality is a straightforward corollary of the
minimax principle: it claims that the eigenvalue number 1475 —1
in the natural ordering of the sum of two forms does not exceed
the sum of the eigenvalue number 7 of the first summand and
the eigenvalue number 53 of the second summand.
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