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Phenomenological theory - |

An insulator in an electric field is described with the help of
three fields: D the electric displacement, E the electric field
inside the solid, and P the polarization. The three are linked by
the equation

D=E+4x7P (1)

(in atomic units). We assume that there is no free charge in the
solid, so the fields obey the equations:

curl E =0,

divD =0.
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Phenomenological theory - Il

In the classical theory of phonons in polar insulators one
introduces two quantities: the dielectric constant ¢,z that
describes the response of the solid to an electric field at fixed
ions and the Born effective charges Z;, ; that describe the
coupling between atomic dlsplacements and the electric field.
The electric enthalpy is a quadratic function:

2
F{R;+u;},E) = F({RI}7O)+% T 0 Fg{uFZ;rulj;},E)

U, Uyg
law Jﬁ

+ qzu/a Zsn sEp — 8- ZeaﬁE Es,
laf

where q is the electron charge (a negative number) and Vis
the volume of the solid. / = {u, s} indicates both the Bravais
lattice point and the atomic position indeces.
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Phenomenological theory - Il

Derivation of this function with respect to Es gives:

OF({R;+ u;},E)
8Eg _qzu/a a8 4 ZﬁaﬁEom
that shows that

4 8F({R/—|—U/},E) 47rq
_V aEﬁ = Zula SO{B—FEI;GQIBEQ—DB

and comparison with Eqg. 1 gives the polarization

Zu/a a6+26a6 PO, @)
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Phenomenological theory - IV

This equation allows to write the dielectric constant and the
Born effective charges as derivatives of the polarization:

dP
€ap = O0ap +4m dEi
and
. _ VdPg
senf q du/a .

Since the effective charges do not depend on the unit cell p this
expression is rewritten as:

Z aPs __Q_ dPs
du,u,Sa q dUStx (q = 0) .

Saﬁ__

Andrea Dal Corso Density functional perturbation theory for electric fields



Phenomenological theory
Electric field in density functional theory
Electric field in density functional perturbation theory

Phenomenological theory - IV

We can use F as the potential energy for the ions and obtain
the Hamilton equations of motion:

duy, _ %
at M,
dpia &F({R,+u,},E)
- _ — Z: sEg.
dt % 8u,a8uJ5 Uss qZB: sa,5=8

We can now solve these equations assuming a phonon
displacement with wavevector q. The last term will be non
vanishing only at g = 0 since the interaction term in

F({R;+ u,}, E) vanishes for finite q, but the value of the electric
field will depend on the direction with which we approach q = 0.
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Phenomenological theory - V

When q — 0 D and E become non uniform and their
macroscopic value vanishes, but we have [1]

E(r) = E(q)e",

D(r) = D(q)e'¥".
So the Maxwell equations tell us that:
qxE=0
q-D=0
Using the versor of q, q, we have

E=4(q-E).
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Phenomenological theory - VI
q - E is obtained taking the scalar product of 3, §sDs = 0:

4
WqZu/a Z4 585 + Y Gacaplp(d-E) = 0.

?/8
This gives
A47Tq Z Zs’ﬁ q’}’

E = q 7 uys.

ZZa 58acasls
Inserting this equation in the equations of motion gives:

d?uy, #F({R;+u,},E)
M~Ge = Z dupduy;

47Tq2 26 Sa, 6q5 Z’y s'3, 7
4 0,5 dacaps

JB
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Phenomenological theory - VII

The phenomenological theory therefore predicts that a term,
which is non vanishing only for a phonon at q = 0, appears in
the dynamical matrix. This term is non analytic since it depends
on the direction along which g — 0. The non analytic term is
not computed in this form, but having the Born effective
charges and the dielectric constant one can set up the
dynamical matrices of a model system which has the same non
analyticity. These dynamical matrices are subtracted to the
ab-initio dynamical matrices and only the difference is Fourier
interpolated.
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Electric field in density functional theory - |

In density functional theory we can simulate an electric field by
adding to the local potential, the potential energy of the electron
in the electric field:

Vioe(r) — Vioe(r) — gr - E.

This term inserted in the total energy, together with a term that
accounts for the potential energy of the ions gives:

EDFT(E) — EDFT(E) — q/ r-En(nd®r— 3" Zy(R +u) -E,
4 I

where Z; is ion charge and EPFT(E) is the part of the total
energy that does not contain the electric field, but depends
upon it through the wavefunctions and the charge density.
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Electric field in density functional theory - Il

In a finite system we could define the polarization of the system
as the total dipole divided by the volume:

_q 3 1
P_V/Vrn(r)d r+VZI:ZS(R,+u,)

and we could write:
EPFT(E) = EPFT(E) - VP -E.

In a periodic solid this definition has several problems because
it cannot be calculated as written but requires a more
sophisticated approach based on the Berry phase. Moreover
the electric field potential breaks the translation symmetry of
the solid.
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Electric field in density functional perturbation
theory - |

However using this polarization in the expression of the
dielectric constants and of the Born effective charges we get

B 4rq an(r) s
ea5_5a5+ V /Vrg dEadr

and 1 dn(r) Z.
n(r
Zi g =—— | g ——dr — =2
7 Ne Jy " dusa(q = 0) q
and both expressions can be calculated within one unit cell of
the crystal using the periodic parts of the Bloch functions and of

their responses.

Sag-
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Electric field in density functional perturbation
theory - I

The electric field potential can be used as a perturbing potential
in DFPT:

1 0 r O Viks(r
—EVZ + VKS(r) — €kv PC 1ngvo(é ) — _PC 8KEsof )¢kV(r)7
where 9 Vies(1) IVy V.
ks\F) H xc
o€, ~ " E, T GE,

Demonstrating that the function

By (r) = €K Perotfic (r)

is lattice periodic, one can write the linear system as:
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Electric field in density functional perturbation

theory - llI
oy OVie(r
e~ i) RO ) — P 2Vbelt)y
where ]
Hy = efikr |:_2V2 + VKS(r):| eikr
and

Pk _ efikrPCeikr
= .
This linear system contains only lattice periodic functions.
Indeed, we have

ORlr) = & Pertio(r) = 3 the(r) Wil [H Fal [#hv).

€kc — €kv
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Electric field in density functional perturbation
theory - IV

Since

(Vke| [H, ra] [Ykv) = —i(YkelPaltkv) = —i{Ukc|(Ka + Pa)|Uky)-

¢4, (r) is the solution of the linear system:

[Hic — ] Sy (1) = —iP§ (Ko + Pa) v (1),

that contains only lattice periodic functions.

With the solution of the linear system PX2%(") we can write the
charge density induced by an electric field which is lattice
periodic:

42 :(r kaUKV( )
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Electric field in density functional perturbation
theory - V

Inserting this expression in the dielectric constant we have

167 . 0 r
EO‘B = 50&6 —+ Tq Z /V ¢kv(r)rﬁpc ngV( )dsr,
kv «

or

€ap = aﬁ+16ﬂ-q2/¢ PkaUKV( )d r,

while the effective charges become:

DUy (1) Z.
*QU k kv 3 S
saﬁ 42/ Pkv ()P cHu Usa (] O)d r— E‘saﬁ'
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Electric field in density functional perturbation
theory - VI

The evaluation of the effective charges requires the response to
3 x Nz phonon perturbations at g = 0. An alternative
expression can be obtained by observing that we used the
Hellmann-Feynman theorem to obtain:
dEDFT
dEs
and then deriving with respect to us,(q = 0)
. 1 d?EDPFT(E
qZSa,B = N _ ( )
Nc du,(q = 0)dEg

Since the second derivative is symmetric we can first derive

with respect to us,(q = 0) using the Hellmann-Feynman
theorem and then with respect to Eg.

— _VP,
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Electric field in density functional perturbation

theory - VII
The first derivative of the energy gives:
1 dEPFT(E) 1 dViec(r)

1 dEPTE) 1 [ dViee(r) e,
Nodu.(q=0) N, ), dun(q=0)" "7~ %Ea

and taking the derivative with respect to the electric field we
have:

1 dViec(r)  dn(r)
%506 = N, |, dua(q = 0) dE;

dsr - Zs(saﬁ

or

) AVioo(r) 9l (r) 3
q Ssa,B 42/ Ukv(r dua q 0) 8E d r_ZS(SOé/B
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Relationship with the phenomenological theory -
I

We notice that EPFT(E) does not coincide with the electric
enthalphy F(E) of the phenomenological theory. The two differ
for a term quadratic in the electric field. By defining:

2
FDFT(E) — EDFT(E) - VE,
8r
we have DET
4w dF*"T(E) B
and from the Taylor expansion:
4m d?FPFT(E) 47 d?EPFT(E)

8= TV gE.dE; " V dE.dE; -
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Relationship with the phenomenological theory -
I

Similarly for the effective charges we have:

s _ 1 FFUTE) 1 PEPT(E)
9508 = N, duga(q = 0)dE; N dusa(q = 0)dE;”

Note: in the literature the quantity ¢;,(r) is sometimes called

iu,’(‘g(r) or /a‘é"vm
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