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Outline:

» Class of problems which one can solve.

» The method with details of the projective method.
(All the relevant calculations can be done on the blackboard)

»Selected applications (novel phases of matter)
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Hubbard and Heisenberg models.

A=-t Y &8, + U@, —1/2)(E ¢, -1/2)
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Half-filling: Insulator. Charge scale U
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. | o Charge is localized spin is still active.
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Strong coupling: U/t >>1, Half-filling.
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The Mott Insulator. Half-band filling (2D sguare lattice)
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The Mott Insulator. Half-band filling (2D sguare lattice)
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Models of heavy fermions.

Kondo Lattice. Depleted Kondo Lattice

Periodic Anderson model (PAM).

+
Conduction orbitals Cio
(half-filled particle hole symmetric band)

N
Impurity orbitals: fR,G

Charge fluctuations on f-sites.

(,j).0

H —_— = t 2 C:_O'Cj,O' + V 2 C:,_Gfi,o-l_fi-l,_gci,a-'_ l]f 2 (nl];l,_%)(nl{ﬁ_;)
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R

Kondo lattice model (KLM).

Charge fluctuations on f-sites are frozen.
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Half-filled Kondo lattice.

t
Model
J
One conduction
electron per
impurity spin.

Strong coupling limit. J/t >> 1
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School on Quantum Monte methods at work for novel phases of matter

Because the (honeycomb) lattice is bipartite, guantum Monte-Carlo calculations are not vexed
by fermion minus sign problems so long as the band is half filled (one electron per site).
According to Murphy’s Law, this should guarantee that nothing interesting occurs (in this model).

S. Kivelson in Commentary on “Spin Liquid Ground states”
(Journal Club for Condensed Matter Physics January 2011)




Exceptions to Murphy’s law. i:l

SU(4) Hubbard-Heisenberg model on the square lattice

(self-adjoint antisymmetric representation)

b _ i

-
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HU
b=Bond=<i,j> D/=c'c

N=4 Two orbitals per unit cell.

t: Diagonal hopping J: Exchange
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Exceptions to Murphy’s Law: Hubbard model on the Honeycomb lattice. {:},
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vanishing of the density of states.




Exceptions to Murphy’s Law: Hubbard model on the Honeycomb lattice. {}

* Intermediate spin liquid phase
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The Mott transition
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Exceptions to Murphy’s Law: Hubbard model on the Honeycomb lattice. Q

* Intermediate spin liquid phase
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- Correlation effects in topological insulators.
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General idea.

Path integral.
Hubbard Stratonovitch.

Many body

problem. @ Tre_ﬁH — Jdi¢e

Single particle
problem in an
external field.
Solvable ®

T s@)

High dimensional integral. [P=® (x,t)]

Sampling.
Ot +0t)=0¢(t) - gf;(?; +./20tn(t) sothat  P(@,t - o0)= o 5@

» S(®) real. CPU time: N33

> S(®) complex. CPU time: e BN Sign problem

™

_




Hubbard.

2m

A <Tt Al _|_ ) R . /\+ A
A==ty o e b+ US (i =U D, ~112), 0= Crolin

<ij>,0

B=VAA=(0,0,B)

Ground state.
Ground state method:CPU V33

Bh 12~ _BE S(m,m) Hubbard 6X6
A BHI2 A —BHI2| \ ’
O =lim Tzl 0 T W) x
o= (wole P ) 0.15 | 4 B
0.1/
<\IJO ‘ lIIT> % O Ground state should be unique. 0‘05 Finite temperature.
Finite temperature: CPU V33 0 * : , ,

A Tr[—ﬁm} 0 5 10 15 20

Oy=— 189 prt

Tr [e_ﬂ H }




Basic formalism for the case of the Hubbard model.

L
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Magnetic field in z-direction: B=V A A=(0,0,B)

Organization.

» Trotter decomposition.

» The choice of the Hubbard Stratonovitch transformation.

» Properties of Slater determinants = Integrating out the Fermions.
» Equal time observables. (Green functions and Wicks theorem)

» Sequential sampling.




Trotter.

Ground state.

Zy =(¥rl e W) = (Pl (e e ™) [wr) +0((ATU ) 2)

Finite temperature. R. M. Fye Phys. Rev. B 33, 6271 (1986)

Z =Tr[e‘ﬁﬁ] =Tr[ (e_MﬁUe_Mﬁt)L} +O((ATU) 2) LAT =B

Notation: Unification of finite temperature and projective formalism.

Let the trial wave function be the non-degenerate ground state of H; with energy E;.

~6; (Hy —Ey)

> ‘WT><WT‘: limeT—>oo €

Z,=1lim, _Tr [e_GT(HT k) e_ﬁH}




Note.

Ground state energy per site

-0.85

-0.86

-0.87

-0.88 Exact

Trotter violates Hermiticity.
Energy is not variational.

- Way out,
7 =Tr|:e_ﬁﬁ:| =Tr|: (e—mﬁlt 12 ~Achy -ATH, 12 )L} 40

(ATU) 2)

but is more expensive.

L=4, n=1, Ut = 4, Bt = 10

Exact result:

1 Alberto Parola, Sandro Sorella,
Michele Parrinello, and Erio Tosatti
Phys. Rev. B 43, 6190 (1991)

Extrapolated ¢

0 0.004 0.008 0.012 0.016

(Att)




Basic formalism for the case of the Hubbard model.
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Magnetic field in z-direction: B=V A A=(0,0,B)

Organization.

v

» Trotter decomposition.
» The choice of the Hubbard Stratonovitch transformation.

» Properties of Slater determinants = Integrating out the Fermions.
» Equal time observables. (Green functions and Wicks theorem)

» Sequential sampling.




The choice of Hubbard Stratonovich transformation.
(Decouples many body propagator into sum of single particle propagator interacting with external field.)

Generic.

aciz _ 1 Jd(P 012 T e =Y ye™ DA ot
27

e [=%1,£2
\ —

y(£1)=1+6 /3, y(£2)=1-6/3

n(£1)=£203+6), n(+2)=123+V6)
Hubbard. H y= U(flT _1/2)(ﬁ¢ —-1/2), U> 0)

A N A . A A COSh — AtU/2
é i (4 = —€ e cos(a') =Y/
2 s==1 2 s=+1
G J — U
e ~

Breaks SU(2) spin symmetry.
Symmetry is restored after
summation over HS. Fields.

Complex but conserves SU(2)
spin symmetry.

e‘Mﬁve‘Mﬁr — za(s)ﬁ(s) with: IAS(S) = Y10, é%, S=1(s-Sy)
S




Basic formalism for the case of the Hubbard model.
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» Trotter decomposition.
> The choice of the Hubbard Stratonovitch transformation. v
» Properties of Slater determinants = Integrating out the Fermions.
» Equal time observables. (Green functions and Wicks theorem)

» Sequential sampling.




Integrating out the Fermions. Properties of Slater Determinants.

P, - ﬁ(iéipx,y]m)

y=1 \_x=1

(1) Propagation of a Slater determinant with single body operator remains a Slater determinant.

o gy 2 ﬁ[ééi(eAp)x,yj|0>
(2) Overlap. <LIIT ‘ \IJ'T > — det(P‘rP')

(3) Trace over the Fock space.

Tr(eéué eéTBé) = det(l + e eB)

See Notes.




Ground state.

Trial wave function

1s slater determinant:

NP N
“PT> = H[Zé:nyjm) Pis Nx N, matrix.
y=1 x=1

ZZHa

(P

| B(s,)+B(s)|\,) = Z Ha ) det[ P'B(s, )-B(s,)P ]

Finite temperature.

]A;(S) — eé+A(S)ée é+Tﬁ, B(S) :eA(S)e T

/

Y ﬁa(sf)det[1+B(sL)----B(sl)]

S-S, 7=1




Basic formalism for the case of the Hubbard model.
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Magnetic field in z-direction: B=V A A=(0,0,B)

Organization.

v

» Trotter decomposition.
> The choice of the Hubbard Stratonovitch transformation. v
» Properties of Slater determinants = Integrating out the Fermions. v
» Equal time observables. (Green functions and Wicks theorem)

» Sequential sampling.




Observables ground state.

<OA>:% ¥ ﬁa(sr) det(P'B(s,)-+B(s,)P) (O)(s)

SlmsL =

(@, |B(s,)Bs,, ) OB(s,)-B(s)|\ P, )
<\P T ‘ ﬁ(sL )ﬁ(sl) \IIT>

For a given HS configuration Wick’s theorem holds. Thus is suffices to compute Green functions.

(O)(s.7) =

G, , . (D)= <éxé;>(s,r)

6, =1-vi(vw:) vyl |Ui=B(s,)~Bls,)P. U;=P'B(s,)B(s,,)

Observables finite temperature/General formulation.

Tr(e® (s, )-B(s,,, JOB(Gs,)-B(s)) )
H.=c'hc

<0> (s,7) = Tr(e_e(HT —Er )ﬁ(SL)"ﬁ(Sl))

G,(v)=(1+ B (r.0)¢ """ "B (L,7))""

BS(T,0)=B(ST)""B(SI), BS(L,T):B(SL)----B(SM)




Wick's Theorm Cumulants.

A A o In(¥r|Bs(L, T)e""O" e 6"10133(7, 0)|&r)

Op---01))s
(On 01 O~ O
N1+ Nn=0
with O; = éfA®e, (109)
Differentiating the above definition we obtain:
{((O1))s = (O1)s
((0201))s = (0201)s — (02)s(01)s
((030201))s = (030201)5 —
(03)s((0201))s — (02)s{(0301))s — (01)s((0302))s —
(01)s(02)s(O3)s. (110)
The following rule, which may be proven by induction, emerges:
(On O1)s = ((On O1))s + Z((On O 01))8<(O]))8 +
j=1
> {(On---05---0i--01))a{(0;0))a + -+~ +
Jj>i
((On>>8"'<<01>>s (111)

Where O means that the operator O; has been omltted f1 om the product [65].




Computing cumulants. (n=2)

((0201))s = ((cl,eyach,cy))s
9?Trln (PTB,S(L, ’r)e"?A(z)e"lA(l)Bs(T, O)P)
OneOm

OAz A yOF -
A:(Bz,)y - 5m,mz~5y,yi

12,11 =0

— ‘iTr [(U(enzA(z) U>>_1 U(eﬂzA(Z)A(l)U)]
ona

= —Tr -(U<U>)_1 7A@ (U<U>)_1 U(A(l)U)]

n2=0

—1
+Tr (U<U>) U(A(2)A(1)U>]

—Tr (C%SA(Q)GSA(I))

= (C;r;zcy1>s<cy20;r;l>3, with G=1-G
Note. 0.4~ (n) = —A~(n) (%A(n)) A (n).

Example. (n=2)

(Clzcyi’cllcyl>s — <Clzcy1>8<cy2cll>s + <C:];:20y2>8<c;r:10y1>8°




Basic formalism for the case of the Hubbard model.
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Organization.

v

» Trotter decomposition.
> The choice of the Hubbard Stratonovitch transformation. v

» Properties of Slater determinants = Integrating out the Fermions. v
» Equal time observables. (Green functions and Wicks theorem) v

» Sequential sampling.




All in all we have:

S IT als,) (we|Bes,)-Bes)wr) (O)s)  Z w(s) (O)s)

é — S8, 7=1---L S-S,

S I ats) (v, [Bes)-Bes)[w,) X W)

S8, 7=1---L S-S,

Sum over HS fields = Metropolis importance sampling. Adopt a sequential single spin-flip
upgrading scheme.

Si,r — S'i,r
B(s.) — B(s'.)= (1+A)B(s,)

W(s") _ a(s') det(U?(HA)U?) Cofs) )
7S~ as det(U:U;) = ) det[1+A(1 Gs(r))}

The equal time Green function matrix is the central quantity of the algorithm. It
determines

i) The Monte Carlo dynamics
i) All equal time observables (Wick’s theorem)




Organization of the code.

PPr=10 9 8 7 6 5 4 3 2 1 P

T

Real space lattice, with replica at each imaginary time slice.

Independent Hubbard Stratonovitch field at each imaginary time
and lattice site. s, ,




Organization of the code.

PPr=10 9 8 7 6 5 4 3 2 1 P

N

Start on time slice 7 =1 with G(r=)=1-U__ (U U, )Y Uz,

Scan through the real space ' '
lattice and flip spin sequentially W(s') — o(s’) det[1+A(l—G (T:l)):|
Accept move with probability: W)  o(s) °

If the move is accepted, upgrade G (T _ 1) 5 G (T _ 1)
the Green function. s s'




Organization of the code.

P'r=10 9 8 7 6 5 4 3 2 1 P

Propagate the Green function
fromt=1to71=2

G(t=2)=1-B(s,)U_ (U:_U._ ) U_B'(s) = B(s,)G(t=1)B"'(s,)

< >
_U‘L':ZUTZZ




Organization of the code.

P'r=10 9 8 7 6 5 4 3 2 1 P

T

Repeat till 7= L =10 and do not forget to measure observables on the middle time
slices.

G(t+)=1-B(s_ U (UU; ) ' UB"\(s.,,) = B(s,, )G (T)B"(s,,,)
\_ﬂf_J
=U: U’

T+17 7+l




Organization of the code.

P'r=10 9 8 7 6 5 4 3 2 1 P

nfY \}
'\

\7 \/ \ x

Retrace your steps backto 7=1

G(t-1)=1-B(s ) U (U U. ) UB(s,) = B'(s.)G (7)B(s,)

Vv
<y >
_UTUT




Making the algorithm work.

1) Fast updates. v

2) Numerical stabilization.

3) Imaginary time displaced correlation functions.

5) The choice of the trial wave function. Symmetries or overlaps ?

6) Absence of minus sign problem. Conditions for.




_az IT—f%) 1 2 chxy(s)c

~ATHy _ATUN/4 ,. _ATUN/4 <
Fast updates: ¢ = Z e = — € 2 e’
s; ==l 2 s; ==l

Single spin-flip on time slice 1

_ !
S‘L’ - (Sr,l ’”.’Sr,r ’”.S‘L',N) — (Sr,l’”"_sr,r ’...ST,N) =S T
A(S) (r) A(s) (r) _ (r, G) (r,0) _ ¢ —200s,
=[1+A7 Je*, Z w00yl = -h

B.(1,0)= B(s' )B(s.)---B(s,) = (1+ A”)B (1,0)
B(L,7)= B(s,)-B(s.)

Green function.

A= 58, m

X,z = y,2'

-1
G, (1), = 1im9%[1+ Bs.(T,O)e_e(hT_ET)Bs.(L,’L')] _

X,y
-1

= lim, . | 1+(1+ A)B,(1.0)¢ """ "B (L.7) |

G0, .1 (1-G(D)_
(1-G, (r))z,,z ne*

A'u®vA™ X,y

(A +u®v)_1 =A" - -
1+vA u

= G(7),,—




Making the algorithm work.

1) Fast updates. v

2) Numerical stabilization.

3) Imaginary time displaced correlation functions.

5) The choice of the trial wave function. Symmetries or overlaps ?

6) Absence of minus sign problem. Conditions for.




Numerical stabilization: Problem. e

Gram Schmidt.
P: U= B(s;)B(s1)P: U=Udv U:




The Gram Schmidt orthogonalization.

’Ul -
vh =
N,—1
'U, — _ Ep : Iva.vgvl
Np - Np 'U;l . ,v; 7
1=1

Since v/, depends only on the vectors vy, - - - v1 we can write,

(vij...}v?vp) —_— (vlv"'ava) VR_]'

where Vg is an upper unit triangular IV, x N, matrix, that is the diagonal

matrix elements are equal to unity. One can furthermore normalize the vectors
/ / -

vy, -+, vy to obtain:

V] vy
B>E(v1a"'_~.va): —13"'1 /p
|”Np|

DrVR

[v1

=U)




Numerical stabilization: Problem. e

Gram Schmidt.
P: U= B(s;)B(s1)P: U=Udv U:

< __ < 4< <
Similarly: U=Udv

| |
Green functions remains invariant. U g (U < U >) U S = U> (U< U>) U< ‘/-

Since the algorithm depends only on the equal time Green function everything remains

invariant!




Making the algorithm work.

1) Fast updates. v

2) Numerical stabilization. v

3) Imaginary time displaced correlation functions.

5) The choice of the trial wave function. Symmetries or overlaps ?

6) Absence of minus sign problem. Conditions for.




Measuring time displaced Green functions.

For a given HS field, we wish to evaluate:

(Cm(Tl)C,L(TQ))s if 14 > 7o

Golm, T2z = <TC$(T1)CL(T2)>8 N {_<CL(7—2)CQJ(TI)>3 if 71 <7

where 1" corresponds to the time ordering. Thus for 7 > 7o G4(71,72)zy

reduces to

T [~ =F) By (8, 71)e, By(r1,73)c] By(72,0)|

Cp(T cJr 72))s = 3 »
< ( 1) y( 2)> Ty [C—G(HT—ET)Bs(ﬂ,O)]

Note:
T.>T,

Tr [G_G(IA_IT_ET)BS(ﬁ, TQ)Bs_l(Tla TQ)CSL‘BS(Tla TQ)CLBS(TQa O)]

Tr [e_e(ﬁlT—ET)Bs(g, o)]




Measuring time displaced Green functions.

A

Evaluating B (11, 79)cy Bs(71, T2) boils down to the calculation of

where A is an arbitrary matrix. Differentiating the above with respect to 7
yields

Ocy(T)
or

— eTc Ac [cTAc, cm] e~TCAe — _ Z Ay Ly (T).
z Note:

Thus, t.>7:

ce(T) = (e_Ac)m and similarly c;’c(’r) = (cteA)m

We can use the above equation successively to obtain:

B;Y(11,72)cz Bs(11,m2) = (Bs(T1,T2)C),

A

B (71, 72)ch Bo(11,72) = (CTBs_l(Tl,Q))m

Since B is a matrix and not a second quantized operator, we can pull it out
of the trace to obtain:




Measuring time displaced Green functions.

Gs(T1,72)zy = (ca(T1)c)(T2))s

Gs(Tla TQ)az,y — _<C;r/(7-2)cx(7-1)>s

[BS(TlaTQ)GS(T2aT2)]m,y T1 > T2

Note:
T.>7T,

—[(1 = G(r1,m1)) By H(72.71)]

Y

Note:
T<T,




Consider the free electron case: [, = Y e(k)C;C, andassumethat (y |CiC; |y,)=0.1 sothat
k

(ol el (r)en o) = ((olchenl¥o) exp (e — 1)) ) (76)

The above involves only well defined numerical manipulations even in the
large 7 limit provided that all scales fit onto finite precision machines for a
unit time interval.

The implementation of this idea in the QMC algorithm is as follows. First,
one has to notice that the Green function G4(7) is a projector:

Go(T)? = G4(T). (77)
We have already seen that for PTBs(‘B,T) = V; D, U¢ and Bg(1,0) =
U'DRUpg, Gg(17) =1 —U)(UU?)~1U(. Since
2
[U>(U<U>)—1U<] — (W)U (78)

we have:

G2(1) = G4(7) and (1 — G4(7))2 =1 — G4(7). (79)

8




Gs(11,73) = Gs(11,72)Gs(T2,71). (80)
In particular for 7y > 79 > 73

Gs(T1,73) = Bg(T1,73)G2(13) = Gs(71,73)Gs(T3)
= gs(Tl,T3)B;1(T2,T3)Bs(T2,T3)Gs(T3)

o —

Gs(T1,72) Gs(T2,73)

A similar proof is valid for 73 > 79 > 7y
Using this composition property (80) we can break up a large 7 interval
into a set of smaller intervals of length 7 = N7 so that
N-1

): 11 & (/3/2—%+[n+1]71,5/2_%+,,m)

n=0

Gs (B/2+5.8/2— 5

2 2

(81)

The above equation is the generalization of Eq. (76). If 7y is small enough

each Green function in the above product is accurate and has matrix elements

bounded by order unity. The matrix multiplication is then numerically well
defined.




Imag

inary time displaced correlation functions.

L=8, t-U-W model: W/t =0.35, U/t=2, <n>=1, T=0
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Making the algorithm work.

1) Fast updates. v

2) Numerical stabilization. v

3) Imaginary time displaced correlation functions. v

5) The choice of the trial wave function. Symmetries or overlaps ?

6) Absence of minus sign problem. Conditions for.
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FIG. 1. Spin-spin correlations as a function of the projection
parameter ©®. Here, S(Qa)=§ AS*'f(Q*)-S'f(—QA)}, 5‘5(@)
=4(51(0)-81(=0)).  and  $[(0)=2(5((Q)-S((-0))
+ﬁ(§§(é)-§§(— 0))). The trial wave function with S2|W)#0
(S?|W;)=0) corresponds to the ground state of the Hamiltonian in
Eq. (27) [Eq. (17)]. In the large © limit, the results are independent
on the choice of the trial wave function. In particular, starting from
a broken-symmetry state the symmetry is restored at large values of
O1. For this system, the spin gap is given by A,=0.169+0.004
(Ref. 31). Starting with a trial wave function with S| W 7 #0, con-
vergence to the ground state follows approximatively the form: a
+be 2?9 The solid lines correspond to a least-square fit to this
form.
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FIG. 1. Spin-spin correlations as a function of the projection
D ) ) parameter ©®. Here, S(Q)=§<§f(é)-§f(—é)), S{(é)
Optimized Hartree-Fock trial wave functions | =4(540)-5/(-@)), and  $,(0)=2((5U0D)-5i(~ 0))
+e(§§(Qa)'§f;(—Q*))). The trial wave function with S2|W,)#0
(S?|W;)=0) corresponds to the ground state of the Hamiltonian in
Eq. (27) [Eq. (17)]. In the large © limit, the results are independent
on the choice of the trial wave function. In particular, starting from
a broken-symmetry state the symmetry is restored at large values of
O1. For this system, the spin gap is given by A,,=0.169+0.004
(Ref. 31). Starting with a trial wave function with §?|W;)#0, con-
vergence to the ground state follows approximatively the form: a
+be *»?9 . The solid lines correspond to a least-square fit to this
form.




Making the algorithm work.

1) Fast updates. v

2) Numerical stabilization. v

3) Imaginary time displaced correlation functions. v

5) The choice of the trial wave function. Symmetries or overlaps ? /

6) Absence of minus sign problem. Conditions for.




Absence of minus signh problem: conditions for.

~ATHy _ _ATUN /4 2 e_a; )

e 2 s; =%1
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L % ~ At
WT i(S) — Ty e—GT (Zi,jcjhﬂi,j j_EN)He_ATZi,jc’TTNJ,J ¢ e—azsi,r(c?c? _1/2)
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If

This includes, bipartite lattices with hopping only between sub-lattices. Orbital magnetic
field does not generate a sign problem. Zeeman term can also be included.

Chemicalpotential




Away from half-filling.
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Size effects. Algorithm scales as V3 -> Hard to reach large lattice sizes.

Ex. 2D tight binding.
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Thermodynamic quantities.

B=0 BL'=y 25

2.5
» b L=46,.16 ,
C/T 154 - 15
{ — _
0.5 — - 0.5
0 — e —rrred= 0

0.01 0.1 1 10 0.01 0.1 1 10
T T

BL'=(q

L=4,6,...16

LI | lllllll ] llllllll LI 0
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L=16: More than an order of magnitude gain in temperature before results get

dominated by size effects.
FFA. Phys. Rev. B 65 115104 (2002)




Auxiliary field quantum Monte Carlo at work.

F. F. Assaad.

School on Quantum Monte methods at work for of matter

ICTP Trieste January 23, 2012 to January 27

Outline:

iIch one can solve.

»Th od with details of the projective method.
(All the relevant calculations can be done on the blackboard)

»Selected applications (novel phases of matter)
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