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The goal of the exam is to develop some paradifferential calculus for the Bony-Weyl quan-
tization. You will work with a special class of symbols, defined as the product of a function in
H*(T%), d > 1, and a symbol which depends only on €.

Definition 0.1 (Symbols). Given p > 0 and m € R, we say that a(x, &) € N* = N7Y(T?) if
there exist p(z) € HP(T?) and d(¢) € 8™ (classical symbols on R?), such that
a(x, &) := p(z) d(§).

IfaecN o', we define the seminorm

|l pm = 2l Sop sup €)™ a2d(e)]| e , (1)

where a(z,€) = (a)d(€). Here we put [l¢l, = ] srore)-

Next we define the Bony-Weyl quantization. Let 0 < €; < €2 < 1 and consider a smooth,
even function x: R — [0, 1] such that

x(§) = {0 e > e

Given a € NV, ,'; the Bony-Weyl quantization of a is the operator

0 @l = 3 (% a5~k IHE) (B ) @
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where @(j,-) is the Fourier transform of a with respect to the first variable, i.e. a(j,§) =
Jpaa(z, &) e da.

Fix an arbitrary

So > —.



You are asked to prove the following statements:

the operator in

1. The seminorm is well defined (note that the choice of ¢(z) and d(£) is not unique), so is
(2

. Continuity: For any a € N7, Op®" (a) extends to a bounded operator from H® — H*~™

Sp 7
with the quantitative bound

||OpBW(a)uHsfm S |a‘m,so,0 [[wlls-

Hint: prove that if X(&ED # 0 then

gl ~ 15+ Kl ~ |kl Vi, k€27 (3)
. Bony paraproduct formula: u € H*(T%), v € H"(T%) with s +r > so. Then one has
uv = Op®"W (u) v + Op®W (v) u + R(u,v)
where the bilinear operator R: H® x H" — Ht7=s0 fulfills the estimate

1R, 0)|str—so S [lls 0]l

Hint: decompose

lj — K| || ,
1= —_— .
Xf(<j+k>) +X€<<2j—k>> 00 k)
and show that if 6.(j, k) # 0 then

| < Cemin(lj —&|, [k]), Vi keZ’

. Symbolic calculus (at first order): Let a € N}, b€ p"jrlso with m,m’ € R and p > 0.
Then one has

0p?% (a) OpPW (b) = OpZW (ab + %{a, b}) + R™™ =P (g, b) (4)

where the linear operator R™+™ ~#(a, b): H® — H*~(m+m)+r s e R, with the quantitative
estimate

||R(a7b)u||3*(m+m’)+p S <|a|m,p+50,2 ‘blm’,so,Q + |a‘|m,50,2 ‘b|m’,p+so,2) ||u||8 (5)



