ON THE EXTREMALITY, UNIQUENESS AND OPTIMALITY
OF TRANSFERENCE PLANS

STEFANO BIANCHINI AND LAURA CARAVENNA

ABSTRACT. We consider the following standard problems appearing in optimal mass transportation
theory:
e when a transference plan is extremal,
e when a transference plan is the unique transference plan concentrated on a set A,
e when a transference plan is optimal.
We study these three problems with a general approach:
(1) choose some necessary conditions, depending on the problem we are considering;
(2) find a partition into sets B, where these necessary conditions become also sufficient;
(3) show that all the transference plans are concentrated on Uq Bg.
Explicit procedures are provided in the three cases above, the principal one being that the problem has
an hidden structure of linear preorder with universally measurable graph.
As by sides results, we study the disintegration theorem w.r.t. a family of equivalence relations, the
construction of optimal potentials, a natural relation obtained from c-cyclical monotonicity.
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1. INTRODUCTION

Let (X,Q,un), (Y,X,v) be two countably generated probability spaces, and let (X x Y,Q ® X) be the
product measurable space. Using standard results on measure space isomorphisms (see for example the
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proof of the last theorem of [13]), in the following we assume that (X, Q) = (Y, %) = ([0, 1], B), where B
is the Borel o-algebra.

Let P([0,1]?) be the set of Borel probability measures on [0, 1]?, and let IT(u,v) be the subset of
P([0,1]?) satisfying the marginal conditions (P )7 = p, (P2)ym = v, where Py(z,y) = z, Pa(2,y) =y
are the projection on X, Y:

(g, v) = {m € P(0,1%) : (P)sm = o, (Po)gm = v}.

For 7 € TI(u,v) we will denote by T' C [0,1]? a set such that 7(I') = 1: as a consequence of the inner
regularity of Borel measures, it can be taken o-compact.

For any Borel probability measure m on [0,1]%, let ©, C P([0,1]?) be the m-completion of the Borel
o-algebra. We denote with O(u,v) C P([0,1]%) the I(, v)-universally measurable o-algebra: it is the
intersection of all completed o-algebras of the probability measures in II(u, v):

(1.1) O(uv) = {@,r,w € H(u,u)}.
We define the functional 7 : II(u,v) — R by

(1.2) I(m):= /c(x,y)ﬂ(dxdy),

where ¢ : [0, 1]2 — [0, +00] is a O(y, v)-measurable cost function. The set 1T/ (11, ) C (1, v) is the set of
probability measures belonging to II(u, v) and satisfying the geometrical constraint Z(r) < +o0.

The problems we are considering in the next sections are whether a given measure m € II(u, v) satisfies
one of the following properties:
e it is extremal in (u,v);
e it is the unique measure in (u,v) concentrated on a given set A € O((u,v));
e it is minimizing the functional Z(w) in (u,v).
We can restrict our analysis to the set IT/ (i, v), by
e defining ¢(z,y) = Ir for a particular set T’ with 7(T") = 1 in the first case,
e defining ¢(z,y) = 14 in the second case,
e assuming that Z(m) < +oo to avoid trivialities in the third case.
In all the above cases a necessary condition can be easily obtained, namely
e 7 is acyclic in the first case (Definition[3.2),
e 7 is A-acyclic in the second case (Definition [4.2),
e 7 is c-cyclically monotone in the third case (Definition [5.1).

Nevertheless, there are explicit examples showing that this condition is only necessary.

The kernel is the following idea (Lemma 2.5]). Let m € II(u, ) be a transference plan.

Theorem 1.1. Assume that there are partitions {Xa}acpo1], 1Ya}sejo,1) such that
(1) for all 7" € I (i, v) it holds 7' (UqXo X Yo) = 1,
(2) the disintegration ™ = [ wom(da) of m w.r.t. the partition {Xo X Yo tacpo is strongly consistent,
(3) in each equivalence class X, X Y, the measure 7, is extremal/unique/optimal in (e, Ve ), where

to = (P1)4Ta, Vo = (P2)gTa.
Then 7 is extremal/unique/optimal.

The main tool is the Disintegration Theorem/[A.7 presented in Appendix[A and applied to the partition
{Xa %X Yg}a pefo,)- This partition is constructed in order to satisfy Point (3).

Before explaining the meaning of the above conditions, we consider the following corollaries. Instead
of partitions, we will equivalently speak of equivalence classes and relative equivalence relations.

Corollary 1.2 (Extremality (Theorem[3.8)). Let m concentrated on a o-compact acyclic set T'.
If we partition the set I' into azial equivalence classes (Definition|[3.4), then w is extremal in II(p,v)
if the disintegration is strongly consistent.
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We show in Theorem that the strong consistency assumption in the above corollary is nothing
more than the countable Borel limb condition of [12].

Denote with hx, hy the quotient maps w.r.t. the partitions {Xa}acp01], {Y5}gej0,1- In Lemma|[2.4]
it is shown that if Conditions (1) and (2) of Theorem [1.1]are valid for 7, then there exists m € P([0,1])
such that (I,I)ym = (hx, hx)gp = (hy, hy )iy = (hx ® hy )y7.

Let now A be an analytic set and define the image set

A/ = (hX ® hy)(A)

Corollary 1.3 (Uniqueness (Page18)). Let m concentrated on a o-compact A-acyclic set T.
If we partition the set T into axial equivalence classes, then 7 is the unique measure in I(u,v) con-
centrated on A if
(1) the disintegration is strongly consistent,
(2) there exists a set B € ©(m,m), B D A’, which is the graph of a linear order.

Notice that one can always take as a quotient space a subset of [0, 1], by the Axiom of Choice, but the
image o-algebra does not contain in general all Borel sets. Moreover, by Lemmal4.7] A’ is by construction
the graph of a partial order, which again by the Axiom of Choice can be always completed to a linear
order. The two assumptions above are therefore a measurability assumption, made precise in Remark
A and T" induce a preorder on [0, 1] which is contained in a linear (or total) preorder with universally
measurable graph.

Finally, let ¢ : [0,1]? — [0, +0c] be a coanalytic cost.

Corollary 1.4 (Optimality (Theorem [5.6)). Let m concentrated on a o-compact c-cyclically monotone
set T' and partition T w.r.t. the cycle equivalence relation (Definition[5.4).

Then, w c-cyclically monotone is optimal if

(1) the disintegration is strongly consistent,

(2) the image set A" := (hx @ hy )({c < +00}) is a set of uniqueness.

If we use as condition for uniqueness the linear order condition, then the interpretation of this corollary
in terms of order relation is analogous to the one above and it is performed in Remark[5.10: {¢ < +o0}
and T induce a preorder on [0,1] which is contained in a linear preorder with universally measurable
graph.

The above result generalizes the previous known cases:

(1) if p or v are atomic ([19]): clearly m must be atomic;
(2) if ¢(z,y) < a(z) + b(y) with a € L*(pn), b € LY(v) ([20]): m is a single J;
(3) if ¢: [0,1]?> — R is real valued and satisfies the following assumption (|2])

V({y : /c(x,y)u(da:) < +oo}) >0, u({x : /c(x,y)y(dy) < +oo}> >0

in this case m is a single ¢;
(4) If {¢c < 400} is an open set O minus a p ® v-negligible set N ([3]): in this case every point in
{¢ < +o0} has a squared neighborhood of positive m-measure satisfying condition (5.4b) below.
In each case the equivalence classes are countably many Borel sets, so that the disintegration is strongly
consistent and the acyclic set A" is a set of uniqueness (Lemma[4.18).

1.1. Explanation of the approach. The three conditions listed in Theorem[I.1]have interesting inter-
pretations in terms of measurability, marginal conditions and acyclic perturbations.

We first observe that the mecessary conditions considered in all three cases can be stated as follows:
the transference plan 7 is unique/optimal w.r.t. the affine space generated by w+ ., where A. is a cyclic
perturbation of .

Moreover, the partitions have a natural crosswise structure w.r.t. It if {Xs}a, {Y3}s are the corre-
sponding decompositions of [0, 1], then

(1.3) TN(XoxY)=TN(X xY,)=TN(Xa x Ya).

This is clearly equivalent to I' C U, X, X Yy, so that Condition (I) is satisfied at least for 7 and for its
cyclic perturbations.
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This and consequently Condition (1) are conditions on the geometry of the carriage T', since the specific
construction depends on it. In fact, fixed a procedure to partition a set I, it is easy to remove negligible
sets obtaining different partitions: sometimes Theorem[1.1/can be satisfied or not depending on T, i.e. on
the partition. A possible solution is to make the partition independent of I' (Appendix[A.1), but maybe
this decomposition does not satisfy the hypotheses of Theorem [1.1, while others do.

A consequence of the above discussion is that in the corollaries a procedure is proposed to test a
particular measure w. Some particular cost may however imply that there is a partition valid for all
transference plans: in this case the c-cyclical monotonicity becomes also sufficient, as in the known cases
of Points (1)-(4) above.

Notice however that the statement is that the necessary condition becomes sufficient if there exists a
carriage I' such that the corollaries apply, or more generally if there exists a partition such that Theo-
rem applies. When there is no such carriage, then one can modify the cost in such a way that there
are transport plans satisfying the necessary condition, giving the same quotient set A’ and which can be
either extremal /unique/optimal or not (Proposition[6.9).

The strong consistency of the disintegration is a measure theoretic assumption: it is equivalent to the
fact that the quotient space can be taken to be ([0, 1], B), up to negligible sets. This is important in order
to give a meaning to the optimality within the equivalence classes: otherwise the conditional probabilities
7o are useless and Condition (3) without meaning. From the geometrical point of view, we are saying
that m can be represented by weighted sum of probabilities in X, x Y,, and Condition (1) yields that
we can decompose the problem into smaller problems in X, x Y,. When the assumption is not satisfied,
then one can modify the cost in order to have the same quotient measure but both c-cyclically monotone
optimal and c-cyclically monotone non optimal transport plans (Example .

Finally, we illustrate the linear preorder condition of Corollary (1.3l The sets I and A (or {¢ < +o0})
yield a natural preorder by saying x < z’ if there exists an awzial path connecting them:

s, y) €T,i=0,...,0 @ (w501,y5) €EAVi=0,...,] and xg = 2,071 = 2.

The equivalence classes {x < 2/ A2’ < '} are the points connected by closed cycles. This holds in general,
but a strong requirement is that this preorder can be embedded into a linear preorder (i.e. every two
points are comparable) with Borel (universally measurable) graph having the same equivalence classes
{z < 2’ A2’ Z a}. If this holds, then Theorem [4.9]implies two things:

(1) the disintegration with respect to the equivalence classes {z < 2’ Az’ < '} is strongly consistent,
(2) and the image set A’ is contained in B, := {s,t € [0,1]%,s <t}, with o € wy and < being the
lexicographic ordering.

The last point and Lemma [4.13 (B, is a set of uniqueness) prove that the assumption of Theorem 1.1
are verified.

We conclude by noticing the following. The problem of linearization of a given Borel preorder has
been considered also in [11], where the immersion in 2%, o € wy, is proved in a different way. Their
approach does not rely on a given measure on the initial space, but it cannot be generalized to universally
measurable linear preorders.

1.2. Structure of the paper. The paper is organized as follows.

In Section[2 we show the general scheme of our approach. We do not specify the particular necessary
conditions for optimality, but we prove that under the above three conditions the transference plan 7 is
extremal /unique/optimal. In Section 2, page[8, we collect the results into 4 steps which will be used to
obtain the results in the next sections.

In Section[3]we address the problem of extremality. The results obtained with our approach are already
known in the literature: this part can be seen as an exercise to understand how the procedure works. The
difficulties of both approaches are the same: in fact the existence of a Borel rooting set up to negligible
sets is equivalent to the strong consistency of the disintegration.

In Section [4, we consider the problem of verifying if an analytic set A can carry more than one
transference plan. In this case, not only the disintegration should be strongly consistent, but we must
verify also Condition of Theorem [1.1. Condition in Corollary implies this fact. Essentially,
we are just showing (Theorem [4.9) that in the quotient space the uniqueness problem can be translated
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into the uniqueness problem in [0,1]%*, with « € w; enumerable ordinal, and
By ={(s,t) : s,t €[0,1]*, s < t},

where < is the lexicographic order. Lemma[4.13 proves that the above B, is a set of uniqueness.

In Section [5 we consider the optimality of a transference plan. In this case, the easiest equivalence
relation is the cycle equivalence relation of Definition[5.4] introduced also in [3]. The optimality within
each class is immediate from the fact that there exists a couple of A-optimal potentials ¢,1), and after the
discussion of the above two problems the statement of Corollary [1.4 should be clear. If one chooses the
existence of optimal potentials as sufficient criterion, or even more general criteria, it is in general possible
to construct other equivalence relations, such that in each class the conditional probabilities 7, are
optimal. Under strong measure theoretic assumptions (ZFC+CH+PD), an example of this construction
is shown in Appendix|C.

In Section[6 we give several examples: for historical reasons, we restrict to examples concerning the
optimality of m, but trivial variations can be done in order to adapt them to the other two problems. We
split the section into 2 parts. In Section[6.1 we study how the choice of T can affect our construction:
it turns out that in pathological cases a wrong choice of I' may lead to situations for which either the
disintegration is not strongly consistent or in the quotient space there is no uniqueness. This may happen
both for optimal or not optimal transference plans. In Section[6.2]instead we consider if one can obtain
conditions on the problem in the quotient space less strict than the uniqueness condition: the examples
show that this is not the case in general.

In Section [7 we address the natural question: if we have optimal potentials in each set X, x Y, is
it possible to construct an optimal couple (¢,%) in Uy X, X Y,? We show that under the assumption
of strong consistency this is the case. The main tool is Von Neumann’s Selection Theorem, and the key
point is to show that the set

{(a,qﬁa, Vo)t Ga, e optimal couple in X, x Ya}

is analytic in a suitable Polish space. The Polish structure on the family of optimal couples is obtained
identifying each py-measurable function ¢ with the sequence of measures {(¢V (—M)) A M)pu}aren, which
is shown to be a Borel subset of M.

In Appendix[A we give a short proof of the Disintegration Theorem in countably generated measure
spaces. All the results of this section can be found in Section 452 of (with much greater generality).
In particular, the fact that consistent disintegrations exist and are unique, and the explicit representation
of the conditional probabilities. As an application of these methods, we show that if one has a family of
equivalence relations & closed under countable intersection, then there is an equivalence relation FF € &
which is the sharpest one in the following sense: the o-algebra of saturated sets w.r.t. any other E' € &
can be embedded into the o-algebra of saturated sets w.r.t. E (Point (1) Theorem [A.11). Applied to
our problem, we can make the disintegration independent of the particular carriage I', but the examples
show that maybe this is not the best choice, or it is even the trivial one 2® = {z}!

In Appendix B we give a meaning to the concepts of cyclic perturbations and acyclic perturbations.
After recalling the properties of projective sets in Polish spaces in Section [B.1]and the duality results of
(Section [B.2), we show how to define the n-cyclic part of a signed measure A\ with 0 marginals: this
is the largest measure \,, < A which can be written as A\, = A} — \,; with

1 - 1 .
A: = ﬁL Zap(ziszi)wm(dw)v )‘n - ﬁ/; Zap(2i+1,2i mod 2n)wm(dw)7

n =1 n =1

where C,, C [0,1]?" is the set of n-closed cycles and m € M™(C,). This approach leads to the defi-
nition of cyclic perturbations A: these are the signed measures with 0 marginals which can be written
as sum (without cancellation) of cyclic measures. The acyclic measures are those measures for which
there are not n-cyclic measures \,, < A for all n > 2: in particular they are concentrated on an acyclic
set. This approach leads naturally to the well known results on the properties of sets on which ex-
tremal /unique/optimal measures are concentrated: in fact, in all cases we ask that there are not cyclic
perturbations which either are concentrated on the carriage set I, or on the set of uniqueness A, or
diminish the cost of the measure m. One then deduces the well known criteria that I' is acyclic, I" is
A-acyclic and I' is c-cyclically monotone.
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The last Appendix [C is more set theoretical: its aim is just to show that there are other possible
decompositions for which our procedure can be applied, and in particular situations where a careful
analysis may give the validity of Theorem/[1.1 for this new decomposition, but not of Corollary[1.4lfor the
cycle decomposition. The main result is that under PD and CH we can construct a different equivalence
relation satisfying Condition of Theorem [1.1 and (1.3).

2. SETTING AND GENERAL SCHEME

Let {Xa}acjo,1) be a partition of X into pairwise disjoint sets, and similarly let {Ys}se(0,1) be a
partition of Y into pairwise disjoint sets. Let moreover {X, X Ys}a gejo,1) be the induced pairwise
disjoint decomposition on X x Y.

Since it is clear that the decomposition X = U, X, with X, pairwise disjoint induces an equivalence
relation E by defining zEx’ if and only if z, 2" € X, for some «, we will also refer to X,, Yz and X, x Y3
as equivalence classes. We will often not distinguish an equivalence relation E on X and its graph

graph(E) := {(z,2') : B2’} C X x X.

We will denote by hy : X — [0,1], hy : Y — [0, 1] the quotient maps: clearly hx ®hy : X xY — [0,1]?
is the quotient map corresponding to the decomposition X, x Y3, o, 8 € [0,1], of X X Y.

Assumption 1. The maps hy, hy are u-measurable, v-measurable from (X, Q, ), (Y, %, v) to ([0, 1], B),
respectively, where B is the Borel o-algebra.

We will consider the following disintegrations:

1
(2.1a) I :/O pamx (da), — mx = (hx)gu;
1
(2.1b) o= [ vmyas). my = ()
(2.1c) = / Tapn(dadf), n = (hx ® hy)ym.
[0,1)2

Note the fact that under the assumptions of measurability of hx, hy, Theorem[A.7limplies that — up
to a redefinition of uy, Vo, 7o On respectively mx, my, n negligible sets — the conditional probabilities
la, Vg and m, g satisfy

fa(Xa) = va(Yp) = Tap(Xa x V) =1
for all (o, 3) € [0,1]?, i.e. they are concentrated on equivalence classes: in the following we will say that
the disintegration is strongly consistent when the conditional probabilities are supported on the respective
equivalence classes (see [10], Chapter 45, Definition 452E).

The next Lemma [2.1 is valid also in the case the disintegration is not strongly consistent but just
consistent, by considering the quotient measure space of Definition [A.5.

Lemma 2.1. The measure n belongs to I(mx,my).

Proof. This is a trivial consequence of the computation

2.1 _ e (v _ (2.1a)
(A x [0,1]) 22 2zt (4) x V) "I it (A)) P2 ma(A).
The same computation works for n([0,1] x B). O

In the next sections, a special choice of the equivalence classes will lead to the following particular
case, which under Assumption[1 is meaningful: indeed, as direct consequence of the properties of product
o-algebra (Theorem 3 in [13]), the set {aw = 8} belongs to the product c-algebra (hx);(Q2) ® (hy )y(2) if
and only if Assumption[T holds (up to measure spaces isomorphisms).

Assumption 2. We assume n = (I,I)ymx.
In particular the marginals myx and my coincide: we will denote this probability measure by m.

Hence the image of IT(y, v) under (hx ® hy ) is contained in the set TI(m, m) by Lemma[2.1. Moreover:

Lemma 2.2. Under Assumption|2, one has mq € I(fta, Va)-
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Proof. By the marginal conditions, for any m-measurable A and Borel S
[ 1a(Symtda) = ulhs ()1 5) R () 1) x 0,1]) = [ 7a(S x [0,1])m{da).
A A

Thus (P1)§Ta = pto for m-a.e. o For v, it is analogous. O

mel(p,v)

Under Assumption /I, a necessary and sufficient condition for Assumption [2]is the following.

Definition 2.3. We say that a set I' C [0,1]? satisfies the crosswise condition w.r.t. the families
{Xataep)s {Ya}sep,y if
(2.2) IN(XaxY)=TN(XxY,)=IN(Xy xYy) Yaelo1].

Lemma 2.4. Assume that there exists T C [0,1]? such that 7(I') = 1 and it satisfies the crosswise
condition (2.2). Then n = (I,I)ym, where m = mx = my-.
Conversely, if n = (I,1)ym, then there exists I' C [0,1]* such that 7(T') = 1 and satisfying (2.2).

Proof. The proof follows the same line of the proof of Lemma [2.1]

The set I = (hx ® hy )~ ' ({a = B}) has full 7 measure if and only if n = (hx ® hy )y7 = (I,I)ym.
Since (2.2) implies immediately I' C I, then n = (I, I)ym.

Conversely, by the definition of T

(Xa xY)NT' =T"N(X xY,) = X4 X Y,.
This implies for the set I". O

Along with the strong consistency of the disintegration (Assumption[I), the main assumption is the
following. This assumption requires Assumption[l and implies Assumption

Assumption 3. For all m € I/ (i, v), the image measure n = (hx ® hy )y is equal to (I,I)ym.

So far we have not specified the criteria to choose the partitions X,, Y3. The next lemma, which is
the key point of the argument, specifies it.

Lemma 2.5. Assume that the decompositions X,, Yg satisfy Assumption!8 and the following:

Assumption 4. For m-a.e o € [0, 1] the probability measure 7, € II(1q, Vo) satisfies sufficient conditions
for extremality /uniqueness/optimality.

Then m € (u,v) is extremal/unique/optimal.

Proof. We consider the cases separately.
Extremality. If 71, mo € II(u,v) are such that 7 = (1 — A\)my 4+ Ame, A € (0,1), then it follows from
Assumption 3]that the disintegration of these measures is given by

1 1
T = / T,am(da), m = / T, am(da) T, T2,0 € I(fta, Vo) by Lemma [2.2]
0 0

It follows that mo = (1 — A\)71,q + Am2,o for m-a.e. a, so that from Assumption [4 we conclude that
Ta = Tl,a = T2,a-

Uniqueness. The computations are similar to the previous case, only using the fact that in each class
the conditional probability m, is unique.

Optimality. For 7 € ¥ (u,v)

Tm) = [ clomlaody) 2 [ 1 ([ ctanmataods) Jm(ac.

From Assumption [3it follows that 7 o, 7o € (fa, Vo), so that from Assumption[4 one has

/c(x,y)m’a(dxdy) > /c(m,y)wa(dxdy) for m-a.e. a.

The conclusion follows. O

We are thus left to perform the following steps for each problem considered in the next sections.
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Procedure to verify the sufficiency of the necessary conditions.

(1) Fix the necessary conditions under consideration.
(2) Fix a measure © € II/(u,v) which satisfies the necessary conditions respectively for being ex-
tremal, being the unique measure concentrated on A, being optimal.
(3) Construct partitions X, Yg of X, Y such that:
(a) the disintegrations of p, v w.r.t. X = Uy X, Y = UgYj are strongly consistent. This implies
that the quotient maps hy, hy can be assumed to be measurable functions taking values in
([0,1], B), by Theorem A.7;
(b) in each equivalence class X, X Y, the necessary conditions become sufficient: the measure
Taa satisfies the sufficient conditions for extremality, uniqueness or optimality among all
7 € U(pa, va)-
(4) Verify that the image measure n,, € II(m,m) of all 7’ € I/ (u, v) coincides with (I,1);m, where
m = (hx)sp = (hy)gv.
If the above steps can be performed, then from Lemma[2.5 we deduce that 7 is respectively extremal,
unique or optimal. In our applications, the necessary conditions reduce to a single condition on the
structure of a set where 7 is concentrated.

Remark 2.6. It is important to note that in general the decomposition depends on the particular measure
7 under consideration: the procedure will be used to test a particular measure 7, even if in some cases
it works for the whole I/ (y, ). In the latter case, we can test e.g. the optimality of all measures in
II/ (11, v) using only the necessary conditions: this means that these conditions are also sufficient.

3. EXTREMALITY OF TRANSFERENCE PLANS

The first problem we will consider is to give sufficient conditions for the extremality of transference
plans in II(u, v). The results obtained are essentially the same as the ones of [12].
We first recall the following fact ([7,16]). As in Appendix[B.3, we denote with A C M([0,1]?) the set

A= {A € M([0,1]%) : (P)sA = (Pa)sh = o}.

Proposition 3.1. The transference plan © € I(u,v) is extremal if and only if L*(u) + L' (v) is dense
in L'(r).

Proof. We first prove that if f; € L'(u), fo € L'(v) and (f1 — fo)m € A, then f; — fo = 0 7-a.e..
Writing

T = /Trx,u(dx) = /ﬂ'yV(dy)

for the disintegration of w w.r.t. u, v respectively, the above conditions mean that

fi(z) = / fo)ma(dy) pae. 7, foly) = / fi(@)my(dr) vae. y.
‘We then have

[inne= [ \ / fz(y)m(dy)’u(dx)
= [iw+ [ (\ / fz(y)m(dy)‘ - [1imeta) ) uta) < [ 112
and similarly

[10b=[1aln+ [ (‘/fl(w)ﬂy(dx)

We thus conclude that

[ rwmatan| = [1ninan pac. o | [ nm
i.e. 7 is concentrated on the set

{fi <0} x{fe<0tU{fi=0} x{fo=0tU{fi >0} x {f2 >0}

- (1@l )vtdn) < [ 1l

- [1A@Intde) vac.y,
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Since if (fy1, f2) satisfies (f1 — fo)m € A also [(f1 — k) — (fe — k)]7m € A for all k € R, it follows that =
is concentrated on the sets

{fi <k} x{fo<k}U{fi=k} x{fa=k}U{fi >k} x{f2 > k}.
Hence one concludes that f; — fo =0 7 a.e..
<= The previous step implies that if L*(u) + L'(v) is dense in L'(n), then m should be extremal.
In fact, it is fairly easy to see that if 7 is not extremal, then there exists 0 < g € L'(7) such that
gm € II(u,v): hence for some sequence {(f1., fo.n) fnen € LY(1) x L1(v) it holds

(3.1) lim lg — fin — fonlm=0.

Define the L!(u)-function m; , and the L'(v)-function my,, by

mip = (P)s(g = fin = fon)m, monp = (P2)s(g— fin — fon)T.
From (3.1), it follows that

(3.2) Jm |z + lmzalle) = 0.
Trivially we have
fin +min + fon+ma, € Ll(”)a (fl,n +mi, + fon + m2,n)7r € (p,v).
Hence by the first part up to a m-negligible set
finm+ fon =1— (M1, +map).

From (3.2) it follows that fi, + fo, — 1 =g in L'(7).
= If instead L'(p) + L'(v) € L'(r), then by Hahn-Banach Theorem there exists an L ()-function
g # 0, |g] <1, such that

/ 92, 9)(fo(@) + faly))m(dady) = 0

for all f; € L'(u), fo € L*(v). In particular g € A, g # 0 on a set of positive m-measure and

_I+yg 1—g
Ty T
where the two addends in the r.h.s. above belong to II(x/2,v/2). O

T,

The second result is a consequence of Proposition A cyclic perturbation A of a measure m €
I1(, v) is specified in Definitions B.6] [B.14; in particular = + A € T(u, v).

Definition 3.2 (Acyclic set and measure). We say that I' C [0,1]? is acyclic if for all finite sequences
(xi,y:) €T, i =1,...,n, with &; # Zi11 mod n a0d Y; # Yit1 mod n it holds

{($i+1ayi)7i = 17 s Ny 41 = ZL']_} ¢ T.
A measure is acyclic if it is concentrated on an acyclic set.

Lemma 3.3 (Theorem 3 of [12]). Suppose that there is no cyclic perturbation of the measure w € II(p, v)
on [0,1]2. Then 7 is concentrated on an acyclic o-compact set T'.

We specify now necessary and sufficient conditions for extremality:

necessary condition: the measure 7 is acyclic;

sufficient condition: the measure 7 is concentrated on a Borel limb numbering system, [12] page
223: there are two disjoint families {Cy}ren, {Dk}tren, of Borel sets and Borel measurable
functions fx : Cx — Dy_1, gi : Dy — Ci, k € N, such that 7 is concentrated on the union of the
following graphs (see Figure 1)

Fy, = graph(fi), Gy = graph(g).

We verify directly the second condition, [12] Theorem 20: clearly due to the o-additivity and inner
regularity, we can always replace measurable with o-compact sets up to a negligible set.
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Figure 1: A limb numbering system and the axial path of a point.

Proof of sufficiency of the condition. Assume first that there are only finitely many Gy, Fy, k < N. In
this case, the uniqueness of the transference plan 7 follows by finite recursion, since the marginality
conditions yield, setting Fiy 1 := ), that 7 must be defined by

(3.3) mp,= (L, fk)ﬁ(,u - (Pl)ﬁm—Gk)v LG = (gkaﬂ)ﬁ(y - (P2)Ii7TLFk+1)’ ke{l,...,N}.
For the general case, let m € II(u,v) such that 7(UgFy U Gy) = 1. Define the measures 7wy by means
of (3.3) starting at N: let
(TN Pngr = (L fN1)gpe Py
and for k € {1,...,N}
(mn)erc= (L fr)s(p — (P)s(mn)ee,),  (mv)ea= (96, Di(v — (P2)s(Tn)Lm,)-

Since Y,y t(Fr) +v(Gr) — 0 as N — oo, it is fairly easy to see that up to subsequences 7y converges

strongly to m — just by the fact that if ), a; < +o0 there exists a subsequence i(j) s.t. i(j)a,¢y — 0.
Using the uniqueness of the limit and the fact that the approximating sequence does not depend on

7, the uniqueness of m follows. O

The equivalence classes in order to apply Theorem are the following.

Definition 3.4 (Axial equivalence relation). We define (z,y)E(2,y’) if there are (x;,y;) € T, 0<i < I
finite, such that

(3.4) (,9) = (x0,90), (¢",y) = (zr,yr) and (241 — 24)(Yiy1 — yi) = 0.

In the language of [12], page 222, each equivalence class is an azial path. The next lemma is an
elementary consequence of Definition [3.4!
Lemma 3.5. The relation E of Definition 3.4 defines an equivalence relation on the acyclic set T'. If
I' =U.I is the partition of T in equivalence classes, and X, = Py, Yo = P2, are the projections of
the equivalence classes, then the crosswise condition holds.

By setting

XO:[Oal]\Pl(F)’ YO:[Ovl]\P?(P)’

we have a partition of X, Y into disjoint classes.

We can thus use Theorem to disintegrate the marginals p, v and every transference 7 plan
supported on I'. From and Lemmas (2.2, one has immediately the following proposition.
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Proposition 3.6. The following disintegrations w.r.t. the partitions X = Uy Xy, Y = U,Y, hold:

p= [ pomida), v = [vam(da). m=(hx)on

Moreover, if m is a transference plan supported on I' and the disintegration is strongly consistent, then
the disintegration of ™ w.r.t. the partition I' = Uyecal'y is given by

= /ﬂam(da) with 7o € W(fa, Va)-

The next lemma shows that in each equivalence class the sufficient condition holds.
Lemma 3.7. Each equivalence class satisfies the Borel limb numbering condition.

Proof. The proof is elementary: if (z4,%q) € I'a, @ € A, then one defines recursively (Figure[I)
DO,O& = {ya}a Ol,a = Pl(r N ([0, H X {ya}))a
Dk,a =P (F n (Ck,a X ([07 1] \.Dkfl,o()))7 CkJrLa =I'nN (([0, 1] \ Ck,a) X Dk,a)~

From the assumption of acyclicity, it is a straightforward verification that each
I'n (Ck,a X Dkfl’(,t), I'n (Ck,a X Dk,a)

is the graph of a function fr o : Ck,a — Dik—1,as 9k,a : Di,a — Cka. Moreover, I', is covered by the
graphs Gy, o, Fj,o because of the definition of the equivalence class I',.

It remains to study the Borel measurability of the functions g «, fk,o. We show the induction step of
the argument. Dy , is a point and C , a section of the Borel set I', thus is itself Borel. Assume the Cj, o,
Dj,_1,o are Borel. Then I' N (C o % ([0,1] \ Dg—1,o) is the Borel antigraph Gy o: hence its horizontal
section is compact, being a point, and by Novikov Theorem 4.7.11 its projection Dy, . is Borel. Finally by
Theorem 4.5.2 of [21] the function gy . is Borel. The argument for Cj41 o is analogous with Fyyq . O

From Lemma[2.5, it follows the following theorem.
Theorem 3.8. If the disintegration of Proposition[3.6 is strongly consistent, then 7 is extremal.

‘We now conclude the section showing that the existence of a Borel limb numbering systems is equivalent
to the existence of an acyclic set I' where the transference plan 7 is concentrated and such that the
disintegration is strongly consistent.

Theorem 3.9. The transference plans w is concentrated on a limb numbering system I' with Borel limbs
if and only if the disintegration of m into the equivalence classes of some acyclic carriage I' is strongly
consistent.

Proof. Assume first that 7 satisfies the Borel limb condition. Then from [12], Theorem 20, it follows we
can take as quotient space a Borel root set A. In particular I' can be taken as the union of the orbits
of points in A, and it is immediate to verify that the orbit of a Borel subset of A is an analytic subset
of [0,1]2. Hence the disintegration is consistent by the fact that (A, B(A),m) is a countably generated
measure space.

Conversely, suppose that the disintegration is strongly consistent w.r.t. the axial equivalence relation
E on an acyclic carriage I'. Then, as a consequence of Proposition [A.9] by eventually removing a set
of m-measure 0 from I', one can assume that the equivalence relation E has a Borel section S. One
constructs finally Borel limbs as in Lemma/[3.7 from {(z(a), y(@)}aeo,1)- O

Remark 3.10. We observe that by adding or T' the set Gg = {20} X Do, where 2y ¢ UpC}, there is only
one equivalence class.
4. UNIQUENESS OF TRANSPORT PLANS
In this section we address the question of uniqueness of transference plans concentrated on a set A.

Definition 4.1 (Set of uniqueness). We say that A € O(u,v) is a set of uniqueness of II(u,v) if there
exists a unique measure 7 € II(, v) such that 7(A4) = 1.
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In Section 5 of [12] (or using directly the proof of the sufficient condition, page[10) it is shown that if
I' satisfies the Borel limb condition, then I" supports a unique transference plan.
The first lemma is a consequence of Proposition |B.15.

Definition 4.2. A set I' C A is A-acyclic if for all finite sequences (z;,y;) € T, i« = 1,...,n, with
Ti # Tit+1 mod n A Yi # Yit1 mod n it holds

{(xi+17yi)ai = 17 R L xl} ¢ A
A measure is A-acyclic if it is concentrated on an A-acyclic set.

Lemma 4.3. If an analytic set A is a set of uniqueness for I(u,v), then the unique m € M(u,v) is
concentrated on a A-acyclic Borel set T' C A.

Necessary and sufficient conditions for uniqueness are then given by:
necessary condition: there exist a measure m € II(u, ) and an A-acyclic Borel set I' C A such
that 7(I") = 1;
sufficient condition: A is a Borel limb numbering system (Page9).
We will state a more general sufficient condition later at Page
Let T" be an A-acyclic o-compact carriage of 7w. In particular, I' is acyclic. We will thus use the
equivalence classes of the axial equivalence relation E on I', Definition[3.4] assuming w.l.o.g. that Px (I") =

Py (') = [0,1].
Let hx : X — [0,1], hy : Y — [0, 1] be the quotient maps. In general the image of A
(4.1) A= {(0,8) : (hx @ hy) Mo, /)N A £ 0}

is not a subset of {a = 3}. However, for the equivalence classes in the diagonal {a = [}, we have the
following lemma.

Lemma 4.4. For all o € [0, 1],
(hX ® hy)_l(a,a) NA= (hX X hy)_l(a,a) NnT.

Proof. The definition implies that if z, 2’ € h}l(a), then there exist (x;,y;) € T, i =0,...,I, with zy = z,
such that denoting x; = 2’ then (3.4) holds. A completely similar condition is valid for y,y’ € hy'(a).

Let (7,7) € (hy' (@) x hy'(a)) N (A\T). Then there are (z,y), (2/,y') € T such that = &, y/ = 7.
Consider then the axial path (x;,y;) € T, i =0,...,I = 2(n — 1), connecting them inside the class a:
removing by chance some points, we can assume that (xg,v0) = (z,y), (z1,y7) = (z',y’) and

Toj —@oj—1 =0, Yoj1—y25-2=0, j=1,...,n
Hence if we add the point (z741,yr+1) = (Z,7) we obtain a closed cycle, contradicting the hypotheses of
acyclicity of " in A. O
The above lemma together with Lemma/2.5 and Lemmal3.7/implies that non uniqueness occurs because
of the following two reasons:
(1) either the disintegration is not strongly consistent,
(2) or the push forward of some transference plan 7 € II(u,v) such that 7(A) = 1 is not supported
on the diagonal in the quotient space.

Indeed, differently from the previous section, the consistency of the disintegration is not sufficient to
deduce the uniqueness of the transference plan.
Ezample 4.5 (Pratelli). Consider ;= £ and the set
A={z=y}U{y—2z=a modl}, T'={r=y} withaecl0,1]\Q.
In this case the quotient map is the identity, but the measure (z,z + a mod 1)ﬁ£1 is not concentrated

on the diagonal and still belongs to TI(£, £1).

In the following we address the second point, and we assume that the disintegration is strongly con-
sistent — which is equivalent to assume that the quotient maps hx, hy can be taken Borel (up to a pu,
v negligible set, respectively, as consequence of Proposition [A.9).
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Lemma 4.6. The set A’ defined in is analytic if A is analytic.

Proof. Since A’ = (hx, hy)(A), the proof is a direct consequence of the fact that Borel images of analytic
sets are analytic, being the projection of a Borel set. O

The next lemma is a consequence of the acyclicity of I" in A.
Lemma 4.7. In the quotient space, the diagonal is A’-acyclic.

Proof. We prove the result only for 2-cycles, the proof being the same for the n-cycles.

Assume that A’ has a 2-cycle, between the classes (o, «) and (a/, ). This means that there are points
(,9) € (hx @ hy) Ha,a') N A and (2/,y') € (hx @ hy) ', a) N A.

By definition of equivalence class, there are points (z;,v;) € (hx ® hy) Y«a,a), i = 1,...,n, and
(z,y;) € (hx ® hy) Y/ a'), j =1,...,n/, forming an axial path in I" and connecting (z,y) to (2/,y’)
in (hx ® hy) Y (a,a) and (2,y) to (z/,9') in (hx ® hy)"1(d/, ).

The composition of the two axial paths yields a closed cycle, contradicting the assumption of acyclicity
of I"in A. O

We now give a sufficient condition for the implication
nell(m,m), n(A)=1 = n({a=p8})=1,
where m = (hx)gp = (hy ).
Definition 4.8. A relation R C [0,1]? is a preorder if
(z,y),(y,z) € R = (x,z) € R.
A preorder R is a linear preorder if RU R™! = [0,1]?.

When the preorder is linear we are thus requiring that every couple is comparable. This means that
R is a linear order when [0, 1] is quotiented w.r.t. the equivalence relation
(4.2) E:=RNR*
We will also write < y or xRy when (z,y) € R and R is a preorder.

Notice that since A’ is acyclic w.r.t. the diagonal (Lemmal4.7), it defines an analytic partial order on
[0,1] (Lemmal4.6).

Theorem 4.9. Let B be a Borel linear preorder < on [0,1]. Then the disintegration w.r.t. the equivalence
relation E in is strongly consistent for all p € P([0,1]), and the image set B’ in the quotient space
is a set of uniqueness of II(m, m), where m is the image measure of p w.r.t. E.

In the proof, at Pagel16, we use the following lemmas.
Lemma 4.10. Let m € P([0,1]) and B € B([0,1]?). Then the function x — hp(z) := m(B(x)) is Borel.
Proof. First observe that if
B=|JAix A, AixAnNA;xA,=0fori#j A, Aj€B([0,1])Viel,. .. n.

i=1
then hp is Borel:
hp(@) =Y m(A)xa,(@).
i=1

Hence hp is Borel on the algebra of simple products.

Moreover, if {B,, }nen is an increasing sequence of Borel sets, then by the o-additivity of the measure

hp(x) =suphp, ().
n

The same computation holds for a decreasing family of Borel sets { By, }nen, hp(x) = inf, hp, (2).

It thus follows that the family of sets &/ such that hp is Borel contains the simple products and it is a

monotone class. From the Monotone Class Theorem (Proposition 3.1.14, page 85 of [21]) it follows that
O B([0,1]?). O
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Clearly, if B C [0,1]? is u ® m-measurable then by Fubini Theorem the function z +— hg(x) is u-
measurable.

Lemma 4.11. If [0,1] 5 ¢ — m; € P([0,1]) is Borel, then for all B € B([0,1]) the function t — m(B)
is Borel.

Proof. Let o7 C P([0,1]) be the family of sets such that ¢ — m,(B) is Borel for B € .
If O is open, then the function ¢ — m;(O) is l.s.c., being the supremum of continuous functions

mt(O): sup {/¢mt7¢SXO}7
$€C([0,1])

so that open sets belong to 7.
Using the equivalences

my ( U Bi) = lim my(B;) {B;}; increasing, m;([0,1]\ B) =1 —m,(B),
i€N
it follows that <7 is a o-algebra. O
Lemma 4.12. Let [0,1] > t — m; € P([0,1]) be Borel and B € B([0,1]?). Then the function

h o [0,1]> — [0,1]
(t,z) +— h(t,x) :=my(B(x))

is Borel.

Proof. If B is a finite union of disjoint products of Borel sets A; x A}, i =1,...,n, then

hp(t,x) = mi(A})xa, (z),
i=1

so that by Lemma[4.11 the function hp is Borel on the algebra of simple products. As in Lemma [4.10,
the family & of sets for which hp(t,z) = m;(B(x)) is Borel is a monotone class, so that the conclusion
follows. O

In the following we will consider the set [0, 1]%, where « is an ordinal number. The linear order on this
set is the lexicographic ordering <:

(4.3) s, t€[0,1]% s<t, s#t <= 3JB< a((Vv < B(Py(s) = Py(1))) A (Ps(s) < Pg(t))).
We recall that P, : [0,1]* — [0, 1] is the projection on the y-coordinate.
Lemma 4.13. If a € wq, then
B, = {(s,t) € [0,1]* x [0,1]* : s D¢} C ([0,1]*)*
is a set of uniqueness for m € I(m,m) for all m € P([0,1]%).

Proof. The proof will be done by induction over a.

Step 0. First of all, if o = 1, the result follows from the observation that By = {(s,?) : s <t} is a set
of uniqueness by elementary computations.

Step 1. Assume that B, := {(s,t) i 5 < t} C ([0,1]%)? is a set of uniqueness, and consider the set
Bg+1. By the definition of lexicographic ordering, (Py<q ® Py<a)(Ba+1) = Ba, so that we can write by
the Disintegration Theorem

Mma = (Py<a)gm, m= /mtma(dt), T = / (8t.0) ® ™) M (dt),
with m; € P([0,1]), 7 € P([0,1]?). We have used the fact that

To = (Py<a ® Py<qa)gm € (ma, mq),

and then the uniqueness property of B, implies that w7, = (I, 1)ma = [ 6;¢yma(dt).
Note now that for mg-a.e. ¢t € [0,1]* it holds m; € II(my, ms) and that

Bait 0 (P P ) () = {(5,5) : Pyca(s) = Pycals) =1, Paya(s) € Pasa(s) | = {(1,) x B},
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This is clearly a set of uniqueness, by Step 0, so that m;, = (I, I)ym;. We thus conclude that also B, is
a set of uniqueness.

Step 2. Let o € wy be a limit ordinal. Then for all 3 < a the set Bg = Py<(B4) is a set of uniqueness.
Using the fact that

{(Sat) € [0’ 1}@ X [0’ 1]a 8= t} = ﬂ {(t75> : P“/Sﬁ(t) = P’YS,G(S)}»
B<a
and observing that
(Py<p ® Py<p)ym = (Py<p, Py<p)sm,
we conclude that m({s =t}) =1, i.e. B, is a set of uniqueness.

Step 3. By transfinite induction, we conclude that for every a € wy the set B, = {(s,t) : s It} C
([0,1]%)% is a set of uniqueness. O

As noticed before Assumption[2 in the discussion concerning the diagonal, {s <t} does not belong to
the product o-algebra if a = wq, so that the uniqueness question for o = wy is meaningless.

Lemma 4.14. Let B € ©,,5,, be a linear preorder < and m € P([0,1]) a probability measure such that
for some k € [0, 1]

(4.4) m(B Y z)) =k for m-a.e. x €10,1].
Then m is concentrated on an equivalence class Eq for E= BN B! and k = 1. If holds for all x
(4.5) Vo e Ep,Vy €10,1] z<xy.

See Example|C.12 for an example where the assumption B € 0,5, is not satisfied and the thesis is
false.

Proof. Step 1. Let us prove the thesis for k = 1. In this case, we do not need the assumption that the
preorder B is linear.
By Fubini Theorem it follows that

m®m(B™!) = /m(Bil(z))m(d:zr) =1
Thus m @ m is concentrated on B~!. Using the formula
B @) N (B\E)@) = {y:y <o} N {y:y >z} =0
one has B~ N (B\ E) =0, and then m @ m(B\ E) < m®m([0,1]\ B~!) = 0.
Since m ® m is invariant for the reflection w.r.t. the diagonal, m @ m(B~'\ E) = m@m(B\ E) =0,

finding that m ® m is concentrated on E.
Again by Fubini Theorem,

mem = /mLE(w)m(dx) = m(E(x)) #0 m-ae. z,

which implies that the image measure w.r.t. E is purely atomic.

Under the present assumption that x = 1 there can be at most one equivalence class with positive
measure: denoting this class by Ey, clearly m(Ey) = 1 and (4.5) holds if m(B~!(z)) = 1 for all x.

Step 2. Notice first how the assumption that the preorder is linear implies x > 0. Indeed,

BUB™'=[0,1]?

yields m ® m(B) +m ® m(B~1) > 1. Since m ® m is invariant for the reflection w.r.t. the diagonal,
m®@m(B) =m®m(B~!), and then 2-m ®m(B) > 1 > 0. By Fubini and (4.4) we conclude

k=m®@m(B) > 0.
Let X = B~1(2) such that m(B~1(z)) = k. For m-a.e. z = 7 by (4.4) and B~(z) C B~*(z) one has
m opx (B~ (@) =m(B~!(z) \ B™!(z)) = 0.

If m(]0,1]\ X) =1 — £k > 0 we would reach an absurd, as would hold with £ = 0 for the probability
measure m := (m_jo,1)\x)/(1 — #). This yields x = 1, proving the thesis by the first step. O

We can now prove the main theorem of the section.
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Proof of Theorem [4.9. The following steps of the proof show that given any measure p € P([0,1]) there
exists an ordinal & € w; and an order preserving Borel map
ha + ([0,1],x) — ([0,1]%, <)
such that
p= /utm(dt) m = (ha )

with 4., () concentrated on the single equivalence class E(z) C h3 ' (ha(z)), defined in (4.2), for p-a.e. z.
We prove that if one removes a p-negligible set hg is the quotient projection w.r.t. E.

Since the map is order preserving, the image set B’ of B in the quotient space is clearly a subset of
{(s,t) € [0,1]* x [0,1]* : s I t}. The fact that B’ is a set of uniqueness of II(m,m), for all m Borel,
follows then immediately from Lemma [4.13, proving the last part of the theorem.

Step 1. Define the function

0,1] 2 2 — hi(z):=p({z:2=<2})=puB z)) € 0,1].
Since B is Borel, by Lemma[4.10/ h; is Borel and
vy = hi(z) <ha(y).

Step 2. Let a € wy and assume that there exists a Borel order preserving map h, : [0,1] — [0, 1]¢,
where [0, 1]¢ is ordered by the lexicographic ordering <.
Since [0, 1] is Polish because |a| < R, then the disintegration

we= / (o )s (dt)

is well defined and strongly consistent.
By redefining p; on a set of measure 0 w.r.t. (hqy)zp, we can assume that [0,1]% 3 ¢ — u, € P([0,1])
is Borel, so that the map

[0,1] x [0,1]* > (z,t) — w(B™Y(x)) € [0,1]
is Borel by Lemma[4.12 and the Borel Isomorphism Theorem (Theorem 3.3.13, page 99 of [21]).
Step 3. Consider the function
hot1 @ [0,1] — [0, 1]t
€ = ha+1(l‘) = (ha(m)7uha(a:)(3_1(x)))
Since ¢ — hq(t) is Borel, then (¢,z) — 1) (B! (x)) is Borel by Lemma being the composition
of two Borel maps. It is clearly order preserving if h,, is and [0,1]**! is ordered lexicographically. Note
that Pﬁga @) ha—i—l = ha
Step 4. Assume that « is a limit ordinal, and that the Borel functions hg : [0,1] — [0,1]7, 8 < «, have
been constructed in such a way that P,<g o hs = hg for all 3 < §. Then we construct the Borel order
preserving map
he : [0,1] — [0, 1]~
z  —  (Pgoha)(x):=Ps(hs(x)) V3 <
By transfinite induction, we can construct a Borel order preserving map h : [0,1] — [0,1]“?, where

[0, 1]« is equipped with the Borel o-algebra.
Step 5. Consider the family of Borel equivalence relations

&= {Ea ={z~y & ho(r)=ha(y)},a € wl}.

We observe that if {a,} C wy and a = sup,, a, € wy, then N, E,, = E, by the definition of h,. By
Theorem|A.11, there exists & € wy such that the disintegration

. / p1e((ha)epa) (dt)

is the sharpest one, in the sense that any other disintegration w.r.t. hg, 8 € wy, namely

p= [ naais),
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can be written by means of

ooy [ re()(as), n= [ u((ha)n)ias) = [ ( / utrs<dt>)<<hg>nu><ds>.

We write here pi¢ for the restriction of a measure to the o-algebra C C B.

By (A.5), we conclude that there exists a Borel function s : [0,1]% — [0,1]% such that (hg)sp is
concentrated on the graph of s = s(t), t € [0, 1]*.

Step 6. From the definition of hgy1 and Step 5, it follows that

(B~ (x)) = s(t) for (ha)gp-ae. t, Vo € hz' (1),

i.e. (B~ '(2)) is constant on hy'(t), for (hs)sp-a.e t € [0,1]%: in particular removing a p-negligible
saturated set we can assume that by Lemma[4.14 the measure p; is concentrated on the first equivalence
class contained in B(hz'(t)), denote it with Ej,_ .

Step 7. Define the function h : [0,1] — [0,1]F! as

h(@) = (ha(x),1 = fing (2)(B(2)))-

The (& + 1)-component is 0 only on the unique class Ej,_(,) of E on which j, (4 is concentrated. From
the disintegration formula w.r.t. hg then

p(h™H (Pa1((0,1)))) = 0.

We conclude that, up to the above p-negligible set, hg is the quotient map w.r.t. E and using the fact
that [0,1]% is Polish

- / e((has) i) ()

is a strongly consistent disintegration for E. O

Corollary 4.15. If B is a Borel linear order, then B is a set of uniqueness in II(m,m) for every

m € P([0,1]).
Proof. 1t is sufficient to observe that
E:=BnNB'={z=y}

Hence the map hg : [0,1] — [0,1]% constructed in the previous proof is order preserving and moreover

m = [ 8uo(ha)m)(a)

Removing the cross negligible set N where hs ® hg is not invertible, we have that the uniqueness problem
can be stated as a uniqueness problem in [0,1]* with the lexicographic ordering <. By Lemma [4.13
uniqueness of 7 follows. O

Remark 4.16. In Theorem [4.9] and Corollary [4.15 one can assume that B € ©O(u,p). The proof is
analogous to the one above, but relies on the following lemma instead of Lemmas[4.10/4.12.

Lemma 4.17. Let B € ©O(m,m), with m € P([0,1]), and h : ([0,1],0,,) — ([0,1], B) a measurable map.
Let m = ['mu&(dt) be the disintegration of m w.r.t. h. Then

(1) the map x — my(B(x)) is m-measurable for {-a.e. t;
(2) the map (x,t) — m(B(z)) is m-measurable for m € II(m, §);
(3) the map x — My (B(x)) is m-measurable.

For simplifying the notation, in the following we will denote the disintegration of n € P(X; x X3)

w.r.t. the projection P; as
/¢ﬂ=/(/</>($1,172)77x1(d$2))((Pl)ﬁn)(d$1)~
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Proof. Step 1: Point (1). By the Disintegration Theorem[A.7 (z,t) — my(B~1(x)) is m ® é&-measurable,
where £ := (hqo)gm:

m® m(B /m m(dz)

:/{/QMBlu»( } (dt) /mt ))(m @ &)(dz, dt).

By Fubini Theorem x +— my(B(z)) is therefore m-measurable £-a.e. ¢ € [0,1].
Step 2: Point (2). Let & € II(m,§) and 7 = [ 7,£(dt) its disintegration w.r.t. the projection on the
second variable. Define the Borel measure on [0, 1]3

n:/mﬂmm:/m@m&m

Notice that (Py)yn = [ m&(dt) = m. Similarly, (Py)yn = (P1)y7 = m. In particular, (Pi2)yn € II(m,m).
Since (P12)~1(©(m,m)) C ©,, then B x [0,1] € ©,. By the Disintegration Theorem one finds that
(z,t) — my(B(x)) is F-measurable and

n(B x [0,1]) /mt 7 (dxdt).

Step 3: Point (3). Finally by taking = := (I, h)ym € II(m, &) one has the last point of the statement.
O

Hence, our sufficient condition for uniqueness is the following:
Sufficient condition for uniqueness: A’ is a subset of a linear order B € ©(m,m).

As the diagonal is A’-acyclic, and therefore by the Axiom of Choice it can be completed to a linear
order, this is again a measurability assumption.
An easy case is covered by the next lemma.

Lemma 4.18. If A’ is acyclic and m purely atomic, then A’ is a subset of a Borel linear order on [0, 1]
and hence a set of uniqueness.

Proof. If m is purely atomic with atoms on {«;};en, it is enough to prove that we can find a linear order
on the set {(a;,;),7,7 € N}. In fact it is fairly easy to extend its graph R to a Borel linear order on
[0,1] by defining

aRf a, B € {a;}ien
a=xf a€{aitien B¢ {aitien
a<p o, B & {ai}ien

Now, every acyclic set A" on {(a;, @)} jen containing {(a;, o;),i € N} defines a partial order relation
by setting
a; Ko =  (w,a;)eA.
By countably many operations one can complete this partial order into a linear one. 0

An example of a set A for which A’ is a set of uniqueness is presented in Figure[2. By setting

1 T
c(z,y) =10 A\T
+oo [0,1]2\ A4

the uniqueness of the transport plan in A is related to a problem of optimality.

Remark 4.19. We observe here that given an A-acyclic set T', and assuming for simplicity that P;(T") =
[0, 1], one can define a preorder on [0, 1] by

/

v <= H(vi,yi) im0, 0 CT, (Tis1,yi) €A, ©o =z, 2141 =,

i.e. x, ' are connected by an axial path. The equivalence relation E defined in (4.2) corresponds to the
axial equivalence relation (3.4), so that we can state equivalently that if < can be extended to a linear
preorder, then A is a set of uniqueness.
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Dy

Dy

Cy Cy Cs

Figure 2: The set where A should be contained in order to have that A’ is a subset of the standard order
< on [0,1]. The bold curves are the limbs of I", and two axial path are represented.

5. OPTIMALITY

The last problem we want to address is the problem of optimality of a measure 7 € II(u, ) w.r.t. the
functional Z defined in (1.2]). We recall that a plan 7 € II(p,v) is said to be optimal if

I(m)= /lc(x,y)w(dxdy) = %errr[l(iil,u)z(ﬁ)'

In this section the function c is assumed to be a positive IT{-function.

Definition 5.1 (Cyclical monotonicity). A subset T' of [0,1]? is c-cyclically monotone when for all I,
1=1,...,1, (z;,y;) €T, xr41 := x1 we have

[e(@iv1,yi) — c(zi yi)] > 0.

I
=1

3

A transference plan w € II(u, v) is c-cyclically monotone if there exists a c-cyclically monotone set I' such
that m(T") = 1.

As usual, by inner regularity and by the fact that for 7 fixed ¢ coincides with a Borel function up to
a negligible set, the set ' for that given measure 7 can be taken o-compact and c_r Borel.

We recall that a necessary condition for being optimal is that the measure is concentrated on a c-
cyclically monotone set. A proof is provided for completeness in Proposition [B.16!

Lemma 5.2. If 7 is optimal, then it is c-cyclically monotone.

Having a necessary condition which gives some structure to the problem, we have to specify a sufficient
condition which should be tested in each equivalence class. We list some important remarks.
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(1) The optimality is implied by the fact that there exists a sequence of functions ¢, € L£'(u),
¥, € LY(v) such that ¢, (x) + ¥, (y) < c(x,y) and

/¢nu+/wnu—/¢n+¢m//m

(2) For Ls.c. costs or costs satisfying c(x,y) < f(x) +g(y), f € L*(n) and g € L*(v)-measurable, the
converse of Point holds.
(3) Another condition is that there is an optimal pair ¢, : [0,1] — [—o00,+00), respectively pu-
measurable and v-measurable, such that ¢(z) + ¥(y) < c(z,y) for all (z,y) € [0,1]* and ¢(z) +
Y(y) = c(z,y) Ta.e..
For completeness we show the sufficiency of the last condition, proved also in [4].
Lemma 5.3. Suppose there exist Borel functions ¢, : [0,1] — [—o00, +00) and T’ C [0, 1]? such that

¢(x) + 9 (y) < e(x,y) Y(z,y) € [0,1]*\T
¢(x) + 1 (y) = clz,y) V(z,y) €T.
If 37 € I/ (p,v) such that w(T') = 1, then
m € (p,v) optimal <— =(T)=1.
It is trivial to extend the proposition to the case of ¢ : [—00,4+00) p-measurable and ) : [—o0, +00)

v-measurable, just redefining the functions on negligible sets in order to be Borel.

Proof. Let 7 be an optimal transference plan and 7 € I1/(u, v) concentrated on I'. Hence u and v are
concentrated on the sets {¢ > —oo}, {1 > —oo} respectively.

Step 1. We prove that if A € A and ¥, (¢ + )\ are Borel measures (assuming eventually the value
00) concentrated on {¢ + ¢ > —oc}, then [{¢+ ¥ }A=0.
Since (¢ + ¥)A is a Borel measure, one can consider the following integrals

/ {6+ ¥IA= lim (640N
[0,1]2 M=o J{lg|<nr}
Since also ¥ is a Borel measure and ¢y |s<mA € M([0,1]?),

lim { +¢})\— lim {/ qb/\—l-/ 1/))\}
M—o0 J{g|<M} M—oo  J{|p|<M} {lpl<M}

AEA . .
= lim YA = /z/J)\ = lim YA = 0.
M=o0 J{g|<n} M=o J{jwp|<M}

Step 2. Let \ := 7 — 7, with 7 € I (u, v).
Define ¢ps := (¢AM)V (—=M) and ¢ps := (W AM)V (—=M): it is immediate to verify that from ¢+ = ¢
onI'
F{¢<M}) C{yp>-M}, T({y <M})C{p>-M}
and then
om(z) +¥u(y) < elz,y),  dm(@) +¥m(y) =20 onl.

In particular, ¢ A and (¢ar + ¥ar)A are finite Borel measures.
Since ¢ar, ¥ converge pointwise, then ¢ps + ¥y converges to ¢ in L' (7), yielding immediately

A i . B B 0
/[0,1]2C > Mlinoo</[0,1]2(c M 1/1M)7r—|—/[0 - {¢M“r¢ M} >

)

> lim (C*(ZSM*?/)M)ﬁZO
M—oo [0,1]2

The r.h.s. vanishes by Step 1, showing the optimality of :

OZI(%)—I(T()Z/ cA\ > lim (C—(ZSA[_Q/JM)ﬁ—:O.
[0,1]2 M—cc Ji0,1)2

Step 3. The same computation yields that
VM e N (ﬁ{c> dn + U} :0)7
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which implies that 7 is concentrated on T'. O

From the formulas

1
(523’) QZS(I, f)ﬂ) = inf { Zc(zi-‘rla y’L) - C(zivyi)? ('Iia y’L) er ﬁnite, (x07y0) = (i‘7y)a Tr+1 = I},
=0

(5.2b) ¥y, 7,9) = c(r,y) — ¢(z,2,y) with (z,y) €T,

it is always possible to construct an optimal couple ¢, ¢ in an analytic subset of I' containing (z,§) such
that (—¢,) are L1-functions. In Remarks|C.3}[C.6 it is shown that ¢, 1 are A-functions, but using the
facts that

ge(X xY) = infg(x,y) € M}(X), cLr is Borel,
Yy

the above better estimate follows.

In Remark we show that ¢ defines a natural linear preorder on [0, 1], and that we can state a
particularly concise condition. In Section[C, instead, the idea of extending ¢(z, Z, %), ¥ (y, %, ) to larger
sets is developed in a general framework.

Here we consider the easiest equivalence relation for which the procedure at Page [8 can be applied.
This equivalence relation has been also used in [3].

Definition 5.4 (Closed cycles equivalence relation). We say that (z,y)E(2',y) or (z,y) is equivalent
to (z',y") by closed cycles if there is a closed cycle with finite cost passing through them: there are
(@i,v;) € T such that (zo,y0) = (z,y) and (z;,y,) = (2/,y’) for some j € {0,...,I} such that

Zc(zhyi) + c(@it1,yi) < +00, Try1 = To-
=1

It is easy to show that this is an equivalence relation, and it follows directly from (5.2) or the analysis
of Section|C that in each equivalence class there are optimal potentials ¢, 1.
Lemma 5.5. The equivalence relation E satisfies the following.
(1) Its equivalence classes are in 1.

(2) It satisfies the crosswise structure (2.2).

The above lemma can be seen as a straightforward consequence of Lemma [C.5 and Corollary |C.7| of
Section|[C. Since it is elementary, we give here a direct proof.

Proof. For the Point (1), just observe that for all I € N

I
ZC(%‘, yi) +c(iv1,¥i),  Tre = To
=0

is a IT}-function, so that

T
Zl(i.7g) = {(xlaylv e wvayf) S FI : ZC(%»yz) + C(l'H»lvyi) + C(if,:lj) + C(xlvg) < +OO,(E[+1 - SE}
i=1
is in ¥1.
The equivalence class of (Z,7) is then given by

I
U U Paic12i(Z1) € 24,

IeNi=1
where we used the fact that X1 is closed under projection and countable union (see Appendix B.1 or
Chapter 4 of [21]).
The proof of Point (2) follows from the straightforward observation that (z,y)E(z',y) and (z,y)E(z,y’)
whenever (z,v), (¢/,y), (z,y") € T': just consider the closed cycle with finite cost made of the two points
(x()vy()) = (ﬁt,y) and (xlayl) = (x/’y)v or (xhyl) = (xay,)' O
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Let now 7 € I/ (11, ) be a c-cyclically monotone transference plan, and let I" be a c-cyclically monotone
set where 7 is concentrated. Let E be the equivalence class of Definition [5.4.
As in the previous section, by Lemmas|5.3]and [2.5 non optimality can occur because of two reasons:

(1) either the disintegration is not strongly consistent,
(2) or the push forward of some measure 7’ € TI°P*(y, ) is not supported on the diagonal in the
quotient space.

In the next section we give examples which show what can happen when one of the two situations
above occurs. Here we conclude with two results, which yield immediately the optimality of 7.

Let hx, hy be the quotient maps. By redefining them on a set of measure 0, the condition of strong
consistency implies that hy, hy can be considered as Borel maps with values in [0, 1]. In particular, the
set

(5.3) A= (hx ® hy)({c < +00})
is analytic. Note that
(hx ® hy )y7(A") =1 V& € I (u,v),
i.e. the transport plans with finite cost are concentrated on A’, and moreover for the 7 under consideration
(hx @ hy )ym = (I T)ym,
where m = (hx ) = (hy)gv by Lemma[5.5/and Lemma [2.4.

Theorem 5.6. Assume that the disintegration w.r.t. the equivalence relation E is strongly consistent. If
A’ is a set of uniqueness in II(m,m), then m is optimal.

The proof is a simple application of Lemma [2.5.
The next corollary is a direct consequence of Lemma 4.18.

Corollary 5.7. If m = (hx)sp is purely atomic, then the c-cyclical monotone measure 7 is optimal.
We now give a simple condition which implies that the image measure m is purely atomic.

Proposition 5.8. Assume that 7 satisfies the following assumption: there exists a countable family of
Borel sets A;, B; C X, i € N, such that

(5.4a) W(UAZ- X Bi> =1,

and

(5.4b) p®@v(U; (4 x B;)N{c=+oo}) =0.
Then the image measure m is purely atomic.

Proof. First of all, we can assume that I' C U; A; x B;, where I is a c-cyclically monotone set such that
7T(ljS')tep 11 The assumption (5.4b) and Fubini Theorem imply that there is Z; € A; such that
B; := Py((A; x BiN{c < 4+00})z,)
has full vp, -measure, where for C' C [0, 1]> we define
C,:=Cn{z} x[0,1].
Then there is y; € B; such that
A; = P ((A; x B; N {c < +o0})y,)

has full g 4,-measure. The functions ¢, ¢ given by formula starting from (Z;,¥;) provide then
optimal potentials on the sets A; x B;.

Step 2. It is now fairly easy to show that the new sets A;, B;, i € N, satisfy again conditions (5.4),
and that in T'NU;A; x B; each equivalence class for the closed cycles equivalence relation contains at
least one A; x B;. Then it follows that m is purely atomic. O

The case of Point (3) of Page[3 corresponds to a single global class.
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Remark 5.9. Let T' be a c-cyclically monotone set where 7 is concentrated. The proof shows actually
that in each set I' N (A4; x B;)

o(x) +Y(y) = c(z,y)

up to a cross-negligible set. This is clearly stronger than cLp< 400 p ® v-a.e..

Remark 5.10. From the definition of the potentials (¢(-,Z, ), ¥ (-, T, 7)), we can define the following
relation on P (T).

Definition 5.11. We say that « >, 2’ if Jy € T'(x) such that ¢(z’, z,y) < +00: equivalently there are
points (z;,y;) € I', i =0,...,1 such that g = x, 741 = @’ and ), c(zi41, ;) + c(x;, y;) < +o0.

When we consider as uniqueness condition the Borel linear order condition of page[18] the results of
this section can be rephrased as the fact that <. can be completed into a Borel linear preorder <. such
that x <. 2’ and 2’ <. x implies that they belong to a closed cycle with finite cost.

In fact, by using Theorem[4.9 it follows that the disintegration w.r.t. the equivalence classes is strongly
supported and that the image set A’ is a set of uniqueness: just observe that if x <. z’, then there is an
axial path connecting them, so that A’ is contained in a Borel linear order on [0, 1].

5.1. Extension of the construction. The approach we are proposing can be generalized as follows.

Assumption 5. Assume that for any (z,7) € I' there exist universally measurable subsets Az 5), B(z,5)
of [0,1] and universally measurable functions ¢z 5, 1 (z,5) satisfying

(5.5a) (Z,9) € A@z,g) X Ba,g)
(5.5b) Gz (@) + Vg (y) < c(z,y) V(z,y) € A@.g) X Ba,p
(5.5¢) P(z.9)(®) + Pz (v) = c(z,y) V(@,y) € A@y) X Bag NT-

We can define the relation R
(z,9)R(=",y) = (2".y) € Ay X Bay)-

Assume that there exist partitions { Xo }a, {Ya}a of [0, 1] such that each X, x Yy C A, yo) X B(aa,ya)
for some (24, Ya) € I'. Then optimality holds if the equivalence relation induced by {X, x Y3} g satisfies
Assumptions|T, i.e. if the disintegrations w.r.t. {X, x Y3}, g is strongly consistent, m(UaXo xY,) =1
and A’ of (5.3) is a set of uniqueness.

A method for constructing a relation R satisfying Assumption [5]and the crosswise condition w.r.t. T’
(Definition [2.3) is exploited in Appendix[C.

6. EXAMPLES

In this section we study the dependence of our construction w.r.t. the choice of I'; and the necessity
of the assumptions in Theorem [5.6.

6.1. Dependence w.r.t. the set I'. We consider the situation where the assumptions of Theorem
do not hold, so that either we do not have the strong consistency of the disintegration, or the set A’ is
not a set of uniqueness. Keeping fixed p, v, ¢ and the plan m € II(u,v), varying ', the following cases
are possible:

(1) Strong consistency of the disintegration is not satisfied for any choice of T', and the plan we are
testing can either be optimal or not (Example[6.1, Example [6.2).

(2) Strong consistency can be satisfied or not, depending on I', and, when it is, the quotient problem
can be both well posed (A’ is a set of uniqueness) or not (Example 6.3, Example [6.2). We are
testing an optimal plan.

(3) Strong consistency is always satisfied, but the image measure m is not atomic (Example [6.4).
The plan we are testing can either be optimal or not.

In Figure 3, for each example we draw the pictures of the set in [0, 1]? where c is finite.
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(a) When o ¢ Q, the cycle decomposition of the plan

m = (Id, Id)uﬁl gives only a consistent disintegration
(Ex.[6.1).
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(c) Disintegration either only consistent or strongly
consistent, quotient problem either well posed or not

(Ex.[6.3).

(b) Disintegration sometimes only consistent, sometimes
strongly consistent, but with no answer (Ex.[6.2).

(d) A set of uniqueness with no optimal pair and well
posed quotient problem (Ex.[6.4).

Figure 3: The dependence on I'. In the picture you find, in bold, a set where 7 is concentrated.

Ezample 6.1. Consider u = v = £! with the cost given by

Co y—ax =0

C1 :Zj — X
c(z,y) =

+o00  otherwise

a (mod 1)

c.1 y—x=—a(modl)

with o € [0,1] \ Q and ¢; + ¢_1 > 2c¢p.
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Three extremal points in II(u,v) are, for i € {0,1, —1},
7 = (Id,1d + ice(mod 1))ﬁ£1 = /c(x,y)m(da:dy) = ¢,

the optimal one will be the one corresponding to the lowest ¢;.

Fix the attention on 7y, which is c-cyclically monotone when ¢; + ¢c_1 > 2¢y. Take as I' the diagonal
{x = y}: the equivalence classes are given by {x +na mod 1},cn, the quotient is a Vitali set, and thus
the unique consistent disintegration is the trivial disintegration

Lh= /Elm(dt).

Moreover, one can verify that there is no choice of I" for which the disintegration is strongly consistent.
When ¢; < ¢y, we have a c-cyclically monotone transference plan 7 for which the decomposition gives a
disintegration which is not strongly consistent and 7 is not optimal. When c¢;, co > ¢y, we have an optimal
c-cyclically monotone transference plan 7 for which the disintegration consistent with the decomposition
in cycles is not strongly consistent.

Example 6.2. Consider an example given in [2], page 135: pu = v = L with the cost given by

1 y—ax =0
c(z,y) =142 y—a=a (mod 1) with a € [0, 1].

+00  otherwise

The extremal plans in II(p, v) with finite costs are, for i € {0,1},
m; = (Id,1d + ice(mod 1))ﬂ£1 = /c(x,y)dﬂ'i =141

both are c-cyclically monotone, and the optimal one is my. Take I' = {2 = y}: then there is no cycle of
finite cost, therefore the cycle decomposition gives classes consisting in singletons, the quotient space is
the original one, m = L, m, = d(z,y)}> Where a is the class of (z,y). This means that the measura-
bility condition is satisfied, but the quotient problem (which here is essentially the original one) has not
uniqueness. Take instead I' = {¢ < co}: now we have cycles, all with zero cost, obtained by going on and
coming back along the same way; consider for example the cycle

(wi,w1) =(0,0) — (w2, ws) = (0,a) — (w3, w3) = (,a) — (wy,wq)=(0,0).

The situation is similar to Example[6.1]and, as it was there, the disintegration is not strongly consistent.
Thus we have that, depending on I'; strong consistency can be satisfied or not, and when it is, the quotient
problem has not uniqueness. This behavior holds when testing either 7wy or my, thus it does not depend
on the optimality of the plan we are testing.

Ezample 6.3. Consider the same setting as in Example[6.2] but put the cost to be finite, say zero, also
on the lines {x = 1} and {y = 1}. Now, considering 7 = (Id,Id);L!,

- with T' containing (1, 1), all the points are connected by a cycle of finite cost, we have just one
class and optimality follows by c-cyclical monotonicity;

- with ' = {(z,2) : 2 €[0,1)} the classes are made of single points, the disintegrations is trivially
measurable, the quotient problem is essentially the original one and we are in the non-uniqueness
case;

- when you consider instead I' = {(z,2z) : z € [0,1)} U{(z,2 +a):z € [0,1]\ {1 — a}} again the
quotient space is a Vitali set, the strong consistency of the disintegration is lost.

Depending on the choice of I', we can have or not strong consistency; moreover, when we have strong
consistency, the quotient space can have uniqueness or non-uniqueness. Notice that since there exists I'

for which Theorem 5.6/ holds, m must optimal: the first argument does not hold for (Id,Id + )y £!, since
I'={(z,z+a mod 1),z € [0,1]} is not c-cyclically monotone.
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Ezample 6.4 (A set of uniqueness with nonexistence of ¢, 1). Consider u = v with the cost given by

1 y==x
cl,y) =R 1—-\Vy—z y—ax=2"" with n € N.
+00 otherwise

Unless p is purely atomic with a finite number of atoms, there is no optimal potential. However, applying
the procedure one can deduce optimality: {¢ < oo} is acyclic and therefore the cycle decomposition
consists in singletons, the quotient spaces are the original ones, and therefore A’ of (5.3) is a set of
uniqueness, being contained in {z <y}, and T(z 2} = Of(z,2)}, M = K-

Ezxample 6.5. The final example shows that in the case of consistency only, then we can construct a cost ¢
such that the image measure m is the same but there are non optimal transference plans. We just sketch
the main steps.

Let hx,hy : [0,1] — [0,1] be the Borel quotient maps for the equivalence relation of Definition|A.5!

Step 1. The conditional probabilities p, v3 cannot be purely atomic for m-a.e. o, 3.

By the Borel regularity of the map « — p,, one can in fact show ([5]) that there exists a Borel set B
such that BN h;(l () is countable and the atomic part of p, is concentrated on B. Hence if u, is purely
atomic we can reduce to the case where h;(l(a) is countable for all «.

Assume by contradiction that each equivalence class has countably many counterimages. We can use
Lusin Theorem (Theorem 5.10.3 in [21]) to find a countable family of Borel maps i/, : [0,1] D B,, — [0, 1],
B, € B([0,1]), n € N, such that hx o h], =I_p, and

graph(hy) = Ugraph(h%) graph(h.,) ﬂgraph(h;n) = (.

n

Define the analytic E-saturated sets (E is the closed cycles equivalence relation, Definition [5.4)
n—1
Zn = PL(EN[0,1] x h,(Bu)) \ | Z-
i=1

By construction, h!,(B,) N Z, is an analytic section of Z,, so that Proposition [A.9] implies that the
disintegration is strongly consistent. The same clearly holds for U, Z,.

Step 2. We restrict to the case where pq, 4 have no atoms.
The previous step shows that there is a set of positive m-measure for which the conditional probability
e is not purely atomic. Let f1o . be the continuous part of p4: in [5] it is shown that

/uaﬁm(da) = pLc

for some Borel set C, so that we can assume C' compact and restrict the transport to C' x [0, 1].
Repeating the procedure for Y, there exists D compact such that for the transport problem in C' x D
the conditional probabilities p,, v, are continuous.

Step 3. We redefine the cost in the set C' x D is order to have the same equivalence classes for hx, hy
but for which there are non optimal cyclically monotone costs.
Define the map

HX(O‘VT) = ua((()?x))’ HY(ﬁa y) - Vﬁ((ovy))'

By Lemmal4.11, we can assume that Hx, Hy are Borel in (o, ) and (3, y), respectively. If ¢ is the cost
of Example then define

. _ JelHx (o, 2), Hy (0,y))  (x,y) € (hx @ hy) ™o, q)
C(IL‘7 y) - 3
+00 otherwise
With the notation of Example[6.2] for my and 7y, for any pseudoinverse Hy' (), Hy '(a) it is fairly
easy to verify that

r = / (Hy'(a) & Hy'(a))gmim(da)
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m

Iz

Figure 4: The cost of Example[6.6l Outside the diagonal segments the cost is +o0.

is a ¢-cyclically monotone transference plan which is not optimal: the optimal one is
w::/]H;wa)®fgﬂumemnway

6.2. Analysis of the transport problem in the quotient space. In this section we consider some
examples related to the study of the quotient transport problem. The examples are as follows.

(1) The regularity properties of the original cost (e.g. L.s.c.) are in general not preserved (Example

6.6).

(2) In general, there is no way to construct a quotient cost ¢ independently of the transference plan
7 and different from T4/ (Examplel6.7).

(3) The set I1/ (m,m) strictly contains the set (hx ® hy )11/ (u1,v) (Examples[6.7,[6.8).

(4) If the uniqueness assumption of Theorem[5.6 does not hold, then we can construct a cost ¢’ which
gives the same equivalence classes and quotient transport problem and such that the original 7
is /-cyclically monotone but not optimal for ¢’ (Proposition [6.9).

Ezample 6.6 (Fig. [4). Consider the cost

0 y==z,2€(0,1/2]
clz,y) =<1 y=z+1/2 mod1
1 y==x,2€(1/2,1)

and the measures

+oo

. 1 - 1

u:y:ZQZld(z—Q—FQZ) —|—§5(3:—3/2), = (z,x)ip.
i=1

If we require that in each equivalence class
(6.1) crla,a) = /c(ac,y)wa(dgcdy)7 T € U(tas Va)s
one obtains

1 B=a=1/2

Clearly this cost is not Ls.c., and there is no way to make it L.s.c. under (6.I). This example shows that
we cannot preserve regularity properties for the quotient cost c.

dmm:{OﬁaU22iﬁeN
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Ezample 6.7 (Fig. [5). Let r € [0,1/4] \ Q and consider the cost

1 z=y,xz€0,1)
1+d y=2+1/2,2€][0,1/2)
1+d y=2—-1/2,2€[1/2,1)

c(x,y) =40 y=x+rxecl0,1/2—7) d,e > 0.
e y=x+nrzxe€ll/2,1—7)
0 y=x—1/24+rze[l—r1)

+o0o  otherwise

The settings are
p=v=7>LT I'={y=uxa}.

The equivalence relation is (z,2)E(xz 4+ 1/2,2 + 1/2): for simplicity we consider the quotient space as
[0,1/2).

In the quotient space, the cost c, is finite only on y = x and y =  +r mod 1/2. We now consider
two particular transference plans.

The easiest one is mo = (z, fo(x))s L, where

x z€(0,3)
folx)=<Xa+r xe[%,l—r),
r—i4r zell-rl)

for which by formula (6.1) we obtain a quotient cost of

1 f=a,ae€](0,1/2)
(6.2) co=4qe B=a+racl0,i—r)
0 B=a—-Lt+racli—r3)

Another cost is obtained by m = (z, fi(x))sL£*, where

T+ zel0,3—r)
43 zels—r3)
filz)=qz—3 vez,5+7) -
x relz+rl-—r)
z—i4r zel-nl)

In this case the cost is by (6.1)

1+d f=a,ac0,r)Ull/2—1r1/2)
(6.3) cg=<x1 B=a,ac[r1/2—7)
0 B =a+rmod 1/2

Since it is impossible to have a transference plan 7 in the original coordinates such that

. 1 f=a,aa€](0,1/2)
" l0 B=a+rmod1/2’

there is no clear way to associate the cost ¢ in the quotient space independently of the transport plan 7.
We note that there is no transference plan whose image is concentrated only on = a + r mod 1, so
that in general the image of II7(y, v) under the map (hx ® hy) is a strict subset of I/ (m, m).
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o c=e

c=1+d 1 c=1
m=2L"

_rt o, Tl
v=_L m=2L"

c=1+d

m = 2L

c=1+d

=Lt m=2L!

Figure 5: The cost of Example[6.7] Outside the segments the cost is +o0o, while for the two different
tranference plans the quotient costs are given by (6.2), (6.3).

Ezample 6.8 (Fig. [6). We consider the cost for r € [1, 1]\ Q

1 y=x,x€0,1)

1+d y=2%2+12€[0,1)

1+d y=2zx—-1,2€]0,1)

e y=z+nrzel0,i—r)

I y=z-2"(s-r),ze(@-2") 427 F —27"Fp L 27 i eN

+o00  otherwise

c(m,y) =

We consider the measures
31X
Z —ipl
== § 2 1£ 1_[1_2—1'71_2—:—1).
i=0

Since the measure of the segment [1 — 27¢ 1 — 27971) is 272071 4]l measures m with finite cost in
II(p, v) are concentrated on the segments
{y=z,2e[0,1]}u{y=2/2+1/2,2€[0,1]} U{y =2z -1,z € [1/2,1]}.
This can be seen in the quotient space, because
m=L',
and every measure m € 117 (m,m) is of the form 7 = a1 (z,2);L* + az(z, z +7 modl); L1, with ay,as > 0
and a; + ap = 1. But clearly this cannot be any image of a measure with finite cost in I/ (y, /).

The next proposition shows that if A’ is not a set of uniqueness, then the problem of optimality cannot
be decided by just using c-cyclical monotonicity.

Proposition 6.9. If there exists a transference plan m € I/ (m,m) different from (I,1)ym, then there
exists a cost ¢(x,y) for which the following holds:

(1) the set I is ¢-cyclically monotone;
(2) there are two measures w, 7 in U(u,v) such that

/c7r</c7r<+oo
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c=1+d

c=1+d

Iz

Figure 6: The cost of Example[6.8!

A variation of the following proof (using Lusin Theorem and inner regularity) allows to construct a
cost which is also l.s.c. if the original cost is l.s.c..

Proof. Let m € I (m,m) \ {(I,1)ym}, and consider a Borel cost ¢ such that

c([0,1]*\ (hx ® hy)({c < 4+00})) = +o0, /cm < /cm < +o0.

It is fairly easy to construct such a cost.
Define now

D= (hx ®hy) " ({a=0}), &x.y) = clhx(x),hy(y)),
= /ua ® vom(da), 7 := /ua ® vgm(dadf).

/Cﬂ'—/cm</cm /c7r<+oo

Moreover, since hy ® hy ({c < +o00}) is acyclic w.r.t. {a = g} (by the same proof of Lemma [4.7), the
equivalence classes w.r.t. the closed cycles equivalence relation £ do not change, so that I' is acyclic. O

It follows that

7. EXISTENCE OF AN OPTIMAL POTENTIAL
Let m € P([0,1]?) be concentrated on a c-cyclically monotone set I'. Assume that there exist partitions
{Xatae), Y5} se0,1) of [0, 1] into Borel sets such that

- I' C Uqgpo,1)Xa X Yo — i.e. T' satisfies the crosswise condition of Definition 2.3 w.r.t. the partition;
- in each set X, x Y, a € [0,1], there exist Borel optimal potentials ¢, ¥q:

G + Vo < con X, X Yy, Ga + Vo =conI'N X, xXY,.
Is it possible to find a Borel couple of functions ¢, 9 s.t.
¢+ v < con Uygpo,1)Xa X Yo ¢+ =cma.e’?

We show that this is the case under Assumption [1] i.e. if the disintegration of m w.r.t the partition
{Xa X Ya}acpo,1 is strongly consistent. If {¢ < 400} C Uyejo,1)Xa X Y this provides clearly an optimal
couple.

The approach is to show that the set

{(Oé7é,1;) . ¢, optimal couple in X, x Ya}
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is an analytic subset of a suitable Polish space, that we are first going to define. We then apply a selection
theorem to construct an optimal couple.
In order to structure the ambient space with a Polish topology, we need some preliminary lemmas.

Lemma 7.1. For every nonnegative function ¢ € C°([0,1]) the map
Gy + M(0,1]) > p — [out € R
is conver l.s.c. is w.r.t. weak*-topology.

Proof. Since for every p € M([0,1])

sup{/w: Oﬁwéap}:/w*,

then G is the supremum of bounded linear functionals, proving the thesis. O
Corollary 7.2. The map
M[0,1]) > p — pt e MF(0,1))

is Borel w.r.t. weak*-topology. For every nonnegative measure & the sublevel set {p: pt < &} is closed
and convex: in fact p— pt is order convex, meaning that

A+ 1 =) <t + (10—t

Proof. Tt is enough to observe that any function f : M([0,1]) — M([0,1]) is Borel if and only if the
function p+— [ ¢ f(p) is Borel for every nonnegative ¢ € C°([0,1]): the Borel measurability then follows
by Lemma 7.1 As well, f is order convex if and only if 4 — [ ¢ f(u) is convex Vo € C°([0,1;RT). O

Corollary 7.3. The function
M0, 1)) x M([0,1]) 3 (pa,p2) = mApe € M([0,1])

is Borel w.r.t. weak*-topology.

Proof. The thesis follows by the relation pq A g = py — [1 — p2]™ and Corollary (7.2 O
Lemma 7.4. The function
dps d
M1 x CO0, LR 3 (i pa,0) > [ 05822 € 0,-40)

is Borel w.r.t. weak*-topology.

Proof. Let {h;, 1}?;1 be a partition of [0, 1] into continuous functions such that
2[
0<hjr<1, Y hjr=1supph;; C [(j—1)27" =272 j2~ T 4 27177].
j=1
Define the Ls.c. and continuous functions, respectively,
Rt sz —a 1 = 0 v=0
1/z >0

21

M(0.1) x 01 3 () ([ haon) B

j=1
If 12 = (dpa/dpr)pa, then
21

71*
d
S fon) " (f) - 5

Jj=1

in L'(u): in fact, for continuous functions the resut follows by uniform continuity, and for the general
case one observes that
/ hj 1 fp

J[S5mmte( fsm) " ()

21

pa(de) < Y

J=1

S|V FAYPRN
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For ¢ € C°([0,1]) and 0 < g, u3 < kuy it follows

dysa d .
/ dizz# 1= hTOO/¢91(M17M2)91(M17M3)u1.

We finally reduce to the case po < kpy and pg < kpg: indeed

dps d
/qbdiiiﬁ#l Jim 1 hm /‘1591 pr1s p2 A (kpn))gr(pas ps A (kpa))pa

and by Corollary the map
(11, pioy pi3) — (ul, (kpa) A pos (kpa) A u:;)
is Borel. By composition of the above Borel maps, the statement of the lemma is proved. O

Lemma 7.5. The function
Hy o MF([0,1])2 x M([0,1])% x MT([0,1]?) — [0, +0¢]
(1, vy, €, ) o Hy = [ (A (A,
4 J (dEepr) (alrn),

is Borel w.r.t. weak*-topology for all M € RY.
Proof. Tt follows immediately from Corollary [7.2 and Lemma[7.4. O
Lemma 7.6. The subset of sequences in RY converging to zero is analytic w.r.t. the product topology.

Proof. The family on nondecreasing sequences m,, is a closed subset of NN, with the product topology.
The sequences of RY converging to zero are then the projection of the subset of RY x NN

{({fZ}ZEN7 {mn}neN) |f1| <27 Vi > mn}

We now show that C is closed in the product topology, from which the result follows.

Consider sequences { fe i }e, {Mn i }n converging pointwise to {fe}e, {mn }n, with ({fex}e, {mni}n) € C.
Then for each n € N there exists k(n) such that the sequence {my, i }x is constantly m,, for k > k(n).
As a consequence, for all k > k(n) one has | f; | < 27" for i > m,,. Since {f; x}; converges pointwise, it
follows that |f;| <27 for i > m,,. Hence ({f¢}e, {mn}n) € C. O

Given a subset J of RU {£o0}, we denote by L(y;J) the p-measurable maps from [0, 1] to J. If not
differently stated, py-measurable functions are equivalence classes of functions which coincide p-a.e..

Proposition 7.7. There exists a Polish topology on linear space

L={(ne): neP(0,1]), pe LR U {0} |

such that the map

I : L —  P([0,1]) x Hoj\;:1 M([0,1])

(9) = (i {(eAM)V(=M)u},cn)
18 continuous.

Proof. We inject L in P([0,1]) x [[5;—; M([0,1]) by the map I. The image of L is the set

(7.1) Im(I) = {(,umM) gy = (M ANp)V (=Np)  for M > N}.

Notice that the compatibility condition ny = (nar A Nu) V (—Np) implies that the Radon-Nikodym

derivative oy = dg—/f converges p-a.e. to a uniquely identified ¢ € L(u; R U {z+o0}).

We observe that by Corollary[7.3 the function
(s m) = Fn () := —(=(n A Np) ANp)

is Borel and Im(7) is the intersection of the following countably many graphs

(1) = () {Gn {(na}a) : () = v |-

N<M
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Being a Borel subset of a Polish space, by Theorem 3.2.4 of there is a finer Polish topology on
P([0,1]) x T157—; M([0,1]) such that Im(I) itself is Polish, and this Polish topology can be pulled back
to L by the injective map I. The continuity of I, also w.r.t. the product weak® topology on the image
space, is then immediate. O

Lemma 7.8. The subset LY := {(11,¢) : ¢ € L(u;R)} of L is analytic.

Proof. If ¢ € L(p; RU{xo0}), the condition ¢ € L(u;R) is clearly equivalent to limps||pl/(|¢] > M) = 0.
Since the injection I is continuous and I(L) is Borel by Proposition [7.7] it is enough to prove that

1) = {(n&uha) : lim_[l€are = urll = 0}

is analytic. By Lemma 7.6 this follows by the l.s.c. of the map
P(0,1]) x [T35-, M(0,1]) — RY

(1 {Exr i) e {Jeae — &}y,
O

Theorem 7.9. Let c be l.s.c.. Assume that the disintegration of m w.r.t. a partition {Xs X Ya}aejo,1) 8
strongly consistent and that there exist optimal potentials ¢o € B(Xo, RU{—00}), b € B(Yy; RU{—00}),
a€[0,1]:

G+ Vo < con X, XY, Ga + Vo =conT'NX, xY,.

Then there exist Borel optimal potentials on Uycpo,1)Xa X Ya-

Proof. We prove the theorem by means of Von Neumann’s selection principle.
Step 1. Consider the Polish space

Z =L x L xP([0,1]?).
We first prove the analyticity of the set A C Z made of those
(1, 9), (v,90),m) € LY x LT x P([0,1]%)

satisfying the relations

(1) (Pr)gm = p, (Po)gm = v
(2) ¢+ < c out of cross-negligible sets w.r.t. the measures p, v;
(3) ¢+ =cmae.
Since X1 is closed under countable intersections, it suffices to show that each of the conditions above
defines an analytic set.
Constraint (1) defines a closed set, by the continuity of the immersion I in Proposition[7.7 and because
{(p,v,7): me(p,v)}is compact in P([0,1]) x P([0,1]) x P([0,1]?).
Setting ¢opr = (0 AM)V (=M)), var = (P AM) Vv (—=M)) for M € N, Condition (2) is equivalent to

(7.2) /c;SM(Pl)ﬁWJr/wM(PQ)WT < /c7r Vi € 1= (pu,v), VM € N.

Indeed, suppose that Condition (2) is not satisfied, i.e. the set {(z,y) : ¢(z)+¢(y) > ¢(x,y)} is not cross-
negligible. Then, since ¢, 1ps converge pointwise to ¢, ¥, the set {(x,y) : dar(x) + Y (y) > c(z,9)}
cannot be cross-negligible. By the Duality Theorem [B.2|there exists a non-zero m € II= (i, ) concentrated
on {(z,y) : dm(x) +¥am(y) > e(x,y)} and therefore (7.2) does not hold. The converse is immediate, as

oM +Yu < c
We consider the Borel set (Lemma [7.5)

(7.3) Cpoy = {(u,l/,gm,w) s Hy(p, v, &m,m) — /(c+ 2M)m > 27" e IS (u, V)}

Since for m € II=(p, v) one has

A+ Mu)™ (P + / d(n+ Mv)™

Hyslporgnm) = [ FE0
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then for fixed (u,v,n, ) the function

o Vv &nm) = [(e+2M)m w e TS (,v)
—00 otherwise

is u.s.c. for L.s.c. cost ¢: we have used the fact that
{mGM([O,l]):OSmSu}SmH/fmeR

is continuous for all f € L'(u) and {0 < m < p} is closed. In particular the section

Crnr N { (1,6} % P((0,1]%)
is closed, hence compact. By Novikov Theorem (Theorem 4.7.11 of [21]), it follows that

Prasa(Coonr) = {m,u,n,s) 3 € 0 (), s o) = [ (e +200)m > 2”}

is Borel. Finally, the set

Dy = U P1234(Cn,M) = {(Na’/»%f) (dme HS(M,V),HM(M,V,U,E,W) —/(C+2M)7T > 0}
neN

is Borel.
Condition (7.2) thus can be rewritten as

{ G teartan, ) € PO ¢ (T MQOAD) (v arons) ¢ Dav
M=1

and the above discussion implies that this is a Borel set.
We prove finally that Condition (3) identifies an analytic set. Consider the map

( ﬁ M([0,1]) x M([0, 1])) x P([0,1*) 3 ({&nr, maa b aa, ) {/fM +/nM - /CTF}M e RN,

M=1

This function is clearly Borel. Moreover, by Lemma [7.6 the family of sequences converging to 0 is
an analytic subset of RY, and therefore his counterimage is analytic. The thesis follows again by the
continuity of the immersion I of Proposition [7.7!

Step 2. Since the set A of Step 1 is analytic, and the map [0,1] > a +— 7, € P([0,1]?) can be assumed
to be Borel, then the set B =[0,1] x AN {(«, (i, @), (v,¢), m: ™= m,)} is analytic.

Step 3. By Von Neumann’s selection principle applied to B, there exists an analytic map

0,1] 2 a — ((Nm‘ba)v(’/mwa)) € LxL.

Hence, by the immersion of I of Proposition [7.7 we can define the sequence of measures
v = /gM,am(da) Ny = /nM_,am(da).

It is not difficult to show that (,u, {fM}MeN) and (u, {nM}MGN) belong to the image (7.1) of I: by the

formula

d d
it follows that (u, {€ar}ar) € L7 and satisfies the compatibility condition. Therefore taking the counter-
image with I one can define functions ¢ € L(u), 1 € L(v) which are optimal potentials. O

Remark 7.10. Theorem[7.9]1does not provide an optimal couple for a generic equivalence relation different
from the axial one, and in particular it does not apply for the cycle equivalence relation (see Example(6.4).

Remark 7.11. Even if every two points are connected by an axial path and there exist Borel potentials,
in general there is no point (Z, ) such that the extensions of Corollary[C.7 define Borel potentials ¢, 1.
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Remark 7.12. In the proof one can observe that we can replace the cost ¢ with any other cost ¢/, just
requiring that for m-a.e. a it holds ¢, + 1o < ¢’. In particular, we can take a cost whose graph is
o-compact in each equivalence class and prove that the sets C), as of (7.3) are o-compact.

This shows how Theorem [7.9] can be extended to m-measurable costs.
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APPENDIX A. DISINTEGRATION THEOREM IN COUNTABLY GENERATED PROBABILITY SPACES

In this section we prove the Disintegration Theorem for measures in countably generated o-algebras,
with some applications. The results of this sections can be deduced from Section 452 of [10]; for com-
pleteness we give here self-contained proofs.

We consider the following objects:

(1) (X,Q,pun) a countably generated probability space;
(2) X = UaeaX, a partition of X;
(3) A= X/ ~ the quotient space, where 1 ~ xo if and only if there exists o such that 1, zs € Xu;
(4) h: X — A the quotient map h(z) = 2°* = {a: x € X, }.
We can give to A the structure of probability space as follows:
(1) define the o-algebra o7 = hy(§2) on A as the quotient o-algebra
Aed <« |J{z:hl@)=a}=h7"(4) e
acA
(2) define the probability measure m = hypu.

We can rephrase (1) by saying that < is the largest o-algebra such that h : X — A is measurable: it
can be considered as the subalgebra of (2 made of all saturated measurable sets.

Definition A.1. The o-algebra 7 is essentially countably generated if there is a countable family of sets
A, € @, n €N, such that for fxll A € o there exists A € 2, where 2 is the o-algebra generated by A,,,
n € N, which satisfies m(A A A) = 0.

The first result of this section is the structure of &7 as a o-algebra.
Proposition A.2. The o-algebra o/ is essentially countably generated.

Notice that we cannot say that the o-algebra & is countably generated: for example, take ([0, 1], B)
and z* = {x + Q} N[0, 1]. We are stating that the measure algebra </ /.4;,, where 4}, is the o-ideal of
m-negligible sets, is countably generated.

The proposition is a consequence of Maharam Theorem, a deep result in measure theory, and can
be found in [9], Proposition 332T(b). We give a direct proof of Proposition [A.2, The fundamental
observation is the following lemma.

Lemma A.3. Let f, be a countable sequence of measurable functions on A. Then there is a countably
generated o-subalgebra 2 of </ such that each f, is measurable.

Proof. The proof is elementary, since this o-algebra is generated by the countable family of sets

{f;l(%n, +OO)7 dm S Q, m € N}
This is actually the smallest o-algebra such that all f,, are measurable. 0

Proof of Proposition A.2, The proof will be given in 3 steps.
Step 1. Define the map Q5 B — fg € L*™(m) by

(A.1) hypep= fem.

The map is well defined by Radon-Nikodym theorem, and 0 < fg <1 m-a.e..
Given an increasing sequence of B; € €1, then

[ fomm = pl () 0B =l (4) 0 B) =t [ o= [t fom,
A 1 (3 A A K2

where we have used twice the Monotone Convergence Theorem and the fact that fp, is increasing m-a.e..
Hence fu,p, = lim; fp,. By repeating the same argument and using the fact that m is a probability
measure, the same formula holds for decreasing sequences of sets, and for disjoint sets one obtains in the
same way fu,5, = Y, /5,.

Step 2. Let = {Bp,n € N}, be a countable family of sets generating 2: without any loss of generality,
we can assume that % is a Boolean algebra. Let 2 be the o-algebra generated by the functions fp,,,
B, € %: it is countably generated by Lemma A.3.
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From Step 1 and the Monotone Class Theorem (Proposition 3.1.14, page 85 of [21]), it follows that the
family of sets B such that fp defined in is /-measurable up the an m-negligible set is a o-algebra
containing 2.

Step 3. Applying the last step to the set B = h='(A) with A € &/, we obtain that there exists a
function f in L°°(m), measurable w.r.t. the o-algebra 2 such that x4 = f m-a.e., and this concludes the
proof, because up to negligible set f is the characteristic function of a measurable set in 2. 0

Remark A.4. We observe there that the result still holds if € is the p-completion of a countably generated
o algebra. More generally, the same proof shows that every o-algebra o/ C () is essentially countably
generated.

In general, the atoms of 2 are larger than the atoms of 7. It is then natural to introduce the following
quotient space.

Definition A.5. Let (4,4, m) be a measure space, A C &/ a o-subalgebra. We define the quotient
(L,.Z,¥) as the image space by the equivalence relation

a1~y = VAEQ[(aleA = ageA).

We note that (.£,¢) is isomorphic as a measure algebra to (2(,m), so that in the following we will not
distinguish the o-algebras and the measures, but just the spaces A and L = A/ ~;. The quotient map
will be denoted by p: A — L.

We next define a disintegration of 1 consistent with the partition X = Uyea X, ([10], Definition 452E).

Definition A.6 (Disintegration). The disintegration of the probability measure u consistent with the
partition X = UyepX, is @ map A D a — u, € P(X, Q) such that

(1) for all B € Q, pq(B) is m-measurable;

(2) forall BeQ, Ae o,

(A.2) p(BOE () = [ a(Bymlda).

where h : X — A is the quotient map and m = hyp.

We say that the disintegration is unique if for all two measure valued functions o +— fi1 4, @ = 2o
which satisfy points (1), (2) it holds p1,4 = p2,. m-a.e. a.

The measures ., a € A, are called conditional probabilities.

We say that the disintegration is strongly consistent if for m-a.e. a o (X \ Xo) = 0.

We make the following observations.

(1) At this level of generality, we do not require u,(Xs) = 1, i.e. that u, is concentrated on the class
X,: in fact, we are not even requiring X, to be u-measurable.

(2) The choice of the o-algebra o/ in A is quite arbitrary: in our choice it is the largest o-algebra
which makes point (2) of Definition [A.6] meaningful, but one can take smaller o-algebras, for
example A considered in Definition

(3) If A € &/ is an atom of the measure space (4, 7, m), then the measurability of pp,(B) implies that
pn(B) is constant m-a.e. on A for all B € Q. In particular, if we want to have p, concentrated
on the smallest possible set, we need to check p; with the largest o-algebra on A: equivalently,
this means that the atoms of the measure space (4,7, m) are as small as possible. However,
negligible sets are useless to this extent.

(4) The formula above does not require to have €} countably generated, and in fact there are
disintegration results in general probability spaces (see Section 452 of [10] for general results).
However, no general uniqueness result can be expected in that case.

(5) The formula (A.2) can be easily extended to integrable functions by means of monotone con-
vergence theorem: for all p-integrable functions f, f is pe-integrable for m-a.e. a, [ fq is
m-~integrable and it holds

(A.3) [m=] ( / fua>m(da)~

We are ready to prove the general disintegration theorem.
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Theorem A.7 (Disintegration Theorem). Assume (X, Q, u) countably generated probability space, X =
UaeaXa a decomposition of X, h : X — X, the quotient map. Let (A, o/, m) the measure space defined
by o = hyQd, m = hyp.
Then there exists a unique disintegration o — i, consistent with the partition X = UgepXq-
Moreover, if A is a countably generated o-algebra such that Proposition[A.2 holds, and L is the quotient
space introduced in Definition[A.5, p : A — L the quotient map, then the following properties hold:
(1) X = Xy = (poh)~Y(N\) is u-measurable, and X = Uyep Xy ;
(2) the disintegration p = [ pxm(d\) is strongly consistent;
(3) the disintegration = [, pam(da) satisfies po = fip(a) m-a.e..

The last point means that the disintegration y = |, 4 Ham(da) has conditional probabilities y., constant
on each atom of % in A, precisely given by pi, = py for a = p~1()\) m-a.e.: i.e. pi, is the pullback of the
measure fiy.

Proof. We base the proof on well known Disintegration Theorem for measurable functions from R? into
Re=F see for example [1], Theorem 2.28.

Step 1: Uniqueness. To prove uniqueness, let # = {B), }»en be a countable algebra of sets generating
Q. We observe that the L>(m) functions given by [, fn(a)m(do) = p(h~'(A)NB,) are uniquely defined
up to a m-negligible set. This means that u,(B,) is uniquely defined on the algebra & m-a.e., so that
it is uniquely determined on the o-algebra 2 generated by 2.

Step 2: Ezistence. By measurable space isomorphisms (see for example the proof of the last theorem
of [13]), we can consider (X,Q) = (L,2) = ([0, 1], B), so that there exists a unique strongly consistent
disintegration p = [ pam(dA) by Theorem 2.28 of [1] and Step 1 of the present proof.

Step 3: Point (3) Again by the uniqueness of Step 1, we are left in proving that [ ju,ym(da) is a
disintegration on X = X,.

Since p : A — L is measurable and p is measure preserving, a +— fi,(o)(B) is m-measurable for all B € Q.
By Proposition [A.2, for all A € o/ there exists A € . such that m(A A A) = u(h='(A) Ao h='(A)) = 0:
then

[ e (Brmiae) = [ o Bymd) = [ in(Bym(ar) = w40 B) = (™ (4) (1 B).
OJ

The final result concerns the existence of a section S for the equivalence relation X = U,X,, under
the additional assumption that the atoms of ) are singletons.

Definition A.8. We say that S is a section for the equivalence relation X = Uyep X, if for o € A there
exists a unique r, € SN X,.

We say that S, is a p-section for the equivalence relation induced by the partition X = Ugea Xy if
there exists a Borel set I' C X of full y-measure such that the decomposition

F:UFa:UFﬂXa

ach ach
has section S,,.

Clearly from the Axiom of Choice, there is certainly a section S, and by pushing forward the o-algebra
Q on S we can make (5,.%) a measurable space. The following result is a classical application of selection
principles.

Proposition A.9. The disintegration of p consistent with the partition X = Ugep Xy is strongly consis-
tent if and only if there exists a Q-measurable p-section S such that the o-algebra 7 contains B(S).

Proof. Since we are looking for a pi-section, we can replace (X, Q) with ([0, 1], B) by a measurable injection.
If the disintegration is strongly consistent, then the map z — {«a : x € X,} is a y-measurable map
by definition, where the measurable space (A, <7) can be taken to be ([0, 1], B) (Step 2 of Theorem[A.7).
By removing a set of p-measure 0, we can assume that h is Borel, so that by Proposition 5.1.9 of [21] it
follows that there exists a Borel section.
The converse is a direct consequence of Theorem [A.7 and the Isomorphism Theorem among Borel
spaces, Theorem 3.3.13 of [21]. O
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A.1. Characterization of the disintegration for a family of equivalence relations. Consider a
family of equivalence relations on X

¢ = {Ee C X x X : E, equivalence relation, e € 5}

closed under countable intersection. By Theorem |A.7, to each E, € € inducing the partition X =
Uaen, Xo We can associate the disintegration

w= / pame(da), me:= (he)sp, he : X — Ao quotient map.
A€

The key point of this section is the following easy lemma. For simplicity we will use the language
of measure algebras: their elements are the equivalence classes of measurable sets w.r.t. the equivalence
relation

A~A = pulAnA)=0.

Let 3 = {%,,z € Z} be a family of countably generated o-algebras such that &, C </, where &/ is a
given countably generated o-algebra on X. Let & be the o-algebra generated by U3 = U,cz%.

Lemma A.10. There is a countable subfamily 3’ C 3 such that the measure algebra generated by 3’
coincides with the measure algebra of €.

Proof. The proof follows immediately by observing that % is essentially countably generated because
it is a o-subalgebra of &/: one can repeat the proof of Proposition [A.2, see also Remark or [9],
Proposition 332T(b).

Let A,, n € N, be a generating family for € it follows that there is a countable subfamily 3,, C 3
such that A,, belongs to the o-algebra generated by U3,, = U, e3,%6,. Let Az, m € N, be the countable
family of sets generating €, € 3: it is straightforward that {A,,,,m € N, %, € U, 3,,} essentially generates
C. O

We can then state the representation theorem.

Theorem A.11. Assume that the family € of equivalence relations is closed w.r.t. countable intersection:

if Ee, € € for alln € N, then
()E., € ¢

Then there exists E5 € € such that for all Ee, e € £, the following holds:

(1) if o, o5 are the o-subalgebras of Q made of the saturated sets for Eo, Es respectively, then for
all A € o, there is A’ € ofs s.t. p(A o A') =0;

(2) if me, ms are the restrictions of p to e, ofs respectively, then o, can be embedded (as measure
algebra) in s by Point (1): let

me = /mé,ame(da)

be the disintegration of mg consistent with the equivalence classes of s in <.
(3) If
M:/Ne,ame(da)v u:/ﬂé,ﬁmé(dﬂ)

are the disintegration consistent with FEo, Fs respectively, then

(A4) He,a = /Mé,ﬁmé7a(dﬁ)~
for me-.a.e. a.

The last point essentially tells us that the disintegration w.r.t. Es is the sharpest one, the others being
obtained by integrating the conditional probabilities ps 3 w.r.t. the probability measures ms 4.

Note that the result is useful but it can lead to trivial result if E = {(x,z),2 € X} belongs to €: in
this case

He.3 = 5[37 Mg,a = Me,a-
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Proof. Point (1). We first notice that if E. , F., € € and A € o%,, the o-algebra of saturated sets
generated by E.,, then A € o7 ,, the o-algebra of saturated sets generated by F., N E.,. Hence, if € is
closed under countable intersection, then for every family of equivalence relations F., € € there exists
Es € € such that the o-algebras o7, made of the saturated measurable sets w.r.t. E, are o-subalgebras
of the o-algebra ofs made of the saturated measurable sets w.r.t. the equivalence relation Fs.

By LemmalA.10/applied to the family 3 = {#%|e € £}, we can take a countable family of equivalence
relations such that the o-algebra of saturated sets w.r.t. their intersection satisfies Point (1).

Point (2)). This point is a consequence of the Disintegration Theorem [A.7, using the embedding
ol > A A’ € of; given by the condition u(A A A") = 0.

Point (3). Since consistent disintegrations are unique, it is enough to show that (A.4) is a disintegration
for E,. By definition, for all C' € Q, ps 3(C) is a mgs-measurable function, so that by (A.3) it is also
Mg o-measurable for me-a.e. a and

. / 116.5(C)ms.a(dB)

is me-measurable. Denoting with he the equivalence map for E,, for all A € <7, we have

W) = [ pos(@matas) = [ ([ nep(Comea(ds) Jmefaa),
where we used the definition of yz g in the first equality and (A.3) in the second one. O

Remark A.12. Using the fact that if A € o, then there exists A’ € o7 such that u(A A A’) = 0, then
the identity map I : (X, o%) — (X, @) is y-measurable. Let h, : X — X/E, hs : X — X/E be quotient
maps. It is fairly easy to show that there exists a unique (hz)jpu-measurable map gz (defined up to
negligible sets) such that the following diagram commutes:

X&X/Eé .

X —=X/Ee
Clearly one then has
(A.5) (he)sit = (gee)s ((he)sp) = (gee © he)sp.
APPENDIX B. PERTURBATION BY CYCLES

For the particular applications we are considering, the geometrical constraints allow only to perturb
a given measure 7 € II(x, ) by means of bounded measures A € M([0,1]?) with 0 marginals, and such
that m+ A > 0. The simplest way of doing this perturbation is to consider closed cycles in [0, 1]%: we will
call this types of perturbation perturbation by cycles (a more precise definition is given below).

The problem of checking whether a measure p can be perturbed by cycles has been considered in several
different contexts, see for example [12]. Here we would like to construct effectively a perturbation,
which will be (by definition) a perturbation by cycles.

Since we are using a duality result valid only for analytic sets, in the following we will restrict to a
coanalytic cost c¢. We first recall some useful results on analytic subsets of Polish spaces (in our case
[0,1]), and the main results of [15].

B.1. Borel, analytic and universally measurable sets. Our main reference is [21].

The projective class $1(X) is the family of subsets A of the Polish space X for which there exists Y’
Polish and B € B(X x Y) such that A = P;(B). The coprojective class I13(X) is the complement in X
of the class £}(X). The o-algebra generated by Y1 is denoted by A.

The projective class ¥}, (X) is the family of subsets A of the Polish space X for which there exists
Y Polish and B € IT}, (X x Y) such that A = P;(B). The coprojective class I1}, ,  (X) is the complement
in X of the class £}, (X).

If X1, II} are the projective, coprojective pointclasses, then the following holds (Chapter 4 of [21]):

n’
(1) L Tl are closed under countable unions and countable intersections (in particular they are
monotone classes);
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(2) L is closed w.r.t. projections, IT} is closed w.r.t. coprojections;
(3) the ambiguous class Al := %1 N H1 is a o-algebra and X} UIIL C Al .

We recall that a subset of X Polish is universally measurable if it belongs to all completed o-algebras
of all Borel measures on X: it can be proved that every set in A is universally measurable.

Under the axiom of Projective Determinacy (PD) all projective sets are universally measurable, and
PD is undecidable in ZFC ([17}[18]). In the rest of the present Appendiz we assume (PD). One could
avoid this assumption by recovering independently the measurability of the functions we are going to
define by countable limit procedures (see for example [6]), but since our aim is to describe a construction
this analysis is not needed here.

We recall that Borel counterimages of universally measurable sets are universally measurable.

B.2. General duality results. All the results recalled in this sections are contained in [15].

Let A C [0,1]? be a subset of [0,1]¢, and consider Borel probabilities u; € P([0,1]), i = 1,...,d. We
want to know if there is a measure 7 such that 7*(A4) > 0 and its marginals are bounded by the measure
it (Py)gm < p;. We recall that
(B.1) 7 (A) == inf {m(A"): A" € B([0,1]%),AC A’}
is the outer m measure. For simplicity, we will denote the i-th measure space in the product with X;.
Definition B.1. A set A C [0,1]¢ is cross-negligible w.r.t. the measures pi;, i = 1,...,d, if there are
ui-negligible sets N;, ¢ = 1,...,d, such that A C Uinl(Ni).

Given A;, A € [0,1]%, we define

(B.2) dist(Aq, Ag) := inf { Z/ it XA aa,(T) < i , hi € Loo(uz)}

We say that Ay, Ay C [0,1]¢ are equivalent and we write Ay ~gse Ao if A; A As is cross negligible,
i.e. diSt(Al, Ag) =0.

This definition is the same as the L-shaped sets defined in [3]. Clearly the cross-negligible sets can be
taken to be Gs-sets. The fact that ~g;s is an equivalence relation and that (P([0,1]¢)/ ~gist, dist) is a
metric space is proved in [15], Proposition 1.15. Following again [15], given .A C P([0,1]%), we denote A
the closure of A w.r.t. the distance dist.

The next theorem collects some of the main results of [15]. This results are duality results, which
compare the supremum of a linear function in the convex set

W, .. s ja) == {77 e P[0, 1)%) : (P)er = piyi=1,.. .,d}
with the infimum of a convex function in a predual space.

Theorem B.2. If A € ©}(R4), then the following duality holds

d d
(B.3) sup {W(A) :TE H(ul,...,ud)} = min{Z/hmi : th(%) > xal(x),0 < h; < 1}.
i=1 =1

Moreover, if A is in closure w.r.t. d of the family of closed sets, then the max on the L.h.s. is reached. In
particular the mazximum is reached when A is in the class of countable intersections of elements of the
product algebra.

Proof. The fact that the duality (B.3) holds with the infimum in the r.h.s. is a consequence of [15],
Theorem 2.14. In our settings the analytic sets contain all the Borel sets, so that in particular the duality
holds for Borel sets.

The fact that the minimum is reached is a consequence of [15], Theorem 2.21.

Finally, the last assertion follows from [15], Theorem 2.19, and the subsequent remarks. ]

A fairly easy corollary is that if the supremum of (B.3) is equal to 0, then A is cross negligible.

Remark B.3. Note that since we are considering a maximum problem for a positive linear functional,
then the problem is equivalent when considered in the larger space

O (g, ... ) = {0 <m e M0, 1]%) 2 (P)ym < piyi = 1,...,d}.
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B.3. Decomposition of measures with 0 marginals. In this section we decompose a measure with
0 marginals into its cyclic or essentially cyclic part and acyclic part. The decomposition is not unique,
even if we can determine if a perturbation is cyclic, essentially cyclic or acyclic.

Let A be the convex closed set of Borel measures on [0,1]* with 0 marginals:

(B.4) A= {A e M([0,1]%) : (P)sA=0, i= 1,2}.

Definition B.4. We define the following sets.
The configuration set

C, = {w € 0,11 : Py 1w # (Pais1 mod 20)W, Poiw # (Paiya mod 2n)Ww,i=1,... ,n}.
The phase set
D, = {z €[0,1]* : (Paj—1, Pai)z = (Pait1 mod an, Pai—2)z,i=1,... n}
The set of finite cycles of arbitrary length D
Dy, = {z € [0,1)N : (Pyi_1, Pss)z = (Pais1, Paio)2,3k : Pypriz = Piz,i € N}.
The projection operator
q: [0, 1" — [0,1)%",  (Pyi_1, P2i)q(2) = (Pai_3, Pyi_2)z, i =1,...,n.
The reduced phase set

D, = ¢ Y(C,) N D,.

The narrow configuration set and narrow phase space
(B.5) Cp = {w € (0,112 : (Poj1, Pos)w # (Paj_1, Pag)w,i # yk} D, == ¢ Y(Cy) N D,

Remark B.5. The following remarks are straightforward.

(1) The set C,, is open not connected in [0,1]?", and its connected components are given by the
family of sets

Chn1 = {w 0,11 Py_1w 2 (Pait1 mod 20)W, Poiw Z (Paito mod 2n)W,d = 1,.. .,n}

for the 4 possible choices of the inequalities and of i € {1,...,n}.
(2) The set D,, is compact connected, and the set D,, can be written as

D, = {z c [O’ 1]4n : (P4Z‘_1,P4i)z = (P4i+1 mod 4n, P4i—2  mod 4n)27

Pyi—32 # (Piit1 mod 4n)%; Pri—2Z # (Prit2 mod 4n)%, 0 =1,... ,n}.

(3) Both sets C,, and D,, are invariant for the cyclical permutation of coordinates T defined by
(Pit2 mod n)(Tw) = Paw,i=1,...,2n in [0,1]*" and by ¢"*Tq on D,,.
(4) The narrow phase set is made by cycles of length exactly n.

We give now the following definitions.
Definition B.6. A measure A is n-cyclic if there exists m € M¥(C,) such that
1 = 1 u
(B6) A= E/ Zép(2i7172i)wm(dw), AT = E/ ZdP(ZH»l mod 2n,21‘)wm(dw)'
"=l n =1

A n-cyclic measure \ is a simple n-cycle if m is supported on a set ¢(Q) with

@ ={3 € D (Pu-a Puc)s € (one) + e {Jos = . o =y} > 2¢ .
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A measure X is cyclic if there exist m,, € M*(C,), n € N, such that >, m,(C,) < oo and

(B7) Z / Z 6P(21 1,24) wmn dw Z / Z 6P(27+1 mod 2n Qz)wmn(dw)

”zl "11

From the definition of simple n-cycles it follows that there are disjoint 2n sets (x;,v;) + [—¢, €%,
(Tit1 mod n»¥i) + [—€, €%, i=1,...,n, such that

AT ( U@i g + [, 6]2> AT ( U@is1 mod nowi) + [—€, 6]2) = [IAll.

i=1 i=1

The next lemma is a simple consequence of the separability of [0,1]*" and the fact that C, is open.
Lemma B.7. Fach n—cyclz’c measure X of the form

/ E :5P(21 1 2z)wm dw / E :5P(21+1 2i  mod zn)wm(dw)

"11 "21

can be written as the sum of simple n-cycles \; so that
AF=3TAN A=)
B.3.1. n-cyclic components of a measure. Consider the Jordan decomposition of A € A,
A=At -\~ AT LA, AT AT >0,
and the Borel sets AT, A~ of the Hahn decomposition:
ATNA™ =0, ATUA™ =[0,1]%, AT = Alas, AT =Ala.
Define then
(B.8) poict = AT, o= AT,

withi=1,...,n
From Theorem and the fact that D,, is compact, the following proposition follows.

Proposition B.8. Let u; as in (B.8). There exists a solution to the margz'nal problem, forn € N,

(B.9) max{ﬂ'([)n): € M(uy, ..., ton) —rmn{zz/o”2 il Zh (Pai-1, P2i)z) > Xp (z)}

1=1

Proof. 1t is enough to prove that D,, is in the equivalence class of D,, w.r.t. ~qist: from this it follows
that for every measure in II(y;) one has w(D,) = w(D,,), and then one can apply Theorem [B.2|
Step 1. By definition

Dn\ Dy | {Z t Pri—32 = (Pait1 mod an) O Pai—22 = (Pait2 moda 4n)2}7
i=1

so that if z € D, \ D,, for at least one i
(B.10) (Pyi—3, Pyi—2)z = (Pai—1, Pai)z o (Pai—1,Psi)2 = (Pait1 mod 4n> Pait2 mod 4n)%-
Step 2. Consider the functions, for i =1,...,n,

Jaic1 = Xpa2\ats  f2i = Xjo,12\4- -
Since fo;_1 + fo; > 1, it follows from that

> foic1 ((Paizs, Piio2)z) + fai (Paio1, Pai)z) > XD\ Dy -
i=1
Step 3. Since AT(A7) = A" (AT) =0, then

Z/ Jai—1i2i—1 +/ faip2i = Z AFAT) + A7 (4) =0.
0 1]2 [071]2 =1

Hence dist(D,,, D,,) = O
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We now define the n-cyclic components of \.

Definition B.9. Let m be a maximizer for (B.9) and define the measure
1 n n

1
An 1= - ;(szws, P4i72)ﬁ7ﬂ—ﬁn—ﬁ ;(PMA, Pyi)ymip, -

We say that A, is the (or better a) n-cyclic component of \.
Remark B.10. The following are easy remarks.
(1) 0 < AP <At and 0 < A\, < A™: in fact, by construction
0 < (Pyi—3, Pai—2)ymip < AT, 0 < (P, Pr)ymip < AT
Moreover, by the definition of D,,, it follows that
|(Pyi—s, P4i72)ﬁ7ﬂ—f)n| = |(Pai-1, P4i)ﬁ7ﬂ—Dn| =7(Dp),

so that |\,| = 27 (Dy,).
(2) If 7 is a maximum, also the symmetrized measure

171—1
ﬁ::fZ(To-noT) 7r
1=0 i—times

is still a maximum. For this measure 7 it follows that
(B.11) An = (Pai-3, Pai—2)yTep —(Paio1, Pu)yip

for all i = 1,...,n. In particular, if we consider again the problem (B.9) with A* as marginals
in (B.8), then 7 is still a maximum. However, there are maxima which are not symmetric,

and for which the projection on a single component does not exhibit a cyclic structure, as in
Example B.17.
(3) The n-cyclic component of A is a n-cyclic measure, as one can see by the trivial disintegration

T :/ 5q71(w)m(w), m(w) = (ggm)(w).
Crn

Conversely, if A is n-cyclic, then 7m_p, = (¢7!)ym is a maximum for the problem (B.9).
Note that the condition

1 n
A= E /C Z (6P(2'i71,2i)“’ B 5P(2i+1 mod 271,2i)w)m(dw)

n g=1

is not sufficient, because of cancellation, as it can be easily seen by the measure

1 -1 0 0 0 0 1 -1 0
A= -1 1 O0f[+]0 —1 1 =] -1 0 1
0o 0 0 0o 1 -1 0 1 -1
(4) If A, = 0, it follows from the duality stated in Theorem [B.2|that D,, is cross negligible, so that
there exists Borel sets N;, i = 1,...,n such that
2n
>\+(N2i,1) =)\" (Ngl) =0 and D, C U(Pz)_l(Nz)
i=1

Hence the sets
n n
Nt = UNQi—ly N~ = UNQi
i=1 i=1
still satisfy AT(NT) = A" (N") =0 and
Dy 0 () (Paica) H(NH) 0 (Poy) T (NT)e = 0.

i=1
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We thus conclude that if \,, = 0 there exist Borel sets AT, A~ such that AT is concentrated in A™,
A~ is concentrated in A~ and there is no n-cycle {(z;,9;),i = 1,...,n} such that (z;,y;) € AT
and (%41 mod n,¥i) € A” foralli=1,...,n.

Define the measure Ay := A — Ay,

Lemma B.11. The n-cyclic component of Ay is zero. Equivalently, Ay salisfies

(B.12) max {W(Dn),w € Wy, ... ,uzn)} ~0

for the marginal problem
e {A;; i odd
' Ao i even’
7

Proof. 1f in (B.12) we have a positive maximum 7', then we can assume this maximum to be symmetric,
so that (B.11) holds. Let 7 be a symmetric positive maximum of the original (B.9): by construction we
have that

0< Ay = (Pag)mp, <A, 0< A = (Paa)imp, <A~
0< (Pagm <AT = AL, 0< (Paaht <A™ = A,
so that
0 <AL+ (Pag)em = (Pag)s(r+7) S AT, 0 <A, + (P’ = (Paa)i(n + 1) < A7,
and (m 4+ 7')(D,,) > ©(D,,), contradicting the maximality of 7. O

A measure can be decomposed into a cyclic and an acyclic part by removing n-cyclic components for
all n € N (see Remark [B.13). However, when removing a n-cyclic component the m-cyclic components
are affected, for m # n. More clearly, the following observations are in order.

For all n, k € N one has

max {’R’(Dn), m e (p,... ,,ugn)} < max {’R’(Dkn), m € (u,... ,/,Lgkn)},

because if 71 is a measure in II(p1, .. ., f2n), then the measure
Ty = (Hn, e ,Hn)ﬂﬂ'l
——
k—times

belongs to IT(p1, ..., togn) and ﬂg(f)kn) = mo(Dgp) = m(Dy) = 7T1(Dn).
However, in general

max {ﬂ‘(bn), m e (py,..., /,Lgn)}+ max {W(Dn),ﬂ' e (v, ..., ngn)}

< max {W(Dkn), m e (pg,... ,ILLan)},

where we define
)\; i odd AT iodd
Vg = A Hi = . .
)\7/{ 1 even AT ieven
This can be seen in Example by taking n = 2 and k = 4: in fact for any choice of the maximal

solution for n = 2 the remaining measure A — Ay does not contain any cycle of length 8, while A itself is
a cycle of length 8. It follows

max {w(ﬁn) o e M(pq,. .. ,ugn)}—i—max {’/T(Dn) s e (v, .. .,I/an)} =2
< 8 = max {W(Dkn) CmE H(,ul,...,,uggm)}.

An even more interesting example is provided in Example B.18, where it is shown that a measure can
be decomposed into a cyclic and an acyclic part in different ways, and the mass of each part depends on
the decomposition one chooses.
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B.3.2. Cyclic and essentially cyclic measures. Given a sequence of marginals p;, let
Mok = {7 € PO : (R = i € ),
Consider following problem in [0, 1]2}
sup {TF(DOO), (Poi—1)ym = AT, (P )ymr = A",i € N}.
Definition B.12. We say that a measure A € A is essentially cyclic if
sup {W(Doo), (Poi_1)sm = A, (Pog)am = A" i € N} = 2+([0,1]%) = A= ([0, 1]?).

It is clear that if A is cyclic, then the maximum exists, and viceversa (Remark[B.10, Point (3), observing
that D,, — D). If X is acyclic, then the supremum is equal to 0. Since D, is not closed in [0, 1]%, we
cannot state that such a maximum exists.

Remark B.13. We now construct a special decomposition, whose cyclic part however is not necessary
maximal.
Define recursively the marginal problem in D,, by

n—1 n—1
(B.13) pon—1 = X" =D NF g = AT =) A
=2 =2

where \; is given at the i-th step and )\, is obtained by

n

1 ¢ 1
*Z (Pri—g, Pai—o MLDL*EZ(PM—l,PM)MLDn

1=1

3

solving the problem

(B.14) max{w(ﬁn),weﬂ(ul,...,ugn mln{Z/ . X) i, Zh (Poi—1, P2;)z )>XDn}'
[0,1]

i=1

Let {7, }nen be the sequence of maxima for (B.14). There is a canonical way to embed 7, in oo ({14 }4),
with p; given by (B.13) for ¢ € N (here we assume that ||A|| = 2). In fact, it is enough to take

Tn : [O, 1]47]’ - [07 1]2N7 Z = Tn(z) = (Z,Z,Z, ct )) 7~Tn = (Tn)ﬁﬂ-n

Hence the measure 7 =) 7, belongs to 7, the series being strongly converging, and since every map
T, takes values in D, the measure 7 satisfies

#(Doo) = Y _ 7n(D

Example implies that in general 7 it is not a supremum.
Similarly, the measures Y A5, S°7 A are strongly convergent to measures A}, A, .
The sets D,, are cross negligible for the marginals

A=A = dodd
= Ag =A7 — A, ieven

This follows easily from (B.12) and the fact that the series of A, is converging.
Hence, from Point of Remark [B.10, one concludes that A\, A, are supported on two disjoint
sets AT, A- respectively, so that there are no closed cycles {(z;,v;),i = 1,...,n}, n € N, such that

(x“yl) E AT and (zij1,y;) € Ay foralli=1,...,n and (Tpi1, Ynt1) = (1, y1)-
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B.3.3. Perturbation of measures. For a measure m € P([0,1]?) and an analytic set A C [0, 1]? such that
m(A) = 1, we give the following definition.

Definition B.14. A cyclic perturbation on A of the measure 7 is a cyclic, nonzero measure A concentrated
on A and such that A~ < 7.

Proposition B.15. If there is no cyclic perturbation of ™ on A, then there is T' with w(I') = 1 such that
for all finite sequences (x;,y;) €T, i=1,...,n, with T; # Ti11 mod n ANd Yi 7 Yit1 mod n it holds

{(mi+1,yi),i = ].,...,71,.’En+1 = LEl} ¢ A.

Proof. Define the set on n-cycles in A as
2n

c;A:=q<DnmIIA>.

The fact that there is no cyclic perturbation means that for all n € N
sup {m(q(Dn NII?"A)) :m € T(r, ... ,w)} =0.

Then C,, 4 is cross-negligible by Theorem [B.2: there exist m-negligible sets N; such that

<HF“WMO”@A—0
The set I'\ (U;N;) satisfies the statement of the proposition. O

Let ¢ > 0 be a IIi-cost function: in the next proposition we follow the ideas of [3], which reduce to
ones in for atomic marginals (see for the general result).

Proposition B.16. If there is no cyclic perturbation \ of m such that Z(w + \) < Z(w), then there is T’
with w(T') = 1 such that for all finite sequences (x;,y;) €T, i =1,...,1, xry1 := a1 it holds

I
(B.15) [e(@it1,yi) — (@i, pi)] > 0.

7

Proof. Let I' a o-compact carriage of m such that cLr is Borel. The set

n
Zn = {((Ehyl? s 7(En7yn) el™: Z [c(wi+17yi) - C(xhyi)] < 0} N Cn
i=1
is analytic: in fact, being the sum of a Borel function and an ITi-function, the function
n
[C(SUHL yi) - C($¢7 yi)]
i=1
is a IT-function.
The fact that there is no cyclic perturbation A of m which lowers the cost Z means that for all n

sup {m(Z,) :m € U(m,...,m)} =0,
otherwise the projected measure A given by (B.6) satisfies

1 n
/c)\ = / -~ Z [c(xiﬂ,yi) — c(xi,yi)}m(dxldyl codagdyy) <0
Zn =1

contradicting optimality of 7, as m + X would be a transference plan with lower cost.
Theorem [B.2]implies that there are m-negligible sets N,,; C [0,1]%,i = 1,...,n, such that

Zy C U (P2i—1,2i)71 (Npi)-
i=1

The set I \ U], N,,; satisfies then (B.15) for cycles of length I < n. The c-cyclically monotone set I’
proving the proposition is finally I'\ U,, U'_; N,, ;. O
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B.4. Examples. We give some examples.

Ezxample B.17. Here we show that there are maxima of the problem which are not symmetric,
and for which the projection on a single component does not exhibit any cyclic structure. Consider the
following example (since the measures are atomic, we use a matrix notation):

o 0 0 0 0 1 -1

0 1 0 0 -1 0 0

\_| 1 -t 0o 0o 1 -1 0
-1 1 0 -1 0 0 1
0 -1 1 0 0 0 0

0 0 -1 1 0 0 0

It is easy to verify that the maximum in the problem (B.9) with n = 2 is 2, by just considering the
functions

h1=h3 =1— Xqupprt> Hh2 =ha=1— Xeuppr- + 93,2},

and that a maximizer is the measure:

T, = 0({3,1},{3.2}.{4.21.{4,1}) T 0({2.2}.{2,5} {3.5}.{3.2})"
It follows that Ay # (P, Pz)ﬂﬁ'LDz—(Pg,P4)ﬁﬁ'Z indeed

0 0 00 O 0O
0 1 00 -1 00
_ _ 1 -1 00 0 00O
(Pl,PQ)uﬂ'l_sz(Pg,P4)ﬁ7T\_D2: 0 0 0 0 0 0 0
0 0o 00 O 0O
0o 0 00 O 0O
Conversely the symmetrized measure yields

0 0 0 0 0 0 0

0 /2 0 0 -1/2 0 0

\, — /2 -1 0 0 1/2 0 0

271 <12 1/2 00 0 00

0 0 0 0 0 0 0

0 0 0 0 0 0 0

This example proves also that we do not have uniqueness, by just observing that

{7r cm(Dy) =2, € H()\+,)\_,)\+,)\_)}

= {al5({3’1},{3’2},{4,2},{4,1» + @20({4,2},{4,1},{3,1},{3,2})

4
+ a30({2,2},{2,5},{3,5}.{3.2}) T Qa0({3,5}.{3,2}.{2.2}.{2,5})» @i = O, Z ;= 1}~
i=1
Hence the symmetrized set of m and the projected set are

{al (5<{3,1},{3,2},{4,2},{471}> + 5({472},{471},{371},{372»))

2
1
+ a2 (5({2,2},{2,5},{3,5},{3,2}) + 6({3,5},{3,2},{2,2},{2,5}))aai >0, Zai = 2}3

i=1
000 00 0 00 0 0 00000
0 1 00 -1 00 0 0 00000 )
0 -1 00 1 00 I 100000
“lo 000 0 00T -1 1 00000 ’O‘izo’;ai—l
00 00 0 00 0 0 00000 =
000 00 0 00 0 0 00000
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Example B.18. Here we decompose the measure

0 0 0 0 —mq mi

—my 0 0 mq mq —my
P 0 0 0 —TMMa mq 0
’ ma —my 0 0 0 0

0 mi —mq 0 0 0
0 0 mq 0 —my 0

into an essentially cyclic and an acyclic part in two different ways, and the two acyclic part will not even
have the same mass. Let

my = (]L H)ﬁﬁll_[o’a], mo = (H + « mod G,H)ﬁﬁll_[o’a],

with @ € R\ Q. Depending on n = 2 or n = 4 we obtain the following two decompositions:

000 0 —mg my 0 0 0 0 0 0]
00 0 0 m —m —m 0 0 mq 0 0
\ 00 0 0 O 0 n 0 0 0 —my mp 0
000 0 O 0 my  —my 0 0 o 0}’
00 00 O 0 0 my  —my 0 0 0
00 0 0 0 0 0 0 my 0 -mi 0 |
[0 0 0o o0 o0 o0 000 O -my mp |
—my 0 0 0 mq 0 0 0 O mq 0 —mq
\ = 0 0 o o0 o0 o0 n 0 0 0 —me my 0
my  —my 0O 0 0 O 00 0 O 0 0
0 m —-m; 0O 0 0 000 O 0 0
|0 0 m;y 0 —myg O 000 O 0 0 |
The first measure is cyclic and the second is acyclic, because of m..

APPENDIX C. THE ¢-CYCLICALLY MONOTONE RELATION

Let ¢ be a IT} ([0, 1]%; [0, +o0])-function and let " be a c-cyclically monotone o-compact set such that
cLr is Borel and real valued. In the following this will be the set where a transference plan is concentrated.
The next definition is not the standard one, but it is useful for our construction.

Definition C.1 (Cyclically Monotone Envelope). For a given function f : [0,1] — (—o0, 00| define the
c-cyclically monotone envelope of f as

(C.1)
I
6(z) inf { Zc(xiﬂ,yi) —c(xi,yi) + f(wo), (x4, y:) €T xpg =2, 1 € N} if the infimum is < +o0
xTr) =
i=0
—00 otherwise

Similarly, for a given function g : [0, 1] — (—o0, +00] define the c_;-cyclically monotone envelope of g
as

(C.2)

I
o) inf { Z c(zi, yiy1) — c(zi,v:) + 9(yo), (ziyyi) € Ty =y, I € N} if the infimum is < +o0
b= i=0
—00 otherwise

In the following we will denote them by
c(f) and C_1(g).
Moreover, we will often call the first case of formulas (C.1)), as the inf-formula.

Lemma C.2. If f, g belong to the Al -pointclass with n > 2, then the functions ¢, : [0,1] — [—o0, +00)
belong to the Al -pointclass. Moreover ¢p(x) < f(x), ¥(y) < g(y) for z € Py(T), y € Po(T).
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Proof. The second part of the lemma holds trivially, because of the particular path (z;,y;) = (z,y) € T
for all 4.
Consider the function

I
G120, Y0, -+ wr Yy @) = ¥ c(@isr, w) — c(zi,yi) + f(x0),  with (5,9,) €T, wry1 = a.
=0

Being the sum of the I1} functions (41, ;) —c(x;, y;) (cLr is Borel) with the Al-function f, the function
é1(0,Y0, - -, T1,y1, @) is AL with n > 2.
If g(x,y) is a Al-function, then §(z) = inf, g(z,y) satisfies

g7 (=00,5) = Pi(g™ ! (=0,9)) € 5y,

so that g is in the II.-pointclass.
It follows that

I

¢1(z) = inf { > cl@ivn, wi) — (@i, i) + f (o), (@i, pi) € Tywpa = 33}
i=0

is 11, and finally inf; ¢I(x) is also IT.. We conclude the proof by just observing that the set {z :
inf; ¢7(x) = +oo} is in II!, being the countable intersection of the I1}-sets {z : inf; ¢;(z) > k}. Hence
{z :inf; ¢1(x) < 400} € E , so that the conclusion follows from the fact that AL, D X} UII} and it is
a o-algebra. O

Remark C.3. In the case n = 1 the same proof shows that ¢, ¢ are A-functions.

Definition C.4. A function f : [0,1] — [—o0, +o0] is c-cyclically monotone if for all z, 2’ € [0, 1] such
that f(x) > —oo and for all (z;,y;) €T,i=0,...,1, g =z, x741 = ', it holds

I
f@) < f@) + Zc(ziﬂ,yi) = c(@i, ys)-

i=0
Similarly, a function g : [0,1] — [— ] is c_1-cyclically monotone if for all y,y’ € [0, 1] such that
g(y) > —oo and for all (mz,yz) el i= I, 50 =1, yre1 =3, it holds
I
9(y') < g(y) + Z (@i, yiv1) — c(@i, yi)-
i=0

The following are well known results: we give the proof for completeness. We recall that for any
function h : [0, 1] — [—oo, +oo] the set F}, is the set where h is finite:

(C.3) =h"'(R) = {z €[0,1] : h(z) € R}.
Lemma C.5. Let f:[0,1] — (—oo,—!—oo} (g: [0,1] = (=00, 4+00]). Then following holds:
(1) The function ¢ = C(f) (1 := C_1(g)) defined in (in (C.2)) is c-cyclically monotone (c_1-

cyclically monotone).
(2) If f is c-cyclically monotone (g is c_1-monotone), then ¢(z) = f(z) on FrNP(T) (Y(z) = g(x)
on Fy N Py(T)).
(3) If we define the function
(C.4)
) — {c<x,y> —ox) (z.y) € (F,x [0,1)NT ( o) = {c<x,y> — %) (o,y) € (0,1 x Fy)n r)

400 otherwise 400 otherwise

then g' is c_y -cyclically monotone (f' is c-cyclically monotone) and belongs to the Al -pointclass
if f is in the AL -pointclass (belongs to the AL -pointclass if g is in the A}, -pointclass).

A part of the statement is that c(z,y) — ¢(x) does not depend on « for fixed y in (Fy x [0,1]) NT
(e(z,y) —1(y) does not depend on y for fixed = in ([0,1] x F) NT).

Remark C.6. If ¢, 1) are A-functions, it is fairly easy to see that ¢’, f’ are A-functions.
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Proof. The proof will be given only for ¢, the analysis for ¢ being completely similar.
Point (1). The first part follows by the definition: for any axial path as in Definition[C.4 we have

I
)+ Zc Tiv1,Yi) — (@i, yi)

1/ 1
= inf { Z c(@ip1,2:) — (@i, yi) + f(wo), (wisyi) €Ty wpyr = 2,1’ € N} + > clwipn yi) — ol ys)
=0

=

I/+I
> inf{ (i, mi) — (i, yi) + f(xo), (wi,y:) € Tyxpqrm =2, I € N} > ¢(2").
i=0
Notice that we have used that ¢(z) > —oo to assure that its value is given by the inf-formula.

Point (2). The second point follows by the definition of c-cyclical monotonicity: first of all, if = €
Fy N Py(T), the value of ¢ is computed by the inf-formula in (C.1) by Lemma|C.2. Then we have from
the c-cyclical monotonicity of f

z) < ZC(Ii-‘rlayi) = c(xi, yi) + f(wo), w0 € Fy, (w3, y:) €201 = 2.
Hence we obtain ¢(z) > f(z), and using Lemma [C.2] we conclude the proof of the second point.

Point (3). Assume that for y fixed there are x, 2" € Fy, such that (z,y) € I' and
C(’Ivy) - ¢(I) > C(I/,y) - ¢(ng) +e

Then, since x,z’ € Fy, there are points (x;,y;) €I, i =0,...,I, 741 = x such that
I

€
c(@iv1, i) = elzi, yi) + f(zo) < (@) + 3
i=0

Add then the point (x741,yr+1) = (2,y) € T to the previous path: the definition of ¢ implies then for
Tryo =2

I+1

$a') < Y elwipr, mi) — elzi,ys) + f(zo)
i=0
I
= c(2’,yr41) — c(Tr41,y141) + ZC Tiv1, i) — (@i, yi) + f(2o)
=0

N

(e, y) = cla,y) + (@) + 3,

yielding a contradiction. This shows that the definition of g makes sense.
The proof of the c-cyclical monotonicity is similar: assume that there exist points (z;,y;) € T, @ =
0,...,1, such that ¢'(yg) > —oco and

I
gl( + Zc mzayl-‘rl (xiayi)a Yo =Y, Yr+1 = y/
=0

/

Using the fact that ¢'(y), ¢’

(y') > —o0, it follows that there exists (z,y), (z/,y") € (Fy x [0,1]) N T such
that ¢'(y) = c(z,y) — ¢(2), ¢'(y') =

c(@',y") — ¢(x') so that for (zr411,y141) = (2, 4), (zo,y0) = (2, ¥)

I
9 ) +ZC iy Yi1) — (i, Yi)

i=
I+1

= c(z,y) — ¢(x) +c(a’,y') + Zc(wiq,yi) —c(zi,yi) — c(z0,y0)

@' ) — (z) — B(a’) + 6()
=c(z',y) — o) =4¢'(y),

yielding a contradiction. We have used the c-cyclical monotonicity of ¢.

v
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Finally, since cLr is Borel, then it follows immediately that ¢’ is in the Al | 1-pointclass. O

For fixed (z,y) € T', we can thus define recursively for i € Ny the following sequence of functions ws;,
G2it1-
(1) Set vo(y; 7, 9) = —Iy(y) € Af.
(2) Assume that 19;(Z, ) € A}, is given. For i € Ny, define then the function ¢o;41(z;Z,7) as
(C.5) P2i11(Z,9) = C((V2) (Z.7)) € Ay,
where (12;(%,7)) € Aj;,, is defined in (C.4).
(3) Similarly, if ¢2i41(Z,7) € Ad,,, is given, define
(C.6) Voit2(Z,§) = Co1((d2i41) (Z,9)) € Adiya-
Note that ¢gi41 is a A}, ,-function, g4 is a A}, s-function for i € Ny (Lemma , so that the
sets
(07) A2i+1(7_;7 g) - F¢'2i+1(i,17)7 BQH-?('fv Z—,_/) - Fw21+2(f7ﬂ)’ i € No,
are in A}, o, A}, 4, respectively.
From Lemmal[C.5 it follows the next corollary.
Corollary C.7. If ¢poi1(2, Z,7), ¥2:(y, T, §) are constructed by (C.5), (C.6) and Az 11(Z,7), B2i(Z, )
are defined by (C.7), then the following holds:
(1) AQH_l C A2j+1, Bgi C ng Zfl S j, and
G2j11(Z, P Aniy 1 (2,5)= P2i1(T, ), Vo (T,9) Ay, (z,5)= V2i(T, 7).
(2) A1(z,5) 2 PL(T'N([0,1] x {g})) and in general

Air1(Z,9) 2 P1(([0, 1] x By (Z,%)) N F)7 Baiya2(T,7) 2 P2((A21'+1(537§) x [0,1]) N F)~
(3) On the set (As;ip1(Z,y) x Agj(Z,y)) NT it holds
¢2i+1(x7jvg) + wQJ(Ia'fag) = C(I,y).

Proof. Point (1)). Point (3) of Lemmal[C.5limplies that at each step we are applying formula (C.1) to the
c-cyclically monotone function c(x,y) — 12;(y) or the c_j-cyclically monotone ¢(x,y) — ¢2;41(y). From
Point (2) of the same lemma we deduce Point (1).

Point (2). The second point is again a consequence of the c-cyclically monotonicity or c_j-cyclically
monotonicity of the functions c(z,y) — ¥9;(y), c(z,y) — ¢2;+1(y) on the set ([0,1] x Boi(z,y)) N T,
(A2i41(Z,9) x [0,1]) N T, respectively.

Point (3). The last point follows from Point (2) by Lemma[C.5. O

For all (z,y) € ', define the set ', ,y as
Ly =10 (UA2i+1(xa y) X Bzi(x;y))

Observe that under (PD) I', . is measurable for all Borel measures (Section(B.1).
We then define the following relations in [0, 1]%.

Definition C.8 (c-cyclically monotone relation). We say that (z,y)R(2',y’) if (2',y') € T'(z,). We call
this relation R the c-cyclically monotone relation.

Clearly E C R, where E is the closed cycle equivalence relation given in Definition [5.4: actually the
equivalence class of (Z,y) w.r.t. E is already contained in (A4; x [0,1]) N T.

Remark C.9. The following are easy observations.

(1) If (z,y)R(z',y’), then from Point (2) of Corollary [C.7 also (z,y)R(I N ({z'} x [0,1])) and
(z,y)R(T' N ([0,1] x {y'})): this means that T" satisfies the crosswise condition w.r.t. R (Defi-
nition [2.3). In particular to characterize R it is enough to define the projected relations

xR’ & o' € U Agivi(z,y), yRay & y € U Bai(x,y).
i€Np i€Np
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(2) The relation R is nor transitive neither symmetric, as the following example shows (see Figure[7).
Consider the cost

0 (z,y) € A
cle,y)=q1—\o—y—T7/8 7/8<y+7/8<x<1
+00 otherwise

where
A= {(0,0),(0,1/4), (0,1/2),(1/4,1/2),(1/2,1/2),(1/2,3/4),(1/2,1),(3/4,1), (1, 1)}
Let I" be the set
I ={(0,1/4),(1/4,1/2),(1/2,3/4),(3/4,1)} U{(z,z — 7/8),x € [7/8,1]}.
It is easy to see that

F(1/4’1/2) =I'n ({0,1/4, 1/273/4,7/8} X [0, 1])
#1'N ([0,1] X {1/8,1/4, 1/2,3/4,1}) = F(1/2’3/4).

As(1/2,3/4)

Bo(1/2,3/4)
Ay (1/2,3/4)

(=]

Aq1(1/4,1/2)

By(1/4,1/2) (=

1—yor—y—17/8

Figure 7: The cost of Point (2) of Remark[C.9]

(3) Another possible definition can for example be the following symmetric relation on I

Definition C.10. We say that (a/,y')R(z”,y") if there exists Borel functions ¢, : [0,1] —
R U {—o0} such that

o) + () = clasy), @) +v") =c@”,y"), o) +P(y) < clx,y)V(z,y).

However, the following points are in order.
(a) The relation R depends deeply on the choice of T".
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(b) We observe that even if R, = {y : yRx} = [0,1] for some z, this does not mean that the
measure is optimal. As an example, consider (Figure[8)

1 O<rx=y<l1

0 l>z=y—a mod]l

0 y=20

400 otherwise

C(mvy) =

with a € [0,1] \ Q, and the transport problem p = §; + £, v = §p + L. The transference
plan m = 6(1,0) + (I, 1);£" is clearly not optimal, but since the set

= {(z,2),z €[0,1)} U{(1,0)}

has not closed cycles, it follows that it is c-cyclically monotone and moreover Ry = [0, 1].

Figure 8: The cost function considered in Point (d) at Page[54

The main use of the c-cyclically monotone relation R is that any crosswise equivalence relation whose
graph is contained in R and such that the disintegration is strongly consistent can be use to apply
Theorem [5.6: the relation £ of Definition is a possible choice. Note that the strong consistency of
the disintegration allows to replace the universally measurable equivalence classes with Borel one, up to
a m-negligible set.

Remark C.11. Under (CH) we can give a procedure to construct an equivalence relation £/ C R maximal
w.r.t. inclusion: if Ry, o € wy, is an ordering of the partition Rz 5 = {(z,y) : (Z,9)R(x,y)}, one then
defines the partition

E,=TIn [(PlRa\ U PlRﬁ) x [0, 1]].
B<a
Being R universally measurable and #{5 < a} = wg, we have that each E, is universally measurable.
Moreover it is a partition, and from the definition of R it follows that in each class there are optimal ¢,
1. Finally it is clearly maximal w.r.t. graph inclusion among all equivalence relations containing E and
contained in R.
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However, the above well ordering < of R cannot be m ® m-measurable for any non purely atomic
measure m (see Example below).

Ezample C.12. Under (CH), there exists a well ordering < of [0,1] such that f{z: = < y} < Xg (see the
construction of Remark . Denoting with m, the absolutely continuous part of m, one has therefore

me({z:2<xy}) =0

for all y € R. If the relation R of < is m ® m-measurable, then it is m, ® m,-measurable and by Fubini

Theorem m, ® mq(R) = 0 (see Lemma[4.14). This means that m is purely atomic.

B, B(X) Borel g-algebra of the topological space (X, 7T)

M(X), M(X,Q signed measures on a measurable space (X, Q)

MH(X), MHT(X,Q)  positive measures on a measurable space (X, )

P(X), P(X,Q) probability measures on a measurable space (X, )

L(p; J) p-measurable maps from the measure space (X,Q, u) to J C RU {£oo}
TI(pay .oy fir) e PII_, X;, ®l_%;) with marginals (P;)ym = p; € P(X;)
HS(,U,l, ,M[) e M<H{:1Xi7®i]:12i)a m > 0, with (R)ﬁﬂ' < u; € P(XZ)

7 (u,v) m € II(u, v) for which Z(7) € R

1Pt (11, 1) m € II(p, v) for which Z(7) is minimal

P i projection of & € Iy—; kX into its (i1,...,4s) coordinates, keeping order
dus /dpy Radon-Nikodym derivative of (the a.c. part of) ug w.r.t. pg

hyp push forward of the measure p through h, hypu(A) = p(h=(A))
P(X) power set of X

Z(m) cost function (1.2)

XA the characteristic function of A, z — §,(A)

14 the indicator function of A, T4(z) = 1;§?CE()T’) € {0,400}

AANB the symmetric difference between two sets A, B

< the lexicographic ordering (4.3) on [0, 1]*, « ordinal number
dist(A, B) distance defined in [B.2]

graph(f) graph of the function f: X — Y, graph(f) = {(z,y),y = f(x)} C X x Y
epi(f) epigraph of the function f, epi(f) = {(z,y),y > f(z)} C X xR

I, Iy identity operator on a set and on the space R?

A measures A € M([0, 1]¢) with 0 marginals, see (B.4)

N, Ny, Q, R natural numbers, natural numbers with 0, rational numbers, real numbers
T c-cyclically monotone o-compact subset of [0, 1]

I'(A), T"1(B) the sets T'(A) = P,(I'n P (A)), I'(B) = P (I'n Py Y(B))

Chn configuration set of n-cycles (B.4)

D, phase set of n-cycles (B.4)

q projection operator (B.4)

D, reduced phase set of n-cycles

T cyclical permutation of coordinates, defined in Point at Page[42
Ay, AT the sections {y : (z,y) € A}, {y: (y,z) € A} for AC X XY

fra the restriction of the function f to A

LA the restriction of the measure u to the o-algebra AN

L4 Lebesgue measure on R?

* outer measure (B.1)

Il norm of s € M([0, 1)

], ()™ the nonnegative measures variation and positive part of p € M(X)
wAV, uNV v the measures minimum and maximum of p, v € M(X)

O, m-completion of the Borel o-algebra

O(p,v) II(u, v)-universal o-algebra (1.1)

TRy, R a binary relation R over X

graph(R)

APPENDIX D. NOTATION

graph of the binary relation R, graph(R) = {(z,y) : 2Ry} C X?
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rx~yorazEy FE an equivalence relation over X with graph F

z°® equivalence class of z, 2®* = F,

A saturated set for an equivalence relation, A® = U,caz®

X*, X/~ quotient space of an equivalence relation

¥ 2HX) the pointclass of analytic subsets of Polish space X, i.e. projection of Borel sets
1 the pointclass of coanalytic sets, i.e. complementary of 1
»L Ik the pointclass of projections of IIL ,-sets, its complementary
AL the ambiguous class ¥ N 1T}

A o-algebra generated by 31

A-function f: X — R such that f~1((,+oc]) belongs to A

Fy the set where the function A is finite (C.3)
LL(IIL,AL)-function  f: X — R such that f~1((t, +oc]) € L (I}, Al)
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