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Metal 
   Half-filling: Insulator. Charge scale U 

Charge is localized spin is still active. 

t 

 Hubbard and Heisenberg  models. 

U 

U 
Strong coupling: U/t  >>1, Half-filling. 

t t Magnetic scale: 

Heisenberg model. 



The Mott Insulator. Half-band filling (2D square lattice) 

Charge. 

Quasiparticle gap > 0 

F.F. Assaad M. Imada JPSJ 95.   (Auxiliary field QMC) 

Spin. 

Long-range antiferromagnetic order. 
Gapless spin excitations: Spin waves. 



The Mott Insulator. Half-band filling (2D square lattice) 

F.F. Assaad M. Imada JPSJ 95.   (Auxiliary field QMC) 

Spin. 

Long-range antiferromagnetic order. 
Gapless spin excitations: Spin waves. 

Spin	
  excitaLons	
  are	
  present	
  below	
  the	
  charge	
  gap	
  	
  	
  (1.3t)	
  	
  



Models	
  of	
  heavy	
  fermions. 

H = − t i,σ
+c

( i, j),σ
∑ j,σc + J

R
∑ R

cS • R
fS

H = − t i,σ
+c

( i, j),σ
∑ j,σc + V

i,σ
∑ i,σ

+c i,σf +
i,σ

+f i,σc f+ U
R
∑ R,↓

f
(n − 1

2 )( R,↑
fn − 1

2 )

Periodic	
  Anderson	
  model	
  	
  (PAM).	
  

Kondo	
  la[ce	
  model	
  (KLM).	
  

Charge	
  fluctuaLons	
  on	
  f-­‐sites.	
  

Charge	
  fluctuaLons	
  on	
  f-­‐sites	
  are	
  frozen.	
  	
  

ConducLon	
  orbitals	
  
(half-­‐filled	
  parLcle	
  hole	
  symmetric	
  band)	
  	
  	
  

Impurity	
  orbitals:	
  	
  	
  	
   R,σ

+f



Half-­‐filled	
  Kondo	
  la[ce. 

One	
  conducLon	
  
electron	
  	
  per	
  
impurity	
  spin.	
  

Strong	
  coupling	
  limit.	
  J/t	
  >>	
  1	
  

Spin	
  	
  
Singlet	
  

1)	
  Spin	
  gap	
  

Energy	
  
J	
  

Δs	
  

2)	
  Quasipar4cle	
  gap.	
  

Energy	
  
3J/4	
  

Δqp	
  

QMC	
  ,	
  T=0,	
  L	
  	
  	
  

	
  	
  m	
  	
  >	
  0,	
  Q=(π, π):	
  long	
  range	
  	
  	
  	
  	
  	
  	
  
	
  an4ferromagne4c	
  	
  order.	
  

3)	
  Magne4sm.	
  

(	
  m	
  f	
  )2=	
  



Because	
  the	
  (honeycomb)	
  la[ce	
  is	
  biparLte,	
  quantum	
  Monte-­‐Carlo	
  calculaLons	
  are	
  not	
  vexed	
  	
  
by	
  fermion	
  minus	
  sign	
  problems	
  so	
  long	
  as	
  the	
  band	
  is	
  half	
  filled	
  (one	
  electron	
  per	
  site).	
  	
  
According	
  to	
  Murphy’s	
  Law,	
  this	
  should	
  guarantee	
  that	
  nothing	
  interesLng	
  occurs	
  (in	
  this	
  model).	
  

S.	
  Kivelson	
  in	
  	
  Commentary	
  	
  on	
  “Spin	
  Liquid	
  Ground	
  states”	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (Journal	
  Club	
  for	
  Condensed	
  Ma:er	
  Physics	
  January	
  2011)	
  

School	
  on	
  Quantum	
  Monte	
  methods	
  at	
  work	
  for	
  novel	
  phases	
  of	
  ma:er	
  	
  



ExcepLons	
  to	
  	
  Murphy’s	
  law.	
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  (self-­‐adjoint	
  anLsymmetric	
  representaLon)	
  

    

NĤ = −t D̂b
+ + D̂b

b
∑

Ĥt

  
− J

4 N (D̂b
+ +

b
∑ D̂b )2 − (D̂b

+ − D̂b )2

ĤJ

  
+ U

N ( i
+ĉ iĉ − N / 2)2

i
∑

ĤU

  

N=4	
  	
  Two	
  orbitals	
  per	
  unit	
  cell.	
  

t:	
  Diagonal	
  hopping	
  	
   J:	
  Exchange	
  

i	
   i	
  j	
   j	
  



Dimer	
  

DDW	
  

Gapless	
  Spin	
  
	
  liquid.	
   SD

W
	
  

T=0,	
  	
  	
  (	
  U/J=0)	
  	
  

Affleck-­‐Marston	
  (89).	
  

   i

α ,β

S =
i ,α

+

c i ,βc − α ,βδ N 2

	
  	
  	
  	
  	
  	
  	
  	
  	
  Heisenberg	
  

DDW.	
  
Broken	
  Lme	
  	
  
and	
  la[ce	
  symmetries.	
  
Semimetal.	
  Nodes	
  at	
  	
  k=(π/2,π/2)	
  

Dimer:	
  Broken	
  	
  
la[ce	
  symmetries.	
  
Insulator.	
  
Spin	
  gap.	
  

FFA	
  PRB	
  	
  (2005)	
  



Semi-­‐metal	
  	
  
of	
  massless	
  
Dirac	
  Fermions	
  

U/t	
  

Semi-­‐metal.	
  
Is	
  stable,	
  due	
  to	
  the	
  	
  
vanishing	
  of	
  the	
  density	
  of	
  states.	
  	
  	
  

AnLferromagneLc	
  	
  
Mo:	
  insulator.	
  

Direct	
  transiLon	
  	
  
or	
  intermediate	
  	
  
phase	
  ?	
  

ExcepLons	
  to	
  Murphy’s	
  Law:	
  	
  Hubbard	
  model	
  on	
  the	
  Honeycomb	
  la[ce.	
  	
  



•  Intermediate	
  spin	
  liquid	
  phase	
  

single-­‐parLcle	
  gap	
  

spin	
  gap	
  

stagg.	
  mag.	
  	
  

Δ s
p(

K
)/t

 , 
  Δ

s/t
 

ms 

ExcepLons	
  to	
  Murphy’s	
  Law:	
  	
  Hubbard	
  model	
  on	
  the	
  Honeycomb	
  la[ce.	
  	
  



KineLc	
  energy.	
  

The	
  Mo:	
  transiLon	
  



•  Intermediate	
  spin	
  liquid	
  phase	
  

single-­‐parLcle	
  gap	
  

spin	
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Δ s
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K
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ms 

ExcepLons	
  to	
  Murphy’s	
  Law:	
  	
  Hubbard	
  model	
  on	
  the	
  Honeycomb	
  la[ce.	
  	
  

	
  	
  CorrelaLon	
  effects	
  in	
  topological	
  insulators.	
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General	
  idea.	
  

Tr −β He = dφ∫
−S(φ )eMany	
  body	
  

problem.	
  

Path	
  integral.	
  
Hubbard	
  Stratonovitch.	
  	
  

Single	
  parLcle	
  	
  
problem	
  in	
  an	
  	
  
external	
  field.	
  	
  	


Solvable	
  Ф	
  

High	
  dimensional	
  integral.	
  [Ф= Ф	
  (x,t)]	
  	
  

 	
  	
  S(Ф)  	
  	
  real.	
  CPU	
  Lme:	
  	
  N3β	



   S(Ф)  	
  	
  complex.	
  CPU	
  Lme:	
  e	
  ΔβN	
  	
  	
  Sign	
  problem	
  	
  	
  

φ(t + δ t) = φ(t) − ∂S(φ)
∂φ(t)

+ 2δ t η(t) P(φ,t → ∞) = −S(φ )eso	
  that	
  

Sampling.	
  



Ground	
  state	
  	
  method:CPU	
  	
  V3β	



〈Ô〉0 =
β→∞
lim

−βĤ / 2
T〈Ψ | e Ô − βĤ / 2e | TΨ 〉

−βĤ
T〈Ψ |e | TΨ 〉

0Ψ TΨ ≠ 0

 β/ t	
  

Hubbard	
  6X6	
  

〈Ô〉 =
Tr −β Ĥe Ô

⎡
⎣⎢

⎤
⎦⎥

Tr −β Ĥe⎡⎣⎢
⎤
⎦⎥

Finite	
  temperature:	
  CPU	
  	
  V3β	



Ground state. 

Finite temperature. 

Hubbard.	
  

   
Ĥ = −t

2π i
0Φ

A d l
i

j

∫e
< i,j>,σ
∑ i,σ

+

ĉ j,σĉ + U ( i, ↑n̂ −1 / 2)( i, ↓n̂ −1 / 2)
i
∑ , i,σn̂ = i,σ

+

ĉ i,σĉ

B = ∇ ∧A= (0,0,B)

Ground	
  state	
  should	
  be	
  unique.	
  



	
  Basic	
  formalism	
  	
  for	
  the	
  	
  case	
  of	
  the	
  Hubbard	
  model.	
  

B = ∇ ∧A= (0,0,B)

Ĥt =
σ
∑ ĉσ

†Tσ ĉσ UĤ
MagneLc	
  field	
  in	
  z-­‐direcLon:	
  	
  

 	
  Tro:er	
  decomposiLon.	
  

 	
  The	
  choice	
  of	
  the	
  Hubbard	
  Stratonovitch	
  transformaLon.	
  

 	
  ProperLes	
  of	
  Slater	
  determinants	
  	
  IntegraLng	
  out	
  the	
  Fermions.	
  

 	
  Equal	
  Lme	
  observables.	
  (Green	
  funcLons	
  and	
  Wicks	
  theorem)	
  

 	
  SequenLal	
  sampling.	
  	
  

OrganizaLon.	
  

   
Ĥ = −t

2π i
0Φ

A d l
i

j

∫e
< i,j>,σ
∑ i,σ

+

ĉ j,σĉ + U ( i, ↑n̂ −1 / 2)( i, ↓n̂ −1 / 2)
i
∑ , i,σn̂ = i,σ

+

ĉ i,σĉ



Z0 = TΨ
−β Ĥe TΨ = TΨ ( −Δτ UĤe −Δτ tĤe )L TΨ +O

2

ΔτU( )( )
Tro:er.	
  

Ground	
  state.	
  

Finite	
  temperature.	
  

Z =Tr e−β Ĥ⎡⎣ ⎤⎦ =Tr ( −Δτ UĤe −Δτ tĤe )L⎡
⎣⎢

⎤
⎦⎥ +O

2

ΔτU( )( )
NotaLon:	
  	
  UnificaLon	
  of	
  finite	
  temperature	
  and	
  projecLve	
  formalism.	
  	
  

Let	
  	
  the	
  trial	
  wave	
  funcLon	
  be	
  the	
  non-­‐degenerate	
  ground	
  state	
  of	
  	
  HT	
  	
  with	
  energy	
  ET	
  .	
  	
  

	
  	
  	
  	
   ψ T ψ T = limθT →∞ e−θT ( ĤT −ET )

Z0 = limθT →∞ Tr e−θT ( ĤT −ET )   −β Ĥe⎡
⎣

⎤
⎦

R.	
  M.	
  Fye	
  Phys.	
  Rev.	
  B	
  33,	
  6271	
  (1986)	
  	
  

LΔτ = β



-0.88

-0.87

-0.86

-0.85

 0  0.004  0.008  0.012  0.016

E
0
/L

2
 

∆ τt2 

L=4, n=1, U/t = 4, βt = 10 

Extrapolated 

Exact

Note.	
  	
  	
  	
  	
  Tro:er	
  	
  violates	
  	
  HermiLcity.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Energy	
  is	
  not	
  variaLonal.	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Way	
  out,	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  but	
  	
  is	
  	
  more	
  expensive.	
  

Alberto	
  Parola,	
  Sandro	
  Sorella,	
  	
  
Michele	
  Parrinello,	
  and	
  Erio	
  Tosa[	
  
Phys.	
  Rev.	
  B	
  43,	
  6190	
  (1991)	
  	
  

Exact	
  result:	
  

Z =Tr e−β Ĥ⎡⎣ ⎤⎦ =Tr e−Δτ Ĥt /2e−Δτ ĤU e−Δτ Ĥt /2( )L⎡
⎣

⎤
⎦ +O

2

ΔτU( )( )
G
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d	
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Δτt( )



	
  Basic	
  formalism	
  	
  for	
  the	
  	
  case	
  of	
  the	
  Hubbard	
  model.	
  

B = ∇ ∧A= (0,0,B)
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MagneLc	
  field	
  in	
  z-­‐direcLon:	
  	
  

 	
  Tro:er	
  decomposiLon.	
  

 	
  The	
  choice	
  of	
  the	
  Hubbard	
  Stratonovitch	
  transformaLon.	
  

 	
  ProperLes	
  of	
  Slater	
  determinants	
  	
  IntegraLng	
  out	
  the	
  Fermions.	
  

 	
  Equal	
  Lme	
  observables.	
  (Green	
  funcLons	
  and	
  Wicks	
  theorem)	
  

 	
  SequenLal	
  sampling.	
  	
  

OrganizaLon.	
  

   
Ĥ = −t

2π i
0Φ

A d l
i

j

∫e
< i,j>,σ
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i
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✓	
  



Hubbard. 

−Δτ ĤUe =
1
2
e−ΔτU /4

−α s ( ↑n̂ −
↓n̂ )e

s=±1
∑ =

1
2
e−ΔτU /4

− iα ' s ( ↑n̂ + ↓n̂ −1)e
s=±1
∑

cosh(a) = ΔτU /2e
cos(a ') = −ΔτU /2e

UH =U ( ↑n̂ −1 / 2)( ↓n̂ −1 / 2), U > 0

Breaks	
  SU(2)	
  spin	
  symmetry.	
  
Symmetry	
  is	
  restored	
  aver	
  	
  
summaLon	
  over	
  HS.	
  Fields.	
  

Complex	
  but	
  conserves	
  	
  SU(2)	
  	
  
spin	
  symmetry.	
  	
  

The	
  choice	
  of	
  Hubbard	
  Stratonovich	
  transformaLon.	
  	
  
(Decouples	
  many	
  body	
  propagator	
  into	
  sum	
  of	
  single	
  	
  parLcle	
  	
  	
  	
  propagator	
  	
  interacLng	
  with	
  external	
  field.)	
  

Δτ Â2e =
1
2π

d∫ ϕ −ϕ2 /2 + 2Δτ ϕ Âe
Δτ Â2e = γ (l)

l=±1,±2
∑ Δτ η(l) Âe + O( 4Δτ )

Generic. 

e−Δτ ĤU e−Δτ Ĥt = a(s)B̂(s)
s
∑  B̂(s) = e ĉ

+A(s )ĉe  ĉ
+Tĉ , s = (s1sN )with:	
  

 

γ ( ±1)=1+ 6 / 3, γ ( ± 2)= 1− 6 / 3

η( ±1)=± 2(3- 6) , η( ± 2)=± 2(3+ 6)
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Ĥt =
σ
∑ ĉσ
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  decomposiLon.	
  

 	
  The	
  choice	
  of	
  the	
  Hubbard	
  Stratonovitch	
  transformaLon.	
  

 	
  ProperLes	
  of	
  Slater	
  determinants	
  	
  IntegraLng	
  out	
  the	
  Fermions.	
  

 	
  Equal	
  Lme	
  observables.	
  (Green	
  funcLons	
  and	
  Wicks	
  theorem)	
  

 	
  SequenLal	
  sampling.	
  	
  

OrganizaLon.	
  

   
Ĥ = −t

2π i
0Φ

A d l
i

j

∫e
< i,j>,σ
∑ i,σ

+

ĉ j,σĉ + U ( i, ↑n̂ −1 / 2)( i, ↓n̂ −1 / 2)
i
∑ , i,σn̂ = i,σ

+

ĉ i,σĉ

✓	
  

✓	
  



e x ,y
∑ ĉx

†Ax ,y ĉy
ΨT = ĉx

† eAP( )x,y
x=1

N

∑⎛⎝⎜
⎞
⎠⎟y=1

Np

∏ 0

(1)	
  PropagaLon	
  of	
  a	
  Slater	
  determinant	
  with	
  single	
  body	
  operator	
  remains	
  a	
  Slater	
  determinant.	
  

IntegraLng	
  out	
  the	
  Fermions.	
  ProperLes	
  of	
  Slater	
  Determinants.	
  

ΨT ΨT
' =det(P†P ' )(2)	
  Overlap.	
  

TΨ = x
+ĉ x,yP

x=1

N

∑⎛⎝⎜
⎞
⎠⎟y=1

pN
∏ 0

  
Tr eĉ† Aĉ eĉ† Bĉ( ) = det 1+ eA eB( )

(3)	
  Trace	
  over	
  the	
  Fock	
  space.	
  

See	
  Notes.	
  



TΨ = x
+ĉ x,yP

x=1

N

∑⎛⎝⎜
⎞
⎠⎟y=1

pN
∏ 0

Trial wave function 
is slater determinant: 

P is  N x Np  matrix. 

Ground	
  state.	
  

Z = a sτ( )
τ =1

L

∏ TΨ B̂
1s ... Ls
∑ (sL )....B̂(s1) TΨ = a sτ( )

τ =1

L

∏ det †P B(sL )....B(s1)P⎡⎣ ⎤⎦
1s ... Ls
∑

Finite	
  temperature.	
  

B̂(s) = e ĉ
+A(s )ĉe  ĉ

+Tĉ , B(s) = e A(s )e T

Z = α sτ( )
τ =1

L

∏ det 1+ B(sL )....B(s1)[ ]
1s ... Ls
∑
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Ô = 1

Z
a(sτ )

τ =1

L

∏ det P†B(sL )....B(s1)P( )
1s ...

Ls
∑ Ô (s)

   

Ô (s,τ ) = TΨ B̂(sL )..B̂(sτ +1)Ô B̂(sτ )..B̂(s1)
TΨ

TΨ B̂(sL )...B̂(s1)
TΨ

   
Gs(τ ) = 1− τ

>U τ
<U τ

>U( ) − 1

τ
<U

For	
  a	
  given	
  HS	
  configuraLon	
  Wick‘s	
  theorem	
  holds.	
  Thus	
  is	
  suffices	
  to	
  compute	
  Green	
  funcLons.	
  

   
Gx , y ,s (τ ) = ĉx ĉy

† (s,τ )

   
Uτ

> = B sτ( )....B s1( )P, Uτ
< = P†B sL( )....B sτ +1( )

Observables	
  	
  ground	
  state.	
  

Observables	
  	
  finite	
  temperature/General	
  formulaLon.	
  

   

Ô (s,τ ) =
Tr e−θ ( ĤT −ET )B̂(sL )..B̂(sτ +1 )ÔB̂(sτ )..B̂(s1)( )

Tr e−θ ( ĤT −ET )B̂(sL )..B̂(s1)( ) , ĤT = c†hTc

   
Gs(τ ) = 1+ Bs(τ ,0)e−θ (hT −ET ) Bs(L,τ )( )− 1

   
Bs(τ ,0)= B sτ( )....B s1( ), Bs(L,τ )= B sL( )....B sτ +1( )



Wick´s	
  Theorm	
   Cumulants.	
  



CompuLng	
  cumulants.	
  (n=2)	
  

Note.	
  

Example.	
  (n=2)	
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Ô =
a(sτ )

τ=1L
∏ TΨ B̂(sL )...B̂(s1) TΨ

s1sL

∑ Ô (s)

a(sτ )
τ=1L
∏ TΨ B̂(sL )...B̂(s1) TΨ

s1sL

∑
= s1sL

∑ W (s) Ô (s)

W (s)
s1sL

∑

Sum	
  over	
  HS	
  fields	
  	
  	
  Metropolis	
  importance	
  sampling.	
  	
  Adopt	
  a	
  	
  sequenLal	
  single	
  spin-­‐flip	
  
upgrading	
  scheme.	
  	
  	
  

All	
  in	
  all	
  we	
  have:	
  	
  

si,τ → s 'i,τ
B(sτ )→ B(s 'τ ) = (1+ Δ)B(sτ )

   

W (s ')
W (s)

= a(s ')
a(s)

det U <
τ 1+Δ( )U >

τ( )
det U <

τU
>
τ( ) = α(s ')

α(s)
det 1+Δ 1−Gs(τ )( )⎡

⎣
⎤
⎦

The	
  equal	
  Lme	
  Green	
  funcLon	
  matrix	
  is	
  the	
  central	
  quanLty	
  of	
  the	
  algorithm.	
  It	
  
determines	
  	
  
i)  	
  	
  	
  The	
  Monte	
  Carlo	
  dynamics	
  
ii)  	
  	
  	
  All	
  	
  equal	
  Lme	
  	
  	
  observables	
  	
  (Wick’s	
  theorem)	
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OrganizaLon	
  of	
  the	
  code.	
  

Real	
  space	
  la[ce,	
  with	
  replica	
  at	
  each	
  imaginary	
  Lme	
  slice.	
  

Independent	
  Hubbard	
  Stratonovitch	
  field	
  at	
  each	
  imaginary	
  Lme	
  
and	
  la[ce	
  site.	
  	
  	
  	
  	
  si,τ
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OrganizaLon	
  of	
  the	
  code.	
  

Start	
  on	
  Lme	
  slice	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  with	
  	
  	
  τ = 1    Gs(τ = 1) = 1 −Uτ =1
> (U <

τ =1U
>
τ =1 )−1 U <

τ =1

   

W (s ')
W (s)

= α(s ')
α(s)

det 1+Δ 1−Gs(τ=1)( )⎡
⎣

⎤
⎦

Scan	
  through	
  the	
  real	
  space	
  	
  
la[ce	
  and	
  flip	
  spin	
  sequenLally	
  
Accept	
  move	
  	
  with	
  probability:	
  	
  	
  	
  

If	
  the	
  move	
  is	
  accepted,	
  	
  upgrade	
  	
  
the	
  Green	
  funcLon.	
  	
  	
  	
      Gs(τ = 1) → Gs ' (τ = 1)
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OrganizaLon	
  of	
  the	
  code.	
  

Propagate	
  	
  the	
  Green	
  funcLon	
  	
  
from	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  to	
  	
  	
  	
  	
  τ = 1

    

Gs(τ = 2) = 1 − B(s2 )Uτ =1
> (U <

τ =1U
>
τ =1

=U <
τ=2U >

τ=2

  
)−1 U <

τ =1B
−1(s2 ) = B(s2 )Gs(τ = 1)B−1(s2 )

τ = 2
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OrganizaLon	
  of	
  the	
  code.	
  

    

Gs(τ +1) = 1 − B(sτ +1)Uτ
> (U <

τU
>
τ

=U <
τ+1U

>
τ+1


)−1 U <

τ B−1(sτ +1) = B(sτ +1)Gs(τ )B−1(sτ +1)

Repeat	
  Lll	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  do	
  not	
  forget	
  to	
  measure	
  observables	
  on	
  the	
  middle	
  Lme	
  	
  
slices.	
  	
  

τ = L = 10
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OrganizaLon	
  of	
  the	
  code.	
  

τ = 1

    

Gs(τ −1) = 1 − B−1(sτ )Uτ
> (U <

τ −1U
>
τ −1

=U <
τU

>
τ

 
)−1 U <

τ B(sτ ) = B−1(sτ )Gs(τ )B(sτ )

Retrace	
  your	
  steps	
  back	
  to	
  	
  



Making	
  the	
  algorithm	
  work.	
  	
  

1)  Fast	
  updates.	
  

2)  Numerical	
  stabilizaLon.	
  

3)  Imaginary	
  Lme	
  displaced	
  correlaLon	
  funcLons.	
  	
  

5)  The	
  choice	
  of	
  the	
  	
  trial	
  wave	
  funcLon.	
  	
  Symmetries	
  or	
  overlaps	
  ?	
  

6)  Absence	
  of	
  minus	
  sign	
  problem.	
  	
  	
  	
  CondiLons	
  for.	
  	
  

✓	
  



−Δτ ĤUe =
1
2N

e−ΔτUN /4 e
−α si n̂i↑ − n̂i↓( )

i
∑

si =±1
∑ =

1
2N

e−ΔτUN /4
si =±1
∑ e x ,y

∑ c†x Axy (s )cy

Fast	
  updates:	
  

Single	
  spin-­‐flip	
  on	
  Lme	
  slice	
  	
  	
  	
  	
  	
  

 sτ = (sτ ,1,, sτ ,r ,sτ ,N )→ (sτ ,1,,−sτ ,r ,sτ ,N ) = s 'τ

eA(s ') = 1+ Δ(r )⎡⎣ ⎤⎦e
A(s ), Δ(r )

x,y = δ x,(r ,σ )
σ
∑ δ y,(r ,σ )η

(r ,σ ), η(r ,σ ) = (e−2ασ sr −1)

   

Bs ' (τ ,0) = B(s 'τ )B(sτ )B(s1) = (1+ Δ(r ) )Bs(τ ,0)
Bs(L,τ )= B(sL )B(sτ +1)

τ

Green	
  funcLon.	
  	
  	
  	
  	
  	
  
Gs ' (τ )x,y = limθ→∞ 1+ Bs ' (τ ,0)e

−θ hT −ET( )Bs ' (L,τ )⎡⎣ ⎤⎦
−1

x,y
=

= limθ→∞ 1+ (1+ Δ)Bs (τ ,0)e
−θ hT −ET( )Bs (L,τ )⎡⎣ ⎤⎦

−1

x,y

= Gs (τ )x,y −
Gs (τ )x,zη

z,z ' 1−Gs (τ )( )z ',y
1−Gs (τ )( )z ',zηz,z '

Δ(z,z ')
x,y = δ x,z δ y,z 'η

(z,z ')

A +u⊗ v( )−1 = A−1 − A
−1u⊗ vA−1

1+ vA−1u
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Gram Schmidt.  

Numerical	
  stabilizaLon:	
  	
  	
  Problem.	
  	
  	
   e−βHt



The	
  Gram	
  Schmidt	
  orthogonalizaLon.	
  

v1

v2v '2



Gram Schmidt.  

Green functions remains invariant.  . 

Since	
  the	
  algorithm	
  depends	
  only	
  on	
  the	
  equal	
  Lme	
  Green	
  funcLon	
  	
  everything	
  remains	
  	
  

invariant!	
  

Similarly:	
  

Numerical	
  stabilizaLon:	
  	
  	
  Problem.	
  	
  	
   e−βHt
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Measuring	
  Lme	
  displaced	
  Green	
  funcLons.	
  

Note:	
  

 1τ 2<τ
Note:	
  



Consider	
  the	
  free	
  electron	
  case:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  so	
  that	
  	
  	
  	
  





L=8, t-U-W model: W/t =0.35, U/t=2, <n>=1, T=0 

τ 

SU(2) invariant code. 

SU(2) non-invariant code. 

SU(2) non-invariant code. 

 Imaginary time displaced correlation functions. 

Note: Same CPU time for  both  
           simulations. 

Gaps. Dynamics (MaxEnt). 



Single-­‐ParLcle	
  Gap	
  

•  Green's	
  funcLon	
  

Single	
  parLcle	
  gap	
  	
  
opens	
  beyond	
  

 G(

k,τ ) → Z ke

−Δsp (

k )τ
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S2 ΨT = 0

S2 ΨT ≠ 0
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  and	
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  Imada,	
  J.	
  Phys.	
  Soc.	
  Jpn.	
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  wave	
  funcLons	
  
at	
  finite	
  doping.	
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−Δτ ĤUe =
1
2N

e−ΔτUN /4 e
−α si n̂i↑ − n̂i↓( )

i
∑

si =±1
∑

Absence	
  of	
  minus	
  sign	
  problem:	
  condiLons	
  for.	
  

ψ T ψ T = limθT →∞ e−θT ( ĤT −ET ) = e
−θT (

σ
∑ c†σhσ cσ −Eσ )

Ĥt =
σ
∑ ĉσ

†Tσ ĉσ

 

Z0 = Tr e−θT ( ĤT −ET )   −βĤe⎡
⎣

⎤
⎦ = C Tr e−θT (c

†hσ c −Eσ ) e−Δτ ĉ
†Tσ ĉ eσα si ,τ n̂i −1/2( )

i∑
τ =1

L

∏⎡
⎣⎢

⎤
⎦⎥

Wσ (s )
  σ

∏
s
∑



W↑,↓(s) = Tr e
−θT ( c†i h↑↓ i , j c ji , j∑ −E↑↓ ) e

−Δτ ĉi
†T↑↓ ,i , j ĉ ji , j∑ e−α si ,τ ĉi

†
i ĉi
† −1/2( )i∑

τ =1

L

∏⎡
⎣⎢

⎤
⎦⎥

Canonical	
  transformaLon	
  	
  	
  	
  	
  	
   ci → (−1)i ci
†

W↑(s) =

Tr e
−θT c†j (−1)

i+ j+1 h↑ i , j c ji , j∑ −(E↑ − h↑ ,i ,ii∑ )( ) e
−Δτ ĉ j

† (−1)i+ j+1T↑ ,i , j ĉii , j∑ e−α si ,τ ĉi
†
i ĉi
† −1/2( )i∑

τ =1

L

∏⎡

⎣
⎢

⎤

⎦
⎥

W↓(s)

If	
  	
  	
  	
   (−1)
i+ j+1

h↑ i , j = h↓ j ,i E↑ − h↑,i,ii∑ = E↓

(−1)i+ j+1T↑,i, j = T↓, j ,i

This	
  includes,	
  	
  	
  biparLte	
  la[ces	
  with	
  hopping	
  only	
  between	
  sub-­‐la[ces.	
  Orbital	
  magneLc	
  	
  
field	
  does	
  not	
  generate	
  a	
  sign	
  problem.	
  	
  Zeeman	
  term	
  can	
  also	
  be	
  included.	
  
Chemical	
  potenLal	
  	
  	
  	
  



0.3      0.4   0.5     0.6    0.7    0.8    0.9    1.0 
<n> 

<s
ig

n>
 

U/t = 4, 6 X 6 

Away	
  from	
  half-­‐filling.	
  
−Δτ ĤUe ~

−α s ( ↑n −
↓n )e

s=±1
∑

−Δτ ĤUe ~
−α is ( ↑n + ↓n −1)e

s=±1
∑Never	
  use.	
  



Making	
  the	
  algorithm	
  work.	
  	
  

1)  Fast	
  updates.	
  

2)  Numerical	
  stabilizaLon.	
  

3)  Imaginary	
  Lme	
  displaced	
  correlaLon	
  funcLons.	
  	
  

5)  The	
  choice	
  of	
  the	
  	
  trial	
  wave	
  funcLon.	
  	
  Symmetries	
  or	
  overlaps	
  ?	
  

6)  Absence	
  of	
  minus	
  sign	
  problem.	
  	
  	
  CondiLons	
  for.	
  	
  

✓	
  

✓	
  

✓	
  

✓	
  

✓	
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  Size	
  effects.	
  	
  Algorithm	
  scales	
  as	
  V3	
  -­‐>	
  Hard	
  to	
  reach	
  large	
  la[ce	
  sizes.	
  	
  
	
  Ex.	
  	
  2D	
  Lght	
  binding.	
  

Scaling:	
  

Electronic	
  system:	
  
X-­‐Y	
  plane.	
  

Exact	
  



L=16:	
  	
  More than an order of magnitude gain in temperature   before results get  
            dominated by size effects. 

Cv/T	
  

T	
   T	
  

L	
  =	
  4,6,...16	
  L	
  =	
  4,6,...16	
  

Thermodynamic	
  quanLLes.	
  

T	
   T	
  

L	
  =	
  4,6,.	
  
	
  	
  	
  	
  	
  ..16	
  

L	
  =	
  4,6,...16	
  

FFA.	
  	
  	
  Phys.	
  Rev.	
  B	
  65	
  115104	
  (2002)	
  	
  



 Class	
  of	
  problems	
  which	
  one	
  can	
  solve.	
  

 The	
  method	
  with	
  details	
  of	
  the	
  projecLve	
  method.	
  
	
  	
  	
  	
  (All	
  the	
  relevant	
  calculaLons	
  can	
  be	
  done	
  on	
  the	
  blackboard)	
  

 Selected	
  applicaLons	
  (novel	
  phases	
  of	
  ma:er)	
  	
  

Auxiliary  field quantum Monte Carlo at work.  

F.	
  F.	
  Assaad.	
  	
  	
  	
  

School	
  on	
  Quantum	
  Monte	
  methods	
  at	
  work	
  for	
  novel	
  phases	
  of	
  ma:er	
  
ICTP	
  Trieste	
  January	
  23,	
  2012	
  to	
  January	
  27,	
  2012	
  

Outline:	
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