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Chapter 1

Introduction

These notes describe how to exploit symmetry in electronic structure codes.
They assume only that the reader knows the basic group theory concepts as
applied to quantum mechanics and in particular to solids. I discuss some of
the formulas implemented in Quantum ESPRESSO with the hope that these
concepts might be useful to those who want to further develop the code. The
exposition is divided in two parts. In the first part I will use the space group
operations of a solid while in the second part I will consider also the magnetic
symmetries and discuss how to treat symmetries that might require time re-
versal.
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1.1 People

These notes have been written by Andrea Dal Corso (SISSA, Trieste).

Disclaimer: These notes contain the concepts that I found useful to un-
derstand the symmetry routines of Quantum ESPRESSO, but I am not the
author of many of them, so what is written here might be inaccurate or not
reflect the original intention of the authors. If you find that something is in-
correct or does not reflect what is implemented please e-mail me at dalcorso
.at. sissa.it. The concepts presented here have benefited from discussions
with several people, among them I would like to thank S. de Gironcoli (and his
unpublished notes on the symmetry of the phonon code), A. Smogunov, and
A. Urru (and the appendices of his PhD thesis).

Acknowledgments: The writing of these notes has been supported by MAX
“MAterials design at the eXascale" Centre of Excellence for Supercomputing
applications (Grant agreement No. 101093374, co-funded by the European
High Performance Computing joint Undertaking (JU) of the European Union
and participating countries).
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1.2 Preliminary definitions

The equilibrium positions of the atoms in a solid are determined by a Bravais
lattice and by the positions of the atoms inside a unit cell.
The Bravais lattice can be defined by three primitive vectors:

ai,ag, as. [1'1)

Each point of the lattice is given by three integer values ni,n,,n3 that can be
positive, negative, or null. We indicate with R, the coordinates of the Bravais
lattice points:

R‘M = nia; + neas + nzas. [12)

We indicate with 7, the positions of the atoms inside the unitcell (s = 1,--- |, Ny).
Each atom s within the unit cell has a type that we call (s). The equilibrium
positions of the atoms in the solid are therefore:

R; =R, + 75, (1.3)

and the index I = {u, s} is a composite index that indicates both the Bravais
lattice and the atom inside the unit cell.

We say that a rototranslation {5, a}, where S is a proper (or improper) rota-
tion and a is a translation, belongs to the solid space group if for any 7 = {yu, s}
there is an I = {ji, 5} such that:

{S,a}RIISRM"’STS"’a:Rﬁ—FTg, [1.4)

and 7(s) = 7(5).
The operations {S;, a;} for which Eq. 1.4 holds form a group. We have:

{Si,ai}{Sj,aj} = {SZ‘S]‘,SZ'&J' +al-}. (15)

The neutral element of the group is {I,0} where I is the identity matrix and 0
is the null translation. The inverse of an element is

{Si,ai}’l = {S;l, —S[lai}. [16)

It is useful also to introduce the fractional translations f;, by considering the
vector R, closer to a; and writing the operations of the space group as

{Si,a;} = {S;,R,, + £;}. (1.7)

The set of rotations {S;} form a group called the solid point group. In general,
the set {S;,0} is not a subgroup of the space group.

1.3 Coordinates

1.3.1 The rotation matrix

There are two ways to express the rotation matrices S of the point group. We
can consider the three vectors obtained by application of S to a;, a;, and as.

6
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They must be Bravais lattice vectors and they can be expressed as

3
a; = Z Sl,mama (18)
m=1

where S, is a 3 x 3 integer matrix. Alternatively, we can introduce Cartesian
coordinates and write the primitive vectors as a,; where o indicates a Carte-
sian coordinate. We can indicate the Cartesian rotation matrix as S, g and we
have:

3
a’aJ = Z Saﬁaﬁ’l. (19)
B=1

The matrix S, 3 is an orthogonal (S5, = S;lﬁ) 3 x 3 matrix, while §;,, in general
is not orthogonal. We can write S, 3 in terms of S;,, or S;,, in terms of S, g
using the following considerations.

Assuming that a,, are in units of « (the lattice constants), we introduce the
primitive reciprocal lattice vector by, by, and b; (in units of 27”] such that

3
a; * bj = Zamba,j = (SiJ. (110)
a=1

From this equation one derives also that:

3
> bajas; = das (1.11)
j=1

Multiplying Eq. 1.8 by b, ;, summing on « and using Eq. 1.10 we have

3
Za;,zba,j = Sij (1.12)
a=1

and using Eq. 1.9:

3
Sii=_Y ba;Susas. (1.13)
a=1 g=1

The inverse of this equation can be found by multiplying both terms by a, ;
and bs;, summing over j and [ and using Eq. 1.11 twice:

Zb‘sulslaja%j = POv4- (1.14)

l?j

1.3.2 Rotation of a vector

Given the Cartesian coordinates of a vector v, the rotated Cartesian coordi-
nates are:

3
Vi, = Sapvs. (1.15)
B=1

7
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When the vector v is expressed in crystal coordinates:

3
V:Zwal. (116)
the rotated vector can be written as
3
V=) wvaj. (1.17)
and its coordinates can also be written again in the original basis a; using
Eq. 1.8:
3 3
= ZZVzSz,mam, (1.18)
=1 m=1
with

3
= Zvlsl,m' (119)
=1

1.3.3 Rotation of a vector in reciprocal space

We can rotate the vectors b;, by, and bs. They must be reciprocal lattice vectors
so they can be written as linear combination of by, by, and bj:

by = Ujmbm, (1.20)

where the matrix U; ,,, is a 3 x 3 integer matrix. Since
a; . b/j = 5i,j7 (121)

we must have:

3 3 3
> Z Siay - Upmbm = 8;,Uj1 = 61 (1.22)
= =1

=1 m
From this equation we ﬁnd that

Uj, =S}

l,j»

(1.23)

where the operator S~! is the inverse of the rotation S, belongs to the point
group, and is an integer matrix. The rotated principal reciprocal lattice vectors
are:

3
=Y S,Lbn. (1.24)
m=1

With this equation we can rotate a vector v written in the basis of the primitive
reciprocal lattice vectors. We have:

3
V = Zvlbl. (125)

8
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and the rotated vector is

3
vi=> v, (1.26)
=1

or, in the original reciprocal primitive basis:

3
vV'=>"> VS, b (1.27)

Vi, => wiSh. (1.28)

1.3.4 Basis change

When a vector is given in Cartesian coordinates (v,) we can write it in the basis
of the primitive Bravais lattice vectors. We have:

3
vV = Zvlal. (129)
=1

Multiplying both members of this equation by b,, we get

=V b Z"a . (1.30)

When a vector is given in Cartesian coordinates (v,) we can write it in the
basis of the primitive reciprocal lattice vectors:

3
V:ZVZbl. (131)
=1

Multiplying both members of this equation by a,, we get

m=V-a,, = Zvaaam (1.32)

When a vector is given in the basis of the primitive Bravais lattice vectors
its Cartesian coordinates are

3
Vo = Zvlaa,l. (133)
=1

When a vector is given in the basis of the primitive reciprocal lattice vectors
its Cartesian coordinates are

3
Vo= Viba. (1.34)
=1



Chapter 2

Symmetry in self-consistent codes

2.1 The Kohn and Sham wavefunctions

We can consider the Bloch functions, solutions of the Kohn and Sham equa-
tions:

Hyg s n(r) = ek ntPrn(r), 2.1)

where k is a wave vector in the first Brillouin zone an n is a band index. For
each element of the space group {S;,a;} we can associate an operator Ofs;.a:}
that rotates the Bloch functions. We require that after the rotation the new
function Oyg, ,)%x,(r) has in r the same value that the original function had in
the point r’ that becomes r after the rotation. We have

r' = {S;,a;} 'r (2.2)
therefore
O{Si,ai}wk,n@) = wk,n({s'h al’}ilr)- (23)
Writing the Bloch functions in the form
wk,n(r) = eik‘ruk,n(r)a 2.4)
where uy ,(r) is a lattice periodic function, we have:
O{Si,ai}wk,n(r) — eisik-refisik-aiukm({Si’ ai}*lr). [25)

Therefore, Oyg, a,)Ykx(r) is a Bloch function with wave-vector Sik. If {S;,a;}
belongs to the solid space group, Oys, »,) commutes with Hxg and Oy, a,) %k (1)
is an eigenstate with eigenvalue ¢y ,,. We can call it g, »(r).

2.2 The charge density in real space

The charge density is calculated as a sum over the Brillouin zone and the
occupied bands:

n(r) =2 |t (), (2.6)
k,v

10
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where the factor two accounts for spin degeneracy. Usually we use a uniform
grid Ny, x N, x Ny, of k of points to perform this sum, and we use a grid such
that if we apply a rotation 5; of the point group to a wave-vector k we obtain
the wave-vector S;k which belongs to the grid. In these hypotheses, the set of
wave vectors S;k obtained by applying S; to all points of the grid coincides with
the original grid itself. Therefore we can write

2 s
n(r) = 5 S s (@) 2.7)
i=1 kv

where Ng is the number of symmetries of the point group. Now each k in
the mesh can be obtained from a k in the irreducible Brillouin zone (IBZ) by
applying an appropriate rotation S;. We can write:

Ng
n) = > Y sl 2.8)

i=1 keIBZyv 1

The sum over k is limited to the IBZ and the sum over [ is over the Ny sym-
metries needed to obtain all the points of the star of k that belong to the mesh
from the k in the IBZ. But now we can exchange the sum over [ and the sum
over ¢ and notice that the sum over i is over all the elements of the point group
and for the rearrangement lemma the elements {S;S;} are still all the elements
of the point group so the sum over 7 is independent from /. It is convenient to
introduce a weight wy (see next section for a more precise definition) so that
we can write

Ng
2
n(r) = —Z Z wic [$s,0(1)]*. (2.9)
Ns kelBZw

Now we can use Eq. 2.5 and write

Ng
n(r):NiSZ S e [ ({55 £ 1) (2.10)

=1 kelIBZyv

where we choose the spatial group operation {S;,f;} since Eq. 2.10 does not
depend on R,,,.

The charge density is computed in two steps. First one computes the un-
symmetrized charge density:

Ar) =2 Y wy [t (r)]) (2.11)
keIBZw
and finally the charge density is symmetrized:
Ng
1

n(r) = mZﬁ({Si,fi}_lr). (2.12)

Since we are adding on all operations of the group, we obtain the same result
applying {5;,f;} in Eq. 2.12:
1 &

n(r) = FSZfz({Si,fi}r). (2.13)

11
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2.3 The special point technique

Suppose we have a function of the reciprocal lattice vector g(k), periodic with
the periodicity of the reciprocal lattice vectors G. We can expand this function
in Fourier series:
g(k) =go+ Y gue™Fr, (2.14)
o
R, are the direct lattice vectors (where R, = 0 has been separated from the

sum). Suppose G is the point group of the Bravais lattice and » the number of
symmetry elements of G = {5}, ..., S, }. We can consider the symmetric function

1 h
) =+ ; g9(Sik) (2.15)
We have
F&) =fo+ > guAuk) (2.16)

o

where f, = g and

SRS

h h
I« g
Au(l) = 5 Y SR = o el T (2.17)
i=1 i=1

The integral over the Brillouin zone of A4,(k) = 0 for all ¢ except ¢ = 0 hence
the average over the Brillouin zone of f(k) and of g(k) coincide:

(22)3 /BZ ’kg(k) = (22)3 /BZ I’kf(k) = fo. (2.18)

The integral is discretized with a uniform mesh of N, = N; x N, x N3 points (see
the routine kpoint_grid) and therefore one calculates the sum

Nk h

(2%3 /BZ Prfk) = N%h > g(Sky). (2.19)

j=1 i=1

The mesh is usually chosen in such a way to set to zero the largest number
of functions A, (k). In practice however one chooses a uniform mesh. All the
points k; that belong to the same star of k give the same contribution to the
sum (Eq. 2.19). So we can take only one point in the irreducible Brillouin zone
(reduced with the Bravais lattice point group) (/BZ;) and put a weight equal
to the number of k point of the star of k; that belong to the original mesh. We
obtain

{2 / d%f(k)—i > wzh: (Sk-)—l > wzh: (Sik;),  (2.20)
27)2 J, ~ Nyh 129 =, 729\ '

jeIBZy, i=1 jeIBZy, i=1

where in the last term @w; = w; /Ny and the sum over all weights is equal to one.

12
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We note that the function ¢g(k) has usually the symmetry of the solid, or as
in the case of the charge density one can relate the values of ¢(S;k;) at one
point r with those of a different point r/, but only for the operations of the
point group of the solid which is usually a subgroup of G. We call it H, with
elements S, with p = 1, ..., k. It is convenient then to divide the group G into
N. = h/k left cosets of H (see the routine coset for a definition):

G=H+SH+SH-+..+Sy.H. (2.21)

When we apply the operations of H to a k; point we obtain the star of k;
(according to the group H) which is usually smaller than the star of k; for the
group G. So he have:

k
9(S,5,k;). (2.22)
1

j€IBZy, b=

Now when we apply all the operations of H to Sk; we obtain the star of Sk;
for the group H. All the points of this star give the same contribution to this
sum. Therefore, we can take only one point k,, in the irreducible brillouin
zone (reduced with the solid point group) (/ BZs) and put a weight equal to w,
multiplied by the number of times we find the same star varying S; among the
N. cosets w(m).

0 1 ¢
W/B PRI =7 > megSk Eg ZB 9(Spkn),  (2.23)

mEIBZS
where 0, = w;w(m) and w,, = “’T This equation coincides with Eq. 2.9 taking
9(k) = 2[hco ()P, (2.24)

and defines how one has to calculate the weights that appear in that equation.

13
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2.4 The charge density in reciprocal space

Eq. 2.13 can be used to find a symmetrization formula in reciprocal space.
Taking the Fourier transform at the reciprocal lattice vector G, we have:

11
_ ~ —1G-r 33
G = g ;1: /Q ({85, £ }r)e G By
113
— o = —Z‘G~{Si,fi}7ll‘d3
= n(r)e r
118
~ —iG-S7'r _iG-STf; 33
= —— n(r)e i Ter= ity
11
i$:Gf [ ~ —i8;Gr g3
= —— e [ op(r)e” it dPr
13
_ L yasenyga). (2.25)
Ns

This formula could be applied for any G vector but it useful to observe that
if we know n(G) we can find n(S;G) with a simple formula. Since after an
operation of the space group {9, f;} the solid does not change we must have:

n(r) = n({S;, f;}r). (2.26)
Doing a Fourier transform as shown above, from this formula we get
n(G) = ®%in(3,G), (2.27)

or
n(S;G) = e G in(Q). (2.28)

2.5 The forces

Let us now consider a set of displacements of each atom of the solid. We
indicate with u; the displacement of the atom that in equilibrium is in R;.
Suppose that we compute the total energy with the atomic coordinates {R; +
u;}. If we do an opertion of the solid space group {9, a;} the atomic positions
becomes

{Si, ai}(R[ + l,l[) = RI_ -+ Sﬂl]. (229)

So if in the rotated solids we choose the displacements
u’I— = Sill[, (230)
the energy cannot change and we can write:

Eio ({R[ + U.[}) = Fiy ({{SZ, ai}(R] + ll[)}) = FEin ({Rj + 11/[-}) . (2.31)

14



Symmetry guide

Computing the derivatives with respect to u;, we have:

dEw; °. dE, dugss dEtot Z " ﬁ dEtOt (2.32)

- NeR
du, s o du——ﬁduusa :1d 58 Sio dug s s

where we used the fact that S, , s is an orthogonal matrix.

This relation can be used by adding on all the operations of the point group
S; and dividing by Ng. In the left hand side that does not depend on S; we
obtain the symmetrised forces:

:_ZZ mﬂ (2.33)

1161

In the right-hand side, we can use the unsymmetrized forces computed by
doing a sum over the IBZ when adding on k.

Reasoning in the same way we can write a similar relationship for the sec-
ond derivative of the energy with respect to two displacements:

dQEtot ’ ’ 1 —1 d Etot
=3NS o w a— —. (2.34)
y=1 §=1 HyS57Y v,s,

2.6 The stress

The stress is defined as the derivative of the total energy with respect to strain:

1 a-Etot
V 85a ,3

(2.35)

O'a?ﬁ

If we rotate the solid with an operation {5, a} of the solid space group, the total
energy does not change if we put a rotated strain. Since the strain is a second
rank tensor we must put a strain

g =D SarnSsocys- (2.36)

7,6

With this strain we can write

Eror ({2a5}) = B ({215}) » 2.37)

and doing the derivatives we have:

OBt ({eap)) = OB ({€h,5}) 0 ; 0B, ({2 5))
Ocap Z de’ 5 agw Z SarSp6 5 . (238

v,6=1

Equivalently we can write:

3
Tap = Y SaltS5i0s (2.39)

~,0=1

15
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The working symmetrization formula is obtained adding on the Ng symmetry
operations of the point group and dividing by Ng. We have:

3 3
a,ﬁ_NLZZ o SiA 5T (2.40)
i=1 ~,0=

16
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Symmetry in linear response codes

3.1 Dynamical matrix

The dynamical matrix is defined in term of the interatomic force constants by
the relationship:

2
e_iq.RM d Etot

1
Ds,ms’,ﬁ(q) = ]\]\/TM ; ; m

e'aRy (3.1)

We can insert a sum over j; and a sum over v and divide by N2. We have

. dQEt " . . -1
D / 5(q e —iq-(Ry,—S~'Rp) —zS’q-Rg o equRf,ezq-(R,,—S Ry)
s ’B( ) s % ; duﬂ,s,adu%s/’ﬁ
(3.2)
and now we can use Eq.2.34 to write
- S—
Ds,a,s’,,@(q) = Z Z S’La'yszﬁzse (R Ru) X
S W0, y,0=1
6—iSq.Rﬁ d Etot eiSq~Rgeiq-(RV—S*1Rg) (3 3)

dug s dug g s
or
1 : .
Diawp(@) = 53 D D SianSigge” W TI Dy o (St SR (3.)
oy v,6=1

If {S,a} is an operation of the solid space group we have:

{S,a}(R, +7,) =SSR, + ST, +a=R; + 75, (8.5)
or
SR, —R;=—-S1,+7;—a, (3.6)
and
SR, —R; =—-S74 +77 — a. (3.7)

17
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Calling
R =857, — 75 (3.8)

T

we obtain the equation:

3
. i Qq.RS
Dyaws(@) =Y Sin,Sips€ B2 Dy o 5(Sq)e” 59, (3.9)
v,0=1

This expression tell us the equations satisfied by the dynamical matrix ele-
ments. Its inverse can be obtained easily:

3
. iaRS
Dsows(Sa) = Y SanSsse 5D, v s(q)e’ (3.10)

v,6=1

and gives as an equation to find the dynamical matrix at Sq if we know the
dynamical matrix at q. Eq. 3.9 can be used in the form:

Ns 3
! - -1 _iSqRZ_ T —iSq-RZ
Do (@) = 5= 22 D SianSis¢* ™ Duywp(Sa)e™ >, (3.11)
i=1 ~,0=1
to symmetrize a dynamical matrix obtained by doing sums over the k points in
the IBZ. Usually in this case we reduce the k points using only the symmetries
of the cogroup of q that is only the rotations for which

Sq=q+ Gg (3.12)
where Gg is a reciprocal lattice vectors. Eq. 3.11 simplifies as:
. Nsq 3 L (RS, -RS)
Ds,oa,s’,ﬁ(q) = N_Sq ; ’Ygl Si,a,'ySi,B,éDE,W,E’,é(q)e Te TS, (3 13)

where we used the fact that the dynamical matrix as a function of q is periodic
with the periodicity of the reciprocal lattice, and R} + a is a Bravais lattice
vector.

Also Eq. 3.10 can be specialized to the symmetries of the cogroup of q

3
—iq-(RS —RS
D§,a,§’,ﬁ(q) = Z Si@,'ySi,B,st,%s’,(S(q)e O (R TS/)7 (314)
7,6=1

and used to calculate all the matrix elements D;, s 3(q) once we have calcu-
lated D, .+ 3(q) with Eq. 3.13.

3.1.1 Eigenvectors of the dynamical matrix

We have seen (in the section on forces) how the displacements in the rotated
system are related to those in the original solid. We can find also the relation-
ship between the eigenvectors of the dynamical matrix in the rotated system.
A phonon displacement has the form:

Uysa = us,a(q)eiq.Ru- (3 15)

18
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In the rotated system we must have a similar equation

3 3
Wga = Wo ()T =37 S0 g5 =D Sapuas(@e®™. (3.16)
p=1 B=1
We can rewrite this equation in the form
3
Weo = Wea(a)e ™ =3 7S, gu, p(q)e S el RS, (3.17)
B=1

and using the quantity R; (see Eq. 3.8), we can write Eq. 3.17 as

3
ulg,a(q,)eiql'Rﬂ = Z Sa,gusﬂ(q)eisq'Rﬁefisq'(Rfera). (3.18)
B=1
This shows that q' = Sq and
g, (S ZSa g, g(q)e SaRe TS, (3.19)

S

3.2 The charge density induced by a phonon

To symmetrize the charge density induced by a phonon perturbation we con-
sider a space-group operation {S,a} and the charge density in the rotated
system. If we look in the point {S,a}r in the rotated system we should have
the same charge as in the point r in the original system provided that we use
Eq. 2.30 for the displacements. Therefore

n(r,{R;+ur}) =n{S,alr,{R; +us}). (8.20)

Deriving with respect to u, , , we get

dn (r,{R;+ us})

3

dn ({S,a}r, {R; +us}) dugs

filng

du, ;.o — dug s g du, s o
3
S R; 7
— S(;lﬁ n({ 7a§r7{ 1 +u1}). (821)
-1 Up,s,8
The charge density induced by a phonon of wave vector q is given by
dn(r7{RI+uI}):Z ( {R[—f-ll[}) zqRu (322)
dus,a<q> 1 duu CNe ’ .
and using Eq. 3.21 we obtain:
dn (r,{R; +us}) _ Z Z S_B n ({9, a}r {R; +uz}) oiSaR; yia-(Ru—S'Rp)
dus,a(q) i, :U' 6 1 “ MaSVﬁ
R;
_ Z {Sda}r { 7+ 111}) 7qu R"'Se qu-a, (323)
us 5(5q)

19
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where R is defined in Eq. 3.8.
The charge density induced by a phonon can be written as:

dn (I‘, {R[ + 11]}) _ eiq-rdﬁ (I‘, {R[ + 11[})
dus,a(‘l) dus,a(q)

: (3.24)

where %;(Z‘)"}) is a lattice periodic function. We need to symmetrize only

the lattice periodic part of the induced charge density, so we have

iSq-a
)

dn (r, {R + u1} piaT Z S—l iSq- {Sa}rdn ({S,a}r, {Rr + ul})e—qu RY, o~
dus . (q) dus 5(5q)

(3.25)

This expression can be simplified if we use it for rotations that belong to

the small cogroup of q, such that Sq = q + Gg. Since Rfs + a is a lattice vector
we have

4a(e Ry + ) Z g1 o (ST (Re+ur)) yn

TipTlaa 3.26
dug o ( dus (5q) ¢ ( )

Now using the fact that

dn ({S,a}r,{R; + U[}) ¢—iGs-(Sr+a) dn ({S,ajr,{Rs + ul})

(3.27)
duss(q + Gs) duss(q)
we have
dn (I', {RI + ul}) —7,S 1Ggr Z {S a}r {RI + u1}> —zq-R.,S.S‘ (328)
dug o (q) duss(q)
This equation can be written also as
dn (r,{R;+ us}) G dn({S,a}r,{R;+ ul}) —iaRS
— e!Gs-1T Sa ia Rz, (3.29)
du, o (q) Z B dusz(q)
using the fact that S~'Gg = —Gg-1 as can be deduced comparing the two
g P g
expressions:
Sq = q+Gg
S7lq = q+Gg (3.30)

after applying S—! to the first.

This equation is further transformed before implementation (see the Ap-
pendix on irrep).
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3.3 The charge density induced by an electric field

Reasoning as above we can say that if {S,a} is a space group operation the
charge density at the point r when there is an electric field E is equal to the
charge density at the rotated point {S,a}r when the electric field is E' = SE.
Therefore

n(r,E)=n({S,a}lr,E'), (3.31)

and deriving with respect to E, we get

3 /
E, dE’
B=1 B

3.4 The dielectric constant

The dielectric constant can be written as

47 82 Etat (E)

€08 = Oap — =

% m. (333)

For an operation {S,a} of the solid space group and a rotated electric field to
E' = SE, the total energy in the rotated system does not change. We have
therefore:

8 Etot 18 Etot(E/)
8E aEﬁ 52 Sa. 7555 aE/ aE/ ) (3.34)

or equivalently we can write
€a,3 = Z 567 S (335)
~,0=1

The working symmetrization formula is obtained adding on the Ng symmetry
operations of the point group and dividing by Ns. We have:

3 3
1
6045__35 : E : za'y 1,866”/5 (336)
i=1 v,0=1

3.5 The Born effective charges

Born effective charges are second derivative of the total energy with respect to
phonon displacements and electric field component:

Zr = ot 3.37
108 = N 9u, .0E; (3.37)
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So we use the fact that for an operation {S,a} of the point group of the
solid in which the atoms goes in {S,a}(R; + u;) and the electric field becomes
= SE the total energy should not change.

Etot({RI + UI}, E) = Etot({{S, a}(R] + UI>}, E/>, (3.38)
and performing the derivatives we have:

OEi({R;r +us}LE 18Etot {{S,a}(R;+up)}, E)
Ou, ,0Eg Z Sa. S Ou; , OE; ’ (8-39)

or equivalently
* —1 @—1ryx*
s,008 = Z Sa,'ySﬁ,(SZE,'y,zi' (340)
V7,0
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Symmetry with spinors

In this chapter we present the modifications of the previous consideran-
tions needed to deal with spinor wavefunctions. Spinors can be used together
with fully relativistic pseudopotentials to include the effects of spin-orbit cou-
pling. In this case, we can distinguish calculations performed in presence of
time-reversal symmetry (nonmagnetic material) or without time reversal sym-
metry (magnetic material). In the latter case there might be symmetry op-
erations that belong to the solid space group only when coupled with time
reversal. If this happens, half rotations of the point group require time rever-
sal and half do not require it. We indicate with {7S,a} an operation of the
space group that requires time reversal.

In the context of spinors it is also useful to define for each symmetry oper-
ation (with or without time reversal), the operator S defined as S = S if Sis a
proper rotation or S =15 if Sis an improper rotation. Here [ is the inversion
operator. Therefore S is always a proper rotation. The inversion operation is
defined as Ir = —r.

For each rotation matrix S, there is in spin space a 2 x 2 matrix that belongs
to the SU(2) group that we indicate with U(S) that acts on the spinor part of the
wavefunctions. It depends only on S since inversion does not affect the spin
part of the wavefunctions. A proper rotation is characterized by the versor
of the rotation axis n and the rotation angle ¢ and the operator U/(S) can be
written as:

U(S) = e '29™, 4.1)

where o are the Pauli matrices.

4.1 The Kohn and Sham wavefunctions

In the noncollinear case, the Kohn and Sham equations are

Z H}T(’g‘/zﬁk,n,o’ (I‘) - Ek,n¢k,n,a(r)7 (42)
and the Kohn and Sham Hamiltonian is a 2x2 matrix acting on two component
spinors:

Uren (1) )
Uy, = " . 4.3
b ( i (1) (4.9
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Each spinor component is a Bloch function that can be written as:
wk,n,a (r) = 6ik.ruk,n,g (I'), [4.4)

where uy ,, ,(r) is lattice periodic.
The operator 7 that applies time reversal to these spinors is an antilinear
operator that can be written as:

T =io,K, (4.5)

o=(7 ) (4.6)

and K is the complex conjugation operator. We have therefore:

_ wlt,n,i(r) )
T <—¢;:,m<r> | @7

and this is a Bloch function with wave-vector —k. If the Hamiltonian is time
reversal invariant, it commutes with 7 and 7 ¥y, is also an eigenfunction of
the Hamiltonian with the same eigenvalue ¢ ,,. We can call it ¥_y,,.

For each element of the space group {S,a} there will be an operator Oyga}
that acts on the spinor wavefunctions as:

(O{Sva}qlkm)g = Z U(S)J,U’wk,n,a’({s7 a}_lr)- (48)

where o, is the Pauli matrix:

4.2 Charge and magnetization density
When the wavefunctions are spinors, the charge density is:
n(r) = 3 [teoo (), (4.9)
k,v,0

One can demonstrate [2] that when we rotate the system with the operation
{S,a} or with the operation {7S,a} the charge density satisfies the same rela-
tion as in Eq. 2.12:

Ng
1
nr)—=— n S“fz _II' . (410)
() = 7, LA
For the magnetization density defined as
mo(r) =5 Y Viwo(r) 0L Yiwo (), (4.11)
k,v,0,0'

where up is the Bohr magneton, one has

Ns

S (—1)7i 5, 0 pring (£, £} '), (4.12)

=1

1

m,(r) = Fs
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where S; has been defined above and Ts, = 1 if the operation needs time rever-
sal and T, = 0 otherwise.

We note that to calculate mg(r) we must sum over the k points belonging
to the irreducible Brillouin zone. This zone is found noting that for operations
that require time reversal:

TSk = —Sk. (4.13)

4.3 Forces and stress

No change is made in the symmetrization expression for forces and stress due
to the time reversal operator since only the spatial part of the symmetry is
used to rotate the atomic displacements and the strain.

4.4 Dynamical matrix

Eq. 3.11 is still valid both for operations that require time reversal and for
those that do not require it:

Ns 3
1 i —iSq- fl
Dy (@) = 5= D D Sk Sihae W Dy s(Siap)e 4R (4.14)

511761

We use these relations only for symmetries that belong to the small cogroup of
q:
Sq=q+ Gg (4.15)

if they do not require time reversal, or for which
Sq: —q—l—GS (416)

if they require time reversal. Introducing the operator O(S;) = K if the opera-
tion is {7S;,a;} or O(S;) = I if the operation does not require time reversal, we
can write

S
DS’O"S 6 Z Z Sza'y‘szﬁéo ) [ o RTSD§WS (Q)e_lq.RTs/ , (417)

7,1761

where we used the fact that

Dirws(—q) = D . 5(a). (4.18)

57,5,

Finally, in order to apply Eq. 3.10 we must recognize that for operations that
require time reversal it actually reads:

3
* —iq-RZ iq- f
D§,a,§’,ﬂ(SQ) = E Siray9i,8,5€ qR"SDsms/,&(Q)e a 'y (4.19)

7v,6=1
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What written here (and in particular Eq. 4.18) is valid for the adiabatic dy-
namical matrix at zero frequency. For magnetic material however a dynamical
description (as well as possibly the coupling with magnons) for which Eq. 4.18
does not hold, is sometimes necessary to recover the experimental symmetries
of the phonon modes.

4.5 Charge density and magnetization induced by
a phonon

Eq. 3.25 that gives the charge induced by a phonon after an operation of the
solid space group is still valid also if the operation requires time reversal. We
have:

iSq-a
)

(e ARy ) e 5 g satsape B S 20n (R 20 s, -
du; (q) B dus (5q)
(4.20)
For the practical implementation we choose to symmetrize only with opera-
tions {5, a} for which
Sq =q+ Gg. 4.21)

and with operations {75, a} for which
Sq=—q+ Gg. (4.22)

For the former one obtains the Eq. 3.29, while for the later we have

din (1, AR +W}) 1 isqad ({S, 2} {R7 +u7}) joms
dus,a(q) = Z Sa e dug,g(Sq) e se'dd, (4.23)

B=1
Now using the fact that

dn ({S’ a}r, {RI + ul}) _ e*iGs-(Sl‘+a) dn <{S’ a}r, {RI + uf}) .

(4.24)
du;s s(—q + Gg) dus s(—q)
we have
di(r {Rr +ur}) _ isigen Z%Edn({s ajr ARy turd) gms, (4.25)
dus,a(q) 5=1 dus B( Q)
This equation can be written also as:
dn(r,{R;+ 111} oG- Z n({S,a}r, {Rr+us}) plaRE, (4.26)

dusa<q) dug ﬁ( (1)
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using the fact that S7'Gg = Gg-1 as can be deduced comparing the two ex-
pressions:

Sq = —q—i—Gg
S7'q = —q+Gg (4.27)

after applying S—! to the first. Note that if the operation requires time reversal,
also its inverse requires it. Egs. 3.29 and 4.26 can be summarized with the
expression:

dn (r,{R; + ul})
du&@(Q)

zGS 1r dn {S a}r {RI+uI}) —zq~R§S 4.28
Z duz o(q) ] - (4.28)

This equation is further transformed before implementation (see the appendix
on irrep).

Reasoning in the same manner, starting from Eq. 4.12 for the magnetiza-
tion density, we obtain the equation

i (r {Rs+ud) g [@S”ZSlSldm(s (5.2 {Rz+u]}) R]

(4.29)
This equation is further transformed before implementation (see the appendix
on irrep).

4.6 Dielectric constant and Born effective charges

No change is made in the symmetrization expression for dielectric constants
and Born effective charges due to the time reversal operator since only the
spatial part of the symmetry is used to rotate the displacements and the elec-
tric field.
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Appendices

The main symmetry variables available in Quantum ESPRESSO and their re-
lationship with the symbol used in these notes are:

* at (3, 3) contains the principal lattice vectors a,; with this order for the
two indices (the first is cartesian, the second indicates the vector).

®* bg(3,3) contains the principal reciprocal lattice vectors b, ; with this
order for the two indices (the first is cartesian, the second indicates the
vector).

* nsym is Ng the number of symmetry operations of the point group.

® s(3,3,48) contains S;;,,. The symmetry index : is the third, while [, m
are the first two indices.

®* sr(3,3,48) contains S,, 43, the rotation matrices in Cartesian coordi-
nates.

* ft (3,48) contains —f; the fractional translation with the negative sign.
It is in crystal coordinates of the principal lattice vector. The symmetry
index ¢ is the second.

® invs (48) for each symmetry i gives the index of the inverse of S;.

® irt (48,nat) for each atom s and symmetry 7 gives the index of the atom

S.

* nsymq is Ng, the number of symmetry operations of the point cogroup of
the q point.

® rtau (3,48, nat) contains Rfi (see Eq. 3.8) in Cartesian coordinates.
® gi(3,48) The vector G¢-1 associated to each symmetry Si_lq =q+ Gg.

®* t_rev(48) Contains 7s,. For each symmetry operation it is equal to 1
if the symmetry requires time reversal, zero otherwise (used only in the
noncollinear magnetic case).
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® u(3*nat, 3*nat) contains the displacements of each (A7 ). The second
index is the index p of the different modes of the irrep, while the first is
the composite index s, a.

®* t (npertx,npertx, 48, 3xnat) contains the rotation matrices in the ba-
sis of the modes t;i ,- Npertx is the maximum number of perturbations in
a single irrep. The last index labels the irreps.

* tmg (npertx, npertx, 3xnat) contains the rotation matrix S,, that sends
qin —q+ Gy, in the basis of the modes ;7.

5.1 Appendix: Symvector

This routine should apply Eq. 2.33. It actually calculates

Ng
1 -1
Foo = 3o > > basausS;sbsmasmFss, (5.1)

=1 B,d,e,l,m

obtained introducing two delta functions in Eq. 2.33. The sum on § in the
last two terms gives the unsymmetrized forces in the basis of the reciprocal
primitive vectors F;,, and using Eq. 1.13 to make the sum over § and € we can
write

1 &
Fs,a = FS Zzl l’Zm ba,lSi,l,mFE,ma (52)

which is the expression implemented in this routine.

5.2 Appendix: Symmatrix

This routine symmetrizes 3 x 3 matrices such as the stress or the dielectric
constants. These two quantities can be symmetrized with the same formula
(see Eq. 2.40 and 3.36). We write the espression for stress:

Nsg
1 -1 -1
Oa,p = Ng Z Z Z baiaciS; ¢ bnmaymbgnanS;, ,0ppaspoy.s. (5.3)

i=1 5,0,e,n,v,p L,m,n,p

The sum over v and J give the stress in the basis of the primitive reciprocal
vectors

3
Om,p = E , Ay mA5p0~,65 (5.4)
v,6=1

and Eq. 1.13 used twice to do the sums over ¢, 1, v and p gives

Ng
1
Oa,8 = N § § ba,lbﬁ,nsi,l,msi,n,pam,p' (55)
s i=1 lymznvp
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5.3 Appendix: Symtensor

With the same logic seen for the two previous routines, we find the expression
used for symmetrizing the Born effective charges by this routine

Ng
1
Z:’a’ﬁ - FSZ Z ba’lbﬁ”n’Si’LmSivnva;myp7 [5'6)
i=1 Im,n,p
where
3
Zsmp = Z Ay mAspZs . 5 (5.7)
7’6:1

is the Born effective charge written in the basis of the primitive reciprocal
lattice vectors.

5.4 Appendix: Crys_to_cart

This routine receives a rank-two tensor in Cartesian coordinates and trans-
forms it into a tensor in the basis of the primitive reciprocal vectors. It imple-
ments the Eq. 5.4:

3
Om,p = Z Ay mAsp0vy,5- (5.8)

v,0=1

5.5 Appendix: Cart_to_crys

This routine receives a rank-two tensor in the basis of the primitive reciprocal
lattice and transforms it into a tensor in Cartesian coordinates. It implements
the equation:

3
Ta =Y bambsyomp (5.9)

m,p=1

5.6 Appendix: Rotate_grid_point

This routine receives the three integers (i, j, k) that represent the point:

(t—1) -1 (k—1)
- 7 5.10
ik Nl a + NQ as + N3 as ( )
where N;, N,, and Nj are the sizes of the FFT mesh and gives as output the
three integers (ri, rj, rk) that represent the point rj, ., = Sr;; + f with
(ri—1) (rj—1) (rk—1)
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Using Eq. 1.19, we obtain:

ri-1) _ g (-1 g G=D ¢ (k=)

— S f
Ny TN 1 N, s Ns +h
(rj—1) (i—1) (j—1) (k—1)
- = A f
N2 51’2 N1 + 52’2 N2 + 5372 N3 + 2
(rk —1) (i—1) (j—1) (k—1)
— = A f 12
N, Si3 N, + 523 N, + 533 N, + 13, (5.12)
which can be rewritten as
Sy N S5 1N
ri—1 = Syi(i—1)+ 222G — 1)+ 2Lk — 1) + £ Ny,
2 3
S, 9 N. S5 o N.
rj—1 = 2223 — 1) 4 So0(j — 1) + Z22(k — 1) + £,N,,
Ny N3
S, 3N Sy 3.
rk—1 = Z225(G 1)+ 22225 — 1) 4 S55(k — 1) + f5N5. (5.13)
Ny Ny

The routine scale_sym_ops updates the coefficients of the matrix S which are
given in input to this routine.

5.7 Appendix: Sym_rho_serial

This routine first applies Eq. 2.25 to save in rhosum the symmetrized charge
density, and then uses Eq. 2.28 to distribute the results to all the components
S;G. G is transformed in the basis of the principal reciprocal lattice vectors
and it is rotated with Eq. 1.28, so actually the rotation ns is applied not its
inverse. ft is transformed in crystal coordinates at the beginning of the rou-
tine and the vector S;G is actually g_ (:, igs). Note also that £t contains —f;
so the applied phase is actually /¢t as written in Eq. 2.25.

5.8 Appendix: Coset

Let’s give a few definitions. Given a group G = {g1, g2, ..., g»} With h elements,
we call a subgroup H = {h4,...,h} a subset of the elements of the group G
that are still a group. If k£ is the number of elements of H, one can show that
N. = h/k is an integer. Given H, we can define a left coset of G by chosing
an element of G that does not belong to H, let's say ¢;, and forming all the
products ¢g;H = {g;h1,...,9;hx}. This set is composed by k elements of G and
is called a left coset. H and ¢g;H have no common elements, so we can write
G=H+gH+.. lfh/k=2then G = H + g;H and we have finished, otherwise
we can chose a g; not contained in H + ¢, and form another left coset g;H.
We continue in this way for N, times and finally write G = H + ¢,H + ¢; H + ....
The routine coset gives and integer array irg of size h (called nrot inside
the routine). The first k£ elements (called nsym) of irg give the elements of
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H, then the next k elements are the indices of the first coset ¢;H, the next k
elements are the indices of the second coset g;H, and so on.

In input the routine receives a logical array sym of size h such that sym (1) is
.TRUE. if g, belongs to H, and the multiplication table of the group G: t(g;, g;),
where g;g; = gy

9i>gj)

5.9 Appendix: Kpoint_grid

This routine generates a mesh of N; x N, x N3 k points given N; (called nk1),
N5 (called nk2) and N5 (called nk3) as:

(i—1) K (G—1) ke (k—1) ks
kijx = —|b b b. 14
ik { N Toanv | P T TN, taw | Pt T | e (5.14)

where 1 <i < N;, 1 <j7< N, 1 <k < Nzand ki, ks and k3 are 0 or 1. At a
generic iteration, the routine takes the first k; in the list not already found in
previous iterations and rotates it with all operations of the point group G of
the Bravais lattice. If the rotated point is in the original list, it is removed and
the weight of the point k; is increased by 1. In output for each star of k; (for G)
we have only one point and its weight is the number of points of the star of k;
which were in the original grid. So the total weight is N, N;N3;. The weight are
finally normalized so as to have sum 1.

5.10 Appendix: Irrek

This routine receives a list of k points (nks points) {ki,ks,...,ky} with their
weights {w,...,wy} that have been reduced by a point group G with A (nrot)
elements, for instance those produced by the kpoint_grid routine. Given a
subgroup H of G with k (nsym) elements, it gives the k points and their weights
reduced with the group H.

The algorithm is the following: given k; we rotate it with all elements of ¢
and obtain the star of k; (for G). Given k; rotating with all elements of H we
obtain the star of k; for H. Of this star we have to save only the point k;. Let’s
consider now a generic coset g;H and let’'s apply all its elements to k;. This
gives the point gk; and its star for H. Now if the point g/k; is not contained
in all previous stars, we have to add g/k; to the list k. If it is contained in the
star of g;k; we have to account that the coset g;H has an additional star. The
weight of each new ¢k; will be the weight of k; when reduced with G, divided
by the number of cosets and multiplied by the number of stars equivalent to

aik;.

5.11 Appendix: The irrep

In the phonon code we do not calculate derivatives of the charge density with
respect to u,,(q), but linear combinations of these derivatives that transform
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as irreducible representations of the small space group of q.

Suppose these linear combinations are given by 3 x N, vectors AL , where
1 < p < 3x Ny,. These vectors are obtained in the code as elgenvectors of
a random matrix which is symmetrized as the dynamical matrix according
to Eq. 3.13. These vectors are orthogonal, form a complete set, and are a
basis for irreducible representations of the small co-group of q. Orthogonality
means that

D A AL, =67 (5.15)

Completeness means that

ZAsa :ﬁ_ ss’éa,,ﬁ- (5.16)

Making linear combinations of Eq. 3.29 we get

ZA r,{R;+us}) eiGS_l.rZZAp g pdin({S,ajr, {Rr + ur}) iR,

dus,a(q) N el dus p(q)

s, =1
= GO 3 A e g g, TSN {(1;”)1 tui})
q,8,0,8,7,8 Y
(5.17)
Defining the charge induced by the irreducible mode A as:
dn (r, {RI+UI} ZA {RI+111})’ (5.18)

dus . (q)

the rotation matrix

3
ZZAM e AT =3 N A S e R AL, (5.19)

s,a =1 s, a0 =1

we have the relationship:

dn (r,{R; + us}) _ iG g dn({S,a}r, {RI—i-uI})
7 = ¢'%s- Zt T (5.20)

This equation is implemented by summing on all symmetry operations of the
small cogroup of q and dividing by their number:

Ng,
dn(r,{R;+u;}) 1 = iGgar dn ({S;,a;}r, {R; + u]})
Y ~ N, z; L ta Y (5-21)
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For operations that require the time reversal operators we must start by
doing linear combinations of Eq. 4.28:

dn (I‘, {R[ +U.[}) . {RI +u1})
N Z A dum(q)

({57 a}r, {Rf + uf})

= 0(8) [9stm N ALS, LA e AT AL

s,a™~ o, _
q,8,0,5,7,8 dus”y (q)
(5.22)

In this case we define

)| A5 b 5 (S50 a1 s, | .29

s,a =1 s,a =1
and we have the relationship:

dn (r,{R; +ur}) iGN\ ,s dn({S ajr, {R; 4+ us})
v = 0(S) |€'Cs Zq:t i (5.24)

Eq. 5.21 can be generalized in the noncolinear magnetic case as:

e Ritud) LR

Gy e s, A0 ({8 ar {Ry +ug})
d\P '

@ dXa

q

. (5.25)

qul

where however we have two different definitions of ¢>: Eq. 5.19 when time
reversal is not needed and Eq. 5.23 when the symmetry operation needs time
reversal.

Similar expressions can be be found for the symmetrization of the mag-
netization density. We need now to start from Eq. 4.29 and calculate the
derivative of the magnetization with respect to the p irreducible mode. For
operations that do not require time reversal we have:

ZA dm, (r,{R;+ u;})

eiGS,l-r E AP S A*q 7zqR.,_s

dus,a(q) B q,8,2,5,8,0,n e
Az g QS Rituil)| - g o)
517, duz,(q)

while for operations that require time reversal we have:

dm, (r,{R; +us}) T iGear- xq —iqRS,
— (=1)Ts iGg_1T *p q iq-
ZA (@ (~1)50(8) | €' W;MAMSWA

w Al 51—1 dIh5 <{Sv a}r, {Rf + Uj}> )

5.27
0T du ) o
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With the same definitions of ¢,  used for the induced density we can summa-
rize these two expressions with

dm, (r, {R; +ur}) (
d\P

z 1T — dl’l’l5 {S a}r {RI+uI})
_1)TSO iGg— thp 75 N

(5.28)

5.12 Appendix: Dynamical matrix in the basis of
irrep

Given the eigenvalue equation that gives the phonon frequencies and the vi-
brational modes:

ZDsas 6 us’ ( ) 2(q)us,a<q>7 (529)

we can change the basis using the irrep. Multiplying the equation by A7 we
get

ZZZZA 8,0, 5 Aq A*;f{,yu8//7 ZA*pusa q (530)

s, s',B sy

and defining the dynamical matrix in the basis of the irrep:

= D AED 0w p(@)Al (5.31)

s,a s,

and the new modes:
- Z A:;,‘J’Wusm(q), (5.32)

the equation for phonon frequencies can be rewritten as:

Z Dy q(@)u,y(q) = WQ(q)up(q)- (5.33)

We can also write the equation that transforms the dynamical matrix from
the basis of the irrep to the Cartesian basis inverting Eq. 5.31:

Saﬁ 5 ZAsaqu A*q (534)

5.13 Appendix: symdynph_gq

This routine uses the Eqgs. 3.13 and 3.14 to symmetryze the dynamical matrix.
We can rewrite Eq. 3.13 in the basis of the primitive reciprocal lattice vectors
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inserting four ¢ in it:

Nsq

1

Ds,a,s/,,@(q) = EZ Z Z ba,man,mSi,/\,nb)\,na'*/,nbﬁ,oau,oSi,p,ybp,pats,p[)g,'y,?,5(q)e
q

l_]‘ m7n7o7p 776717’>\7V7p
qu

= NS Z Z Zbamb/jo Zm"SZOPa’Ynaést'ys/(s(q) (R_,S_S_Rgs/)‘

i=1 m,n,0,p ~,8

The routine receives as input the dynamical matrix in the basis of the primitive
reciprocal lattice vectors:

sns p Zawnaép S'ys’é(Q) (536)

computes

Dsnn,s o = _Zzszmnsz ostns p( ) <R§5_R§s’>. (537)

qzlnp

This symmetrized dynamical matrix in the basis of the primitive reciprocal
lattice vectors can be assigned to all elements 5,5'. To do this we can use
Eq. 3.14 and write it in the basis of the primitive reciprocal lattice vectors:

(5.35)

_ E : 2 : -1 —iq-(R7,-R% )
D§7a7'§,aﬁ(q) - bazmanvmS’i,A77]b)‘7na'y>nb5’oaV OS’L iy l/bp paé’st,’y,s/76(q)€ of
m,n,0,p v,0,1,\,V,p
1 —ig-(R7,~RY )
= § : E : b, mbﬁ o§m, nSz opa’Yv"a&PDS,%S’ﬁ(q)e e TS, (538)
m,n,0,p v,0
or s s
—iq(R7,—R2 )
Ds 5 0( E imn zop Do pla)e T TS (5.39)

On output the dynamical matrix is still in the basis of the primitive reciprocal
lattice vectors and the sum over m,o in Eq. 5.38 that is needed to bring it in
Cartesian coordinates is made outside this routine.

5.14 Appendix: S,,q=—q+ G,
This option is used only with the collinear version of the code. It is disabled

for spinors.
From the definition of the dynamical matrix (Eq. 3.1) we see that

Ds,a,s’,ﬁ(q) D: a,s’ ﬁ( q) (540)
If among the symmetry operations of the point group there is S,, such that

Smd =—q+ Gg,, (5.41)
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we can use Eq. 3.9 to write

- —iq-R3 iqg-RS
Dyas5(q) = Z mow mﬁa ZqRTSD§7%§,75(_q)elq =
v,0=1
—3 -RS
- Z ma'y mlﬁéezqR"SDgys s(q)e lq "s/] i (5.42)
v,0=1

So if we have a nonsymmetrized dynamical matrix we can use it with the
equation

1
Ds,a,s’,ﬁ(q) = 5 { s,a,s’ /B

Z S;IOW 7715561qRTSD§75 (Q)eiq.Rfs/] } (5.43)

~,0=1
to symmetrize a dynamical matrix in which the matrix S,, has been used to
reduce the k points.

A similar expression can be found also for charge density induced by a
phonon. From the definition in Eq. 3.22 we have that:

dn(r,{R;+u;}) dn(r,{R;+u;})

= (5.44)
dus,a(_q) dus,a(q>
Now for the operation S,, in Eq. 5.41, Eq. 3.25 gives:
di(r (R +ur) _ e Z A (St Ry 4 u)) s,
dus,a(q) 5 dus 5( q)
— Z {SWH a’fTL}r {RI + ul}) 7zq-R.,S_S
(5.45)
Passing now to the basis of irrep we have that
dn (I‘, {R[ + UI}) _ 6iGS;Lyr Z AP S_ _Zq'R‘lS'squ AZ dn ({Smyam}rv {Rf + llj})
d)\p - S, maﬁ 5,6° 75, duEW(Q)
q,8,0,5,8,7y ’
(5.46)
Defining:
3 * *
oy = [ZZA?S,a i AL [ZZAsﬁ SmpacFEAL, |, (5.47)
s, [B=1 s, =1
we obtain the equation:
dn (r, {R; + UI} oGl T S @10 ({ S an }r, {R7 + UI})
tom 5.48
dX, Z d\, ’ ( )

that can be used in the symmetrlzatlon expression:

din (r,{R;+u;}) 1 [dn(r,{R;+us}) iGg_1r S A1 ({Sm, amjr, {R7 +uz})
d\, S 2 { d\, [ Zt d) ] } ’

(5.49)
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5.15 Appendix: set_irr sym

This routine implements the three Eqs. 5.23, 5.19, and 5.47. In all cases the
matrix Sz, is applied in the crystal basis. We show explicitly only the case of
t5 . We have that using twice Eq. 1.11 we obtain:

S *’q _» ~RS
i = D AUBbssas;Ssee by a0 AL,
5,0,3,0,1,5,1
== *,q . 'R,S
B Z AS5a8,bs 56 00 e T by AL
5704,ﬂ,(5,777j7l
*, —_igq-RS
= D Agfage RS, AL, (5.50)
5757]'7[
where
- p
A= 2 b, (5.51)
n
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is the mode in the basis of the primitive lattice vectors.

5.16 Appendix: rotate_and_add_dyn

This routine implements Eq. 3.10 adding four  functions:
i s s
D§,a7§’,ﬁ(SQ) - Z bO‘vpanvpSﬁvaVaqa%qbﬁ,TapJ’Sp,ebs,taé,tDs,%s’,5(q)e @ (R R"s’)

D,G,T5t,7,0,€,M,15p
RS

—ig- (RS —
- Z bapbsranpS,, buqaprS beta%qad,tDsn/,s’,é(Q)e Zq( T 75/)

DsqsT5t,Y,6,€,1,V,0

= 3 buyb, Syl S, (@) BT, (5.52)

qt~nrt
p,q,r,t

Where the dynamical matrix in the basis of the primitive lattice vectors is given
as input to the routine:

D57q78/7t(q) = Z a’y,qa(itDs,%s’,&(q) (553)

7,6

and the output of the routine is the dynamical matrix at the rotated q in the

same basis .
; s
sps . Sq ZS 1S 1Dsqs/t( )e—Zq<R-,—S_RTS/) (554)

p,g~rt

The operations needed to pass to the Cartesian basis are made outside the
routine if needed:

Dsas B Sq Zbapbﬁr s,p,s’ r(SCI) (555)

p,r
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