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US-PPs Hamiltonian
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US-PPs - Perturbation

Atoms move:
R =R,+ds— Rg—i—ds—l-U(e,S)

Vioes Vi, K, the overlap matrix

S(ri.r2) = 8(r —r2) + > a5 (1 — R V(2 - Ry),

Inm

and the ortogonality constraint:
<¢io‘|s|wj0> = 5/]7
depend on the perturbation. Calling X the perturbation, we have

dYiq di/)/a

0S|
(TH21S1j0) + (Wio S| 2) = —(wio| 5 1),
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US-PPs - Induced charge
—d‘;‘,f” = 2 ReZi:WiUIK (N[A¥s) — ijwmm(r)wwm)
+ ZéF,iaWha GK(r)

|Yic)-
We call A" p,(r) the last two terms
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US-PPs - Linear system

1 A dvyg,
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dyu 5/0’%] |¢ia>7
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Vis(ri,r2) = VNL(r1,r2)+/d3r 2 (DK, 1),
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US-PPs - First derivatives of the KS potential
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US-PPs - Second derivatives of the energy
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US-PPs - Second partial derivatives of the KS
potential

PVis(ri,r) V(. r2)
OO N OO

92 Vioo(F)
3 loc .
+ /d “Ou0n K(r;rq,r2)

de(r re,r)
+ /d3r 7 P9

' OVioc(r) OK(r; 11, 12)
3, loc )
+ [/d 5\ o + (A pl.

A. Dal Corso, Phys. Rev. B 64, 235118 (2001).
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The dynamical matrix

The dynamical matrix is:

a?F :
—Iq R, tot Iq'R]
®as (a5, ) N% du, (¥, s)dug(é’,s’)e o

So we take 1 — U, (¢, s) and A — ug(¢, §').

In a periodic solid the index i/ on the wavefunctions becomes a
Bloch vector and a band index k, v.
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US - PPs Changes summary

@ Compute A¥p,(r). drho.f90, incdrhous.f90,
compute_ drhousf90

° Compute “’f . drho. f90 compute nldyn.f90.

2s(r1,r2)

@ Add the contrlbutlons to W. dvanqq.f90,
dynmat_us.fo0, addusdynmat f90.

@ Add the contributions to M

dvqgpsi_us_only.f90.

@ Add the contributions to M

adddvscf.fo0.
@ Add the augmentation charge to the induced charge.
addusddensf90

=6
° Compute 'Of drhodvus f90

newdq.f90,

@ Add the contrlbutlons to ’Of . drhodvnl.f90.
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PAW - Hamiltonian

Hvz vt [or vgff(r)K(r)] i) = €10 Sltio),

Vai(ri,re) = > (D};m - D},;’m) "Dey —RNBITD(r, - R)),

Inm

,OO'(r) = Z éF,io<¢iU|K(r)|d}io>’

K(riri,ro) = 5(r—rq)é(r—ro)
+ > (r = RS (r — R)s Vi — R)).

Inm

L. Paulatto, G. Fratesi, and S. de Gironcoli, unpublished.

Andrea Dal Corso Density functional perturbation theory



DFPT with US-PPs
DFPT with PAW
Grid and images

PAW - Hamiltonian

1

Dimn = | &r o En(—5 Ve ()
Q
A dBr o (N (VI (r),
1
Mo ' 1,PS 1 1,PS
Dlgn = | &roi®(-5v)ei"m
/
+ /| T T (N (S i AP Qumn(r) V27 (1)
/ I
D}”,;’n and D}ﬁn depend on the atomic positions through Vé’f?(r)

and V7 (r), respectively.
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PAW - Induced charge
In real space as US-PPs, while within the spheres
dpy'(r) I,AE 1€, dpi
Tdn > (@) (r|®p >d—/ﬁ’
mn
pim =Y OF.ioc(Vio|Bm) (Baltic)
i
dpll';g’l . ) / i M 5[
d,U, - 2Rez<¢1,a|ﬁm> </8n|A ¢Ia> + bl,mn'
i
bimn =

ZHF io ¢Io| (|ﬁm><6n|) |¢Io’>

- Z W’i,a |ﬂm> <ﬁn|5ﬂ¢i,a> )
i
_ Density functional perturbation theory
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PAW - Linear system

[HU + Q" — 5/0‘9] |Auwia>
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PAW - Second derivatives of the energy

Terms (1), (2), (4) as with US-PPs, only the term (3) has a PAW
contribution:

d2 Et(ost) d2 E(3)US

_ tot 1,00 0, A
dudi - dupdX + Z Z ADI.,mn bl,mn'

o I,mn

A. Dal Corso, Phys. Rev. B 81, 075123 (2010).
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PAW - Changes summary

@ Save b7 when computed. drho.f90, addusddens.f90.

I,mn
1,0,u

@ Compute AD, " inside the spheres. PAW_dpotential,
PAW_dusymmetrize.

@ Add the contributions to %~ newdq f90.

@ Add the PAW contribution to ff’f . drhodvus.f90.
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Phonon parallelization: grid, images

Parallelization modes of QE:
@ G-vectors.
@ bands.
@ k-points.
Additional parallelization of phonon:
@ q-vectors.
@ Irreducible representations.

Actually this is implemented using grid techniques: one q
point per run or one irrep per run.

Another possibility is to use images. The total number of
processors is split into several groups (images) each image
running an independent copy of ph. x.
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Phonon parallelization: grid, images

Problems with the grid:

@ It requires complex scripts to coordinate and collect the
results of different runs.

Problems with images:

@ Images do not communicate among themselves, because
different runs are independent.

@ Load balacing is difficult.

@ Final results need to be collected running ph . x another
time.
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The future: thermo_pw

thermo_pw solves two of these problems:

@ Images can communicate through a master-slaves
approach via MPI calls.

@ The code can run in a synchronous and asynchronous
mode. It can collect the final results automatically.

@ The code can mix calls to pw.x and ph.x so that it is
possible for instance to optimize the structure before
calling ph. x, or call ph. x for several geometries and
compute anharmonic properties.
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Asynchronous parallelization via MPI routines

Both master and slaves compute all the tasks to do (for
instance all the i rreps and q points) and assign a number to
each task.

Master:

1 During initialization calls a nonblocking receive of the
ready variable from all the slaves (mpi_irecv).

2 Tests if some slave has sent the ready variable
(mpi_test).

3 If not, it continues its work. If a slave has sent its ready
variable it sends (with a blocking send) to the slave the
number of the next task to do (mpi_send) or the no_work
number if there is no more work to do.

4 Finally makes another nonblocking receive of the ready
variable from the slave that has received the work to do
and continues its work.
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Asynchronous parallelization via MPI routines

Slave:

1 Sends (with a blocking send) the ready variable to the
master (mpi_send).

2 Receives (with a blocking receive) the number of the task
to do. When it receives it, it starts to do its work or exit if the
task number corresponds t0 no_work (mpi_receive).

3 When it finishes its task it restarts from [1]

To coordinate the work it is sufficient to initialize the master
doing [1] at the beginning of the asynchronous work and that
the master calls as often as possible a routine that executes [2],
[3], [4] (for instance after each scf step). The most often the
master calls this routine the shorter is the inactivity interval of
the slaves.
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phg_init.f90, compute_becalp.f90

pha_init.f£90 computes the products becp

1
<6rln’1/}kwf> = T ’k RZ/))kvm

N

and alphap

a<6rln’ 1 ik- Rg sam
aua(€7 S) |ka0'> - \/Ne Qkyo -

compute_becalp.f90 computes the products becg

(Bmltkraue) =

1 k+q)-R
\We( R B o
and alpg

8<Brln| _ 1 i(k+q)- Re sam
m’¢k+qv<f> = ﬁe krquo-
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compute_weights.f90, compute_alphasum.fo0,
compute becsum_ph.f90

compute_weights.f90 computes the weights (saved in wgq)
in the definition of (i — kv, j — k+ qV/)

~ ~ 0S
|6H1)jq) = ; {HF,irr@io:ja + 9F,j09ja,io} |¢jo><¢jo|@|¢io>'
compute_alphasum.f£90 computes:

oy — Z9ka[ R
compute_becsum_ph.£90 computes:

bgnm N Z 9F kVUﬁ;\sxgﬂkvga
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drho.f90

This routine computes the fourth part of the dynamical matrix:

dZFt(;t) ovg a8
—_— = — SHq /. KS . 2 /} ’ .
d,Ud)\ %: {<O l"‘)’”| |: A\ Cio a)\:| |l“ Irr> + (/1 — )\)}

and the change of the charge due to the displacement of the
augmentation charge:

OK(r)

o o)

A po(F) = =Y (Wi K(N)|6"i0) + Y OF i (Wi

I I

for all the modes and saves it on disk. This is done with the
help of several routines.
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drho.f90

Actually the quantity that is needed is the charge induced by a
phonon perturbation of wavevector q:

Au5a(q)pa(r) _ Z eiq-RgAua(Z,s)pU(r)
L

so we define:

5Usa(Q)¢kva(r) = Z eiq'Re(;uo‘(&s)iﬂkvo(r)
l
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compute_drhous.f90

This is a driver that for each k point calls incdrhous. £90 to
accumulate two quantities needed to compute AYs+(@)p_(r).

AuS(v(q)pO(r) fr— ZI)lﬁzvg(r)(su‘g”(q)L}kVU(r)
kv

+ D> = R) (ks

kv Inm

B (Bh 84> @iy, )

_|_

The first term is accumulated by incdrhous. £90 directly,
while the second is accumulated by addusdbec. £90
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incdrhous.f90

This routine accumulates a part of AYs(%) _(r)

AV (D p, (r) = Zwkv

6U5a q)kaJ( ) + ...
The rest is calculated by drho. £90 calling addusddens . £90
with i flag=1.
Ausa(q)

ST AR~ RY) (ko |85 (Binl6%s D)
kv Inm

+ ey (ol - R)

l snm

dQ (r — R))

bO‘
snm | »
ou, (¢, s)

Sao
Cnm

[m]
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DA



incdrhous.f90

|ousa (e, ) is calculated by this routine
|6usa(q)¢kVa'

> &Ry, )
L

Z Wkvo k+qv'o Z Jom (a

xsan
k+qv/o kVo’
sn
+ B;-HIV' aka)WkJrqv’ )
_ Usa ()
= > Adive lVrava)
V/

[m]

=

DA



DFPT with US-PPs
DFPT with PAW
Grid and images

addusddens.f90

When (iflag=1) this routine receives in dbecsum
Usa o
dasil = 25*31”6"8 @gam,
where

1
<,3,{n‘6usa(q)ka0'> _ \/N /(k+q) Rg(;usa(q)ﬂam

and implements the expression written above.
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This routine computes four integrals.
1Iua(€ S)o __ /d3 ff(r aof’?l/f('lf)(r -R )

© dug(l,s)
2/;:;;758 s) /da OVioc( r)

v(/) _
auaé ) (r RI)7

2 ~(8)
4 ua(¢,8)Bo 3 o 0 Qnm (I‘ — Rl)
! N /d r Ver(r) U, (¢, 8)ous(l, s)’

5/ua (€:8)up(t',s") /d3

s/
O Vioe(r) 8Q;r(n )(r —Ry)
ou, (¢, s) o

8:'.“'5(%’ s').

DA



dvanqq.f90
In previous equation:
7 =
zlua(é,s) _

Inm

1 .
N Z e—lq~(Rg—Rg1) 2,;11,?”7
q

4 U (¢,8)B0 4 safo
/nm - Inm

q

5l,1:;7(€,s)uﬂ(f1 ,51) _ %IZ eiq-(Re—Re1) 5[,37,37]’a*3q

[m]
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compute_nldyn.f90

This routine computes

e

quor T2 {va

lo

() ve 0S8

Note that the term computed by drho. £90 should have 66’;3.
Here the bar on V¢ indicates that a part is not calculated by

this routine but in drho. £90. This part is:

-3 [ o St
io
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compute_nldyn.f90
We have
d2Fiy) oo, 6/3,,
dudh ~ 22 { DER (61| 552) (Bl
D 8 )
+ Inm<6uwlalﬁn> </6m|¢/a>
+ Inm<5uwlalﬂn> <ﬁm|¢la> (N AN )‘)}
where we defined D" = D7,

/
— €iocqmn-

[m]

=



compute_nldyn.f90

In terms of the quantities defined above we can write
<5usa(q)¢kv

Z e—ing <5ua(é s ¢k 0_|
/

S *SN _ Saum
Z Wkwr,k-i-qv’a Z Qmn (5 <
v/ mn

kvo Yk+qvo
+ *San

Akyo lf—Tqv’:;) (Vk+qvol
Sl

kv/vo

¢k+q V’a‘

[m]

=
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compute_nldyn.f90

So that the expression calculated by this routine is
(ba/j’ (CL S, S/) -

NZZZ{ ArUsa(q

eff .s'o *s’ﬂn
kv/vo D k+qv’ IBKVO'

ko w/

*Use, (q) qeff,s'o Hxs'n s'Bm
+ AkV’VU’ D /Bk-i-QV’U kvo

*USa(q 2,5'8q Lxsin sim

+ kv’Vcr / S1nhm /8k+qv’aﬁkwr

+

A1 /S B avaBn )+ he,
The hermitean conjugate (h.c.) is added in drho. £90

kv/vo

[m]
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dynmat_us.f90

This routine computes directly a part of the term:

2 Fio/ 5 P Vig 0S8
deA - iZHF,IO'<¢IO'| ()[l%)A - Eldm |1/}/0->,

in particular the part similar to the norm conserving potential
that corresponds to:

PVis(tr,r2) _ 9 Viu(rera) / 3y P Vioelr)
oo oA oo

and calls addusdynmat . £90 to compute the rest.
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addusdynmat.f90

2 (1)
This routine computes the rest of the term ZF"" In particular

the part that corresponds to the terms:

62V§s(r1,rg) B /d3r d K(r ri,r2)
OO o e (T oo
n [/ o3r dV/OC dK(rah rg) Lo ).
o

that can be written in terms of the four integrals calculated by
dvangq.f£90
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addusdynmat.f90

The two terms calculated by this routine can be written in terms
of the previous four integrals and of the quantities computed by
compute_alphasum.£90 and compute_becsum. £90.

q)s*‘f)(q’ S, S/) - 533’{ Z Z 4’ﬁ%{30bﬁam

loa nm
+ {Z Z 1 [rsa0 oSa (o > [)’)} },
o nm

o(9(a,s,5) = { [Z 3 OSsefapse eSS 2/2?,%%?,}{3”} +he. }
nm

4 o nm
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dvgpsi_us_only.f90

Computes a part of the right-hand side of the linear system:

avg, 08
d/l/ _6107“ |¢IO’>

The contribution of the local potential is calculated in

dvgpsi_us. £90, the contribution of %Xf(r) is calculated in

) . .
solve_linter.£90 while an additional US part is calculated
in adddvscf.£90.
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dvgpsi_us_only.f90

This routine computes the following term

Vi STy — eff, o 35,,
[8# B 'Ua_'u]wj”’) o %{Dnm ></8m|1/}la>
ooy (o)
2llnm|/8n></8m‘¢/a>
+ Inmlﬁn) <ﬁm|¢m) }

[m]

=

DA
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newdq.f90

This routine computes the following integral:

1(7 d Y
;nm* / dS Z);j ) Qnr(rg)(r_Rl)-/

and is called by solve_linter.£90 after computing a new
estimate of ch( ) . Defining:

3/u5a(q)cr Z g R Slua (t,s)o

Iy nm

we have (@ (@
3 Usa o /q R( 3 [Usa
liom = €77 “lsim
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adddvscf.fo0

This routine computes the part of the right-hand side of the
linear system

/ & dVZ,() [K(r: ¥4, 72) = (r — 14)d(r — r2)] [0hio) =

Using the integral °//7
we have:

= ClomlBm) (Baltio)

Imn

and the implemented term is:

Z ZS ;Sr(?lm /Bn (s1) (k +q+ G) i(k+9+G)-Ts, /351”7

Sy nm

computed by newdq. £90. Expanding
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incdrhoscf.f90, addusdbec.f90

incdrhoscf. £90 accumulates for each k

2 Re Z 'l‘r“‘i’,‘o(r)*AN'l/)i(T(r)

i

as in the norm conserving case, while addusdbec.f90
accumulates the term

usu *S1N AU ” nS1m
aS1 nm N Z ﬁkwr AN 3kw7

that is used by addusddens. £90 to calculate the
augmentation part.
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addusddens.f90

This routine (called with i f1ag=0) computes:

dpc;;fr) - ZRGZWUI[K(r)—ﬂAft«¢,g>+_._

= 2 Z Z Q;;,(é)(l‘ o Rl)<¢'kwr‘/3;1> <5,In|AuS”(q)@kVU> + ...

kv Inm
using the quantity accumulated by addusdbec. £90. Reads

from disk A%, (r) and adds it to 22",
In
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drhodvus.f90

After computing the induced potential this routine computes the
term of the dynamical matrix that is obtained from:

sztot 3 av ch
dud Z/ ar du Ao (1),

where A p,(r) is read from disk. In the dynamical matrix this
term is actually:

V*(T

o)(q,s,s) Z / dr du’;’xc ) puest@), (),
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drhodv.f90

This routine needs a few generalizations. It must calculate
a?Fe) ove 08
ot _ 2 Re Z (AP, | [ KS 8,0 ] |1/1/o>

dudA
which is a term similar to that computed by
compute_nldyn.£90 with (A", | instead of (§/1;,|. The
contribution of the local potential is similar to the norm
conserving case and calculated in drhodvloc.£90. We need
the two products becpg:

1

(ﬁ,l;quusa(q)@bka> — ﬁei(k+q)~Rg1 Aus(,( q) S)If:/f:
and dalpg
O (Bl 1 s
_Z\Eml | AUsa(Q) . ®Ry pUsa(@) S 5m
dusa(@ ® SN o
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drhodvnl.f90
In analogy with compute_nldyn.f90
d°F t(:t) efflo s ap o
dud\ zgg{D (A ¢/cr| )(ﬁmld’la)
+

eff,lo 8 m
DS (i, 84 20 i i)

lnm <AM77/}IO' |/8n> </Bm W!a>
(A B Bltbio) |

[m]

=

DA



drhodvnl.f90

In analogy with compute_nldyn. £90

o) (a,5.9)

- 25y (ot
kvoe mn
+ Deff s G(Ausa(q)ﬁ*s n) s'Bm
+

s1m
kvo
S1

o
Z 2/8 '8q (Ausa q)ﬂ*sm)ﬁ
+ 1 IS ﬁa(Ausa(q ,B*S n)ﬁkvg}

where we used the time reversal symmetry.

[m]

=

DA
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PAW - drho.f90, addusddens.f90

In drho. £90, the call to addusddens. £90 with iflag=1 and
the variable dbecsum that contains:

S (Wil Bm) 8167 1),

i

saves in becsumort the quantity

3L (B
b?r/;n - ZHFIU 7/Ir7| </0/>1<L D| i,(7>

- Z<'l/)i.,rf |/3rln> <Bn|($“1/}i,rr>~

i
All the modes are calculated in drho. £90.
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PAW_dusymmetrize, PAW_dpotential

In solve _linter.f90:

d a, L
ZZ” - QRGZ l)IO"BI ></Bn|A U"’> bfa;;”'

becsumort is added to the first term contained in dbecsum.

ddpl”zn is symmetrized in PAW_dusymmetrize.

dD1 7 dV 1,1
Imn Z d3r LA (1) dLAE (1) ?ffl dpo) .
dps, du

1,0

db)-
and —™ are calculated by PAW_dpotential. These routines
arein PAW_onecenter £90 and PAW_symmetry.£90.
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PAW - drhodvus.f90

This routine is called after the calculation of A
the variable int3_paw and computes

1,0,
Dlm#
RE®)  gep®US .
ducﬁ - duh;)\ +ZZADIm# I mn*
o I,mn

[m]

=

It has it in

DA
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