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The sign problem &                     
constrained-path Monte Carlo methods                      

• Better methods for fermion systems: perhaps the most 
important problem in our field, and in computational physics 
in general. There are many challenges and opportunities. 

– “but this system has a sign problem ....” is only 1/2 a sentence, and less 
than 1/2 of the story!

– new QMC frameworks (+ BIG computers)  => opportunities for 
breakthroughs, for example, in the study of novel phases of matter
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The sign problem &                     
constrained-path Monte Carlo methods                      

• Better methods for fermion systems: perhaps the most 
important problem in our field, and in computational physics 
in general. There are many challenges and opportunities.  

• Connections with last week:
– What really is the sign problem?
– Presently no “approximation-free” general solution. Contrast with 

bosons: solved! In the sense of classical simulations. (Prof. Troyer)

– Constrained path/phase-free is a new framework:                           
marrying auxiliary-field (Prof. Assaad) with diffusion MC (Prof. 
Holzmann) 
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Outline
• Interacting quantum matter -- a grand challenge: 

 Standard “first-principles” approach fails when interaction is strong: 
high-temperature superconductors, magnetic materials, ...

 need method with: accuracy, computational scaling  

• Constrained path (phase-free) MC: a new framework for 
simulating quantum fermion (and bose-fermi) systems

 Why going to Slater determinant space can reduce the sign 
problem? How does the sign problem occur? How to control it?

 How to formulate for general condensed matter systems?

• Applications 
 Hubbard models/optical lattice (SDW/FFLO; itinerant ferromag.)
 molecules: quantum chemistry
 “first-principles” electronic structure calculations in solids 
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Labs

• Lab 1 (Wed pm):       Jie Xu
 experimental Matlab code (more direct, and interactive)
 Fermi Hubbard model 
 exercises range from basic exploration to advanced additions to 

the code (optional)  

• Lab 2 (Th pm):          Wirawan Purwanto
 C++ code
 Bose Hubbard model: AFQMC for trapped bosons
 illustrates phase-free constraint which is crucial for 

calculations of realistic fermion systems (solids, chemistry)
 exercises range from basic to advanced

Instructors: Hao Shi & SZ
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Collaborators:    
– Wissam Al-Saidi (Pittsburgh)

– Chia-Chen Chang (UC Davis)

– Simone Chiesa

– Henry Krakauer

– Hendra Kwee

– Fengjie Ma

– Wirawan Purwanto (lab2)

– Hao Shi (lab instructor)

– Yudistira Virgus

– Eric Walter

– Jie (Dorothy) Xu (lab1)
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Support:
– ARO: optical lattice

– NSF: electronic structure; method development

– DOE ThChem: quantum chemistry 

– DOE cmcsn network (Cornell, Rice, W&M)

– NSF PRAC: “Breakthrough QMC calculations on Bluewaters”      
11 members from UIUC, Cornell, MIT, Oak Ridge, ...
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The complexity of quantum systems
 ‘Simple’ theory --- Schrödinger Eq:    (Focus on G.S.)
   

    with 

MnO 

HΨ = EΨ

Why hard?

ri

because       is not separable!Vint

A major success in physics:          --> Vint Vmf

e.g. Density functional theory
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The “standard model” for quantum matter
• Density functional theory (DFT) with local-density types of 

approximate functionals: LDA, GGA, …. (Nobel, Kohn’ 98)

• Many applications

• Independent-electron framework                     
Electronic Hamiltonian:  (Born-Oppenheimer)

         

• Almost “routine” tool:  
         ABINIT, ESPRESSO, GAMESS, Gaussian, VASP, ….

LDA MnO 
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εi

Can always solve 1-body problem:  (e.g., grid, Gaussians, ...)
  simply occupy levels for many-body solution:                        

The solution looks like:
MnO ψ1

ψΝ

ψ2

.

.

ψ1

ψ2

ψΝ

.

.

Independent-electron solution

O

V

2

1

4
3

N ...

Slater det. - antisymmetric
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“The standard model” doesn’t always work

•    Often incorrect in strongly correlated systems

Sc

Bi

 O

– high T_c

– magnetic systems (spintronics)

– low dim./nano

– …
e.g., NiO is insulating, but is             

predicted to be metallic

• Even in moderately-correlated  
systems, small errors can make 

qualitative differences 

typical DFT error of 1% in 
lattice cnst 

  no ferroelectricity
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“Mean-field” approach:   How long does it take to drive A -> B?

• Williamsburg traffic:   yes
• Beijing traffic:  no
  (interaction effect strong)

Why “the standard model” doesn’t always work
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Toy system: Hubbard model
To make connection with CM models, and optical lattices
         H2 molecule:

electron, 

electron, 

spin

spin

 Periodic box (supercell)  

 ion, fixed, +1 charge 

tight binding/minimal basis => 1-band Hubbard model with U/t

small U/t
* 1 determinant

large U/t

+

* multi determinants
* correlation
* note ‘antiferromagnetism’ 
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The Hubbard model
✦ simplest many-body model
✦ describe high-Tc SC?
     10,000 papers since ’87

✦ To solve on GO board:

  “DFT” (“standard model” in CM):

 
  Many-body (treat correlation): 

✦ Six (!) possible phase diagrams: 
     (ground state)

✦ optical lattice emulators?
--- From textbook by Mardar

Which one?

Any one?
361× 361 matrix

10214 × 10214 matrix
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Challenges of the quantum theory
“The general theory of quantum mechanics is now almost 
complete. The underlying physical laws necessary for the 
mathematical theory of a large part of physics and the whole 
of chemistry are thus completely known, and the difficulty is 
only that the exact application of these laws leads to 
equations much too complicated to be soluble”

--- Paul Dirac, 1929

Solve by simulations?

Classical statistical mechanics: most problems cannot be solved 
analytically (Ising), but modern MC and MD allow us to solve most 
classical problems (except turbulance etc) by computer simulations!
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Outline
• Interacting quantum matter -- a grand challenge: 

 Standard “first-principles” approach fails when interaction is strong: 
high-temperature superconductors, magnetic materials, ...

 need method with: accuracy, computational scaling  

• Constrained path (phase-free) MC: a new framework for 
simulating quantum fermion (and bose-fermi) systems

 Why going to Slater determinant space can reduce the sign 
problem? How does the sign problem occur? How to control it?

 How to formulate for general condensed matter systems?

• Applications 
 Hubbard models/optical lattice (SDW/FFLO; itinerant ferromag.)
 molecules: quantum chemistry
 “first-principles” electronic structure calculations in solids 
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Recall: Monte Carlo methods
We will use two things which are foundations to QMC
1)Monte Carlo is great at evaluating many-dimensional 

integrals (beyond d>4~6, the only game in town?)
2)Monte Carlo can solve integral equations via random walks
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 1) Monte Carlo integration
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2) Random walks to solve integral equations:
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Overview of quantum Monte CarloOverview of QMC methods

QMC methods loosely divide into two catagories according to primary applications:

Continuum Lattice

Applications • electronic structure

• quantum chemistry

• 3He

• few-body nuclei

• correlated electron models

• nuclear shell model

• quantum field theory

Ground-state:

Algorithm Diffusion MC auxiliary-field/projector QMC ← (1)

Description - random walks

- 1st quantized form

- in configuration space

- auxiliary-fields

- 2nd quantized form

Sign problem fixed-node approximation constrained path MC ← (2) + (3)

SZ, cond-mat/9909090: http://xxx.lanl.gov/abs/cond-mat/9909090v1 

cross-fertilization: Sorella et al; SZ et. al.

Thursday, February 2, 2012

http://xxx.lanl.gov/abs/cond-mat/9909090v1
http://xxx.lanl.gov/abs/cond-mat/9909090v1


Overview of quantum Monte CarloOverview of QMC methods

QMC methods loosely divide into two catagories according to primary applications:

Continuum Lattice

Applications • electronic structure

• quantum chemistry

• 3He

• few-body nuclei

• correlated electron models

• nuclear shell model

• quantum field theory

Finite-temperature:

Algorithm Path-Integral MC QMC/BSS ← (1)

Description - Mapping to classical

ring-polymer system.
- related to above

- grand canonical ensemble

Sign problem restricted path appr. “new” finite-T method ← (5)

• Cross-fertilization: e.g., GFMC ⇒ lattice models (Ceperley, Sorella, ....)

• The reverse: auxiliary-field ⇒ continuum (realistic systems) has appealing features
but had phase problem ← a new method now makes this practical (2) + (4)

SZ, cond-mat/9909090: http://xxx.lanl.gov/abs/cond-mat/9909090v1 
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Constrained path MC: basic formalism

To obtain ground state, use projection in imaginary-time: 

next 

(1) We have seen the time evolution operator U(t0, t) ≡ exp(−iH(t − t0)/h̄) and its matrix
representation in x-space, K(x′, t; x, t0). Here we will study the imaginary-time evolution
operator and its propagator. Specifically, we consider the operator exp(−βH) (β is real) and
its matrix representation K(x′, x; β) ≡ 〈x′|exp(−βH)|x〉 for a one-dimensional system with
the Hamiltonian

H =
p2

2m
+ V (x).

For convenience let us set h̄ = m = 1.

1. Show that
K(x′, x; β) =

∑

n

e−βEnφ"
n(x′)φn(x),

where En is an energy eigenvalue and φn(x) is the corresponding eigenfunction. The
sum is taken over the complete set of n.

2. Show that the operator exp(−βH) projects out the ground state |φ0〉 from any initial
state that is not orthogonal to the ground state. That is, given an arbitrary |ψ(0)〉 that
satisfies 〈ψ(0)|φ0〉 %= 0, we have

lim
β→∞

exp[−β(H − E0)]|ψ(0)〉 ∝ |φ0〉.

3. Show that, for a short imaginary-time ∆τ (> 0),

K(x′, x; ∆τ) .=
1√

2π∆τ
exp[−(x′ − x)2

2∆τ
− ∆τV (x)].

The approximately equal sign, which indicates we have dropped higher order terms
in ∆τ , becomes exact in the limit of infinitesimal ∆τ . Please indicate where the
approximation occurs in the proof.

4. Now we construct a method to obtain the ground-state wave function. Suppose we
choose the constant β in (2) to be finite but large enough so that the projection gives
|φ0〉 for practical purposes. Suppose we then choose ∆τ = β/L, where L is a large
enough integer so that the error in the approximation in (3) is small. We choose a
ψ(0)(x) which is our best guess of the ground-state wave function. Using (3), express
the projection |φ0〉 .= C exp(−βH)|ψ(0)〉 in real space in terms of a path integral. (Do
not worry about the constant C.)

Computational methods based on these results have proven extremely powerful for studying
many-body quantum-mechanical systems.

1

<- HW problem in QM
http://physics.wm.edu/~shiwei
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Outline
• Interacting quantum matter -- a grand challenge: 

 Standard “first-principles” approach fails when interaction is strong: 
high-temperature superconductors, magnetic materials, ...

 need method with: accuracy, computational scaling  

• Constrained path (phase-free) MC: a new framework for 
simulating quantum fermion (and bose-fermi) systems

 Why going to Slater determinant space can reduce the sign 
problem? How does the sign problem occur? How to control it?

 How to formulate for general condensed matter systems?

• Applications 
 Hubbard models/optical lattice (SDW/FFLO; itinerant ferromag.)
 molecules: quantum chemistry
 “first-principles” electronic structure calculations in solids 
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Recall sign problem in diffusion MC:

 1 particle, first excited state: 

Why marrying DMC with AF methods?

+_

In real-space QMC, we need + and – walkers to cancel

....
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Sign problem - leading obstacle in QMC!  

 1 particle -- first excited state: 

+_

In QMC, we need + and – walkers to cancel

....

2 fermions -- ground state:   same problem

Fermion 1:

Fermion 2:

Sign problem – a fight against

              global bosonic state 

Why marrying DMC with AF methods?
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Recall sign problem:

 1 particle, first excited state: 

+_

Solid state or quantum chemistry?
 basis

Explicit --- matrix x vec

No sign problem

ψ1

ψΝ

ψ2

.

.
…

Why marrying DMC with AF methods?
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Many particles?

A toy problem – trapped fermion atoms (1-D Hubbard, BC=box)

  

Why marrying DMC with AF methods?
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What is the ground state when U=0 ?

Toy problem – trapped fermions

- Diagonalize H directly:

Put fermions in lowest levels:
 many-body wf:
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What is the ground state when U=0 ?

Toy problem – trapped fermions

- Diagonalize H directly

- Alternatively, power method:
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Toy problem – trapped fermions

:

 
Same as from direct diag.:
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What is the ground state when U=0 ?

Toy problem – trapped fermions

- Diagonalize H directly

- Alternatively, power method:

• Applies to any non-interacting system

• Re-orthogonalizing the orbitals prevents fermions from 

        collapsing to the bosonic state 

    -> Eliminates ‘sign problem’ in all non-interacting systems!
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Toy problem – trapped fermions
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What is the ground state when U=0 ?

Toy problem – trapped fermions

- Diagonalize H directly

- Alternatively, power method:

What is the ground state, if we turn on U ? 
- Lanczos (scaling!)

- Can we still write            in one-body form?

     Yes, with Hubbard-Stratonivich transformation  
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Hubbard-stratonivich transformation

Why marrying DMC with AF methods?
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Back to toy problem
What is the ground state, if we turn on U ? 

- With U, same as U=0, except for integral over x   Monte Carlo
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New AF QMC framework

H-S transformation

Schematically:

next 

SZ, Carlson, Gubernatis
SZ, Krakauer

Exact so far   (why don’t we use path-integral formalism?  later) 

Random walks in Slater determinant space:  
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2-site Hubbard model
Illustration of how the new formulation of AFQMC works:

      H2 molecule

mean-field auxiliary-field QMC

wf wf

wf

+ ....+
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Introduction to AF QMC
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Introduction to AF QMC
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Slater determinant random walk (preliminary I)
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Some “lingo” from mean field
• Electronic Hamiltonian:  (Born-Oppenheimer)

         
 

     can choose any single-particle basis

• An orbital:

• A Slater determinant:
MnO 
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Outline
• Interacting quantum matter -- a grand challenge: 

 Standard “first-principles” approach fails when interaction is strong: 
high-temperature superconductors, magnetic materials, ...

 need method with: accuracy, computational scaling  

• Constrained path (phase-free) MC: a new framework for 
simulating quantum fermion (and bose-fermi) systems

 Why going to Slater determinant space can reduce the sign 
problem? How does the sign problem occur? How to control it?

 How to formulate for general condensed matter systems?

• Applications 
 Hubbard models/optical lattice (SDW/FFLO; itinerant ferromag.)
 molecules: quantum chemistry
 “first-principles” electronic structure calculations in solids 
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Slater determinant random walk (preliminary II)

  

HS transformation:

‘density’ decomposition

derive
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Slater determinant random walk (preliminary II)

  

HS transformation:

  more generally Cholesky decomposition

     

     can be realized with N^3 cost, 

     with Jmax typically 4--8*N

Vijkl
.=

∑Jmax
ν=1 Lν

ij Lν
kl
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Summary: AF QMC framework

H-S transformation

Schematically:

next 

SZ, Carlson, Gubernatis
SZ, Krakauer

Exact so far   (why don’t we use path-integral formalism?  later) 

Random walks in Slater determinant space:  
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Connection with DMC
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eσv̂

Structure -- loosely coupled RWs of non-orthogonal SDs:

A step advances the SD by ‘matrix multiplications’ 
MnO 

.

.
.
.

ψ1

ψΝ

ψ2

ψ1
ψ2

ψΝ

Summary: AF QMC framework

N is size of ‘basis’

-> 

Gaussian, or ‘Ising’ variable

NxN matrix
1-body op

.

.
.
.

ψ’1

ψ’Ν

ψ’2
ψ’1
ψ’2

ψ’Ν

Importance sampling -> better efficiency
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Summary: AF QMC framework

  

How does the weight ‘w’ come about?

Difference between branching random walk (w) and the 
standard AFQMC is like that between DMC and path-
integral ground state

Importance sampling can be formulated in branching 
random walk framework (CPMC)

Φ = UDV

Thursday, February 2, 2012



ξ

• The unitary Fermi gas:  the electron gas, but with 

g                               small      unitarity        large

2-body scattering length     <0             infinity              >0

physics                                 BCS          S.C                  BEC of molecules

next 

1
rij
→ −gδ(rij)

universal constant:
HF    --> 1
BCS --> 0.59

Experimental measurement of      :

Cold atom experimental values for !   

!"#$%&'#(%)'!(*[9] 

0.36(15) [10] 

0.51(4) [11] 

0.46(5) [12] 

!"+,%&!-(%)'$(*[13] 

0.435(15) [14] 

0.41(15) [15] 

0.41(2) [16] 

0.39(2) [16] 

0.36(1) [17] 

!" !"

references in arXiv: 1104.2102 [cond-mat-quant-gas] 

compiled by D.Lee, 2011

no other scale in the system =>

E0 = ξEFG

Take ρ→ 0 :

  Pairing importance fcn: illustration in Fermi gas

HF wrong (strong corr.!) 
 int. E/Ek --> 0 as rs grows
EH->0, Exc~-0.6Ek

Thursday, February 2, 2012



• We have formulated the use of BCS or AGP as trial wf in AFQMC                                                                     

Both can be done      (Carlson, Gandolfi, Schmidt, SZ: arXiv:1107.5848)  
same scaling as single Slater determinant

next 

Exact result:
ξ = 0.372(5)

4

0 0.1 0.2 0.3 0.4

ρ
1/3

 = αN
1/3

/L

0.32

0.34

0.36

0.38

0.40

0.42

 ξ
 

N = 38

N = 48

N = 66

ε
k

(4)

ε
k

(h)

ε
k

(2)

FIG. 1. (color online) The calculated ground state energy
shown as the value of ξ versus the lattice size for various
particle numbers and Hamiltonians.

100× reduction in computer time, compared to the usual
FG importance function. The improvement increased to
1500× for N = 38 in a 123 lattice. For larger systems,
the discrepancy is much larger still; indeed the statistical
fluctuations from the latter are such that often meaning-
ful results cannot be obtained with the run configurations
described above.

In Fig. 1 we summarize our calculations of the energy
as a function of ρ1/3 where ρ = N/N3

k , and the particle
number is N = 38, 48 or 66. We plot ξ, Eq. 1, where we
have in all cases used the infinite system free-gas energy

EFG = 3
5
!2k2

F
2m with k3F = 3π2 N

αN3
k
as the reference.

Hamiltonian N ξ err A err

ε(2)k 14 0.39 0.01 0.21 0.12

38 0.370 0.005 0.14 0.04

66 0.374 0.005 0.11 0.04

ε(4)k 38 0.372 0.002

48 0.372 0.003

66 0.372 0.003

ε(h)k 4 0.280 0.004 -0.28 0.05

38 0.380 0.005 -0.17 0.03

48 0.367 0.005 -0.05 0.03

66 0.375 0.005 -0.13 0.03

TABLE II. Energy extrapolations to infinite volume, zero
range limit for various particle numbers N and different
Hamiltonians. The term linear in the effective range, A, is
also shown where it is not tuned to zero.

DMC calculations have found converged results when
using 66 particles[11, 12], and our results confirm this.
The differences between 38 and 66 particles are rather
small. Our calculations with 14 particles show a signif-
icant size dependence, and with 26 particles the effects
are still noticeable. These are not shown on the figure.
We have also computed the energy for 4 particle systems

for a variety of lattice sizes and find agreement with Ref.
[25]. The error bands in the figure provide least-squares
estimates for the one sigma error based upon quadratic
fits to the finite-size effects. The fits are of the form
E/EFG = ξ+Aρ1/3 +Bρ2/3. For the interactions tuned
to re = 0, a fit with A fixed to zero is used. Including
a linear coefficient in the fit yields a value statistically
consistent with zero.
The extrapolation in lattice size for the k2 and Hub-

bard dispersions show opposite slope as expected from
the opposite signs of their effective ranges. The extrap-
olation to ρ → 0 is consistent with ξ = 0.372(0.005) in
all cases. Our final error contains statistical component
and the errors associated with finite population sizes and
finite time-step errors. This value is below previous ex-
periments, but more compatible with recent experimental
results of the Zwierlein group[8].

0 0.1 0.2 0.3 0.4

k
F
 r

e

0.36

0.37

0.38

0.39

0.4

0.41

0.42

ξ

N = 66

N = 38 DMC

FIG. 2. (color online) The ground-state energy as a function
of kF re: comparison of DMC and AFQMC results. Dashed
lines are DMC results, shifted down by a constant to enable
comparison of the slopes.

We have also examined the behavior of the energy
as a function of kF re for finite effective ranges. It has
been conjectured[28] that the slope of ξ is universal:
ξ(re) = ξ+SkF re. Of course a finite range purely attrac-
tive interaction is subject to collapse for a many-particle
system, but a small repulsive many-body interaction or
the lattice, where double occupancy of a single species is
not allowed, is enough to stabilize the system. Our re-
sults are consistent with the universality conjecture. In
particular our results for zero effective range approach
the continuum limit with a slope consistent with zero.

Figure 2 compares the AFQMC results for the ε(2)k in-
teraction with the DMC results [11, 12] for various values
of the effective range. The AFQMC produces somewhat
lower energies than the DMC, consistent with the upper-
bound nature of the DMC calculations. For the slope S of
ξ with respect to finite re, the fit to the N = 66 AFQMC
results yields S = 0.11(.03). Similar fits to the AFQMC

data with the Hubbard dispersion ε(h)k for N = 66 yield

AFQMC has no sign problem 
in this case

- new MIT expt (Zwierlein 
group):

                         0.376(5)
  arXiv:1110.3309

Need 〈ΨAGP|c†i cj |φ〉 and 〈ΨAGP|c†i cj |φ〉

  Pairing importance fcn: illustration in Fermi gas

(Sorella in DMC)
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0 5 10 15 20 25 30 35 40 45 50 55 60
t*EF

0.3

0.4

0.5

0.6

0.7

0.8

0.9

ξ

|psiT> with M=222
|psiT> with M=33
Full BCS

 The use of successively better trial wfs as importance 
function:

 

  Pairing importance fcn: illustration in Fermi gas

Energy vs. projection time

8x8x8 

N=14 

U=unitarity
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Exact,

Exponential noise

next 

.... but sign problem:

Summary: AF QMC framework

In fact, for general (1/r) 
interaction, a phase problem

See p.w. example
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Outline
• Interacting quantum matter -- a grand challenge: 

 Standard “first-principles” approach fails when interaction is strong: 
high-temperature superconductors, magnetic materials, ...

 need method with: accuracy, computational scaling  

• Constrained path (phase-free) MC: a new framework for 
simulating quantum fermion (and bose-fermi) systems

 Why going to Slater determinant space can reduce the sign 
problem? How does the sign problem occur? How to control it?

 How to formulate for general condensed matter systems?

• Applications 
 Hubbard models/optical lattice (SDW/FFLO; itinerant ferromag.)
 molecules: quantum chemistry
 “first-principles” electronic structure calculations in solids 
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The sign problem 

•           paths in Slater 
determinant space
 
• Suppose        is known; 
consider “hyper-node” line

• If path reaches hyper-node   

then its descendent paths collectively contribute 0

next 

E.g., in Hubbard:

• MC signal is exponentially small compared to noise

    In special cases (1/2 filling, or U<0), symmetry keeps paths to one side 
 no sign problem
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How to control the sign problem? 

next 

keep only paths that never reach the node 

require
Zhang, Carlson, Gubernatis, ’97
Zhang, ’00

• Constrained path appr.

Trial wave function used to make detection

• Phaseless approximation

     general interaction: complex HS --> phase problem
      twisted boundary condition: removes shell effects --> complex w.f. 

Zhang & Krakauer, ’03; Chang & Zhang, ’08
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Sign problem is due to --

      “superexchange”:
MnO 

ψ1

ψ2

ψ1

Slater det. - antisymmetricψΝ

.

.

ψ2

ψΝ

.

.

To eliminate sign problem:
Use                 to determine if ”superexchange” has occurred〈ΨT |Ψ〉 = 0

The sign problem 
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Sign problem is due to --

      “superexchange”:
MnO 

The sign problem 

ψ1

ψ2

ψ1

Slater det. - antisymmetricψΝ

.

.

ψ2

ψΝ

.

.

  Reasonable to expect it’s reduced compared to DMC --- because 
     tendency for global collapse to bosonic state is removed

2
1

4
3

...
real space:

‘BEC’
1

4

3

...

2

SD space:

antisymmetric

εi
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Hubbard model: equation of state

• Constrained-path auxiliary field QMC (CPMC) is accurate 
• There are kinks at closed-shell fillings:
        large shell effects ->
        intrinsic to H, difficult to obtain reliable hole energy (derivative!)
• Solved by twist-average boundary condition (Chang & Zhang, ’08)

4x4 square lattice, U=4.0

Exact diagonalization: Dagotto et.al. 1992

CPMC: Zhang et.al., 1997

4x4, U=4t

Furukawa and Imada, 1992

(13,13)

(25,25)
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Sign/phase problem is due to --

      “superexchange”:
MnO 

The phase problem 

ψ1

ψ2

ψ1

Slater det. - antisymmetricψΝ

.

.

ψ2

ψΝ

.

.

To eliminate simple phase problem: (twist BC)

Use                 to determine if ”superexchange” has occurredR 〈ΨT |Φ′〉
〈ΨT |Φ〉 > 0
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e(h)=dE/dn, Maxwell constr
h=1-n: doping

Hubbard model: persistent shell effects

• One signal for phase separation:  does e(h) turn ?

• Shell effect persists to >40x40, leads to bias – false signal at U=0!

Non-interacting Hubbard model, LxL: 

thermodynamic limit:
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Twist averaged boundary conditions (TABC)

• Reduces shell and kinetic energy finite-size effects       
common in band structure methods; --> many-body                                        
(Lin, Zhong & Ceperley;  Chang & Zhang; ….) 

• A phase when electron goes around the lattice:

– Shifts momentum space grid |k>:

– Modifies H accordingly

• Breaks degeneracy in free-particle spectrum, 
but introduces phase problem 

• Averaging over θ greatly reduces finite-size effects

kx

ky
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Generalize constrained path approximation (Chang& Zhang 2008)

– Propagator:  only 1-body part is complex --- deterministic 

– Trial state:  

– Easier than the standard phaseless method

Controlling the phase problem 

Use real part of ratio, and project 
  constrained path
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Benchmark
• Sampling 1000 random TABCs

3x3: Largest relative error:
  ~ 0.2% for U/t = 4
    ~ 1.0% for U/t = 8

• Summary: CPMC + TABCs
 controls sign problem 
 many benchmarks (including      

ab initio electronic structure)

Equation of state for 3x3 Hub 

dilute 4x4 at n=0.25
  ~ 0.2% for U/t = 16
    ~ 0.6% for U/t = 30

Chang & SZ, PRB ’08
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Hubbard model: equation of state

• Smooth, shell effects removed
• Convergence to thermodynamic limit achieved (except near n=1 !)

Phaseless CPMC with TABC: 

U=0

U=2

U=4

U=6
U=8
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Sign/phase problem is due to --

      “superexchange”:
MnO 

The phase problem 

ψ1

ψ2

ψ1

Slater det. - antisymmetricψΝ

.

.

ψ2

ψΝ

.

.

=>

To eliminate simple phase problem: (twist BC)
Use                 to determine if ”superexchange” has occurred

To eliminate ‘true’ phase problem: (complex HS, e.g., 1/r) 
R 〈ΨT |Φ′〉

〈ΨT |Φ〉 > 0
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Controlling the phase problem
Sketch of approximate solution:   

 

 

   

•  Modify propagator by “gauge transformation’:  
    phase  degeneracy  (use trial wf)

• Project to one overall phase:
    break “rotational invariance”  

• subtle, but key, difference from: real<ΨT|φ> 0
    (Fahy & Hamann; Zhang, Carlson, Gubernatis) 

After:Before:
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Controlling the phase problem 
--- more details

 

SZ & Krakauer
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Controlling the phase problem
Quantify the approximation? 

 

exact

Error in total E < 0.3mH/atom
free-proj: our ‘FCI’  (8 electrons, Nbasis~570) 1 ~ chemical accuracy
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Constrained path method at finite-T 

L 0 l

lP

Z
 n

 n-1

A

B

C

R

S

T

The constraint under finite time-step:

Point of contact:

- Approximate by B

- Approximate by interpolating between A and B (higher order)
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Outline
• Interacting quantum matter -- a grand challenge: 

 Standard “first-principles” approach fails when interaction is strong: 
high-temperature superconductors, magnetic materials, ...

 need method with: accuracy, computational scaling  

• Constrained path (phase-free) MC: a new framework for 
simulating quantum fermion (and bose-fermi) systems

 Why going to Slater determinant space can reduce the sign 
problem? How does the sign problem occur? How to control it?

 How to formulate for general condensed matter systems?

• Applications 
 Hubbard models/optical lattice (SDW/FFLO; itinerant ferromag.)
 molecules: quantum chemistry
 “first-principles” electronic structure calculations in solids 
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Introduction to T>0 method
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The sign problem at finite-T 
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Constrained path method at finite-T 

(HF propagator)
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Recovery from wrong trial w.f.

More predictive power requires 
reducing reliance on trial wf 

2-D Hubbard model: finite-T
• U>0; 12% doping, 4x4

• Sign problem severe <s> =10^-5

Compare with:
• high T: exact calculation with  

sign problem 

• T=0K: exact diag.

 

wrong trial wf

AFM order
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3 types of calc’s:
- PW +psp:                 
- Gaussian/AE:
- Gaussian/sc-ECP:

Nval up to ~ 60

Test application:  molecular binding energies  

• All with single mean-field determinant as trial wf 

• “automated” post-HF or post-DFT 
• HF or LDA trial wf: same result

- O3, H2O2, C2, F2, Be2, …
- Si2, P2, S2, Cl2
- As2, Br2, Sb2
- TiO, MnO

HF:   x

LDA: triangle

GGA: diamond
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Constraint less sensitive to trial wf details 

Ev E_QMC/trial wf
HF -118.2655 -119.1401(12)

GGA -118.1929 -119.1387(10)

-119.0614 (E_GGA)

Energy in Hartree/unit cell

4-atom cell, 

V=21.96A^3

MnO solid in antiferromagnetic II phase: 

RHF vs UHF trial wfs can have effect: 

phase problem. Almost all calculations to date, both with the
plane-wave basis and in the present study, have used single
Slater-determinant trial wave functions. Since the quality of
such wave functions decreases as bonds are stretched and
correlation effects become more important, it is a significant
challenge for the method to maintain its quality and obtain
uniformly accurate results.

We apply our method to stretched bonds in H2O, which
has served as an excellent benchmark system.3,32 The sym-
metric O–H bond length stretching is studied. The bond
angle between the two O–H bonds is held fixed, while the
O–H bond length is increased from its equilibrium value. We
considered three different basis sets: STO-6G, cc-pVDZ,22

and DZ ANO.20 For the small basis, we used the same ge-
ometry as in Table I. For the two larger basis sets, we used
the same geometries as those of Refs. 32 and 3 for compari-
son with their FCI and DMRG energies, respectively.

The results are shown in Table VI. In addition to QMC/
UHF, i.e., using the variationally optimal HF solution as the
trial wave function, we also carried out QMC calculations
using the RHF solution in order to further examine the effect
of the trial wave function. As bonds are stretched, the static
correlation becomes increasingly important. The RHF solu-
tion becomes inceasingly unfavorable compared to the UHF
solution, which has the correct behavior in the dissociation
limit. As can be seen in Table VI, QMC with the RHF trial
wave function !QMC/RHF" performs worse than QMC/UHF,
which is consistent with the trend seen in Table III. Indeed,
the QMC/RHF results deteriorate as the bonds are stretched,
reflecting the qualitatively incorrect nature of the RHF trial
wave function at large bond lengths.

In the range of bond lengths in Table VI, QMC with the
UHF trial wave function gives a roughly comparable accu-
racy as CCSD!T". For example, in the cc-pVDZ basis at
1.5Re, QMC/UHF overestimates the energy by 2.7!1" mEh,
while CCSD!T" overestimates it by 1.6 mEh. At 2Re, both
QMC/UHF and CCSD!T" underestimate the energy by 3.0!2"
and 3.8 mEh, respectively. In the DZ ANO basis for 1.5Re,
QMC/UHF is above the DMRG value by 2.1!5" mEh, while
CCSD!T" is above by 1.6 mEh.

Larger bond stretching of up to 8Re is presented in Fig. 4
using the cc-pVDZ valence double-zeta basis. QMC results
are compared with the exact FCI !Ref. 32" and with coupled
cluster results using RHF and UHF reference states
#CCSD!T" and UCCSD!T", respectively$. The inset shows
the errors of the various methods from the FCI numbers.
CCSD!T" is excellent near equilibrium but is much worse at
large bond lengths. !As mentioned, QMC with RHF trial
wave functions would show a similar behavior at large bond
lengths." UCCSD!T" performs much better for larger bond
lengths but is worse in the intermediate regime with errors
larger than 10 mEh. Our QMC results are in good agreement
with the exact energies, showing a maximum discrepancy of
about 4!1" mEh, which occurs at 8Re. Together with the
equilibrium results, the method is seen to yield a rather

TABLE VI. Basis-size and trial wave function dependence in stretched-bond calculations in H2O. Equilibrium
geometries are the same as in Table. I. The all-electron total energy of H2O is shown using three different basis
sets: minimal STO-6G, cc-pVDZ, and DZ ANO !Ref. 21" with 7, 24, and 41 basis functions, respectively. The
O–H bond lengths are stretched to 1.5Re and 2Re. QMC energies obtained with both RHF and UHF trial wave
functions are shown in the last two columns. Statistical errors in QMC are in the last digit and are shown in
parentheses. FCI/DMRG results are from the same sources as in Table I. All energies are in hartrees.

Bond length RHF UHF CCSD!T" FCI QMC/RHF QMC/UHF

STO-6G
1.5Re −75.440 432 −75.502 069 −75.600 039 −75.5768!3" −75.5965!6"
2Re −75.141 587 −75.464 541 −75.486 528 −75.3557!3" −75.4880!3"

cc-pVDZ
1.5Re −75.802 387 −75.829 813 −76.070 717 −76.072 348 −76.0688!3" −76.0697!2"
2Re −75.587 711 −75.793 668 −75.955 485 −75.951 665 −75.8973!4" −75.9546!2"

DZ ANO
1.5Re −75.817 273 −75.852 670 −76.129 442 −76.131 050 −76.1265!7" −76.1290!5"
2Re −75.602 850 −75.818 969 −76.009 395 −75.950!1" −76.011!1"

FIG. 4. A comparison of bond stretching in H2O/cc-pVDZ between the
present QMC, coupled cluster methods, and FCI !Ref. 32". The main graph
shows the calculated total energy !in hartrees" as a function of the O–H bond
length. The inset shows the errors !in millihartrees" of various methods with
respect to FCI. Points are connected by straight lines for clarity. QMC sta-
tistical error bars are shown.

224101-8 Al-Saidi, Zhang, and Krakauer J. Chem. Phys. 124, 224101 !2006"

Downloaded 29 Jun 2007 to 128.239.52.25. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

e.g., H2O

- no upper bound; 
- has finite basis error as in QChem methods, but scales much better

- QMC insensitive to details of the trial wf 
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Outline
• Interacting quantum matter -- a grand challenge: 

 Standard “first-principles” approach fails when interaction is strong: 
high-temperature superconductors, magnetic materials, ...

 need method with: accuracy, computational scaling  

• Constrained path (phase-free) MC: a new framework for 
simulating quantum fermion (and bose-fermi) systems

 Why going to Slater determinant space can reduce the sign 
problem? How does the sign problem occur? How to control it?

 How to formulate for general condensed matter systems?

• Applications 
 Hubbard models/optical lattice (SDW/FFLO; itinerant ferromag.)
 molecules: quantum chemistry
 “first-principles” electronic structure calculations in solids 
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F2 bond breaking

Mimics increasing correlation effects:   

Dissoc. limitEquilibrium

•CCSD(T) methods              
have problems                
(excellent at equilibrium)             

•UHF unbound

•QMC/UHF recovers despite 
incorrect trial wf ---                       
uniformly accurate  

“bonding”                                           “insulating”

  F      F 

(removes spin contamination)

RCCSDTQ: Musial & Bartlett, ’05
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F2 bond breaking --- larger basis

Potential energy curve:
• LDA and GGA/PBE
    - well-depths too deep  
  
• B3LYP 
    - well-depth excellent
    - “shoulder” too steep

• Compare with experiment
          spectroscopic cnsts:

cc-pVTZ

Purwanto et. al., JCP, ‘08
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Periodic Solids 
Silicon structural phase transition (diamond -->    -tin): 

  

150 200 250 300 350

Volume (a
0

3
)

!578.09
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!578.05

!578.04

!578.03
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!578.00

E
n
er

g
y
  
(E

h
)

~15mHa

β

• transition pressure is  
sensitive: small dE

method P (GPa)
LDA 6.7
GGA (BP) 13.3
GGA (PW91) 10.9
GGA (PBE) ~8.9
DMC (Alfe et al ’04) 16.5(5)
AFQMC 12.6(3)
experiment 10.3-12.5

• AFQMC
✓54-atom supercells
+finite-size correction
✓PW + psp
✓uses LDA trial wf

• Good agreement w/ 
experiment --- consistent 
w/ exact free-proj checks
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Excited states

 

• Excited states are more difficult 

• For QMC, this is manifested as a more severe sign/
phase problem, especially for excited states with 
same symmetry

• A first attempt, using the same approach as in GS -
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C2 excited state potential energy curves

  

 

….
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PECs --- first 3 singlet states in C2  

Bound breaking, and excited states

 

Truncated CASSCF(8,16) trial wf ~30-50 det’s 

Benchmark    (FCI: Abrams & Sherrill, JCP ’04) 

•  comparable to CCSD(T) 
near equilibrium,        
better for bond breaking 
(multi-reference)

•  first attempt at 
excitation:

- level crossing 

- excited state of same 
symmetry 
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PECs --- first 3 singlet states in C2

Bound breaking, and excited states

 

Truncated CASSCF(8,16) trial wf ~30-50 det’s 

TZ and QZ basis:  
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PECs --- first 3 singlet states in C2

Bound breaking, and excited states

 

Truncated CASSCF(8,16) trial wf ~30-50 det’s 

TZ and QZ basis:  
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• Model system of Ca+/4H2                                                  
Possible high-density H storage by dispersed alkaline-
earth metals?                                                 

 Test: model H-storage problem

next 

Annual Report 

 
DOE Award I.D.: DE-SC0001303  

Recipient: College of William & Mary 

Project Title:  “Quantum Monte Carlo Calculations of Chemical Binding and Reactions” 

Principal Investigators:   Henry Krakauer and Shiwei Zhang 

Period covered by the report – Year 1:  9/01/09 – 8/31/10 

 

I) Continuation Request:  We are requesting continuation funding for the second year of 

this grant. 

 

II) Progress report (for the period  9/01/09 - 5/13/10) 

Hydrogen storage for renewable energy 

Achieving high density hydrogen storage is a key goal for pollution-free renewable energy. For 

cyclic storage and discharge near room temperature, optimum binding energies should be in the 

range of about 15 kJ/mol (~ 0.15 eV) [1]. Transition metal (TM) 

atoms are capable of non-dissociative bonding of H2 molecules with 

energies in this range [2], but the tendency of TM atom to cluster [3] 

has hindered these efforts. Dispersed alkaline-earth metal systems 

have shown some promise in this regard, supported by density 

functional theory (DFT) binding energy calculations. Recently, 

however, Cha et al. [4] claimed that DFT was inadequate for open d-

shell alkaline earth atoms. They performed correlated calculations for 

the Ca
1+

/4H2 system shown to the right. As seen in the figure [4] 

below, while DFT binding energies are quite sensitive to the choice of exchange-correlation 

functional, they all agree that the system is bound near Z = 2.3 Angstroms. By contrast, the 

explicitly correlated MP2 and CCSD(T) calculations reported in Ref. [4] find a relative 

minimum, which is higher in energy than the 

separated system. All the depicted calculations 

were done with 6-311++G** gaussian-type 

orbital (GTO) basis sets.  It is well known, 

however, that correlated calculations converge 

much more slowly than DFT or Hartree-Fock, 

so basis set convergence was checked in Ref. 

[4] at the MP2 level for the smaller Ca
1+

/H2 

model system. Although the accuracy of  6-

311++G** was found adequate, the potential 

energy curve of Ca
1+

/H2 is qualitatively 

different [4] from that of Ca
1+

/4H2.  
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different [4] from that of Ca
1+
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In view of its importance, we undertook to further study this question with our phaseless 

auxiliary field quantum Monte Carlo (AFQMC) method.  The figure below shows our AFQMC 

results for the correlation-consistent 

basis set series cc-pVXZ (from X = 

triple- to 5-zeta, the highest available 

cc basis for Ca), as well as for the 

smaller 6-311++G**, plotted as a 

function of 1/M, where M is the 

number of basis functions. While the 

311++G**AFQMC results agree 

with Ref. [4], there is a ~ 0.8 eV 

change with cc-pV5Z! We 

extrapolate to the infinite-basis limit, 

using a polynomial expansion in 1/M 

(we excluded 311++G** from the 

fit), which has been found to well fit 

the cc-pVXZ series in correlated 

calculations [5]. As seen in the 

figure, it predicts a binding energy of 

~ 0.4 eV. For comparison, an exponential fit (more suitable for DFT and HF) is also shown, 

which predicts ~ 0.1 eV binding energy. Contrary to the claims in Ref. [4], our calculations show 

that dispersed Ca cation centers may be a viable mechanism to achieve high-capacity hydrogen 

storage.  

 

Standard quantum chemistry correlated methods have steep computation scaling with system 

size  [e.g., O(M
7
) for CCSD(T)], making it difficult to achieve the basis set limit and to treat 

larger systems. Our AFQMC method scales effectively as M
 3
 - M

 4
. Exploiting this advantage in 

significant chemical applications and further improving the efficiency of AFQMC are the central 

themes of the present project.  Indeed we  are currently working to overcome the unavailability 

of large angular-momentum GTO’s in standard quantum chemistry basis sets. Technical issues 

are addressed next. 

 

Technical Accomplishments 

 

As we outlined in the proposal, the AFQMC algorithm requires that H
(2)

, the two-body Coulomb 

interaction term in the Hamiltonian, be expressed as a sum of squares. (This needs to be done 

only once, prior to the AFQMC calculation.) Previously this was done by explicitly 

diagonalizing the M
 2
 ! M

 2
 Hermitian matrix ( ),( )il jkV  that appears in the second-quantized 

representation of  H
(2)

. This becomes unmanageable for even modest-sized basis sets, and is one 

of the major technical hurdles we proposed to remove. We have made significant progress in this 

regard. 

 

To carry out the above calculations, we implemented a modified Cholesky method [6], 
max

( ),( )

1

J
J J

il jk il jk

J

V L L
!

! " , for semi-definite matrices [the Coulomb matrix 
( ),( )il jkV  becomes semidefinite 

due to numerical round off], which reproduces ( ),( )il jkV within a predefined tolerance # . A key 

Cha et al, PRL, 2009

Earlier results

Can now do with modified Cholesky

Finite Basis set error?
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• Finite basis error indeed significant                                                                                                  

 A model H-storage problem

next 
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different [4] from that of Ca
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Ohk et al, PRL comment 2009

Bajdich et al 
PRB(R) 2010

- We find delicate extrapolation with
    cc-pVxZ (x=3,4,5), up to M=827 
     (all-electron)

•  But are the new results reliable?  
    (given CCSD(T) difficulty in scaling) 

Comment on ‘‘Inaccuracy of Density Functional
Theory Calculations for Dihydrogen Binding
Energetics onto Ca Cation Centers’’

In a recent Letter [1], Cha et al. suggested that several
previous density functional theory (DFT) calculations of
the Ca-decorated systems for hydrogen storage could have
suffered from serious overestimation in binding energies.
In this Comment, we show that (1) the 6-311þþG"" basis
used for benchmark correlated calculations in Ref. [1] for
two model systems CaþðH2Þ4 and coronene-CaðH2Þ4 is
lack of proper polarization functions yielding unphysical
basis set errors, and (2) with a sufficiently large basis for
MP2, PBE yields the binding energetics that is empirically
comparable to MP2 for coronene-CaðH2Þ4, a more realistic
model system considered in Ref. [1].

While the basis set requirement for DFT is relatively
modest with an exponential convergence behavior [2],
correlated calculations require a large atomic orbital basis
due to a slow basis set convergence that decays as L%3

where L is the highest angular momentum function in-
cluded in the basis set [3]. In order to describe the Kubas
bonding that involves d orbitals at the correlated level, one
must include higher angular momentum polarization func-
tions beyond d. In the 6-311þþG"" basis used in Ref. [1],
there are no f or higher angular momentum functions, and
Fig. 1(a) shows that the MP2=6-311þþG"" curve thus
substantially unbinds the Kubas complex by 0.9 eV due
to an insufficient treatment of the short range correlation
effects. As the basis set increases to cc-pVQZ with 2f and
1g functions, the complex now becomes significantly more
stabilized at shorter Z. When extrapolated to the complete
basis set (CBS) limit, and corrected for additional correla-
tion effects beyond double excitations using !CCSDðTÞ,
the energy of this model Kubas complex is now more
stable than the separated monomers by 0.17 eV. None-
theless, gradient-corrected density functionals (GGAs) still
overbind this model complex by 0.3–0.7 eVas compared to
CCSD(T)/CBS, and it may be due to a large DFT self-
interaction error of the reference Ca radical cation for this
overly simplified model CaþðH2Þ4 with an unphysical
localized charge.

For rather realistic coronene-CaðH2Þ4, the qualitative
importance of proper polarization functions in the correla-
tion treatment is again clear as shown in Fig. 1(b). The
MP2/CBS interaction energy is about %0:47 eV, and is
comparable to the PBE binding strength %0:38 eV. By
contrast, in Cha et al., the MP2=6-311þþG"" interaction
energy was reported to be þ0:8 eV, an error of about
1.3 eV compared to our MP2/CBS limit. If higher order
excitations are included using the!CCSDðTÞ approach de-
scribed above, the correlated binding energy will become
larger, making the PBE result slightly more underestimat-
ing of the binding, a more usual trend of GGA calculations.

In summary, (1) the benchmark correlated calculations
for two model systems considered in Ref. [1] have un-

physical large basis set errors, and (2) unlike the title of
Ref. [1], a popular GGA functional such as PBE can in
practice give a reasonable binding energy for a realistic
model system of Ca as compared to MP2. The latter
empirical similarity agrees with the previous comparison
of PBE and MP2 for related Ca-containing systems [4], but
further systematic study will be desirable.
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FIG. 1 (color). Potential energy curves for (a) CaþðH2Þ4 and
(b) coronene-CaðH2Þ4 as a function of Ca-H2 distance Z. The
coronene does not bind Ca at short Z but binds via dispersion
interactions at Z & 4:0 "A. The reference energy is taken to be at
Z ¼ 6:0 "A. The MP2(FC) denotes aggressive frozen-core ap-
proximation where the Ca core orbitals are frozen up to 3p
leaving only two valence electrons left to be correlated. Using
the latter FC definition, the correlation energy for Caþ is of
course zero. For MP2 calculations of the coronene system, the
PBE geometry was used.

PRL 104, 179601 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

30 APRIL 2010

0031-9007=10=104(17)=179601(1) 179601-1 ! 2010 The American Physical Society

Comparing the density-functional results against the
DMC energy curve we find that B3LYP !Ref. 19" functional
gives a relatively good agreement with minimum at z=
!2.9 Å. However, the local spin-density approximation
!LSDA" functional20 significantly overbinds by at least 0.1
eV while the PBE functional21 lies midway between the
B3LYP and LSDA values. None of the functionals results in
false energetic minima in the binding-energy curve, however,
the distance of the minimum energy varies by 0.5 Å over
these functionals. Calculations using Hartree-Fock exchange
combined with PBE correlation !HFX+PBEC" !similar to
Refs. 22 and 23 except with 100% exchange" very closely
resemble the DMC results; analysis and possible reasons for
the apparent accuracy are discussed after the four dihydrogen
results.

III. RESULTS FOR FOUR H2 ABSORPTION

Figure 2 shows our calculated binding-energy curve for
four hydrogen dimers on Ca1+. In this system the hydrogens
are pinned in a planar geometry, 90° apart in D4 symmetry,
with molecular bonds oriented perpendicularly to the line of
approach !inset in Fig. 2".

The binding energies obtained with single determinant
DMC display a minimum around 2.2 Å. However, compar-
ing these energies with those over 3 Å clearly shows the
minimum to be a local metastable minimum: there is no
binding of four H2 molecules in this planar geometry at short
range at the single determinant DMC level. To test the accu-
racy of these calculations we also used multideterminant
wave functions determinants, initially obtained by restricted
active space restricted active space!9,37" !RAS" calculations.
The binding is shifted to higher energies by #0.1 eV indi-
cating that the single determinant results and nodal surface
are robust.

DFT-based calculations show clear energy minima around
the 2.2 Å distance indicating significant binding of the H2
molecules. Although the depth of binding varies, similar be-
havior is obtained for LSDA, PBE, and B3LYP. The same
energetic ordering is observed as for the single hydrogen
case, with LSDA displaying greatest binding. By contrast,
UHF calculations display only a slight minimum around
2.3 Å. We also include quantum chemical results from RAS
and CAS calculations in Fig. 2. The larger active space cal-
culations reduce the calculated binding energy, moving the
quantum chemical results toward the DMC results. Perturba-
tive theory results also show no overall binding. A clear tran-
sition between states of A1g and B2g symmetries is observed1

between 2.5 and 3.0 Å depending on the underlying theory.
Our qualitative conclusion of no binding for the four hy-

drogen molecule case with fixed 0.77 Å bond length is in
qualitative agreement with previous quantum chemical
results.1 However, our more extensive basis sets and more
rigorous DMC calculations reveal that the energy scale for
any potential binding is very small, only a few tenths of an
electron volt. Strikingly, even allowing a generous estimate
of 0.2 eV residual systematic errors in our DMC calcula-
tions, any eventual binding will remain small !order 0.1 eV"
whereas the LSDA and PBE functionals predict binding en-
ergies one order of magnitude larger.

We also tested energies obtained from density-functional
theory using Hartree-Fock exchange combined with PBE
correlation, gradually increasing the fraction of exchange. As
for the single hydrogen molecule case, the calculated binding
curve accurately follows the DMC data over all distances.
However, only a 100% contribution fully reproduced the
DMC data; lesser contributions smoothly interpolating be-
tween the DMC and PBE results. Given the wide variation
seen for other functionals, this is noteworthy, and also indi-
cates the primary source of error in the other density-
functional predictions. We argue, in accordance with Ref. 24
that the semilocal functionals provide good description of
static correlation and exchange in this system. On the other
hand, dynamic or long-range exchange is mostly absent in
these functionals. Since our system seems not to have a
strong multireference character !based on our RAS and CAS
calculations" the dynamical part of exchange must play a
dominant role. This last part is well described only in HF or
in exact-exchange functionals such as optimized effective
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FIG. 2. !Color online" Calculated binding energy for four dihy-
drogen !H2" molecules approaching Ca1+. Each molecule is ori-
ented with the bond perpendicular to the line of approach in an
overall planar geometry with D4 symmetry !see inset". Results are
shown for unrestricted Hartree-Fock, density-functional theory us-
ing several approximate functionals !LDA, PBE, B3LYP", and for
two sets of DMC calculations. For the range of distances studied,
DMC data are given for a single determinant of B3LYP orbitals and
a Jastrow factor for the trial wave function and nodal surface !black
triangles". At 2.2 Å separation we also compute the binding energy
in DMC using energy minimized RAS multideterminant wave func-
tions. At this distance we also show quantum chemical results for
RAS!9,37" $red !gray" upwards filled triangle%, RAS !9,31" $blue
!dark gray" filled circle%, and complete active space CAS!9,18" $or-
ange !gray" empty circle%. HFX+PBEC indicates density-functional
results calculated using exact exchange combined with PBE corre-
lation. The hydrogen molecule bond lengths are held fixed at
0.77 Å. See text for more information. The lines drawn are a guide
to the eye. DMC error bars are smaller than the symbols.
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FIG. 4. (Color online) Basis set convergence of GTO-AFQMC
Ca+– 4H2 total energies for Z = 2.3 Å (near the inner well mini-
mum). Energies are plotted as a function of x−3, where x = (3, 4, 5)
is the correlation consistent basis cardinal number. Left panel:
valence cc-pVxZ and aug-cc-pVxZ; right panel: core-valence cc-
pCVxZ and aug-cc-pCVxZ.

We next show that the basis set must well represent the
semicore Ca 3s and 3p states for accurate extrapolation. Fig-
ure 4 plots the total energies of Ca+– 4H2 for correlated va-
lence basis sets (cc-pVxZ and aug-cc-pVxZ) and correlated
core-valence basis sets (cc-pCVxZ and aug-cc-pCVxZ), as a
function of basis cardinal number [x = (3, 4, 5); see Eq. (14)].
The calculations are for Z = 2.3 Å, which is near the in-
ner well minimum. With core-valence basis sets, the energies
show linear dependence on x−3, consistent with the ansatz in
Eq. (14), while the valence-only series do not. For reference
and benchmark purposes, selected GTO-AFQMC total ener-
gies are tabulated in Table II.

The importance of proper core-valence treatment is also ev-
ident in the binding energies, as shown by Fig. 5, where results
for both the inner- and outer-well regions are shown. For com-
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FIG. 5. (Color online) Top panels: The binding energy of Ca+– 4H2
system near the inner well minimum (Z = 2.3 Å, dH−H = 0.7682
Å) plotted against (x−3), where x is the correlation consistent basis
cardinal number. Bottom panels: The binding energy near the outer
well minimum (Z = 4.0 Å, dH−H = 0.7362 Å).

parison, MP2 results are also shown for the inner-well region.
The magnitude of core-valence effects is clearly larger in the
inner-well region. This is due to the Kubas interaction,10 in-
volving Ca(3d) states. Since the spatial extent of the semicore
Ca(3s,3p) is similar to the Ca(3d) states, core-valence effects
are magnified in this region. The CBS extrapolation low-
ers the inner well minimum by nearly 0.4 eV compared to the
cc-pCVTZ basis results. By contrast, the outer well depth is
lowered by only < 0.1 eV. Even at the cc-pCV5Z level the
binding energy is still ∼ 0.05 eV higher than the CBS limit
for the inner well, while at the the outer well it has long con-
verged. Figure 5 also shows that the CBS limit is relatively in-
sensitive to the use of diffuse ”aug” functions for the H atoms.
These results emphasize that it is necessary to use larger core-
valence correlation-consistent basis sets in many-body calcu-
lations for such weakly bound hydrogen storage systems with
hydrogen center atoms containing semicore states.

In Figs. 4 and 5 we see that, with the cc-pCVxZ basis sets,
even the total and binding energies follow the x−3 scaling to
a very good degree, which is the form for correlation ener-
gies, as shown in Eq. (14). This is because of the more rapid
convergence of HF with respect to basis size, as indicated by
Eq. (13). For example, the HF energy changes by roughly
−4mEh from cc-pCVTZ to the CBS limit across different
Z values, in contrast to a change in correlation energy of al-
most −400mEh. Similarly, the corresponding HF binding en-
ergy changes only by about −1mEh (−0.03 eV). Thus, using
the procedure in Sec. II C, the many-body results with core-
valence correlation-consistent basis sets can be extrapolated
to the CBS limit in a very robust fashion.
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is the correlation consistent basis cardinal number. Left panel:
valence cc-pVxZ and aug-cc-pVxZ; right panel: core-valence cc-
pCVxZ and aug-cc-pCVxZ.

We next show that the basis set must well represent the
semicore Ca 3s and 3p states for accurate extrapolation. Fig-
ure 4 plots the total energies of Ca+– 4H2 for correlated va-
lence basis sets (cc-pVxZ and aug-cc-pVxZ) and correlated
core-valence basis sets (cc-pCVxZ and aug-cc-pCVxZ), as a
function of basis cardinal number [x = (3, 4, 5); see Eq. (14)].
The calculations are for Z = 2.3 Å, which is near the in-
ner well minimum. With core-valence basis sets, the energies
show linear dependence on x−3, consistent with the ansatz in
Eq. (14), while the valence-only series do not. For reference
and benchmark purposes, selected GTO-AFQMC total ener-
gies are tabulated in Table II.

The importance of proper core-valence treatment is also ev-
ident in the binding energies, as shown by Fig. 5, where results
for both the inner- and outer-well regions are shown. For com-
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FIG. 5. (Color online) Top panels: The binding energy of Ca+– 4H2
system near the inner well minimum (Z = 2.3 Å, dH−H = 0.7682
Å) plotted against (x−3), where x is the correlation consistent basis
cardinal number. Bottom panels: The binding energy near the outer
well minimum (Z = 4.0 Å, dH−H = 0.7362 Å).

parison, MP2 results are also shown for the inner-well region.
The magnitude of core-valence effects is clearly larger in the
inner-well region. This is due to the Kubas interaction,10 in-
volving Ca(3d) states. Since the spatial extent of the semicore
Ca(3s,3p) is similar to the Ca(3d) states, core-valence effects
are magnified in this region. The CBS extrapolation low-
ers the inner well minimum by nearly 0.4 eV compared to the
cc-pCVTZ basis results. By contrast, the outer well depth is
lowered by only < 0.1 eV. Even at the cc-pCV5Z level the
binding energy is still ∼ 0.05 eV higher than the CBS limit
for the inner well, while at the the outer well it has long con-
verged. Figure 5 also shows that the CBS limit is relatively in-
sensitive to the use of diffuse ”aug” functions for the H atoms.
These results emphasize that it is necessary to use larger core-
valence correlation-consistent basis sets in many-body calcu-
lations for such weakly bound hydrogen storage systems with
hydrogen center atoms containing semicore states.

In Figs. 4 and 5 we see that, with the cc-pCVxZ basis sets,
even the total and binding energies follow the x−3 scaling to
a very good degree, which is the form for correlation ener-
gies, as shown in Eq. (14). This is because of the more rapid
convergence of HF with respect to basis size, as indicated by
Eq. (13). For example, the HF energy changes by roughly
−4mEh from cc-pCVTZ to the CBS limit across different
Z values, in contrast to a change in correlation energy of al-
most −400mEh. Similarly, the corresponding HF binding en-
ergy changes only by about −1mEh (−0.03 eV). Thus, using
the procedure in Sec. II C, the many-body results with core-
valence correlation-consistent basis sets can be extrapolated
to the CBS limit in a very robust fashion.
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Comment on ‘‘Inaccuracy of Density Functional
Theory Calculations for Dihydrogen Binding
Energetics onto Ca Cation Centers’’

In a recent Letter [1], Cha et al. suggested that several
previous density functional theory (DFT) calculations of
the Ca-decorated systems for hydrogen storage could have
suffered from serious overestimation in binding energies.
In this Comment, we show that (1) the 6-311þþG"" basis
used for benchmark correlated calculations in Ref. [1] for
two model systems CaþðH2Þ4 and coronene-CaðH2Þ4 is
lack of proper polarization functions yielding unphysical
basis set errors, and (2) with a sufficiently large basis for
MP2, PBE yields the binding energetics that is empirically
comparable to MP2 for coronene-CaðH2Þ4, a more realistic
model system considered in Ref. [1].

While the basis set requirement for DFT is relatively
modest with an exponential convergence behavior [2],
correlated calculations require a large atomic orbital basis
due to a slow basis set convergence that decays as L%3

where L is the highest angular momentum function in-
cluded in the basis set [3]. In order to describe the Kubas
bonding that involves d orbitals at the correlated level, one
must include higher angular momentum polarization func-
tions beyond d. In the 6-311þþG"" basis used in Ref. [1],
there are no f or higher angular momentum functions, and
Fig. 1(a) shows that the MP2=6-311þþG"" curve thus
substantially unbinds the Kubas complex by 0.9 eV due
to an insufficient treatment of the short range correlation
effects. As the basis set increases to cc-pVQZ with 2f and
1g functions, the complex now becomes significantly more
stabilized at shorter Z. When extrapolated to the complete
basis set (CBS) limit, and corrected for additional correla-
tion effects beyond double excitations using !CCSDðTÞ,
the energy of this model Kubas complex is now more
stable than the separated monomers by 0.17 eV. None-
theless, gradient-corrected density functionals (GGAs) still
overbind this model complex by 0.3–0.7 eVas compared to
CCSD(T)/CBS, and it may be due to a large DFT self-
interaction error of the reference Ca radical cation for this
overly simplified model CaþðH2Þ4 with an unphysical
localized charge.

For rather realistic coronene-CaðH2Þ4, the qualitative
importance of proper polarization functions in the correla-
tion treatment is again clear as shown in Fig. 1(b). The
MP2/CBS interaction energy is about %0:47 eV, and is
comparable to the PBE binding strength %0:38 eV. By
contrast, in Cha et al., the MP2=6-311þþG"" interaction
energy was reported to be þ0:8 eV, an error of about
1.3 eV compared to our MP2/CBS limit. If higher order
excitations are included using the!CCSDðTÞ approach de-
scribed above, the correlated binding energy will become
larger, making the PBE result slightly more underestimat-
ing of the binding, a more usual trend of GGA calculations.

In summary, (1) the benchmark correlated calculations
for two model systems considered in Ref. [1] have un-

physical large basis set errors, and (2) unlike the title of
Ref. [1], a popular GGA functional such as PBE can in
practice give a reasonable binding energy for a realistic
model system of Ca as compared to MP2. The latter
empirical similarity agrees with the previous comparison
of PBE and MP2 for related Ca-containing systems [4], but
further systematic study will be desirable.
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FIG. 1 (color). Potential energy curves for (a) CaþðH2Þ4 and
(b) coronene-CaðH2Þ4 as a function of Ca-H2 distance Z. The
coronene does not bind Ca at short Z but binds via dispersion
interactions at Z & 4:0 "A. The reference energy is taken to be at
Z ¼ 6:0 "A. The MP2(FC) denotes aggressive frozen-core ap-
proximation where the Ca core orbitals are frozen up to 3p
leaving only two valence electrons left to be correlated. Using
the latter FC definition, the correlation energy for Caþ is of
course zero. For MP2 calculations of the coronene system, the
PBE geometry was used.
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- large basis: aug-cc-pCVxZ 
with x=3,4,5 
- careful extrapolation (1/x^3)

Or fixed-node error in DMC?             

•  MP2 is quite accurate here 
    (with careful CBS extrapolation) 

Comparing the density-functional results against the
DMC energy curve we find that B3LYP !Ref. 19" functional
gives a relatively good agreement with minimum at z=
!2.9 Å. However, the local spin-density approximation
!LSDA" functional20 significantly overbinds by at least 0.1
eV while the PBE functional21 lies midway between the
B3LYP and LSDA values. None of the functionals results in
false energetic minima in the binding-energy curve, however,
the distance of the minimum energy varies by 0.5 Å over
these functionals. Calculations using Hartree-Fock exchange
combined with PBE correlation !HFX+PBEC" !similar to
Refs. 22 and 23 except with 100% exchange" very closely
resemble the DMC results; analysis and possible reasons for
the apparent accuracy are discussed after the four dihydrogen
results.

III. RESULTS FOR FOUR H2 ABSORPTION

Figure 2 shows our calculated binding-energy curve for
four hydrogen dimers on Ca1+. In this system the hydrogens
are pinned in a planar geometry, 90° apart in D4 symmetry,
with molecular bonds oriented perpendicularly to the line of
approach !inset in Fig. 2".

The binding energies obtained with single determinant
DMC display a minimum around 2.2 Å. However, compar-
ing these energies with those over 3 Å clearly shows the
minimum to be a local metastable minimum: there is no
binding of four H2 molecules in this planar geometry at short
range at the single determinant DMC level. To test the accu-
racy of these calculations we also used multideterminant
wave functions determinants, initially obtained by restricted
active space restricted active space!9,37" !RAS" calculations.
The binding is shifted to higher energies by #0.1 eV indi-
cating that the single determinant results and nodal surface
are robust.

DFT-based calculations show clear energy minima around
the 2.2 Å distance indicating significant binding of the H2
molecules. Although the depth of binding varies, similar be-
havior is obtained for LSDA, PBE, and B3LYP. The same
energetic ordering is observed as for the single hydrogen
case, with LSDA displaying greatest binding. By contrast,
UHF calculations display only a slight minimum around
2.3 Å. We also include quantum chemical results from RAS
and CAS calculations in Fig. 2. The larger active space cal-
culations reduce the calculated binding energy, moving the
quantum chemical results toward the DMC results. Perturba-
tive theory results also show no overall binding. A clear tran-
sition between states of A1g and B2g symmetries is observed1

between 2.5 and 3.0 Å depending on the underlying theory.
Our qualitative conclusion of no binding for the four hy-

drogen molecule case with fixed 0.77 Å bond length is in
qualitative agreement with previous quantum chemical
results.1 However, our more extensive basis sets and more
rigorous DMC calculations reveal that the energy scale for
any potential binding is very small, only a few tenths of an
electron volt. Strikingly, even allowing a generous estimate
of 0.2 eV residual systematic errors in our DMC calcula-
tions, any eventual binding will remain small !order 0.1 eV"
whereas the LSDA and PBE functionals predict binding en-
ergies one order of magnitude larger.

We also tested energies obtained from density-functional
theory using Hartree-Fock exchange combined with PBE
correlation, gradually increasing the fraction of exchange. As
for the single hydrogen molecule case, the calculated binding
curve accurately follows the DMC data over all distances.
However, only a 100% contribution fully reproduced the
DMC data; lesser contributions smoothly interpolating be-
tween the DMC and PBE results. Given the wide variation
seen for other functionals, this is noteworthy, and also indi-
cates the primary source of error in the other density-
functional predictions. We argue, in accordance with Ref. 24
that the semilocal functionals provide good description of
static correlation and exchange in this system. On the other
hand, dynamic or long-range exchange is mostly absent in
these functionals. Since our system seems not to have a
strong multireference character !based on our RAS and CAS
calculations" the dynamical part of exchange must play a
dominant role. This last part is well described only in HF or
in exact-exchange functionals such as optimized effective
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FIG. 2. !Color online" Calculated binding energy for four dihy-
drogen !H2" molecules approaching Ca1+. Each molecule is ori-
ented with the bond perpendicular to the line of approach in an
overall planar geometry with D4 symmetry !see inset". Results are
shown for unrestricted Hartree-Fock, density-functional theory us-
ing several approximate functionals !LDA, PBE, B3LYP", and for
two sets of DMC calculations. For the range of distances studied,
DMC data are given for a single determinant of B3LYP orbitals and
a Jastrow factor for the trial wave function and nodal surface !black
triangles". At 2.2 Å separation we also compute the binding energy
in DMC using energy minimized RAS multideterminant wave func-
tions. At this distance we also show quantum chemical results for
RAS!9,37" $red !gray" upwards filled triangle%, RAS !9,31" $blue
!dark gray" filled circle%, and complete active space CAS!9,18" $or-
ange !gray" empty circle%. HFX+PBEC indicates density-functional
results calculated using exact exchange combined with PBE corre-
lation. The hydrogen molecule bond lengths are held fixed at
0.77 Å. See text for more information. The lines drawn are a guide
to the eye. DMC error bars are smaller than the symbols.
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- Note barrier position different

•  We find double-well structure: 
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Magnetic phases in the Hubbard model: 
some recent progress              

• Itinerant ferromagnetism 

 Experiment on dilute Fermi gase 
 Ferromagnetism in dilute 3-D Hubbard model?

• Antiferromagnetism in Hubbard model (connection with high-Tc?) 
 Optical lattices: experimental simulation? 
 What happens to the antiferromagnetic order upon doping? 
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‣ What is the physical basis for ferromagnetism in metals?

‣ New interests:  Expts aimed at emulating the Stoner Hamiltonian:                    
hints of ferromagnetic instability observed in trapped Fermi gas 

Motivation
Stoner model of ferromagnetism Exact diagonalization of few-particle problem on grid Conclusion and outlook

Jo et al. experiment: measurements

• At T/TF = 0.12 (lowest used)

• A maximum in atom loss rate:

k
0
F
a ≈ 2.5

• A minimum in kinetic energy:

k
0
F
a ≈ 2.2,

• A maximum in cloud size.

⇓

Indirect evidence of ferromagnetic ordering!

Jo et. al., Science (’09)

✦ equal mixture of F=1/2 hyperfine states of Li6                      
=> 2-component Fermi gas with short-range interaction

✦ a>0, i.e., excited state branch (molecular bound state below) 
✦ Transition point ka ~ 1.9(2)
✦ No observation of FM domains
✦ Interpretation has been debated          (Ho, Zhai, ....)
✦ Recent MIT expt  (Zwierlein et al)
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‣ The 3-D Hubbard model is a reasonable representation 
of the Stoner Hamiltonian:                                     
itinerant electrons + local interaction

‣ Caveats!

✦ Hubbard model:  Ground state, repulsive interaction, equilibrium
Experiment:  Excited states, attractive interaction, dynamic (quench)

✦ The scattering length on a lattice is bounded by lattice spacing
(Castin 2004)

‣ Does it provide a minimal model for itinerant FM in metals?

alattice =
as

1 + 3.173as

Motivation
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The Hubbard model

• Simplest model combining band structure and interaction:

Half-filling: n=1

Does it have a ferromagnetic instability?

‣ Neither K nor V term favors FM alone

‣ Academic case: Nagaoka-Thouless:     
1 hole, U=infty, bipartite: yes

Electrons on a lattice:       Size N=L^d       
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‣ Stoner’s criterion U ·N(εF ) > 1

0 8 16 24 32
U / t

-4.5

-4.0

-3.5

-3.0

-2.5

e

0 8 16 24 32
U / t

-6.0

-5.6

-5.2

-4.8

-4.4

-4.0

0 8 16 24 32
U / t

-4.5

-4.0

-3.5

-3.0

-2.5

e

0 8 16 24 32
U / t

-6.0

-5.6

-5.2

-4.8

-4.4

-4.0

n = 0.25 n = 0.0625

Fully polarized

Mean field

U〈n↑〉〈n↓〉

Mean-field theory

Thursday, February 2, 2012



‣ Stoner’s criterion

‣ The ground state is antiferromagnetic at half-filling n = 1

‣ Phase diagram has large domain of ferromagnetism

U ·N(εF ) > 1
828 Langmann and Wallin

0

5

10

15

20

U

P P

mixed mixed

F F

AF

Fig. 1. Phase diagram of the 2D Hubbard model as a function of U and doping ρ − 1 for parameters
t = 1 and t ′ = 0. We use Hartree–Fock theory restricted to ferromagnetic (F), antiferromagnetic (AF)
and paramagnetic (P) states, and we find large mixed regimes where neither of these translational
invariant states is thermodynamically stable. The results are for L = 60 and β = 1000 which is
practically indistinguishable from the thermodynamic limit. (The parameters are defined in the main
text.)

and 3. As mentioned, previous mean field phase diagrams for the 2D Hubbard
model (t ′ = 0) predict an AF phase in a finite region around half filling. (8) Our
corresponding phase mean field diagram is given in Fig. 1. It shows that the AF
phase exists only strictly at half filling, and at finite doping close to half filling
no simple translation invariant state is thermodynamically stable, in agreement
with unrestricted Hartree–Fock theory.(10–12,23) Our discussion in Section 3 gives
an intuitive explanation of the seemingly paradoxical fact that, even though the
AF phase at half filling is very stable, it cannot persist at any non-zero doping
value.

Our main results are the full phase diagrams for 2D t − t ′ − U Hubbard model
for t ′ = 0 and t ′ = −0.35t in Figs. 1 and 2, respectively. They were obtained for
a system size so large that they are practically identical with the thermodynamic
limit. The phase diagrams are remarkably rich and very different from correspond-
ing previous results: compare our Fig. 1 with Fig. 3 in Ref. 8 and our Fig. 2 with
Fig. 1 in Ref. 9. Our results demonstrate that mixed phases are a typical feature of
2D Hubbard-type models: as one changes doping one never goes directly from one
mean field phase to another, but there seems always a finite doping regime with a
mixed phase in between. It is also interesting to note that the qualitative features

Langmann & Wallin (2007)

2D Hubbard

Andriotis et al. (1993)

3D Hubbard

How does correlation modify this?

Mean-field theory
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‣ No FM transition was found: 0 < n < 0.5

‣ Partially polarized state is unlikely to be stable
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is the origin of the sign problem. To control the problem, the
walker is required to satisfy the constraint 〈!T |φ〉 > 0 in the
course of the random walk. This is the only approximation
in our method. More formal discussions of the theoretical
basis of the generalized constrained path approximation and
benchmarks can be found elsewhere [16,17]. In the Hubbard
model, the energy at U = 4t is typically within < 0.5% of
the exact diagonalization result [18]. Extensive benchmarks of
this approach for molecules and solids are in Refs. [20,21].

The constrained path approximation is similar in spirit to
the fixed-node approximation in the diffusion Monte Carlo
(DMC) method [22,23], which has been used for all recent
simulation work on the problem of itinerant ferromagnetism
in the Stoner model [10,11,24]. In fixed-node DMC one uses
a real-space trial function !T (R) to determine the sign of
the ground-state wave function. The random walks, which
involve movements of electron coordinates R, are constrained
to the region where !T (R) > 0. Since in CPMC the random
walks take place in the SD space, where fermionic statistics
are automatically maintained, the sign problem is reduced. As
a result, the constrained path approximation is less sensitive to
|!T 〉 and typically has smaller systematic errors.

In this work we apply twist-averaged boundary conditions
(TABCs) [25]. Under TABCs, the wave function gains a phase
when electrons wind around the periodic boundary conditions:
!(. . . ,rj + L, . . .) = eiL̂·!!(. . . ,rj , . . .), where L̂ is the unit
vector along L, and ! = (θx,θy,θz) is a random twist over
which we average. A simple generalization of the CPMC
method can be made to handle the overall phase that arises from
the TABC [17,18]. As an additional benchmark for the present
work, we studied several 4 × 4 systems at low densities. For
example, at n = 0.25, the agreement between the CPMC and
exact diagonalization energies (both averaged over the same
set of 1000 ! points) is within 0.2% for U = 16t and 0.6%
for U = 30t .

We first compare the ground-state energy of an unpolarized
system (N↑ = N↓) with that of a fully polarized state at the
same total density. The results are summarized in Fig. 1.
Because electrons of the same spin do not interact, the
energy of the fully polarized state, eFM, is purely kinetic
and does not depend on U . In mean-field (MF) theory,
the energy of a system with nσ = Nσ /N (with n = n↑ +
n↓) is eMF(U,n) = [e0(n↑)n↑ + e0(n↓)n↓ + Un↑n↓]/n, where
e0(nσ ) is the energy of the fully polarized system at density nσ .
At n = 0.25, MF predicts a paramagnetic-to-ferromagnetic
phase transition at U = 13.9t . This is to be compared to the
corresponding transition point kF a ∼ π/2 in the continuum
Stoner Hamiltonian, where kF = (3π2n)1/3 is the Fermi
wave vector and a is the scattering length in continuum.
When the system density is lowered to n = 0.0625, the MF
transition in the Hubbard model is at a larger interaction,
U = 29.3t . The equation of state has also been obtained from
perturbation theory for an unpolarized system [26]: eP (U,n) =
eMF(U,n) + ec(U,n). The last term, ec(U,n), is the correlation
energy estimated to O(U 2). The result is also included in
Fig. 1.

The CPMC result for the ground-state energy eCPMC is
obtained by averaging over !. The energies calculated from
different lattice sizes are shown by different symbols in Fig. 1.
It can be seen that our remaining finite-size errors are negligible
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FIG. 1. (Color online) Ground-state energy per particle e as a
function of interaction strength U/t at n = 0.25 (left) and n = 0.0625
(right). Symbols represent eCPMC. Dashed (blue) line corresponds to
the energy of a saturated ferromagnetic state (eFM). eMF energy is
represented by the thick solid (green) line. eP (perturbation theory
[26]) is plotted by dot-dashed line. The inset on the right shows
e vs spin polarization η ≡ (n↑ − n↓)/(n↑ + n↓) for an 83 lattice at
n = 0.0625.

on this scale. Free-electron trial wave functions are used for
the constraint. In a few cases we have also checked with
unrestricted Hartree-Fock trial wave functions, which gave
statistically indistinguishable CPMC energies. The energies
shown are for finite time steps, with 'τ satisfying U'τ < 0.2.
The residual Trotter error is O(10−2), smaller than the symbol
size.

We see that MF theory, which gives a reasonable estimate of
the energy at small U , quickly shows severe deviations as the
interaction becomes stronger. The perturbation result eP (U,n)
gives an improved estimate of energy for small U , but deviates
once the system enters the intermediate interaction regime
U ! 5t . At the MF transition point, the CPMC energy is
significantly lower than eFM. Indeed the CPMC energy remains
lower than eFM across the entire range of U simulated. No
indication of a ferromagnetic transition is seen.

We find no instability toward partially polarized states.
As illustrated in the inset in Fig. 1, the energy grows
monotonically with spin polarization.

Individual components of the energy are shown in Fig. 2. As
U increases, electrons in the unpolarized system occupy higher
momentum states, outside the Fermi level, which increases
the kinetic energy compared to the MF result. This enables
the system to drastically decrease the interaction energy by
suppressing double occupancy. The net effect is that the total
energy is greatly reduced and remains below eMF and eFM.

To probe the nature of the ground state, we examine the
spin-dependent pair correlation function:

gσσ ′(r) = 1
n̄σ n̄σ ′

1
N

∑

r′

〈nr+r′,σ · nr′,σ ′ 〉. (2)

The CPMC expectations are evaluated by the back-propagation
technique [16,27]. We average over different r’s to obtain
gσσ ′(r), with r ≡ |r| since the correlation function is primarily
a function of distance in the paramagnetic or ferromagnetic
phases.

The antiparallel g↑↓(r) is a constant in a noninteracting
system or in the MF solution. In the presence of interaction,

061603-2

η =
N↑ −N↓
N↑ +N↓

Essentially no finite size effects in the QMC data

Ferromagnetism in 3D dilute Hubbard model?

Energy results:
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‣ Interaction creates 
excitations
beyond the Fermi surface,
increasing the
kinetic energy

‣ At large U, the
interaction energy
is lowered by
correlation: 

8x8x8,  n = 0.0625
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FIG. 2. (Color online) Kinetic (left panel) and interaction (right
panel) energies as a function of interaction strength at density n =
0.0625. Symbols are the CPMC data obtained on an 83 lattice. Lines
are defined in the same way as in Fig. 1. The inset on the right shows
the double occupancy, normalized to 1 at U = 0.

a correlation hole is created surrounding each electron. At
n = 0.0625, the correlation hole size is !

√
3. As U is

increased, the correlation hole becomes deeper, as illustrated
in the left panel in Fig. 3. Compared to g↑↓(r), the change
in the parallel-spin pair correlation g↑↑(r) is less dramatic
from the MF or noninteracting result. Strong interaction does
appear to increase g↑↑(r) slightly at short distance. However,
the correlation remains much less than that in the FM case.

The creation of a correlation hole is a result of minimizing
the interaction energy. Electrons of opposite spins rearrange
positions to reduce the potential energy. The cost of the rear-
rangement is the kinetic-energy increase, as discussed earlier.
This can also be observed in Fig. 4 where the momentum
distribution nk is shown for different interaction strengths. We
have plotted nk as a function of the single-particle energy
level ε(k) = 2

∑
α=x,y,z[1 − cos(kα + #α/L)], in units of the

Fermi energy εF . Each curve contains the result of nk from
multiple # points. At U = 4t , the distribution is very close
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FIG. 3. (Color online) Left: Antiparallel pair correlation function
of an unpolarized state at different interaction strengths. Right:
Comparison of the parallel pair correlation functions of the fully
polarized state (FM) and the unpolarized states at different interaction
strengths. The inset shows $g↑↑(r) = g↑↑(r) − g0

↑↑(r), where g0
↑↑(r)

is the correlation function of the unpolarized noninteracting system.
In both panels, the system is an 83 lattice at n = 0.0625.
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FIG. 4. (Color online) The momentum distribution nk as a
function of the single-particle energy. Two lattice sizes are shown, at
n = 0.0625. Each system averaged over ten random #’s, except for
U = 30t which is for a single #.

to the noninteracting momentum distribution with only a few
low-lying excitations near the Fermi surface (FS). As U is
increased, more higher k states are populated outside the
FS. In nk a jump appears at εF . The jump indicates that
the system is a normal Fermi liquid, with the value of the
jump proportional to the renormalization factor Z. Its precise
value can be determined with more calculations and finite-size
scaling.

Although we have focused on the ground state of a
homogeneous Fermi gas, it is not difficult to extend the
results to the case with an external trap. For example, the
results in Fig. 2 indicate that, with a trap, there would be a
minimum in the curve of eK versus interaction strength, as
observed in the experiment [8] (see also Ref. [9]). Effects of
confinement on the kinetic energy have been investigated for
trapped Bose gases in Ref. [15]. The MF eK was shown to
decrease monotonically because the gas expands in the trap
as the scattering length a is increased; on the other hand,
correlation effects lead to an increase of eK , similar to Fig. 2.
This competition results in a nonmonotonic curve, with a
minimum in the kinetic energy.

The Hubbard model, of interest in its own right, contains
some of the same features (namely itinerant electrons and local
interaction) as the continuum Stoner Hamiltonian. However,
there are differences with respect to the experiment worth
emphasizing. The experiment is in the continuum, using a
quench from an excited state. The interaction is attractive
(negative), with an effective positive scattering length. (How-
ever, there are questions whether such an effective description
is appropriate [12].) In our simulation, we use a discretized
representation, with positive on-site interaction. As mentioned
before, the lattice model leads to a scattering length bounded
by roughly the lattice spacing. Using the above values for the
maximum scattering length and kF in the unpolarized phase,
we find that kF a < 1.03n1/3.

Recently the problem of itinerant ferromagnetism in repul-
sive Fermi gases has been studied by several groups [10,11,24]
using the DMC method with the fixed-node approximation.
These calculations all found the existence of a ferromagnetic
instability. The DMC Hamiltonians are different from ours.
Our calculations are on a lattice, with on-site interactions,
while DMC works in the continuum. The atomic interaction

061603-3
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FIG. 2. (Color online) Kinetic (left panel) and interaction (right
panel) energies as a function of interaction strength at density n =
0.0625. Symbols are the CPMC data obtained on an 83 lattice. Lines
are defined in the same way as in Fig. 1. The inset on the right shows
the double occupancy, normalized to 1 at U = 0.

a correlation hole is created surrounding each electron. At
n = 0.0625, the correlation hole size is !

√
3. As U is

increased, the correlation hole becomes deeper, as illustrated
in the left panel in Fig. 3. Compared to g↑↓(r), the change
in the parallel-spin pair correlation g↑↑(r) is less dramatic
from the MF or noninteracting result. Strong interaction does
appear to increase g↑↑(r) slightly at short distance. However,
the correlation remains much less than that in the FM case.

The creation of a correlation hole is a result of minimizing
the interaction energy. Electrons of opposite spins rearrange
positions to reduce the potential energy. The cost of the rear-
rangement is the kinetic-energy increase, as discussed earlier.
This can also be observed in Fig. 4 where the momentum
distribution nk is shown for different interaction strengths. We
have plotted nk as a function of the single-particle energy
level ε(k) = 2

∑
α=x,y,z[1 − cos(kα + #α/L)], in units of the

Fermi energy εF . Each curve contains the result of nk from
multiple # points. At U = 4t , the distribution is very close
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FIG. 3. (Color online) Left: Antiparallel pair correlation function
of an unpolarized state at different interaction strengths. Right:
Comparison of the parallel pair correlation functions of the fully
polarized state (FM) and the unpolarized states at different interaction
strengths. The inset shows $g↑↑(r) = g↑↑(r) − g0

↑↑(r), where g0
↑↑(r)

is the correlation function of the unpolarized noninteracting system.
In both panels, the system is an 83 lattice at n = 0.0625.
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FIG. 4. (Color online) The momentum distribution nk as a
function of the single-particle energy. Two lattice sizes are shown, at
n = 0.0625. Each system averaged over ten random #’s, except for
U = 30t which is for a single #.

to the noninteracting momentum distribution with only a few
low-lying excitations near the Fermi surface (FS). As U is
increased, more higher k states are populated outside the
FS. In nk a jump appears at εF . The jump indicates that
the system is a normal Fermi liquid, with the value of the
jump proportional to the renormalization factor Z. Its precise
value can be determined with more calculations and finite-size
scaling.

Although we have focused on the ground state of a
homogeneous Fermi gas, it is not difficult to extend the
results to the case with an external trap. For example, the
results in Fig. 2 indicate that, with a trap, there would be a
minimum in the curve of eK versus interaction strength, as
observed in the experiment [8] (see also Ref. [9]). Effects of
confinement on the kinetic energy have been investigated for
trapped Bose gases in Ref. [15]. The MF eK was shown to
decrease monotonically because the gas expands in the trap
as the scattering length a is increased; on the other hand,
correlation effects lead to an increase of eK , similar to Fig. 2.
This competition results in a nonmonotonic curve, with a
minimum in the kinetic energy.

The Hubbard model, of interest in its own right, contains
some of the same features (namely itinerant electrons and local
interaction) as the continuum Stoner Hamiltonian. However,
there are differences with respect to the experiment worth
emphasizing. The experiment is in the continuum, using a
quench from an excited state. The interaction is attractive
(negative), with an effective positive scattering length. (How-
ever, there are questions whether such an effective description
is appropriate [12].) In our simulation, we use a discretized
representation, with positive on-site interaction. As mentioned
before, the lattice model leads to a scattering length bounded
by roughly the lattice spacing. Using the above values for the
maximum scattering length and kF in the unpolarized phase,
we find that kF a < 1.03n1/3.

Recently the problem of itinerant ferromagnetism in repul-
sive Fermi gases has been studied by several groups [10,11,24]
using the DMC method with the fixed-node approximation.
These calculations all found the existence of a ferromagnetic
instability. The DMC Hamiltonians are different from ours.
Our calculations are on a lattice, with on-site interactions,
while DMC works in the continuum. The atomic interaction
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a correlation hole is created surrounding each electron. At
n = 0.0625, the correlation hole size is !

√
3. As U is

increased, the correlation hole becomes deeper, as illustrated
in the left panel in Fig. 3. Compared to g↑↓(r), the change
in the parallel-spin pair correlation g↑↑(r) is less dramatic
from the MF or noninteracting result. Strong interaction does
appear to increase g↑↑(r) slightly at short distance. However,
the correlation remains much less than that in the FM case.

The creation of a correlation hole is a result of minimizing
the interaction energy. Electrons of opposite spins rearrange
positions to reduce the potential energy. The cost of the rear-
rangement is the kinetic-energy increase, as discussed earlier.
This can also be observed in Fig. 4 where the momentum
distribution nk is shown for different interaction strengths. We
have plotted nk as a function of the single-particle energy
level ε(k) = 2

∑
α=x,y,z[1 − cos(kα + #α/L)], in units of the

Fermi energy εF . Each curve contains the result of nk from
multiple # points. At U = 4t , the distribution is very close
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to the noninteracting momentum distribution with only a few
low-lying excitations near the Fermi surface (FS). As U is
increased, more higher k states are populated outside the
FS. In nk a jump appears at εF . The jump indicates that
the system is a normal Fermi liquid, with the value of the
jump proportional to the renormalization factor Z. Its precise
value can be determined with more calculations and finite-size
scaling.

Although we have focused on the ground state of a
homogeneous Fermi gas, it is not difficult to extend the
results to the case with an external trap. For example, the
results in Fig. 2 indicate that, with a trap, there would be a
minimum in the curve of eK versus interaction strength, as
observed in the experiment [8] (see also Ref. [9]). Effects of
confinement on the kinetic energy have been investigated for
trapped Bose gases in Ref. [15]. The MF eK was shown to
decrease monotonically because the gas expands in the trap
as the scattering length a is increased; on the other hand,
correlation effects lead to an increase of eK , similar to Fig. 2.
This competition results in a nonmonotonic curve, with a
minimum in the kinetic energy.

The Hubbard model, of interest in its own right, contains
some of the same features (namely itinerant electrons and local
interaction) as the continuum Stoner Hamiltonian. However,
there are differences with respect to the experiment worth
emphasizing. The experiment is in the continuum, using a
quench from an excited state. The interaction is attractive
(negative), with an effective positive scattering length. (How-
ever, there are questions whether such an effective description
is appropriate [12].) In our simulation, we use a discretized
representation, with positive on-site interaction. As mentioned
before, the lattice model leads to a scattering length bounded
by roughly the lattice spacing. Using the above values for the
maximum scattering length and kF in the unpolarized phase,
we find that kF a < 1.03n1/3.

Recently the problem of itinerant ferromagnetism in repul-
sive Fermi gases has been studied by several groups [10,11,24]
using the DMC method with the fixed-node approximation.
These calculations all found the existence of a ferromagnetic
instability. The DMC Hamiltonians are different from ours.
Our calculations are on a lattice, with on-site interactions,
while DMC works in the continuum. The atomic interaction
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- Enhanced ferromag. corr, but short-range, weaker than in FM phase
- Consistent with a paramagnetic Fermi liquid

Correlation effects

Pair-correlation function:

Thursday, February 2, 2012



• No ferromagnetism is found in the dilute 3-D Hubbard 
model up to U~30t, with density up to n=0.5.  

• Energy is lowered by creating correlation holes                               
(cf. Wigner, electron gas)

 Summary on itinerant FM in Fermi gas

Chang, SZ, Ceperley, PRA, 82, 061603(R) (2010)

- See also commentary in CM Journal Club by C. Varma
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• Half-filling: antiferromagnetic (AF) order
           (Furukawa & Imada 1991; Tang & Hirsch 1983; White et al, 1989; .…)

•   Model for high-Tc? Must understand magnetism and its fluctuations first!  

Antiferromagnetic order in 2D Hubbard 

Calculate AF correlation:

next 

12 x 12, n = 1.0, U/t=4

What happens to the AF order with doping?
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‣ Note even the HF answer has not been unambiguous

828 Langmann and Wallin

0

5

10

15

20

U

P P

mixed mixed

F F

AF

Fig. 1. Phase diagram of the 2D Hubbard model as a function of U and doping ρ − 1 for parameters
t = 1 and t ′ = 0. We use Hartree–Fock theory restricted to ferromagnetic (F), antiferromagnetic (AF)
and paramagnetic (P) states, and we find large mixed regimes where neither of these translational
invariant states is thermodynamically stable. The results are for L = 60 and β = 1000 which is
practically indistinguishable from the thermodynamic limit. (The parameters are defined in the main
text.)

and 3. As mentioned, previous mean field phase diagrams for the 2D Hubbard
model (t ′ = 0) predict an AF phase in a finite region around half filling. (8) Our
corresponding phase mean field diagram is given in Fig. 1. It shows that the AF
phase exists only strictly at half filling, and at finite doping close to half filling
no simple translation invariant state is thermodynamically stable, in agreement
with unrestricted Hartree–Fock theory.(10–12,23) Our discussion in Section 3 gives
an intuitive explanation of the seemingly paradoxical fact that, even though the
AF phase at half filling is very stable, it cannot persist at any non-zero doping
value.

Our main results are the full phase diagrams for 2D t − t ′ − U Hubbard model
for t ′ = 0 and t ′ = −0.35t in Figs. 1 and 2, respectively. They were obtained for
a system size so large that they are practically identical with the thermodynamic
limit. The phase diagrams are remarkably rich and very different from correspond-
ing previous results: compare our Fig. 1 with Fig. 3 in Ref. 8 and our Fig. 2 with
Fig. 1 in Ref. 9. Our results demonstrate that mixed phases are a typical feature of
2D Hubbard-type models: as one changes doping one never goes directly from one
mean field phase to another, but there seems always a finite doping regime with a
mixed phase in between. It is also interesting to note that the qualitative features

Langmann & Wallin (2007)

2D Hubbard

How does correlation modify this?

Mean-field theory

Xu, Chang, Walter, SZ, 2011

Phase separation? stripes?....   large body of work
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Equation of state

• Equation of state is a convex function for a stable system
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Equation of state

• Instability occurs if the stability condition is violated

Thursday, February 2, 2012



• Free-electron trial w.f.
• Use 20 ~ 300 random                                               

twist angles
• Data of different lattice

sizes has good agreement
at n < 0.9

• “Unstable” region is found
on 8x8, 12x12, 16x16     

103
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frustrated long wavelength mode ? phase separation ?

n ∼ 0.92

n = 1

∂2e(n)

∂n2
< 0

Equation of state in 2D
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• Use rectangular lattices to probe correlation length L > 16
• Up to 8x128 supercell (dimension of CI space: 10^600 !)
• Detect spatial structures using correlation functions

Spin-spin correlation

8x32
n = 0.9375

8x64

8x32

8x64

 Periodic boundary condition is
    used when calculating C(r)

 The observed structure emerges
    from a free electron trial state

“staggered”:               
(-1)^y C(x,y)
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• TABC removes one-body shell effects, but not two-body 
finite-size effects:

105
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• Instability is from frustration of SDW due to finite size
• At n = 0.9375,  need L>~32 to detect SDW state
     (Previous calculations: Ly~12, with large shell effects)

Rectangular supercells, increasing Ly

Equation of state, again
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Doping h = (1-n)  dependence

• Wavelength decreases with doping; as does the amplitude
• SDW terminates at finite doping (~0.15), enters paramagnetic state
• Wavelength appears           

Wavelength versus doping

4x64, U/t = 4.0

∝ 1/h
Chang & SZ, PRL 104, 116402 (2010)
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• At U/t=4, charge is uniform:
     -  No peak in charge struc. factor
     -  holes fluid-like (de-localized)

• At U/t=8-12, CDW develops: 
-  Peak in structure factor
-  Clumps of density=1, separated by 

dips (SDW nodes)
-  Consistent with DMRG results at 

large U/t (White et al, ’03, ’05)
-  holes Wigner-like (localized)    

Dependence on U

Sρ(k)

ρ(r)
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Discussion – constrained path AF QMC  
 Pluses

• Sign problem reduced in many cases  
      -> more robust and predictive methods
• Can do down-folded Hamiltonians (realistic models)
• Walkers are Slater determinants (uses a basis)
      formal connection to DFT: 
          k-pts, non-loc psp’s, frozen-core, spin-orbit, ….

 Minuses
• Uses a basis --- finite basis-size error
• Mixed-estimator of total E not variational
• Not straightforward to include a Jastrow factor in trial w.f. (….)

 Also: computing observables requires back-propagation
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Discussion and open issues  
 Approximate (global phase condition) --- how accurate?

– method relatively new, but quite extensive tests in GS 
(~100 systems: atomization, IP, EA, Re, ....)

– can recover from wrong constraining trial wf (eg F2) 
--- crucial for studying ‘novel phases‘            
Hubbard model example 

– Further improvement:                                               
better constraining wf (BCS/GVB example); free 
projection or released constraint; frozen-core, SO ....

 Favorable computational scaling      ~ O(N^3-N^4)
– reduce prefactor:     (- remove N^4?)                                                    

GTO tricks; better basis; resolution of the identity 
(modified Cholesky example); .....

– natural hierarchy in auxiliary-fields, localization, .... 
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Summary
❖ Understanding quantum matter by computer simulations 

(+”theory” and experiment)
❖ Quantum simulations are a powerful and growing tool in 

many areas involving quantum physics 
❖ New auxiliary-field quantum Monte Carlo simulation 

method : 
• Potentially a method to systematically go beyond LDA/HF while 

directly using much of the existing machinery

     --- random walks in mean-field (Fock) space
• Works for both real materials and lattice models
• Petascale platforms can make this a general tool for a variety of 

quantum simulations, including in the study of novel phases
❖ QMC is well positioned to tackle many significant problems 

on BIG (and small) computers
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Lecture Notes: (missing recent developments – see 
papers below) 

• Shiwei Zhang, ``Constrained Path Monte Carlo For Fermions,'' in 
``Quantum Monte Carlo Methods in Physics and Chemistry,'' Ed.M. P. 
Nightingale and C. J. Umrigar, NATO ASI Series (Kluwer Academic 
Publishers, 1998).
(cond-mat/9909090: http://xxx.lanl.gov/abs/cond-mat/9909090v1  ) 

• Shiwei Zhang, ``Quantum Monte Carlo Methods for Strongly 
Correlated Electron Systems,'' in ``Theoretical Methods for Strongly 
Correlated Electrons,'' Ed. by D. Senechal, A.-M. Tremblay, and C. 
Bourbonnais, Springer-Verlag (2003).
(available at my website: http://www.physics.wm.edu/~shiwei/
Preprint/Springer03.pdf  ) 
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