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Transference plans

Let u, v € P([0,1]).
Definition (Transference plans)
The set of transference plans between 1, and v is

M(p,v) = {7T e P([0,1)?) : (P )ym = A (Pa)ym = 1/}.

It is easy to see that M(u, ) is a convex subset of P([0,1]).
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Transference plans

Let u, v € P([0,1]).

Definition (Transference plans)
The set of transference plans between 1, and v is

M(p,v) = {7T e P([0,1)?) : (P )ym = A (Pa)ym = 1/}.

It is easy to see that M(u, ) is a convex subset of P([0,1]).

We will denote the measurable sets of a Borel measure § as O,
and the M(u, v)-universally measurable sets as

O(p,v) :==N{O : m € N(p,v)}.
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Extremality = € M(u,v) is extremal in M(p, v)
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3 basic problems

We consider the following natural problems.

Extremality = € M(u,v) is extremal in M(p, v)
Uniqueness for fixed A € ©(u,v),

g{m e N(p,v) : 7(A)=1} =1
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Introduction
Transference plans
3 basic problems

3 basic problems

We consider the following natural problems.

Extremality = € M(u,v) is extremal in M(p, v)
Uniqueness for fixed A € ©(u,v),

g{m e N(p,v) : 7(A)=1} =1

Optimality for a fixed ©(u, v)-measurable cost
¢ : [0,1]?> — [0, oc], find sufficient conditions on a
transference plan 7 such that

/c7r=inf{/c7r:7r€|'|(,u,v)}
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3 basic problems

By noticing that

1. optimality is meaningful only if

N (u,v) = {w e M(u,v): /c7r < —I—oo} £
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3 basic problems

By noticing that

1. optimality is meaningful only if

N (u,v) = {w e M(u,v): /c7r < —I—oo} £

2. for Ae O(u,v)

T(A)=1 < /IA7r<+oo
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By noticing that

1. optimality is meaningful only if

N (u,v) = {w e M(u,v): /c7r < —I—oo} £

2. for Ae O(u,v)

T(A)=1 < /IA7r<+oo

3.3 (m(F) =1 A T of uniqueness) = m extremal
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Introduction
Transference plans

3 basic problems

By noticing that

1. optimality is meaningful only if

N (u,v) = {w e M(u,v): /c7r < —I—oo} £

2. for Ae O(u,v)

T(A)=1 < /IA7r<+oo

3.3 (m(F) =1 A T of uniqueness) = m extremal
one sees a similar structure in the above problems:

there is a set A, a measure ™ with w(A) =1 and its carriage I C A.
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Acyclicity and cyclical monotonicity

A counterexample

Admissible perturbations

The constraints
p=(Pr)m v = (P
imply that the admissible perturbations are in the set

A= {)\ e M([0,1]) : (P1)gh = (Pa)sA = o}.
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Acyclicity and cyclical monotonicity

A counterexample

Admissible perturbations

The constraints
p=(Pr)m v = (P
imply that the admissible perturbations are in the set

A= {)\ e M([0,1]) : (P1)gh = (Pa)sA = o}.

The constraint m € P([0, 1]) implies that
T+ A>0.
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Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity

A counterexample

Admissible perturbations

The constraints
p=(Pr)m v = (P
imply that the admissible perturbations are in the set

A= {)\ e M([0,1]) : (P1)gh = (Pa)sA = o}.

The constraint m € P([0, 1]) implies that
T+ A>0.

Finally we have to require that

7 + X is concentrated on A.
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Acyclicity and cyclical monotonicity

A counterexample

Cyclical perturbations

A particular family of perturbations are the n-cyclical
perturbations: for n € N and m € M*([0,1]?"), then

1 n
A= /[0 1o n Z (5(Xi+1 mod mYi) 6(Xi7y,'))m(dxldy1 .. dxpdyn).
’ i=1
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Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity

A counterexample

Cyclical perturbations

A particular family of perturbations are the n-cyclical
perturbations: for n € N and m € M*([0,1]?"), then

1 n
A= /[0 1o n Z (5(Xi+1 mod mYi) 6(Xi7y,'))m(dxldy1 .. dxpdyn).
’ i=1

In order to have A concentrated on A, one requires

m({(X17Y17 e 7Xn7}/n) : (Xi7}/i)7 (Xi+1 mod my,') € A}) =1
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Admissible perturbations
Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity

A counterexample

Cyclical perturbations

A particular family of perturbations are the n-cyclical
perturbations: for n € N and m € M*([0,1]?"), then

1 n
A= /[0 1o n Z (5(Xi+1 mod mYi) 6(Xi7y,'))m(dxldy1 .. dxpdyn).
’ i=1

In order to have A concentrated on A, one requires

m({(X17Y17 oy Xy ¥n) ¢ (Xiy ¥i)s (Xit1 mod n» Vi) € A}) =1L
In order to have m + \ > 0, one requires

1 n
n Z(P(Xi,yl'))ﬁm <.
i=1
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Necessary conditions Cyclical perturbations
Acyclicity and cyclical monotonicity
A counterexample

Acyclicity and cyclical monotonicity

The analysis if a set [ can carry perturbations of the above types
leads naturally to the following definition for sets.

Definition (Acyclicity and cyclical monotonicity)
Mclo,12is
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Acyclicity and cyclical monotonicity

The analysis if a set [ can carry perturbations of the above types
leads naturally to the following definition for sets.

Definition (Acyclicity and cyclical monotonicity)
Mclo,12is

acyclic Vn e N, {(x;,yi)}", T ({(x,-+1 mod m Vi), & F)
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Admissible perturbations
Necessary conditions Cyclical perturbations
Acyclicity and cyclical monotonicity
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Acyclicity and cyclical monotonicity

The analysis if a set [ can carry perturbations of the above types
leads naturally to the following definition for sets.

Definition (Acyclicity and cyclical monotonicity)
Mclo,12is

acyclic Vn € N, {(Xi,)/i)}?zl cr ({(X/+1 mod ns Yi)}
A-acyclic Vne N, {(x;,yi)}".; C T ({(X,+1 mod ns Yi)}

r)
A)

“rﬂ“rﬂ
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Admissible perturbations
Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity

A counterexample

Acyclicity and cyclical monotonicity

The analysis if a set [ can carry perturbations of the above types
leads naturally to the following definition for sets.

Definition (Acyclicity and cyclical monotonicity)

rclo,1?is

acyclic Vn e N, {(x;,yi)}", T ({(x,+1 mod s Yi)}
A-acyclic Vne N, {(x;,yi)}".; C T ({(X,+1 mod ns Yi)}
c-cyclically monotone Vn e N, {(x;,yi)}_, CT

r)
A)

“rﬂ“rﬂ

n

Z (c(Xi+1 mod ny¥i) — c(xi,¥i)) = 0.

i=1
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Acyclicity and cyclical monotonicity
A counterexample

In [5] it is proved that if A is analytic, then

Sup{f(A)a (Pi)s€ =mini=1,..., n} = inf Z/hmi,zhi > XA (s
i=1 i=1
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Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity
A counterexample

In [5] it is proved that if A is analytic, then
Sup{f(A), (P =mii=1,..., n} = inf { Z/hiniazhi > XA},
i=1 i=1

and as a consequence one obtains

Theorem (Necessary conditions)
The following holds:
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Sup{f(A), (P =mii=1,..., n} = inf { Z/hiniazhi > XA},
i=1 i=1

and as a consequence one obtains

Theorem (Necessary conditions)
The following holds:
Extremality 7 extremal = 3 C [0,1]? o-compact acyclic carriage
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Acyclicity and cyclical monotonicity
A counterexample

In [5] it is proved that if A is analytic, then
Sup{f(A), (P =mii=1,..., n} = inf { Z/hiniazhi > XA},
i=1 i=1

and as a consequence one obtains

Theorem (Necessary conditions)
The following holds:
Extremality 7 extremal = 3 C [0,1]? o-compact acyclic carriage

Uniqueness A analytic, ™ extremal = 3 C [0,1]? o-compact
A-acyclic carriage
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Admissible perturbations
Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity
A counterexample

In [5] it is proved that if A is analytic, then
Sup{f(A), (P =mii=1,..., n} = inf { Z/hiniazhi > XA},
i=1 i=1

and as a consequence one obtains

Theorem (Necessary conditions)
The following holds:
Extremality 7 extremal = 3 C [0,1]? o-compact acyclic carriage
Uniqueness A analytic, ™ extremal = 3 C [0,1]? o-compact
A-acyclic carriage
Optimality —c Souslin, ™ optimal = 3 C [0, 1]> o-compact
c-cyclically monotone carriage
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A counterexample

The above conditions are in general not sufficient [1]:
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Admissible perturbations
Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity

A counterexample

A counterexample

The above conditions are in general not sufficient [1]: as an
example, for a € [0,1] \ Q define the sets

A:{(X,y):y:x V y=x+a mod 1}
F={(x,y):y=x+a mod1}.
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Admissible perturbations
Necessary conditions Cyclical perturbations

Acyclicity and cyclical monotonicity

A counterexample

A counterexample
The above conditions are in general not sufficient [1]: as an
example, for a € [0,1] \ Q define the sets
A= {(X,y) 'y=x V y=x+a mod 1}
F={(x,y):y=x+a mod1}.

I"is acyclic in A, but the measure

(x,x+a mod 1)L
is nor unique in Mf(£!, £1) nor optimal for

1 Yy =x
c(x,y) =142 y=x+a modl.

+o00 otherwise
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Some tools from measure theory Linear preorders and uniqueness

Disintegration Theorem [3]

Let {X4}aca be a partition of [0,1] and i € P([0,1]). Let
h: X — A be the quotient map and

m = hypi, meaning that h™*(B) € ©, (m(B) = u(h~*(B)).
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Disintegration Theorem [3]

Let {X4}aca be a partition of [0,1] and i € P([0,1]). Let
h: X — A be the quotient map and
m = hypi, meaning that h™*(B) € ©, (m(B) = u(h~*(B)).

Definition (Disintegration)

The disintegration of u consistent with { X, }aeca is a map o +— pq
1. for all B € B, jia(B) is m-measurable;
2. forall Be B, Ac ©,,

-1 = m(do).
u(B O h(A)) = /A 4o (B)m(da)
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Disintegration Theorem [3]

Let {X4}aca be a partition of [0,1] and i € P([0,1]). Let
h: X — A be the quotient map and

m = hypi, meaning that h™*(B) € ©, (m(B) = u(h~*(B)).

Definition (Disintegration)

The disintegration of u consistent with { X, }aeca is a map o +— pq
1. for all B € B, jia(B) is m-measurable;
2. forall Be B, Ac ©,,

-1 = m(do).
u(B O h(A)) = /A 4o (B)m(da)

We say that the disintegration is strongly consistent if jio(X,) = 1.
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A theorem on linear preorders

Definition (Preorder)
R C [0,1]% is a preorder if

(Xay)a(}/az) €ER = (X,Z) € R.

R is a linear preorder if RUR™! = [0,1]°.
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A theorem on linear preorders

Definition (Preorder)
R C [0,1]% is a preorder if

(Xa)/)a(}/az) €ER = (X,Z) € R.

R is a linear preorder if RUR™! = [0,1]°.

Let £ := RN R™1: it is an equivalence relation.
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Some tools from measure theory Linear preorders and uniqueness

A theorem on linear preorders

Definition (Preorder)
R C [0,1]% is a preorder if

(xy)(y,2) eR = (x,2) € R.
R is a linear preorder if RUR™! = [0,1]°.
Let £ := RN R™1: it is an equivalence relation.

Theorem

If R € ©(u, ) is a linear preorder < on [0, 1], then the
disintegration w.r.t. E is strongly consistent, and the image set B
in the quotient space is a set of uniqueness of [(m, m).
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A natural preorder relation
A sufficient condition
Sufficient conditions

A natural preorder relation

Definition (Axial preorder)
We say that x < X/, x,x" € T, if 3n € N, {(x;, yi)}_; C T s.t.

{(Xi—f—l mod naYi)};’:l CAA (Xl = X, Xp+1 = X,)-
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A natural preorder relation
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A natural preorder relation

Definition (Axial preorder)
We say that x < X/, x,x" € T, if 3n € N, {(x;, yi)}_; C T s.t.
{(Xit1 mod mYi)} =1 CTA A (Xl = X, Xp+1 = X,)-

The equivalence relation E is the closed cycles relation: (x,x’) € E
iff E|{(Xi—i-1 mod na)/i)}7:1 cr

{(XiJrl mod n7yi)}7:1 CANA EIJ?J/(XJ =X, Xjr = X,)' (1)
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A natural preorder relation

Definition (Axial preorder)
We say that x < X/, x,x" € T, if 3n € N, {(x;, yi)}_; C T s.t.
{(Xit1 mod mYi)} =1 CTA A (Xl = X, Xp+1 = X,)-

The equivalence relation E is the closed cycles relation: (x,x’) € E
iff E|{(Xi—i-1 mod na)/i)}7:1 cr

{(XiJrl mod n7yi)}7:1 CANA EIJ?J/(XJ =X, Xjr = X,)' (1)

The relation E and the set I satisfy a crosswise relation: if
Yo := Pa(I N X, x [0,1]) then

MM Xy x[0,1]=TN[0,1] X Yo =TUXy x Yo=Ta. (2)
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A natural preorder relation
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Sufficient conditions

A sufficient condition

Theorem (Sufficient condition)

Assume that I is acyclic/A-acyclic/c-cyclically monotone and the
axial preorder < can be extended into a ©(u, j1)-measurable linear
preorder. Then the transference plan m concentrated on I is
extremal/unique/optimal.
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A natural preorder relation
A sufficient condition
Sufficient conditions

A sufficient condition

Theorem (Sufficient condition)

Assume that I is acyclic/A-acyclic/c-cyclically monotone and the
axial preorder < can be extended into a ©(u, j1)-measurable linear
preorder. Then the transference plan m concentrated on I is
extremal/unique/optimal.

Sketch of the proof

Step 1. Theorem 6 implies that the disintegration = [ pom(da)
is strongly supported. The crosswise structure (2) of I yields that
the same happens for v and =:

V:/Vam(da), T = /Wam(da), Ta € M(tas Va)-
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A natural preorder relation

ent condition
Sufficient conditions

Step 2. If hx, hy are the quotient maps, then by assumption
A’ := (hx ® hy)(A) € ©(m, m)

can be extended to a linear order of class ©(m, m),
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A natural preorder relation

A sufficient condition
Sufficient conditions

Step 2. If hx, hy are the quotient maps, then by assumption
A’ := (hx ® hy)(A) € ©(m, m)

can be extended to a linear order of class ©(m, m), and then from
the uniqueness part of Theorem 6 it follows

neN(m,m) (n({a=p}=1).
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A natural preorder relation

A sufficient condition
Sufficient conditions

Step 2. If hx, hy are the quotient maps, then by assumption
A’ := (hx ® hy)(A) € ©(m, m)

can be extended to a linear order of class ©(m, m), and then from
the uniqueness part of Theorem 6 it follows

neN(m,m) (n({a=p}=1).

In the original space this means that the disintegration of any
7' € Nf(u,v) w.rt. hx @ hy is given by

= /ﬂ';ﬁn(dadﬂ) = /w;m(da), T = T
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A natural preorder relation

A sufficient condition
Sufficient conditions

Step 3. By the definition (1) of E, in each class the set I,
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A natural preorder relation

A sufficient condition
Sufficient conditions

Step 3. By the definition (1) of E, in each class the set I,
acyclicity has a Borel countable limb structure [4]:
3{ C } ken, { Dk }ken, Borel and Borel functions
fi : Co = Dg_1, gk : Dk — C, such that 7 is
concentrated on the union of the following graphs

Fr = graph(fx), Gk = graph(gk)
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Step 3. By the definition (1) of E, in each class the set I,
acyclicity has a Borel countable limb structure [4]:
3{ C } ken, { Dk }ken, Borel and Borel functions
fi : Co = Dg_1, gk : Dk — C, such that 7 is
concentrated on the union of the following graphs

Fr = graph(fx), Gk = graph(gk)

optimality has two Borel optimal potentials ¢, ¥4:

=0 (x,y)erl
>0 otherwise

c(x,¥) = ¢alx) = Yaly) {
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A sufficient condition
Sufficient conditions

Step 3. By the definition (1) of E, in each class the set I,
acyclicity has a Borel countable limb structure [4]:
3{ C } ken, { Dk }ken, Borel and Borel functions
fi : Co = Dg_1, gk : Dk — C, such that 7 is
concentrated on the union of the following graphs

Fr = graph(fx), Gk = graph(gk)

optimality has two Borel optimal potentials ¢, ¥4:

=0 (x,y)erl
>0 otherwise

c(x,¥) = ¢alx) = Yaly) {

It follows that 7, is extremal/unique/optimal in M(uq, va).
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A natural preorder relation

A sufficient condition
Sufficient conditions

Step 3. By the definition (1) of E, in each class the set I,
acyclicity has a Borel countable limb structure [4]:
3{ C } ken, { Dk }ken, Borel and Borel functions
fi : Co = Dg_1, gk : Dk — C, such that 7 is
concentrated on the union of the following graphs

Fr = graph(fx), Gk = graph(gk)

optimality has two Borel optimal potentials ¢, ¥4:

=0 (x,y)erl
c(x,y) — x) —
(x,¥) = ¢a(x) = taly) {2 0 otherwice

It follows that 7, is extremal/unique/optimal in M(uq, va).
Step 4. Finally, Step 2 implies that all perturbations occurs only in
the equivalence classes {I',}oca, and Step 3 implies that our

measure is extremal/unique/optimal in each class. B

Extremality, uniqueness and optimality of transference plans

L. Caravenna, S.B.
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