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A periodic solid

We study a periodic solid indicating with
Rl = R/L + dS

the equilibrium positions of the atoms. R, label the Bravais
lattice vectors and d the positions of the atoms in one unit cell
(SZ1,...,Nat).

We take N unit cells with Born-von Karman periodic boundary
conditions. Q is the volume of one cell and V = NQ the volume
of the solid.

At time t, each atom is displaced from its equilibrium position.
u,(t) is the displacement of the atom /.
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A phonon

In a phonon of wave-vector q the displacement of the atom
I = (p,s) is:

1 .
Uusa(t) = Re | ——Ug, e’(qnﬂwq’)> :
HS ( ) ¢ (\/Vs S (q)

where the time dependence is given by a complex phase e*/wat
and « indicates the cartesian coodinate. The displacements of
the atoms in a cell identified by the Bravais lattice R,, can be
obtained from the displacements of the atoms in a chosen unit

cell, for instance the one identified by R,, = 0: \/}wium(q)'

Andrea Dal Corso Density functional perturbation theory



Phonons: a short description

Dynamical matrix at finite q

Density functional perturbation theory at finite q
Codes for phonon dispersions

Characteristic of a phonon - |

A T -point phonon has the same displacements in all unit cells
(q=0):

R 1 1 1 1 1 g=0
&9 69 69 690 69
l—2

A zone border phonon with qzz = G/2, where G is a reciprocal
lattice vector, has displacements which repeat periodically
every two unit cells:

R 1 1 1 -1 1q=23“%
e® 9 & 690 9 & &9
a a

Andrea Dal Corso Density functional perturbation theory



Phonons: a short description

Dynamical matrix at finite q

Density functional perturbation theory at finite q
Codes for phonon dispersions

Characteristic of a phonon -

A phonon with q = qzg/2 has displacements which repeat
every four unit cells:

igR 4 i 1 i 1 q=23“i

e 4
e 0 09 & 0 0 &
a a a a

A phonon at a general wavevector g could be incommensurate
with the underlying lattice:

R g V2 Gimk B2 2wl q:z_amlzz
?—NO 9 6 ® 6 &9 9 &
a a a a
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Dynamical matrix at finite q - |

The dynamical matrix is:

I S =
sas’3 - MSMS/ » 8uu5aauus’ﬁ

eiqRV
u=0

Inserting the expression of the second derivative of the total
energy we have (neglecting the ion-ion term):

02V, AZON
3 —iqR,, loc iqR.,
/ d rZ( OU,500U,5 5 ° )p ®)

_iar. OV Op(r
i 3, iqR,, ¢ Vioc P glaRy
N/" (Z‘" ) (e )|

We now show that these integrals can be done over Q.

Dsasrp(@) =
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Dynamical matrix at finite q - Il

Defining:
PVigo(r) 1 3 e iaR, 8 Vioo(r) oiaR.
auza(q)auS’ﬁ(q) \% MSMS’ v au,usaauys’ﬁ

we can show (see below) that #gj?ﬁ(m is a lattice-periodic

function. Then we can define

9p(r) Z iR,
dugs(@) v Ms’ auus/ﬁ

8p(") lqr 8p(") dp(r)
and show that o = =€ (@)’ where By, (a) is a

lattice-periodic functlon
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Dynamical matrix at finite q - Il

In the same manner, by defining
( avloc(r) ) Z —/qu avloc(r)
8u3a(q) \/ auﬂsa

and showing that av,oc((;)) = e’q’av’“((;)), where g:"’c((;)) is a

lattice-periodic function, we can write the dynamical matrix at
finite q as:

8 Vloc( )
s’ d3
Peasrsld / s (@ous (@)

s, (Vioo0) )" (_3p(r)
! /Qd’<ausa(q)> <ausfﬁ(q)>‘
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Dynamical matrix at finite q - IV

92 Vioe(r) 1 _igR,, 9% Vioe(r) iaR.

U5, (q)0us5(q) MsMs: o pusaOUys'g |y—g

is a lattice-periodic function because the local potential can be
written as Viee(r) = >, > ¢ Vipo(r — R, — ds — uy,6), and
ﬂ% vanishes if u # v or s # s'. Since . = v the two

phase factors simplify, and we remain with a lattice-periodic
function:
92 Vioe (1) _ Js,s' Z 02 V/%c(r — R, —ds - uus) '
8u§a(q)aus’ﬂ(q) MS auuSaauusﬁ u=0

Andrea Dal Corso Density functional perturbation theory



Phonons: a short description

Dynamical matrix at finite q

Density functional perturbation theory at finite q
Codes for phonon dispersions

Dynamical matrix at finite q - V

In order to show that:

00(1) 1~ 000) an, _ jar 000
8US/5(Q) VMg > 8u,,s/g aus/ﬁ(q)

where 88"('() ) is a lattice-periodic function, we can calculate the

Fourier transform of 8”(’()q) and show that it is different from
zero only at vectors q + G where G is a reciprocal lattice
vector. We have
9p / 38, o-ik
d°re ™
8Us/5( V v Mg Z 8uys/g
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Dynamical matrix at finite q - VI

Due to the translational invariance of the solid, if we displace
the atom s’ in the direction 3 in the cell v = 0 and probe the
charge at the point r, or we displace in the same direction the
atom s’ in the cell v and probe the charge at the pointr + R,
we should find the same value. Therefore

op(r+Ry,)  Op(r)

aul,s/g - al.loslg
or, taking r = ¥ — R,,, we have ap(r,; é;o 5 ») which can be
inserted in the expression of the Fourier transform to give:
dp / 3, —ik 6,0 r — ) iqR
_— d°re ™ e'dhv
8u5'ﬁ( V Ms/ Z OUOS/B
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Dynamical matrix at finite q - VII

Changing variable in the integral and settingr =r — R,,, we
have

_ / (9p(l’ _
d3 ! A—iKF
au‘g’/@ / \% S' Z 8u05/ﬁ

The sum over v: 3~ €@ ¥R gives Nifk = q+ G and 0
otherwise. Hence 8u‘9 (k) is non-vanishing only at
k =q+ G. It follows that

L _ glar iGr
8U5/g Z 8U /g q+G)e

and the sum over G gives a lattice-periodic function.
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Properties of the wavefunctions: Bloch theorem
According to the Bloch theorem, the solution of the Kohn and
Sham equations in a periodic potential Vis(r 4+ R,) = Vks(r):

[—;Vz + VKS(r)] Vv (F) = exvtby(r)

can be indexed by a k-vector in the first Brillouin zone and by a
band index v, and:

77Z)kv(r + Ru) = eikRMl}kv(r)a

¢kv(r) = eikrukv(r)a
where uy,(r) is a lattice-periodic function. By time reversal
symmetry, we also have:

kv (1) = P ().
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Charge density response at finite q - |

The lattice-periodic part of the induced charge density at finite
q can be calculated as follows. We have:

dp(r) _ 1 Oy v I‘) gl
Dussa) Vs 2 [ <Z By ) e
+ Yy (r)Pe (Z %ﬁky‘;,ﬁ /qR”> ] .

Changing k with —k in the first term, using time reversal
symmetry ¢_, (r) = ¢, (r), and defining:

My(r) 1 8¢kV(r)eiqRy

ugp(d) VMg <~ Ouyep 7
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Charge density response at finite q - Il

we have:
3p(r _ 2 Z¢ P 8wkv(r)
dus5(q kAl Cau so(d)

We can now use the following identities to extract the periodic
part of the induced charge density:

Owe(r) e OU(F) e Oukv(¥) jigR,
ug5(q) dus3(q) VMg = Uys
_ gilkta)r Iy (1)
ug(q)’
where () is a lattice-periodic function.

3US/,3(C|)
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Charge density response at finite q - Il

The projector in the conduction band P, =1 — Py is:

Pe = Y twe(Mviee(r)

k'c

= > e M uee(Nuige(r)e ™"

k'c
_ Z eik’rPk’ e—ik’r’
= pA ,
k/

but only the term k' = k + q gives a non zero contribution when

applied to ‘9“’"”22) We have therefore:
dp(r) iqr k+q 8Ukv(r)
—— =12y w (NP T —7F=%
dug5(q) Z o (1)Fe dugp(q)’
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Charge density response at finite q - IV

so the lattice-periodic part of the induced charge density,
written in terms of lattice-periodic functions is:

p(r) pk+a Iuy(r)
9P _p ThT)
8Us/5 q Z kv C 8us’ﬁ(q)
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First-order derivative of the wavefunctions - |
aii'f;((g) is a lattice-periodic function which can be calculated
with the following considerations. From first order perturbation
theory we get, for each displacement u, s 3, the equation:

v (r) _ P, 0 Vis(r)
8uys/5 Bu,,sfg

[_1v2 + Vis(F) — ekv} P, Uk (F).

2

Multiplying every equation by ﬁe"qm and summing on v, we

get:
ARG R
9 Vis(r)
= —-F v
8U§5(Q)¢k ( )
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First-order derivative of the wavefunctions - |l

Using the translational invariance of the solid we can write

OVks(r) _ 1 OViks(F) iar, _ giar dVis(r)
8Us/ﬁ(C|) v Mg » 8Ul,s/g Busfﬁ(q)’

where 8‘/‘(5((;)) is a lattice-periodic function. The right-hand side
of the Ilnear system becomes:

(k+q)r Pk+q 0 VKS(
duss(q

§ukv( )
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First-order derivative of the wavefunctions - Ill

In the left-hand side we have

Otk (r) jigR, _ gitkra)r peia duy (1)

\/ st Z 8Ul,s/ﬁ 8u3/ﬁ(q)

and defining

H&+a = g—i(k+a)r [ ;vz + va(r)] (ktayr,

we obtain the linear system:

= —P T ——22 LUy (1).

[Hkﬂ ] pk+qM _ kg IVks(n)
aus’ﬁ(Q) 3uslﬂ(q)
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Linear response: the self-consistent potential - |

The lattice-periodic component of the self-consistent potential
can be obtained with the same techniques seen above. We
have:

OVis(r)  0Vipc(r) I /dsr/ 1 Jp(r)

OU,g3 OU,g 3 Ir —r|ou,sp
OVixe Op(r)
6,0 auus’ﬁ '

Multiplying by —— /@R~ and adding, we obtain:
My

0Vks(r) _ OVioc(r) n /dSI‘/ 1 dp(r')
ougp(q)  Ougp(q) Ir—r| dug3(q)
OVixe  9p(r)

dp Ougp(q)
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Linear response: the self-consistent potential - Il
Keeping only the lattice periodic parts gives:

glar a~VKS(") _ giar @Y iocl) aVloc(r /ds / glar’ 8~P(r/)
r—r|

dugs(@)  dugs(q dugs(Q)

9 Vxe glar 8~p()
dp dugp(a)’

_l’_

or equivalently:

IVis(r)  9Vine(r) N / ey

_ gla(r'=m 3~p(l‘/)
dugp(aq)  Ougs(q)

r—r| dus5(q)
O Vie(r) p(r)
99 Ouss(@)

Andrea Dal Corso Density functional perturbation theory



Phonons: a short description

Dynamical matrix at finite q

Density functional perturbation theory at finite q
Codes for phonon dispersions

Charge density response at finite q
Linear response: wavefunctions
Linear response: the self-consistent potential

ph.x

The program ph. x solves the self-consistent Iinear system for
3 x N perturbations at a fixed q vector. Having Bu, ()q) for all

the perturbations it can calculate the dynamical matrlx

Ds.s 3(q) at the given q which can be diagonalized to obtain

3 x N frequencies wq. By repeating this procedure for several
g we could plot wq as a function of q and display the phonon
dispersions. However, it is more convenient to adopt a different
approach that requires the calculation of the dynamical matrix
in a small set of points q.
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PHONON DISPERSIONS

The dynamical matrix of the solid:

1 82Etot Iq(R R )
/ = v 1
Dsas'5(Q) /MsMg au#saauys,ﬁe g (1)

is a periodic function of q with Ds,s(q + G) = Dsas5(q) for
any reciprocal lattice vector G. Furthermore, due to the
translational invariance of the solid it does not depend on L.
Eq.1 is a Fourier expansion of a three dimensional periodic
function. We have Fourier components only at the discrete
values R, of the Bravais lattice and we can write:

: 7 Eo = /d3qD 15(q)e"a(R—Rw)
MSMS’ 6UM3a6uys/5 (27T)3 sas’'B i
@)
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DISCRETE FOURIER TRANSFORM - |

We can use the properties of the discrete Fourier transform and
sample the integral in a uniform mesh of points q. This will give
the inter-atomic force constants only for a certain range of
values of R, neighbors of R,..

In order to recall the main properties of the discrete Fourier
transform, let us consider a one dimensional periodic function
f(x + a) = f(x) with period a. This function can be expanded in
a Fourier series and will have a discrete set of Fourier
components at the points k, = %”n, where nis an integer
(positive, negative or zero).

f(x) = coe™
n

where the coefficients of the expansion are:
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DISCRETE FOURIER TRANSFORM - I

1 4 .
c,,:/ f(x)e~ X dx.
alo

In general, if f(x) is a sufficiently smooth function, ¢, — 0 at
large n. Now suppose that we discretize f(x) in a uniform set of
N points x; = jAx where Ax = a/Nandj=0,...,N—1, then
we can calculate:

N

—_

1

- 727,” .
b=y O M) 5,

—0

—

Cn is a periodic function of nand ¢,y = Cp- So, if N is
sufficiently large that ¢, = 0 when |n| > N/2, ¢, is a good
approximation of ¢, for |n| < N/2 and the function
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DISCRETE FOURIER TRANSFORM - llI

n:N/2

Z n eiknx

n=-N/2

is a good approximation of the function f(x) also on the points
x different from x;. In three dimensions the discretization of
Eqg. 2 on a uniform mesh of q; points is:

2
0 Etot o ZCSQS’B CI/ —iq;(Rv RM) (3)
8uusaauus/ﬁ q

where we defined Cs,s3(q) = vV MsMg Ds,s5(d). Since

9% Egot _
m depends only on the vector R = R, — R,, we can call
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g2r.x
Csas3(R) = Bufi# and write the relationship:
Nq
Cms’ﬂ( Z CSas’ﬁ ql)e AR
i=1

The code g2r. x reads a set of dynamical matrices obtained for
a uniform mesh of ¢, points and calculates, using this equation,
the inter-atomic force constants for some neighbors of the point
R=0.
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matdyn.x

If the dynamical matrix is a sufficiently smooth function of q, the
inter-atomic force constants decay sufficiently rapidly in real
space and we can use Eq. 1 limiting the sum over v to the few
neighbors of R,, for which we have calculated the interatomic
force constants. With the present notation Eq. 1 becomes:

Csas'p(A) = Z CSas’,B(R)e_iqR7 4)
R

a relationship that allows the interpolation of the dynamical
matrix at arbitrary q, by a few interatomic force constants. The
program matdyn . x reads the inter-atomic force constants
calculated by g2r . x and calculates the dynamical matrices at
an arbitrary q using this equation.
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This procedure fails in two cases:

@ In metals when there are Kohn anomalies. In this case
Ds,s3(q) is not a smooth function of q and the inter-atomic
force constants are long range.

@ In polar insulators where the atomic displacements
generate long range electrostatic interactions and the
dynamical matrix is non analytic for @ — 0. This case,
however, can be dealt with by calculating the Born effective
charges and the dielectric constant of the material.
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