DISCRETE AND CONTINUOUS Website: http://AIMsciences.org DYNAMICAL SYSTEMS–SERIES B Volume 6, Number 4, October 2000 pp. 1–14

THE NONLINEAR SCHRÖDINGER EQUATION AS A RESONANT NORMAL FORM

D. Bambusi and A. Carati

Dipartimento di Matematica Università degli studi di Milano Via Saldini 50, 20133 MILANO, Italy

A. Ponno

Dipartimento di Fisica “Galileo Galilei” Università di Padova Via Marzolo 8, 35131 Padova

(Communicated by Antonio Giorgilli)

Abstract. Averaging theory is used to study the dynamics of dispersive equations taking the nonlinear Klein Gordon equation on the line as a model problem: For approximatively monochromatic initial data of amplitude ϵ, we show that the corresponding solution consists of two non interacting wave packets, each one being described by a nonlinear Schrödinger equation. Such solutions are also proved to be stable over times of order 1/ϵ^2. We think that this approach puts into a new light the problem of obtaining modulations equations for general dispersive equations. The proof of our results requires a new use of normal forms as a tool for constructing approximate solutions.

1. Introduction. The aim of this paper is to show that the nonlinear Schrödinger equation (NLS) appears as a resonant normal form of some dispersive non linear equations. To be definite we will concentrate on the nonlinear Klein Gordon equation (in the appendix we will briefly discuss also the Fermi Pasta Ulam system), namely u_{tt} − u_{xx} + mu + σu^3 = 0 , t ∈ ℜ , x ∈ ℜ (1) with m a positive parameter, and σ a real parameter. We recall that multiple time expansions provides the standard way to derive NLS as a modulation equation for small amplitude almost monochromatic solutions of such an equation (see e.g. [1]); indeed NLS appears as an equation that must be satisfied in order to eliminate the so called secular terms that would cause a linear in time growth of the solution. We also recall that rigorous justifications of such a scheme can be found e.g. in [2, 3]. Kalyakin also gave an algorithm that allows to construct higher order approximations to the solution of the original problem.

In the present paper we will discuss the derivation of NLS from the point of view of averaging theory of infinite dimensional Hamiltonian systems. In particular we will show that there exists a canonical transformation that transforms the system into a new one, which, up to a small error, has an invariant manifold on which the dynamics is completely resonant. Then we perform a resonant normal form, obtaining that on this manifold the dynamics is given by two decoupled NLS, the first one controlling the modulation of wave packets traveling to the right, and the second one controlling the modulation of wave packets traveling to the left; the two packets do not interact. We will also give rigorous estimates on the errors (see theorem 4.1). Similar results have been obtained (from a different point of view) in [[4, 5]]. Finally we prove that solutions starting O(ϵ^2) close to such approximatively monochromatic solutions remain O(ϵ^2) close to them up to times of order O(ϵ^{−2}), here ϵ is the order of magnitude of the initial datum as well as the parameter controlling the width of the wave packet; as far as we know this result is new.

1991 Mathematics Subject Classification. 37K55, 37K40.

1

2 D. BAMBUSI A. CARATI AND A. PONNO

We think that our approach has several advantages with respect to the usual one. In particular it makes clear that NLS is just the first term of a resonant normal form that in principle could be computed up to any order. Moreover, our method provides approximate equations. In principle this makes possible to give a complete description of the dynamics, at least for initial data in the domain of validity of the normal form, which is a considerable improvement with respect to the classical method that only allows to approximatively describe some solutions.

We point out that our approach might be relevant for the study of equipartition properties in FPU type systems (see [6]). We plan to study this problem in detail in a future paper.

From the technical point of view we develop a theory of averaging for systems with perturbations that contain the derivatives of the unknown function. As far as we know this is new. The main point is that we use canonical perturbation theory to construct approximate solutions of the original problem, and only later we prove that such approximate solutions are actually close to exact solutions. We now illustrate briefly this point: suppose one is given a partial differential equation of the form u̇ = Au + μX(u) , (2) with A a linear operator generating a unitary group, X a nonlinear operator and μ a small parameter (that in the case of eq. (1) will be ϵ^2). Suppose one is able to find a coordinate transformation u = T (v) (usually provided by more or less standard averaging methods) with the property that the equation for the transformed variable v takes the form

v̇ = Av + μN(v) + μ^2R(v) , (3)

where N is a suitable normal form, and R a remainder. If R is a smooth operator then it is clear that the solutions of the normal form equation

ẇ = Aw + μN(w) (4)

approximate well the solutions of the complete problem (3). However, if R contains derivatives of the unknown function, then it could happen that solutions of the equation (4), and solutions of (3) are very different. In particular, in order to ensure that they are close to each other one should be able to prove some a priori estimate for higher derivatives of the solution of (3) and this is seldom possible.

So we proceed as follows: given a solution w(t) of (4) we construct an approximate solution ū(t) := T (w(t)) of the original system. One easily sees that the error r(t) := u(t) − ū(t) with respect to a true solution u(t), fulfills the equation ṙ = Ar + μ {X(ū + r) − X(ū)} + μ^2dT (w(t))R(w(t)) , (5) the main point is that the remainder is evaluated on the approximate solution w(t), so it gives a small contribution if the approximate solution is smooth, a property that is much easier to check than the smoothness of exact solutions. Assume that R(w(t)) is bounded, then in order to control the norm of r one has just to apply Gronwall lemma to estimate the solution of (5). This is what we will do, and this gives (for equation (2) a control of order μ of the solution up to times of order 1/μ. We point out that, in case one is interested in controlling the solution for a longer time scale then one has to study in more detail the linearization of (5) (see sect. 5 for more details).

Finally we point out that our paper contains one more novelty, namely a method that we use to extend averaging theory to the case where the fast variable is not an angle, but varies in ℜ (see theorem 3.3).

The paper is organized as follows: In sect. 4 we reduce the Klein Gordon equation to a form suitable for the application of our methods, in sect. 3 we state our normal form results showing the appearance of NLS as a resonant normal form; in sect. 4 we follow the procedure illustrated above to use the normal form in order to approximate the solutions of the original system. In sect. 5 we discuss some possible extensions of our approach. In sect. 6 we give the proof of the normal form results, and in sect. 7 we add some useful technical lemmas. In the appendix we show how to apply our approach to the FPU system.

2. Preparation. In this section we reduce the nonlinear Klein Gordon equation (1) to a form suitable for the application of our method, such a form is given by (14). As it will be clear the procedure of the present section applies directly also to the more general equation

u_{tt} + Lu + σu^3 = 0 ,

where L is a positive polynomial in i∂_x. In the appendix we will show that it applies also to the FPU system.

HEADING WITH FORTY CHARACTERS OR LESS 3

Consider now eq. (1); introduce new independent variables x_0 = x, x_1 = ϵx and consider a new unknown function u(x_0, x_1, t), fulfilling the equation u_{tt} − ( ∂ ∂x_0 + ϵ ∂ ∂x_1 )_2

u + mu + ϵ^2σu^3 = 0 , x_1 ∈ ℜ , x_0 ∈ ℜ , t ∈ ℜ , (6)

so that ϵu(x, ϵx, t) fulfills equation (1); we will impose u to be periodic in x_0 with some period that, in order to be definite, we fix equal to 2π, namely we write

u(x_0 − π, x_1, t) = u(x_0 + π, x_1, t) , u_{x0} (x_0 − π, x_1, t) = u_{x0} (x_0 + π, x_1, t) , (7) for this reason we will consider only x_0 ∈ [−π, π].

Remark 1. System (6) is Hamiltonian with Hamiltonian function given by H = H_L + ϵ^2f (8) where H_L(p, u) = ∫_π −π dx_0 ∫ ℜ dx_1 { p^2 2 + 1 2 [( ∂ ∂x_0 + ϵ ∂ ∂x_1 ) u ]_2 + m 2 u^2 } ,

f(u) = σ ∫_π −π dx_0 ∫ ℜ dx_1 u^4 4 p = u_t is the momentum conjugated to u; the symplectic form is given by Ω ( (p^1, u^1), (p^2, u^2) ) := ∫ ℜ dx_1 ∫_π −π dx_0 ( p^1(x_0, x_1)u^2(x_0, x_1) − p^2(x_0, x_1)u^1(x_0, x_1) ) . It is useful to expand both p and u in Fourier series with respect to x_0 and to Fourier transform with respect to x_1: u(x_0, x_1) =^1_{2π} ∑ k0 ∈Z ∫ ℜ q̂_{k0,k1} e^{ik0 x0+ik1 x1} dx_1 p(x_0, x_1) =^1_{2π} ∑ k0∈Z ∫ ℜ p̂_{k0,k1} e^{ik0 x0+ik1x1} dx_1 . (9) then q̂_{k0,k1} turns out to be canonically conjugated to p̂_{−k0,−k1} ; it is useful to introduce also complex variables ξ̂, η̂ by

ξ̂_{k0,k1} := 1√ 2 ( q̂_{k0,k1} √ ω_{k0} (ϵk_1) − i p̂_{k0,k1} √ ω_{k0} (ϵk_1) ) ,

η̂_{k0,k1} := 1 √ 2 ( q̂_{k0,k1} √ ω_{k0} (ϵk_1) + i p̂_{k0,k1} √ ω_{k0} (ϵk_1) ) , (10)

where ω_{k0} (ϵk_1) := √ (k_0 + ϵk_1)^2 + m ;

so that the quadratic part H_L of the Hamiltonian takes the diagonal form H_L(ξ̂, η̂) = ∑ k0∈Z ∫ ℜ ω_{k0} (ϵk_1) ( ξ̂_{k0,k1} η̂_{−k0,−k1} ) dk_1 . (11)

Remark 2. Real u correspond to sequences of functions ξ̂, η̂ such that ξ̂^∗_{k0,k1} = η̂_{−k0 ,−k1} . (12)

For the Hamiltonian vector field of a Hamiltonian function H we will use the notation X_H , so that the Hamilton equations are written in the form ż = X_H (z), where z = (ξ̂, η̂) denotes a phase point. Explicitly they are given by^1 d dt ξ̂_{k0 ,k1} = i ∂H ∂η̂_{−k0 ,−k1} , d dt η̂_{k0 ,k1} = −i ∂H ∂ξ̂_{−k0,−k1} . We expand the Hamiltonian in series of ϵ up to order ϵ^2; concerning the linear part one has H = H_{0,L} + ϵH_{1,L} + ϵ^2H_{2,L} + ϵ^3R_L (13)

1for functionals H that do not depend on the derivatives of η̂ and ξ̂,

4 D. BAMBUSI A. CARATI AND A. PONNO

where H_{0,L}(ξ̂, η̂) = ∑ k0 ∈Z ∫ ℜ ω_{k0} ( ξ̂_{k0,k1} η̂_{−k0,−k1} ) dk_1 ,

H_{1,L}(ξ̂, η̂) = ∑ k0 ∈Z ∫ ℜ v_{k0} ( k_1ξ̂_{k0,k1} η̂_{−k0,−k1} ) dk_1 ,

H_{2,L}(ξ̂, η̂) = ∑ k0 ∈Z ∫ ℜ ℏ_{k0} ( k^2_1ξ̂_{k0 ,k1} η̂_{−k0 ,−k1} ) dk_1 , and R_L is the remainder of the expansion; we have introduced, for k_0 ≥ 0, the following objects

ω_{±k0} := ω_{k0} (ϵk_1)|_{k1=0}

v_{±k0} :=

∂ω_{k0} (ϵk_1) ∂(ϵk_1) | | |_{(ϵk1)=0}

ℏ_{±k0} := 1 2 ∂^2ω_{k0} (ϵk_1)

∂(ϵk_1)^2 | | |_{(ϵk1 )=0} .

In order to write in a simple way also the expansion of the nonlinear part, it is useful to go back to the variables x_1, i.e. to define the functions

ξ_{k0} (x_1) := 1 √ 2π ∫ ℜ ξ̂_{k0,k1} e^{ik}1^x1 dk_1

η_{k0} (x_1) := 1 √ 2π ∫ ℜ η̂_{k0 ,k1} e^{ik1x1} dk_1 , so that one has H_{0,L}(ξ, η) = ∑ k0∈Z ω_{k0} ∫ ℜ ( ξ_{k0} (x_1)η_{−k0} (x_1) ) dx_1

H_{1,L}(ξ, η) = i ∑ k0∈Z v_{k0} ∫ ℜ ( ξ_{k0} (x_1) ∂η_{−k0} ∂x_1 (x_1) ) dx_1

H_{2,L}(ξ, η) = ∑ k0∈Z ℏ_{k0} ∫ ℜ ( ∂ξ_{k0} ∂x_1 (x_1) ∂η_{−k0} ∂x_1 (x_1) ) dx_1 and the Hamiltonian of the system takes the form

H = H_{0,L} + ϵH_{1,L} + ϵ^2H_{2,L} + ϵ^2f_0 + ϵ^3R_0 (14)

where

f_0(ξ, η) := σ 4(2π)^2 ∫_π −π dx_0 ∫ ℜ dx_1 ∑ k0∈Z 1 √ 2ω_{k0} ( ξ_{k0} (x_1) + η_{k0} (x_1) ) e^{ik0x0} 4

≡ σ 2π ∑ k0+j0 +l0+i0=0 1 16√ω_{k0} ω_{j0} ω_{l0} ω_{i0} × ∫ ℜ ( ξ_{k0} + η_{k0} ) (ξ_{j0} + η_{j0} ) ( ξ_{l0} + η_{l0} ) (ξ_{i0} + η_{i0} ) dx_1

while R_0 is the remainder of the expansion; In what follows we will denote with a prime the differentiation with respect to x_1 (i.e.^′ ≡^d_{dx1} ).

We ensure now that R_0 is small in a suitable sense. To this end we have to introduce a topology in the phase space. So, consider the Banach space S^α of the functions g(k_1) such that ‖g‖_Sα := ∫ ℜ |g(k_1)| (1 + |k_1|^α)dk_1 < ∞

Then the phase space P_α is the space of the sequences ξ̂_{k0,k1} , η̂_{k0,k1} in S^α such that ‖ ‖ ‖(ξ̂, η̂) ‖ ‖ ‖_α := ∑ k0 (1 + |k_0|^α) (‖ ‖ξ̂_{k0} ‖ ‖ ‖_{Sα} + ‖ ‖η̂_{k0} ‖ ‖_{Sα} ) < ∞ endowed by the natural norm. We will denote by by B_α(ρ) the ball in S^α of radius ρ centered at zero.

HEADING WITH FORTY CHARACTERS OR LESS 5

Remark 3. The C^α norm of the functions

ξ(x_0, x_1) =^1_{2π} ∑ k0∈Z ∫ ℜ ξ̂_{k0,k1} eik0x0 +ik1x1 dx_1 η(x_0 , x_1) =^1_{2π} ∑ k0∈Z ∫ ℜ η̂_{k0 ,k1} e^{ik0 x0+ik1x1} dx_1 are controlled by the P_α norm of ξ̂ and η̂ respectively.

Remark 4. The Hamiltonian and the symplectic form are defined only in a dense subset of P_α. Nevertheless in [7] a formalism suitable to deal with such a situation was developed. In particular it was ensured that coordinate transformations leaving invariant the domain of the symplectic form and the symplectic form itself have standard properties of canonical transformations. Finally the Hamiltonian flow is canonical provided it is generated by a bounded vector field.

Having fixed a positive ρ we will denote by ‖X_H ‖^ρ_{α,β} := sup_{‖z‖} α≤ρ ‖X_H (z)‖_β the sup norm of the Hamiltonian vector field of a function H, when considered as a function from P_α to P_β .

From now on we will use the notation a ⪯ b to mean “there exists a constant C independent of ϵ such that a ≤ Cb”.

Proposition 2.1. For any positive ρ, one has ‖ ‖X_{R0} ‖ ‖^ρ_{α+3,α} ⪯ 1 . The proof is an immediate consequence of lemmas 7.1, 7.2 of sect. 7 and is left to the reader.

3. Normal form results. To start up consider the dynamics of the unperturbed Hamiltonian (i.e. of H_{0,L}) whose Hamilton equations are ξ̇_{k0} = iω_{k0} ξ_{k0} , η̇_{k0} = −iω_{k0} η_{k0} , (15)

whose solutions is obviously given by

ξ_{k0} (x_1, t) = e^{iωk}0^tξ_{k0} (x_1, 0) , η_{k0} (x_1, t) = e^{−iωk}0^tη_{k0} (x_1, 0) , (16)

namely the variables with index ±k_0 rotate with frequency ω_{k0} .

Then we will take into account the corrections to the dynamics due to the presence of the higher order terms. From standard perturbation theory one can expect that the resonant oscillators interact strongly due to the nonlinearity, while nonresonant oscillators are expected to behave independently. So we could try to separate the dynamics of oscillators corresponding to different values of |k_0|. However, due to the presence of infinitely many values of k_0 this is a too hard task. So, to start with, we tackle a simpler problem: namely to understand whether there exists an invariant manifold continuing to the nonlinear case the manifold M_{±1} := { (ξ, η) : ξ_{k0} = η_{k0} = 0 ∀ k_0 ≠ ±1 } (17)

(which is invariant for the linearized flow) or whether there is at least some approximatively invariant manifold close to M_{±1}. Since the unperturbed dynamics is almost periodic there is a quite standard technique for doing that, namely to look for a canonical transformation eliminating from the nonlinear part all terms which are linear in the variables ξ_{k0} (x_1) and η_{k0} (x_1) with k_0 ≠ ±1.

Theorem 3.1. Fix ρ > 0 and α ≥ 0; then there exists a positive ϵ_∗ = ϵ_∗(α, ρ_0) such that, if |ϵ| < ϵ_∗ there exists a canonical analytical transformation T_0 : B_α(2ρ_0/3) → B_α(ρ_0) with analytic inverse defined on B_α(ρ_0/3) which transforms the Hamiltonian (14) into the system

H ∘ T_0 = H^{(1)} + ϵ^3R_1 (18) where 1) The Hamiltonian system

H^{(1)} := H_{L,0} + ϵH_{L,1} + ϵ^2H_{L,2} + ϵ^2f^{(1)} (19)

has the invariant manifold M_{±1} and

f^{(1)}|_{M±1} (ξ_{±1}, η_{±1}) ≡ f_0|_{M±1} (ξ_{±1}, η_{±1}) = 3σ 8ω^2_1 2π ∫ ℜ dx_1(ξ_1 + η_1)^2(ξ_{−1} + η_{−1})^2 ;

6 D. BAMBUSI A. CARATI AND A. PONNO

2) ϵ^3R_1 is a small remainder, namely one has ‖ ‖X_{R1} ‖ ‖^{2ρ0/3} α+3,α ⪯ 1 3) the transformation is close to identity sup ‖z‖α≤2ρ0/3 ‖z − T_0(z)‖_α ⪯ ϵ^2 .

Now we fix attention on the normalized Hamiltonian H^{(1)} (cf. (19)), and we study its dynamics on the invariant manifold M_{±1}.

In M_{±1} the unperturbed Hamiltonian H_{0,L}, reduces to

ω_1 ∫ ℜ (ξ_1η_{−1} + ξ_{−1}η_1) dx_1 , (20)

which consists of infinitely many resonant oscillators labelled by x_1 ∈ ℜ, so it is natural to construct a resonant normal form, i.e. to average with respect to the unperturbed flow, and this will give rise to the nonlinear Schrödinger equation.

Theorem 3.2. Fix ρ_1 > 0 with 2ρ_0/3 > ρ_1 and α ≥ 0, then, provided ϵ is small enough, there exists an analytic canonical transformation T_1 : B_α(2ρ_1 /3) → B_α(ρ_1), which transforms H^{(1)} into the system H^{(1)} ∘ T_1 = H^{(2)} + ϵ^3R_2 where T_1 leaves invariant M_{±1} and acts as the identity on the variables (ξ_{k0} , η_{k0} )_{k0≠±1}, and 1) The Hamiltonian system

H^{(2)} := H_{0,L} + ϵH_{1,L} + ϵ^2H_{2,L} + ϵ^2N_1 (21)

has the invariant manifold M_{±1} and the restriction of N_1 to M_{±1} is given by

N_1 | |_{M±1} (ξ_{±1}, η_{±1}) = 1 2π 3 8 σ ω^2_1 ∫ ℜ ( ξ^2_1 η^2_{−1} + 4ξ_1η_{−1}ξ_{−1}η_1 + ξ^2_{−1}η^2_1 ) dx_1 2) ϵ^3R_2 is a small remainder, namely one has ‖ X_{R2} ‖_{2ρ1 /3} α+2,α ⪯ 1 . 3) T_1 is close to identity, namely one has sup ‖z‖α≤2ρ1/3 ‖z − T_1(z)‖_α ⪯ ϵ^2 .

We now study the dynamics of H^{(2)} on M_{±1}.

Remark 5. On M_{±1} one has { H_{0,L}, N_1 } = 0 , (22) and { H_{0,L}, H_{1,L} } = { H_{0,L}, H_{2,L} } = 0 . (23)

Due to these properties H_{0,L} is a constant of motion for the dynamics of H^{(2)} in M_{±1}. It means that in order to study the dynamics of H^{(2)} on M_{±1} one can limit oneself to study the reduced system H_R defined on the intersection of M_{±1} with the level surfaces of H_{0,L} by

H_R := H_{1,L} + ϵH_{2,L} + ϵN_1 . (24)

Then, given a solution z_R(t) ∈ M_{±1} of the Hamilton equations of (24), a solution of the equations of motion of (21) is given by z_t := Φ^t_0(z_R(ϵt)) , where Φ^t_0 is the flow generated by H_{0,L} and described by 16.

We study now the dynamics of H_R. Remark that the manifolds

M_1 := {ξ_{−1} = η_1 = 0} , M_{−1} := {ξ_1 = η_{−1} = 0} ,

HEADING WITH FORTY CHARACTERS OR LESS 7

are invariant for this dynamics^2. Let’s concentrate on M_1 and begin to study the dynamics here. To this end remark that here one has { H_{1,L}, H_R } = 0, as it is easily seen by remarking that here the dynamics generated by H_{1,L} is given by

ξ̇_1 = v_1ξ′_1 η̇_{−1} = v_1η^′_{−1} , ⇔ ξ_1(x_1, t) = ξ^0_1 (x_1 + v_1t) η_{−1}(x_1, t) = η^0_{−1}(x_1 + v_1t) ,

where (ξ^0_1 , η^0_{−1}) are the initial data, and it is now clear that v_1 is the group velocity.

So, it is again possible to pass to the reduced system with Hamiltonian which on M_1 coincides with ϵ(H_{N,2} + N_1), whose equations of motion (on M_1) are given by

ξ̇_1 = iϵ (−ℏ_1ξ^{′′}_1 + νη_{−1}ξ^2_1 ) , η̇_{−1} = −iϵ (−ℏ_1η^{′′}_{−1} + νξ_1η^2_{−1}) (25)

with ν := 3σ/32πω^2_1 . It is immediate to see that for initial data fulfilling ξ^∗_1 = η_{−1}, which correspond to real (p, u), the equation (25) is the nonlinear Schrödinger equation. So we have the following

Proposition 3.1. Let A(x_1, t) be a solution of the nonlinear Schrödinger equation Ȧ = −iℏ_1A^{′′} + iνA|A|^2 , (26) then ξ_1(x_1, t) := A(x_1 + ϵv_1t, ϵ^2t)e^{iω1 t} , η_{−1}(x_1, t) := ξ_1(x_1, t)^∗ (27)

η_{k0} = ξ_{k0} = 0 , ∀ k_0 : |k_0| ≠ ±1 (28) is a solution of the Hamilton equations of (21). Conversely, if ξ_1 = ξ_1(x_1, t), η_{−1}(x_1, t) = ξ_1(x_1, t)^∗, ξ_{−1} = η_1 = 0, with also (28) fulfilled, is a solution of the Hamilton equations of (21), then there exist a solution A of the nonlinear Schrödinger such that (27) holds.

Remark 6. The same is true, mutatis mutandis, and in particular substituting v_1 with −v_1, for solutions in M_{−1}.

It is also possible to study the dynamics corresponding to general initial data, which is expected to consist of a wave traveling to the right and a wave traveling to the left that interact when they meet. The result of the interaction process is in principle difficult to be predicted a priori. However, remarking that H_R appears as a perturbation of a linear Hamiltonian one can try to use again canonical perturbation theory to study the dynamics. This can be done in a space of functions that enjoy suitable integrability properties. This is given by the standard Sobolev space W^{s,1} of the functions admitting s weak derivatives which are L^1(ℜ). In particular remark that by Sobolev embedding theorem one has C^k ⊃ W^{s,1} provided s > 1 + k; moreover for s > 1 the space W^{s,1} is an algebra and one has S^α ⊃ W^{s,1} with a continuous embedding provided s > α + 1.

The canonical transformation of our forthcoming normal form theorem (as well as the canonical transformation defined in theorem 3.2) acts non trivially only on the variables with index k_0 = ±1, so it is useful to introduce a new phase space F_{s,α} as the subspace of P_α, such that the functions ξ_{±1}, η_{±1} ∈ W^{s,1}. We endow such a space by the norm ‖(ξ, η)‖_α := ∑ k0≠±1 (1 + |k_0|^α) (‖ ‖ξ̂_{k0} ‖ ‖_{Sα} + ‖ ‖η̂_{k0} ‖ ‖_{Sα} ) + ∑ k0 =±1 (‖ ξ_{k0} ‖ ‖_{W s,1} + ‖ ‖η_{k0} ‖ ‖_{W s,1} )

Clearly one has F_{s,α} ⊂ P_α with a continuous embedding. Moreover we will denote by B_s(ρ) the ball of radius ρ in F_{s,α}.

Theorem 3.3. Fix a positive 2ρ_1/3 > ρ_2; then, provided ϵ is small enough there exists an analytic canonical coordinate transformation T_2 : B_s(2ρ_2 /3) → B_s(ρ_2) which acts as the identity on the variables (ξ_{k0} , η_{k0} )_{k0 ≠±1}, and such that

H_R ∘ T_2 = H^{(1)}_R + ϵ^2R_3 , (29)

where H^{(1)}_R := H_{1,L} + ϵH_{2,L} + ϵN_2 (30) has the invariant manifold M_{±1}, and the restriction of N_2 to M_{±1} is given by

N_2 | |_{M±1} (ξ_{±1}, η_{±1}) = σ 2π 3 8 1 ω^2_1 ∫ ℜ ( ξ^2_1 η^2_{−1} + ξ^2_{−1}η^2_1 ) dx_1

2this is due to the fact that N_1 does not contain terms which are linear in either the variables (ξ_1, η_{−1}) or the variables (ξ_{−1}, η_1)

8 D. BAMBUSI A. CARATI AND A. PONNO

and H_{0,L} ∘ T_2 ≡ H_{0,L}; moreover the following inequalities hold sup ‖z‖Fs+2 ≤2ρ2 /3 ‖ ‖X_{R3} (z) ‖ ‖_{Fs} ⪯ 1 , sup ‖z‖Fs ≤2ρ2/3 ‖z − T_2(z)‖_{Fs} ⪯ ϵ

Remark 7. For the normalized system with Hamiltonian H^{(1)}_R , the function H_{1,L} is clearly an integral of motion, so one can pass again to the reduced system H_{2,L} + N_2 , (31) whose equations of motion (on M_{±1}) are simply two decoupled NLS. It follows that the dynamics of (30) consists of two non–interacting modulated wave packets, one traveling to the right, and the other traveling to the left; the shape of each one of the packets is modulated by a nonlinear Schrödinger equation.

4. Use of the normal form. We use now the above normal form results and in particular theorem 3.3 in order to construct some approximate solutions of the original equations of motion.

In order to explain the idea let us consider a smooth solution ζ̃(t) of the equations of motion of (31), or more precisely of the Hamilton equations of

H^{(3)} := H_{0,L} + ϵH_{1,L} + ϵ^2H_{2,L} + ϵ^2N_2 (32) and construct the function z̄(t) := (T_0 ∘ T_1 ∘ T_2)(ζ̃(t)) ; (33) we claim this is the wanted approximative solution of the original system. To show this we write down the equation it fulfills.

Proposition 4.1. Fix α ≥ 0, and let ζ̄(t), t ∈ [−T /ϵ^2, T /ϵ^2], with a suitable T > 0, be a solution of the Hamilton equations of H^{(3)} belonging to C^0([−T /ϵ^2, T /ϵ^2], F_{s,α}) with s > α + 4; then z̄(t) defined by (33) belongs to

C^0([−T /ϵ^2, T /ϵ^2], P_{α+3}) ∩ C^2([−T /ϵ^2, T /ϵ^2], P_{α+1}) , fulfills the equation dz̄ dt (t) = X_H (z̄(t)) − ϵ^3Δ(t)

with Δ(t) a suitable function. Moreover the following inequalities are fulfilled sup |t|≤T /ϵ2 ‖ ‖ ‖z̄(t) − ζ̃(t) ‖ ‖ ‖_{α+3} ⪯ ϵ , sup_{|t|≤T /ϵ2} ‖Δ(t)‖_α ⪯ 1 .

Proof. Denote by (T_{0∗}X)(z) := dT_0(T^{−1}_0 (z))X(T^{−1}_0 (z)) (34) the standard push forward of the vector field X by T_0, and similarly for T_{1∗} and T_{2∗}. One has dz̄ dt = [ T_{0∗}T_{1∗}T_{2∗}X_{H(3)} ] (z̄) . (35)

On the other hand, by theorems 3.3, 3.2 and 3.1 one has X_{H(2)} = T_{2∗}X_{H(3)} + ϵ^3T_{2∗}X_{R3}

X_{H(1)} = T_{1∗}X_{H(2)} + ϵ^3T_{1∗}X_{R2} X_H = T_{0∗}X_{H(1)} + ϵ^3T_{0∗}X_{R1} from which one immediately gets T_{0∗}T_{1∗}T_{2∗}X_{H(3)} = X_H − ϵ^3 [ T_{0∗}T_{1∗}T_{∗2}X_{R3} + T_{0∗}T_{1∗}X_{R2} + T_{0∗}X_{R1} ] Denoting Δ(t) := [ T_{0∗}T_{1∗}T_{∗2}X_{R3} ] (z̄(t)) + [ T_{0∗}T_{1∗}X_{R2} ] (z̄(t)) + [ T_{0∗}X_{R1} ] (z̄(t))

we have the thesis.

In order to look for a solution of the original equations of motion close to z̄ we write z = z̄ + r and remark that r fulfills the equation

ṙ = X_H (z̄(t) + r) − X_H (z̄(t)) + ϵ^3Δ(t) .

So we should estimate the solution of this equation. This can be done directly, however it is easier to go back to the original nonlinear Klein–Gordon equation and to estimate the error in the original equation.

HEADING WITH FORTY CHARACTERS OR LESS 9

We will consider 1)the solution u(x, t) of eq.(1) with initial data

u_0(x) = ϵ a(ϵx)e^{ix} + a^∗(ϵx)e^{−ix} √ 2π , p_0(x) = ϵ b(ϵx)e^{ix} + b^∗(ϵx)e^{−ix} √ 2π , (36)

2)the solution A(x_1, t) of the NLS equation (c.f. (26)) with initial datum

A(x_1, 0) = 1 √ 2 ( a(x_1) √ ω_1 − i b(x_1) √ ω_1 ) , 3) the solution B(x_1, t) of NLS with initial datum

B(x_1, 0) = 1 √ 2 ( a(x_1) √ ω_1 + i b(x_1) √ ω_1 ) . 4)the approximate solution u_a defined by u_a(x, t) := e^{i(x+ω1t)}A(ϵ(x + v_1t), ϵ^2t) + e^{i(x−ω1t)}B(ϵ(x − v_1t), ϵ^2t) √ 2ω_1

+ c.c. , (37)

where c.c. means complex conjugated term.

Theorem 4.1. Fix α ≥ 1/2, assume a, b ∈ W^{s,1} with s > α + 4, then there exists T > 0 such that one has sup |t|≤T /ϵ2 ‖ϵu_a(., t) − u(., t)‖_{Cα+1/2} ⪯ ϵ^2 , sup_{|t|≤T /ϵ2} ‖ϵu̇_a(., t) − u̇(., t)‖_{Cα−1/2} ⪯ ϵ^2

Proof. First remark that, by standard theory of semilinear equations (see for example [8]) one has that the Cauchy problem for NLS is locally well posed in W^{s,1} (which is an algebra), and therefore there exists a positive T such that the solutions A and B exist up to this time. Use A and B to construct a solutions ζ̃(t) = (ξ̃_1(t), η̃_1(t), ξ̃_{−1}(t), η̃_{−1}(t))

of the Hamilton equations of H^{(3)} (cf. eq.(32)), namely ξ̃_1(x_1, t) := A(x_1 + ϵv_1t, ϵ^2t)e^{iω}1^t , η̃_{−1}(x_1, t) := ξ̃_1(x_1, t)^∗ ξ̃_{−1}(x_1, t) := B(x_1 − ϵv_1t, ϵ^2t)e^{iω}1^t , η̃_1(x_1, t) := ξ̃_{−1}(x_1, t)^∗ .

Define ζ̄ ≡ (ξ̄_{k0 ,k1} , η̄_{k0 ,k1} ) := (T_0 ∘ T_1 ∘ T_2)(ζ̃); using ζ̄ construct the approximate solution for the original system by ū(x, t) := 1 2π ∑ k0∈Z ∫ ℜ ξ̄_{k0,k1} (t) + η̄_{k0 ,k1} (t) √ 2ω_{k0} (ϵk_1) e^{ik0x+ik1ϵx}dk_1

p̄(x, t) := 1 2π ∑ k0∈Z ∫ ℜ η̄_{k0 ,k1} (t) − ξ̄_{k0,k1} (t) i √ 2 √ ω_{k0} (ϵk_1)e^{ik0 x+ik1ϵx}dk_1 by proposition 4.1 such functions fulfill the equations ∂ ∂t ū(x, t) = p̄(x, t) + ϵ^3Δ_u(x, t) ∂ ∂t p̄(x, t) = ∂^2 ∂x^2 ū(x, t) − ϵ^2σū(x, t)^3 + ϵ^3Δ_p(x, t) (38)

where Δ_u, Δ_p are the functions of proposition 4.1 represented in space x. By lemma 7.3 the estimates sup_t ‖Δ_u(., t)‖_{Sα+1/2} ⪯ 1 , sup_t ‖Δ_p(., t)‖_{Sα−1/2} ⪯ 1 .

hold. The norm S^α has to be computed in Fourier transform (with respect to x). Denote by U := (u, p)/ϵ the rescaled solution of the original Klein Gordon equation eq. (1), denote also Ū := (ū, p̄), Δ_U := (Δ_u, Δ_p) and by A the linear operator describing the Klein Gordon equation; finally denote by F (U) := (0, −σu^3) the nonlinearity, we have that the equation for the (rescaled) remainder r := U − Ū takes the form:

ṙ = Ar + ϵ^2[F (Ū + r) − F (Ū)] + ϵ^3Δ_U , (39) which is the equation giving the error. In order to estimate its solution we have first to estimate the difference between the initial datum for (ū, p̄) and the original initial datum in order to estimate the initial value of r.

10 D. BAMBUSI A. CARATI AND A. PONNO

To this end denote ũ(x, t) := 1 2π ∑ k0=±1 ∫ ℜ ξ̃_{k0,k1} (t) + η̃_{k0 ,k1} (t) √ 2ω_{k0} (ϵk_1) e^{ik0 x+ik1ϵx}dk_1

p̃(x, t) := 1 2π ∑ k0=±1 ∫ ℜ η̃_{k0,k1} (t) − ξ̃_{k0 ,k1} (t) i √ 2 √ ω_{k0} (ϵk_1)e^{ik0x+ik1ϵx}dk_1 and remark that, by lemma 7.1 one has ‖ ‖ ‖ ‖ũ(., 0) − u_0(.) ϵ ‖ ‖ ‖ ‖_{Sα} ⪯ ϵ ‖ ‖ ‖ζ̃(0) ‖ ‖ ‖_{α+1} , ‖ ‖ ‖ ‖p̃(., 0) − p_0(.) ϵ ‖ ‖ ‖ ‖_{Sα} ⪯ ϵ ‖ ‖ ‖ζ̃(0) ‖ ‖ ‖_{α+1} ,

and also ‖ũ(., t) − u_a(., t)‖_Sα ⪯ ϵ ‖ζ(t)‖_{α+1} , (40) On the other hand, by the estimates of the canonical transformations we have ‖ũ(., t) − ū(., t)‖_{Sα+1/2} ⪯ ϵ ‖p̃(., t) − p̄(., t)‖_{Sα−1/2} ⪯ ϵ (41) provided ξ̃, η̃ ∈ W^{s,1} with s > α + 1, it follows that, under the regularity assumptions of the theorem one has that the initial datum r_0 to be inserted in (39) fulfills ‖r_0‖_{Sα+1/2×Sα−1/2} ⪯ ϵ . So a simple use of the Gronwall lemma and of the fact that the group generated by the Klein Gordon operator A is unitary gives sup |t|≤T /ϵ2 ‖r(t)‖_{Sα+1/2×Sα−1/2} ⪯ ϵ and using also (40), (41) and remark 3 one has the thesis.

From the proof of the above theorem we also obtain the following result

Theorem 4.2. Fix α ≥ 1/2, consider an initial datum (u_1, p_1) such that

‖(u_1, p_1) − (u_0, p_0)‖_{Sα+1/2×Sα−1/2} ⪯ ϵ^2 ,

with u_0, p_0 given by (36), then for the corresponding solution (u_1(x, t), u̇_1(x, t)) one has sup |t|≤T /ϵ2 ‖(ϵu_a(., t), ϵu̇_a(., t)) − (u_1(., t), u̇_1(., t))‖_{Sα+1/2×Sα−1/2} ⪯ ϵ^2

5. Extensions. In this paper we confined our attention on the submanifold M_{±1} of the phase space; it is possible to perform exactly the same study considering the manifold M_{±1,....,±n} := { (ξ, η) : ξ_{k0} = η_{k0} = 0 ∀ k_0 : k_0 ∉ {±1, ..., ±n} } . (42) We explain this point more in detail. First one has to eliminate from the Hamiltonian the terms linear in the variables with index 0 or index larger than n obtaining that this manifold is approximatively invariant (in the same sense as M_{±1} is approximatively invariant for the Hamiltonian (18)). Then the computation of the normal form on this manifold (as in theorems 3.2 and 3.3) shows that the dynamics consists of 2n non interacting traveling waves each traveling with velocity ±v_j (j = 1, ..., n) and modulated by an NLS equation with suitable parameters.

An other interesting extension pertains to the case of a quadratic nonlinearity, i.e. the case where the nonlinear term is u^2 instead of u^3. Here it happens that the first order average of the perturbation vanishes, and that NLS appears as the second order normal form. The procedure of sect. 3 can be performed also in this case leading to very similar results, however the procedure of sect. 4 has to be modified in order to obtain a meaningful result. Indeed, a straightforward application of such a procedure would show that NLS describes the original system only up to time scales of order 1/ϵ, a time scale over which the NLS dynamics is invisible. To obtain the time scale 1/ϵ^2 one has to study more in detail the equation (5), and in particular one has to remark that it has the form ṙ = Ar + ϵdX(ū(t))r + higher order terms ; (43) if one just estimates the solution of this equation using only the fact that dX(ū(t)) is bounded than one is lead to the time scale 1/ϵ. To reach the time scale 1/ϵ^2 one has to study more carefully the linearized equation where the higher order terms in (43) are neglected. Such an equation is a small periodic perturbation of a time independent diagonal system, and so it can be studied using Floquet theory, or more precisely its infinite dimensional extension (see e.g. [9], which involves

HEADING WITH FORTY CHARACTERS OR LESS 11

some subtleties due to regularity problems). In particular it can be shown that under suitable nonresonance conditions (fulfilled in our case) the solutions of such a linearized system are time periodic modulations of the solutions of the linear Klein Gordon equation. Exploiting such a property one gets the result. We point out that for the case of nonlinearity u^2 the validity of NLS has already been proved by different techniques in [2, 10].

Finally we discuss briefly the problem of computation of higher order terms of the normal forms. Althoght the formal computations are quite straightforward, their justification is far from trivial because of two different problems. The first one is the generation of the normalizing canonical transformation: the generating vector field turns out to be non smooth, therefore it is not obvious that it generates a flow. We have some ideas on how to overcome such a problem but the question is very technical and is left for future work. The second problem is the use of the normal form, indeed, in this case the same problem appears as for the case of quadratic perturbation of the Klein Gordon equation, namely the time scale over which the corrections are visible are longer than the time scale over which we are able to ensure the validity of the approximation. We have no ideas on how to solve this problem, we think that it deserves numerical investigation.

6. Proof of the normal form results. We start by proving theorem 3.1. We will generate the normalizing canonical transformations as the time ϵ^2 flow of the Hamiltonian vector field of a suitable Hamiltonian function χ_0. So, denote by T^{ϵ2}_0 the time ϵ^2 flow of the vector field X_{χ0} . One has H ∘ T^{ϵ2}_0 = H_{0,L} + ϵH_{1,L} + ϵ^2H_{2,L} + ϵ^2 [{ χ_0, H_{0,L} } + f_0 ] + h.o.t. (44) where explicitly we have

h.o.t. = ϵ(H_{1,L} ∘ T^{ϵ2}_0 − H_{1,L}) + ϵ^2(H_{2,L} ∘ T^{ϵ2}_0 − H_{2,L}) + ϵ^2(f_0 ∘ T^{ϵ2}_0 − f_0) + (H_{0,L} ∘ T^{ϵ2}_0 − H_{0,L} − ϵ^2 { χ_0, H_{0,L} } ) + ϵ^3R_0 ∘ T^{ϵ2}_0 . (45)

As usual the idea is to determine χ_0 in such a way that the square bracket in (44) takes a suitable normal form. Explicitly the normal form must not contain terms linear in the variables ξ_{k0} , η_{k0} with k_0 ≠ ±1. It is easy to see that the wanted function χ_0 is given by

χ_0(ξ, η) := σ 2π −i 4 √ ω^3_1 ω_3 ∫ ℜ G(ξ, η)dx_1

with G(ξ, η) := ξ^3_1 ξ_{−3} 3ω_1 + ω_3 + 3ξ^2_1 η_1ξ_{−3} ω_1 + ω_3 + 3ξ_1η^2_1 ξ_{−3} ω_3 − ω_1 + η^3_1 ξ_{−3} −3ω_1 + ω_3 + ξ^3_1 η_{−3} 3ω_1 − ω_3 + 3ξ^2_1 η_1η_{−3} ω_1 − ω_3 + 3ξ_1η^2_1 η_{−3} −ω_3 − ω_1 + η^3_1 − η_{−3} −3ω_1 − ω_3 + ξ_{−1}ξ_3 3ω_1 + ω_3 + 3ξ^2_{−1}η_{−1}ξ_3 ω_1 + ω_3 + 3ξ_{−1}η^2_{−1}ξ_3 ω_3 − ω_1 + η^3_{−1}ξ_3 −3ω_1 + ω_3 + ξ^3_{−1}η_3 3ω_1 − ω_3 + 3ξ^2_{−1}η_{−1}η_3 ω_1 − ω_3 + 3ξ_{−1}η^2_{−1}η_3 −ω_3 − ω_1 + η^3_{−1} − η_3 −3ω_1 − ω_3 which is easily seen to generate a smooth (actually analytic) vector field from P_α to P_α for any α ≥ 0. In order to prove theorem 3.1 we have just to estimate the normal form transformation, i.e. the time ϵ^2 flow of the vector field of χ_0 and the higher order terms (45). This is completely standard; we will report here the estimates from [11] for the sake of completeness. Actually these estimates depend only on the smoothness properties of the vector field of χ_0, so we will state them making reference to a general function χ with analytic vector field. More precisely we fix ρ and we assume that the Hamiltonian vector field X_χ of χ is analytic as an application from P_α ⊃ B_α(ρ) to P_α. We will denote by T^t the time t flow of such a vector field

Lemma 6.1. There exists ϵ_∗ such that, for any t with |t| ≤ ϵ_∗, one has sup ‖z‖α≤2ρ/3 ‖ T^t(z) − z ‖ α ≤ |t| ‖X_χ‖^ρ_{α,α} . (46)

12 D. BAMBUSI A. CARATI AND A. PONNO

Proof. It is just an application of the equality

z(t) − z(0) = ∫_t 0 dz dt (s)ds = ∫_t 0 X_χ(z(s))ds .

Lemma 6.2. Let h be a function with Hamiltonian vector field that is C^∞ as a map from B_α(ρ) to P_β , then for |t| ≤ ϵ^2 ≤ ϵ_∗ (see previous lemma), one has ‖X_{h∘T} t ‖^{2ρ/3}_{α,β} ⪯ 1

Proof. First remark that, since T^t is a canonical transformation one has

X_{h∘T} t (z) = dT^{−t}(T^t(z))X_h(T^t(z)) , (47)

from which X_{h∘T} t (z) = ( dT^{−t}(T^t(z)) − 1l ) X_h(T^t(z)) + X_h(T^t(z)) .

To estimate the first term remark that sup ‖z‖α≤2ρ/3 ‖ ‖dT^{−t}(T^t(z)) − 1l ‖ ‖ ≤ sup ‖z‖α≤ρ ‖ ‖dT^{−t}(z) − 1l ‖ ‖ ⪯ ϵ^2 (48)

where the last equality is due to the fact that dT^t is Lipschitz in time.

Lemma 6.3. Let h be as above and assume that X_χ is smooth also as a map from P_β to itself, then, for |t| ≤ ϵ^2 ≤ ϵ_∗ one has ‖ X_{h∘T} t_{−h} ‖_{2ρ/3} α,β ⪯ ϵ^2 (49)

Proof. One has X_{h∘T} t_{−h}(z) = ( dT^{−t}(T^t(z)) − 1l ) X_h(T^t(z)) + [ X_h(T^t(z)) − X_h(z) ] . The norm of the square bracket is estimated using Lagrange mean value theorem and (46). The other term was already estimated in (48), so we have the thesis.

Finally we have to estimate the term containing the transformation of H_{0,L}, to this end it is useful to remark that χ_0 is constructed in such a way that it fulfills the homological equation { H_{0,L}, χ_0 } = f̃_0 , (50)

where f̃_0 is the part of f_0 that does not contain terms linear in the variables ξ_{k0} , η_{k0} with k_0 ≠ ±1.

Lemma 6.4. Denote ℓ := H_{0,L} ∘ T^{ϵ2}_0 − H_{0,L} − ϵ^2 { χ_0, H_{0,L} } , then, ‖X_ℓ‖^{2ρ/3}_{α,α} ⪯ ϵ^4.

Proof. One has

H_{0,L}(T^{ϵ2}_0 (z)) − H_{0,L}(z) =

∫_ϵ2 0 d dt H_{0,L}(T^t_0 (z))dt =

∫_ϵ2 0 f̃_0(T^t_0 (z))dt ,

where we used the homological equation to compute { H_{0,L}, χ_0 } . One has ℓ(z) = ∫_ϵ2 0 (f̃_0(T^t_0 (z)) − f̃_0(z))dt ;

Using (49) one gets the result.

Collecting these results one easily gets theorem 3.1. We come to theorem 3.2.

From now on we will restrict to the manifold M_{±1}. By abuse of notation we will denote by P_α the Banach space P_α ∩M_{±1} endowed by the natural topology and the natural symplectic form. So we will consider the restriction of the above Hamiltonians to this manifolds. The restricted function will be denoted by the same symbol as the original one. We will construct canonical transformations on M_{±1}, they can be extended to the whole phase space by the choice that they act as the identity on the variables ξ_{k0} , η_{k0} with k_0 ≠ ±1.

HEADING WITH FORTY CHARACTERS OR LESS 13

The proof of theorem 3.2 is absolutely identical to the previous one, one just has to substitute χ_0 with χ_1 defined by

χ_1(z) := 1 T ∫_T 0 t [ f^{(1)}(Φ^t_0(z)) − ⟨f^{(1)}⟩(Φ^t_0 (z)) ] dt , where T := 2π/ω_1, and ⟨ f^{(1)} ⟩ defined by ⟨ f^{(1)} ⟩ (z) := 1 T ∫_T 0 f^{(1)}(Φ^t_0(z))dt .

A simple computation shows that the function χ_1 defined in (6) is such that { χ_1, H_{0,L} } + f^{(1)} = ⟨ f^{(1)} ⟩ , and that such a χ_1 has an Hamiltonian vector field which is smooth as a map for P_α to itself. For more details on the construction see [1] lemma 8.4. Here we just point out that in our case we have

χ_1(ξ, η) = −i3σ 8ω^3_1 2π ∫ ℜ G_1(ξ, η)dx_1 where

G_1(ξ, η) = ξ^2_1 ξ^2_{−1} − η^2_1 η^2_{−1} 4 + ξ^2_1 ξ_{−1}η_{−1} + ξ_1η_1η^2_{−1}

− ξ_1η_1η^2_{−1} − η^2_1 ξ_1η_{−1} .

Finally we come to theorem 3.3. First remark that, if one is given a function χ_2 such that { χ_2, H_{1,L} } + N_1 = N_2 ,

and such that its vector field is smooth, then the proof can be achieved exactly as before, just substituting the spaces F_{s,α} to the spaces P_α. It is easy to see that the wanted function is given by χ_2(z) := − 1 2 ∫ ℜ sgn (τ )Ñ_1 (Φ^τ_1 (z)) dτ ,

where Ñ_1 := N_1 − N_2, and we denoted by Φ^τ_1 the flow generated by the Hamiltonian vector field of H_{1,L} (and by sgn (τ ) the signum of τ , which is one for positive τ and minus one for negative τ ). The proof of the regularity of the vector field is more difficult here. To this end we explicitly compute X_{χ2} . To this end consider the map Y^t(ξ, η) defined by

ξ_1(x_1) η_1(x_1) ξ_{−1}(x_1) η_{−1}(x_1) → iξ_1(x_1)ξ_{−1}(x_1 − 2tv_1)η_1 (x_1 − 2tv_1 ) −iξ_1(x_1 + 2tv_1 )η_{−1}(x_1 + 2tv_1 )η(x_1 ) iξ_1(x_1 + 2v_1t)ξ_{−1} (x_1)η_{−1}(x_1 + 2v_1t) −iξ_1(x_1 − 2v_1t)η_1 (x_1 − 2v_1t_1)η_{−1} (x_1)

then one sees that

X_{χ2} (ξ, η) := − 1 2 ∫ ℜ sgn (τ )Y^τ (ξ, η)dτ ;

moreover, since X_{χ2} is a polynomial map, in order to show that it is analytic it is enough to show that it is bounded as a polynomial on F_s. So, one has to show that it each component of Y^t considered as a function in L^1(ℜ, W^{s,1}) is bounded by the third power of the norm of (ξ, η). This is an immediate consequence of the fact that W^{s,1} is an algebra. So theorem 3.3 follows.

7. Some technical lemmas.

Lemma 7.1. Denote

u_a(x_0, x_1) := 1 2π 1 √ 2 ∑ k0∈Z ∫ ℜ ξ̂_{k0 ,k1} + η̂_{k0 ,k1} √ω_{k0} e^{ik0x0 +ik1x1} dx1 ,

p_a(x_0, x_1) := 1 2π 1 √ 2 ∑ k0∈Z ∫ ℜ √ ω_{k0} η̂_{k0,k1} − ξ̂_{k0,k1} i e^{ik0 x0+ik1x1} dx_1 ,

14 D. BAMBUSI A. CARATI AND A. PONNO and u(x_0, x_1) := 1 2π 1 √ 2 ∑ k0∈Z ∫ ℜ ξ̂_{k0 ,k1} + η̂_{k0 ,k1} √ ω_{k0} (ϵk_1) e^{ik0 x0+ik1 x1} dx_1 ,

p(x_0, x_1) := 1 2π 1 √ 2 ∑ k0∈Z ∫ ℜ √ ω_{k0} (ϵk_1) η̂_{k0 ,k1} − ξ̂_{k0 ,k1} i e^{ik0 x0+ik1x1} dx_1 , which correspond to (9); then one has ‖u − u_a‖_Sα ⪯ ϵ ‖ ‖(ξ̂, η̂) ‖ ‖ α+1 ‖p − p_a‖_Sα ⪯ ϵ ‖ ‖ ‖(ξ̂, η̂) ‖ ‖ ‖_{α+1} (51)

where the norm of u − u_0 and of p − p_0 has to be computed using its Fourier transform.

Proof. Simply remark that one has

E_{k0,k1} := 1 √ ω_{k0} (ϵk_1) − 1 √ω_{k0} = −ϵk_1 2k_0 + ϵk_1 √ ω_{k0} ω_{k0} (ϵk_1)(√ω_{k0} + √ ω_{k0} (ϵk_1))(ω_{k0} + ω_{k0} (ϵk_1))

and that the Fourier transform of u − u_a is given by 1 √ 2 E_{k0,k1} ( ξ̂_{k0,k1} + η̂_{k0 ,k1} ) , which gives (51).

Lemma 7.2. One has ‖ ‖X_{HL} − X_{H0,L} − ϵX_{H1,L} − ϵ_2X_{H2,L} ‖ ‖^ρ α+3,α ⪯ ϵ^3

Proof. Applying the (linear) operator to be estimated to a vector (ξ̂, η̂) one gets a vector with ξ̂_{k0,k1} component given by [ ω_{k0} (ϵk_1) − (ω_{k0} + v_{k0} ϵk_1 + ℏ_{k0} ϵ^2k^2_1 ) ]^ ξ_{k0,k1} . Recalling the definition of v_{k0} , ℏ_{k0} one immediately obtains that the square bracket is estimated by a constant times ϵ^3k^3_1 . Proceeding in the same way for the η̂_{k0 ,k1} component one obtains the thesis.

Given a sequence of function ĝ_{k0,k1} such that ∑ k0 ∈Z (1 + |k_0|^α) ∫ ℜ (1 + |k_1|^α)|ĝ_{k0,k1} |dk_1 ≤ ∞ ,

consider

g(x) := ∑ k0∈Z ∫ ℜ g_{k0,k1} e^{ik0 x+ϵxk1} , and g̃(k) := ∫ ℜ g(x)e^{−ikx}dx Lemma 7.3. There exists a positive finite C such that ∫ ℜ (1 + |k|^α)|g̃(k)|dk ≤ C ∑ k0∈Z (1 + |k_0|^α) ∫ ℜ (1 + |k_1|^α)|ĝ_{k0,k1} |dk_1

Proof. It is a straightforward computation and it is omitted.

HEADING WITH FORTY CHARACTERS OR LESS 15

8. Appendix. Consider the FPU system

ü(j) = −2u(j) + u(j + 1) + u(j − 1) − β [ (u(j) − u(j − 1))^3 + (u(j) − u(j + 1))^3 ] and introduce a new unknown u(j_0, x_1) which is periodic of period n ≥ 1 in j_0, namely

u(j_0 + n, x_1) = u(j_0, x_1) , x_1 ∈ ℜ

and impose that it fulfills the equations

ü(j_0, x_1) = −2u(j_0, x_1) + u(j_0 + 1, x_1 + ϵ) + u(j_0 − 1, x_1 − ϵ) − β [ (u(j_0, x_1) − u(j_0 − 1, x_1 − ϵ))^3 + (u(j_0, x_1) − u(j_0 + 1, x_1 + ϵ))^3 ] in such a way that u(j, ϵj) fulfills (8).

It is useful to introduce Fourier coordinates by

u(j_0, x_1) = n∑ k0=1 e^{i 2πj0 k0}n ∫ ℜ e^{ik1 x1} q̂_{k0,k1} dk_1

p(j_0, x_1) = n∑ k0=1 e^{i 2πj0 k0n} ∫ ℜ e^{ik1 x1} p̂_{k0,k1} dk_1 (where p is the momentum conjugated to u). Then a straightforward computation shows that in Fourier coordinates the finite difference operator

u(j_0, x_1) → u(j_0, x_1) − u(j_0 − 1, x_1 − ϵ) . (52)

acts as the multiplication of q̂_{k0,k1} by ω_{k0} (ϵk_1)δ_{k0 ,k1} where

ω_{k0} (ϵk_1) := 2 sin ( 2πk_0 n + ϵk_1 ) , δ_{k0,k1} := sin ( 2πk_0 n + ϵk_1 ) + i cos ( 2πk_0 n + ϵk_1 ) , (53)

and that in such coordinates the quadratic part of the Hamiltonian is diagonal. Again it is useful to introduce complex coordinates as in (10), so that the quadratic part of the Hamiltonian takes the form (11) with index k_0 running from 1 to n, and ξ̂_{−k0,−k1} := ξ̂_{n−k0 ,−k1} , and ω_{k0} (ϵk_1) given by (53). Concerning the nonlinearity it is easy to see that its main part has again the form of the function f_0 of sect. 4 but with a different coefficient. So the system has a form suitable for the application of our theory, and one can prove that NLS appears also here as a resonant normal form.

Acknowledgements. We thank A. De Gasperis (Roma) for many interesting discussions on multiple scale expansions and F. Calogero (Roma) for pointing to his attention the work of Kalyakin.

REFERENCES

[1] A.C. Newell, Solitons in mathematics and physics, SIAM (Philadelphia, 1985). [2] L.A. Kalyakin, Asymptotic decay of a one-dimensional wave packet in a nonlinear dispersive medium, (Russian) Mat. Sb. (N.S.) 132 (174) (1987), 470–495, 592; translation in Math. USSR-Sb. 60 (1988), no. 2, 457–483.

[3] P. Kirrmann, G. Schneider, A. Mielke, The validity of modulation equations for extended systems with cubic nonlinearities. Proc. Roy. Soc. Edinburgh A 122 (1992), 85–91.

[4] R.D. Pierce, C.E.Wayne, On the validity of mean-field amplitude equations for counterpropagating wavetrains, Nonlinearity (1995) 8, 769–779.

[5] G. Schneider, C.E. Wayne, The long-wave limit for the water wave problem. I. The case of zero surface tension Comm. Pure Appl. Math. 53 (2000), 1475–1535.

[6] A. Ponno, L. Galgani, F. Guerra, Analytical estimates of stochasticity thresholds in Fermi-Pasta-Ulam and ϕ^4 models, Phys. Rev. E 61 (2000), 7081.

[7] D. Bambusi, Exponential Stability of States Close to Resonance in Infinite Dimensional Hamiltonian Systems, Jour. Stat. Phys. 71 (1993), 569-606.

[8] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations Springer Verlag (New York, 1983).

[9] D. Bambusi, S. Graffi, Time quasi-periodic unbounded perturbations of Schrödinger operators and KAM methods, Comm. Math. Phys. 219 (2001), 465-480.

16 D. BAMBUSI A. CARATI AND A. PONNO

[10] G. Schneider, Justification of modulation equations for hyperbolic systems via normal forms, NoDEA 5 (1998), 69–82.

[11] D. Bambusi, Nekhoroshev theorem for small amplitude solutions in nonlinear Schrödinger equations, Math. Z. 130 (1999), 345–387. E-mail address: bambusi@mat.unimi.it E-mail address: carati@mat.unimi.it E-mail address: ponno@pd.infn.it