
10 Supersymmetric gauge dynamics: minimal supersym-

metry

Given a quantum field theory, the very first questions one should answer regard

the way its symmetries are realized in its vacua, and what the dynamics around

such vacua is.

• Given a QFT with gauge group G and global symmetry group GF, how are

these realized in the vacuum?

• Which phases may enjoy such a theory?

• Are there tools to give not only qualitative but also quantitative answers to

these questions?

It is very di�cult to fully or even partially answer these questions, in general. How-

ever, as we will discuss in the remainder of this course, for supersymmetric theories

this is possible, sometime. Before discussing any specific supersymmetric field theory

in detail, though, there are a number of general remarks we want to make regarding

the low energy behavior of field theories, more specifically asymptotically free gauge

theories. This will help to better appreciate what comes next.

10.1 Confinement and mass gap in QCD, YM and SYM

It is often said that asymptotically free gauge theories enjoy many interesting and

fascinating phenomena at low energy, i.e. confinement, the generation of a mass

gap, chiral symmetry breaking, etc... This is certainly true, but it turns out that

such phenomena may be realized very di↵erently, for di↵erent theories. Below we

are going to consider three specific theories, namely QCD, YM and N = 1 SYM,

which are all UV-free and all said to be confining, and show how di↵erent the IR

dynamics of these theories actually is.

QCD, the theory of strong interactions At high energy QCD is a weakly

coupled theory, a SU(3) gauge theory of weakly interacting quarks and gluons. It

grows, through renormalization e↵ects, to become strong in low energy processes.

So strong so to bind quarks into nucleons. The strong coupling scale of QCD is

⇤QCD ⇠ 300 MeV . (10.1)
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Note that as compared to protons and neutrons (whose mass is order 1 GeV),

constituent quarks are relatively light (the u and d quarks are order of a few MeV;

the s quark is order 100 MeV). Most of the mass of nucleons comes from quark

kinetic energy and the interactions binding quarks together.

The reason why we cannot see free quarks, we usually say, is confinement: quarks

are bound into nucleons and cannot escape. In fact, this statement is not completely

correct: if we send an electron deep into a proton, we can make the quark escape!

If the electron is energetic enough, a large amount of energy, in the form of

chromoelectric field, appears in the region between the escaping quark and the rest

of the proton. When the field becomes strong enough, of order ⇤4

QCD
⇠ (300 MeV)4,

flux lines can break and produce q � q pairs (this is a familiar phenomenon also in

electromagnetism: electric fields beyond a certain magnitude cannot survive; strong

fields with energy density bigger that m4

e
⇠ (1 Mev)4 decay by producing e+ � e�

pairs). The q quark binds to the escaping quark while the q quark binds to the

other two quarks in the proton. Therefore, the original quark does escape, the force

between it and the remaining proton constituent drops to zero. Just, the escaping

quark is not alone, it is bound into a meson. This should be better called charge

screening, rather than confinement.
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Figure 10.1: Charge screening: the way QCD confines.

Can we have confinement in a more strict sense? Suppose that quarks were

much more massive, say mq ⇠ 1 TeV. Now proton mass would be order the TeV.

The dynamics drastically changes, now. Repeating the previous experiment, when

the chromoelectric field becomes order ⇤4

SYM
, there is not enough energy now to

produce q � q pairs. The force between the escaping quark and the proton goes to

a constant: a tube of chromoelectric flux of thickness ⇠ ⇤�1

QCD
and tension (energy

per unit length) of order ⇤2

QCD
connects the two. Not only the quark is confined,

it is the flux itself which is confined. This is certainly a more precise definition of

confinement: it holds regardless of quarks, in the sense that it holds also in the
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limit mq !1, namely when the quarks disappear from the spectrum (they become

chromoelectric static sources and play no role in the dynamics). It is a property of

the pure glue. Strict confinement would be a property of QCD only if the quarks

were very massive, more precisely in the limit F/N << 1, where F is the number

of light quarks and N the number of colors. Real-life quarks are light enough to

let the chromoelectric flux tube break. Hence, actual QCD does not confine in the

strict sense.

Let us discuss the structure of QCD vacua in more detail, looking at how the

global symmetry group of QCD is realized in the vacuum. In what follows, we

consider only the three light quarks, u, d and s and forget the other ones (which are

dynamically less important). So we have F = 3 flavors. Moreover, we will first put

ourselves in the limit where the light quarks are massless, which is approximately

true for u, d and s quarks constituting ordinary matter (protons and neutrons). Only

later we will consider the e↵ect of the small quark masses. In this massless limit the

QCD Lagrangian reads

L = �1

4
TrFµ⌫F

µ⌫ +
X

i

qi
L
i /Dqi

L
+
X

i

qi
R
i /Dqi

R
, i = 1, 2, 3 . (10.2)

Quark quantum numbers under the global symmetry group are

SU(3)L SU(3)R U(1)A U(1)B
qL 3 1 1 1

qR 1 3̄ 1 �1
(10.3)

As well known there is an axial anomaly, in the sense that the U(1)A symmetry is

broken to Z2F at the quantum level. Therefore, the continuos global symmetries at

the quantum level are just

GF = SU(3)L ⇥ SU(3)R ⇥ U(1)B . (10.4)

As we have already discussed, the theory undergoes confinement (or better charge

screening) and quarks and gluons are bounded into color singlet states. But what

about GF? Experimental and theoretical considerations plus several numerical sim-

ulations on the lattice lead to a definite picture of the realization of the global

symmetry at low energy. It is believed that at low energy only a subgroup survives

SU(3)D ⇥ U(1)B , (10.5)

under which hadrons are classified: SU(3)D gives the flavor quantum numbers and

U(1)B is the baryon charge. The remaining generators must be broken, somehow.
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The intuitive picture is as follows. Due to confinement, at strong coupling quarks

and anti-quarks are bound into pairs, and the vacuum is filled by a condensate of

these color singlet quark bilinears

hqi
L
qj
R
i = � �ij , (10.6)

where � ⇠ ⇤3

QCD
. This condensate is invariant under a diagonal SU(3) subgroup

of the original SU(3)R ⇥ SU(3)L group and is then responsible for the spontaneous

breaking of the chiral symmetry of the original symmetry group GF

SU(3)L ⇥ SU(3)R ⇥ U(1)B ! SU(3)D ⇥ U(1)B . (10.7)

Eight global symmetries are broken by the quark condensates and hence we would

expect eight Goldstone bosons. The latter are indeed observed experimentally, and

correspond to the eight pseudoscalar mesons, the pions, ⇡0,±, K0,1, K
0,+

, ⌘

⇡+ = ud , ⇡� = du , ⇡0 = dd� uu , ⌘ = uu+ dd� 2ss

K0 = sd , K� = us , K
0

= sd , K
+

= su
(10.8)

Let us first notice that if U(1)A were not anomalous, we would have had a ninth

meson, the so-called ⌘0 meson, which would have corresponded to a shift in the phase

of the condensate (10.6). The condensate breaks spontaneously the Z2F symmetry

down to Z2, but this does not give rise to any massless particle. The ⌘ 0 has a periodic

potential with F minima, each of them being Z2 invariant, and related one another

by ZF rotations. These minima are not isolated, though, since they are connected

via SU(F )L⇥SU(F )R rotations. This means that there is a moduli space of vacua.

In Figure 10.2 a qualitative picture of QCD vacuum structure is reported.

Via a SU(3) rotation acting separately on qL and qR, the condensate (10.6) can

be put in the form

hqi
L
qj
R
i = �U ij (10.9)

where U ij is a SU(3) matrix on which a SU(3)L ⇥ SU(3)R rotation acts as

U ! A†

L
UAR , (10.10)

which shows there exists a SU(3)D rotation (AL = AR) under which the matrix U

is invariant. So the moduli space of vacua is a SU(3) manifold.

The quantum fluctuations of the entries of this matrix represent the massless ex-

citations around the vacua of massless QCD, the pions. An e↵ective Lagrangian for
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(SU(3)L ⇥ SU(3)R)/SU(3)D

Figure 10.2: The vacuum structure of 3-flavor massless QCD. The ⌘0 particle is

massive. The three vacua associated to the periodic potential along the ⌘0 direction

are rotated one another by the broken Z3 generators, but are not isolated since

there are flat directions connecting them, associated to eight massless excitations

(the pions) which parametrize the coset (SU(3)L ⇥ SU(F )R)/SU(3)D.

such excitations can be written in terms of U(x) and its derivatives. This Lagrangian

should be invariant under the full global symmetry group GF, hence non-derivative

terms are not allowed (the only GF-invariant function would be U †U = 1), which is

simply saying that the pions are massless in the massless QCD limit we are consid-

ering. The structure of the e↵ective Lagrangian hence reads

Le↵ = f 2

⇡

�
@µU

†@µU
�
+  @µU

†@µU@⌫U
†@⌫U + . . . , (10.11)

where  ⇠ 1/M2, with M being some intrinsic mass scale of the theory, and traces

on flavor indexes are understood. At low momenta only the first term contributes

and we then get a definite prediction for pion scattering amplitudes, in terms of a

single parameter f⇡.

In fact, quarks are not exactly massless and therefore the above picture is only

approximate. In reality, the SU(3)L ⇥ SU(3)R symmetry is only approximate since

quark masses correspond to (weak) GF-breaking terms. This has the e↵ect to make

the pions be only pseudo-Goldstone bosons. Hence, one would expect them to be

massive, though pretty light, and this is indeed what we observe in Nature.

In principle, one should have gotten the chiral Lagrangian (10.11) from the UV

Lagrangian (10.2) by integrating out high momentum modes. This is di�cult (next

to impossible, in fact). However, we know in advance the expression (10.11) to

be right, since that is the most general Lagrangian one can write describing pion
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dynamics and respecting the original symmetries of the problem. Combining the

expression (10.11) with weak GF-breaking terms induced by actual quark masses,

one gets a Lagrangian which, experimentally, does a good job.

Summarizing, we see that combining symmetry arguments, lattice simulations,

experimental observations and some physical reasoning, we can reach a rather rea-

sonable understanding of the low energy dynamics of QCD. This is all very nice but

one would like to gain, possibly, a theoretical (i.e. more microscopic) understanding

of QCD phenomena. As of today, this is still an open question for QCD. And, more

generally, it is so for any generic gauge theory. As we will later see, supersymmetry

lets one have more analytical tools to answer this kind of questions, having some-

time the possibility to derive strong coupling phenomena like confinement, chiral

symmetry breaking and the generation of a mass gap, from first principles.

YM theory, gauge interactions without matter fields Let us consider a YM

theory with gauge group SU(N). This is again a UV-free theory, the one-loop

�-function being now

�g =
g3

16⇡2

✓
�11

3
N

◆
. (10.12)

There are two claims about this theory, coming from a combination of experimental

and theoretical reasoning, analytic and lattice calculations.

1. The theory has a mass gap, i.e. there are no massless fields in the spectrum.

Rather, there is a discrete set of states with masses of order ⇤, the scale where

the one-loop gauge coupling diverges (higher loop and non-perturbative e↵ects

do not change the actual value of ⇤ in any sensible way)

⇤ = µ e
�

8⇡2

g2(µ)b1 where b1 =
11

3
N . (10.13)

The low energy spectrum consists of glueballs. These are sort of gluons bound

states which however do not consist of a fixed number of gluons (gluon number

is not a conserved quantum number in strong interactions), but rather of a

shifting mass of chromoelectric flux lines. Unlike gluons, for which a mass

term is forbidden (because they have only two polarizations), glueballs include

scalars and vectors with three polarizations (as well as higher spin particle

states), for which a mass term is allowed. Such mass should clearly be of order

of the dynamical scale, m ⇠ ⇤, so not to contradict perturbation theory.
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The low energy spectrum is very di↵erent from QCD. In QCD there is a mass

gap just because quarks are massive. If u, d and s quarks were massless, we

would not have had a mass gap in QCD since pions would have been exact

Goldstone bosons and hence massless. Here instead there is a genuine mass

gap.

2. The theory undergoes confinement (now in the strict sense). The chromoelec-

tric flux is confined, it cannot spread out in space over regions larger than

about ⇤�1 in radius. How can we see confinement, namely the presence of

strings which contain the chromoelectric flux? Let us add some heavy quarks

to the theory and let us see whether these quarks are confined, as it was the

case for very massive QCD. The Lagrangian would read

L = �1

4
TrF µ⌫Fµ⌫ + i /D �M  , M >> ⇤ . (10.14)

In the limit M ! 1 the test particles become chromoelectrostatic sources,

and play no role in the dynamics.

If confinement occurs, we would expect a linear potential between the two

quarks. Indeed, in an unconfined theory, the electric flux is uniformly dis-

tributed over a sphere surrounding a charge, and falls-o↵ as 1/r2. In a con-

fining theory with flux tubes, the flux tube has a fixed cross-sectional area

⇠ ⇤�2. Thus, for any sphere of radius r >> R ⌘ ⇤�1, the flux is zero except

in a region of area ⇤�2, see Figure 10.3.
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R ⇠ ��1

Figure 10.3: Gauss law for unconfined (left) and confined (right) flux.

Hence, the electric field in that region has a magnitude which is r-independent,

which implies that the force it generates on a test charge is also r-independent,
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and so the potential V between charges would grow linearly in r. The force

goes to a constant, it never drops to zero, see Figure 10.4.

V(r)

r

1/r behavior  at 
short distance

r behavior  at 
large distance
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��1

Figure 10.4: The potential between two test charges in YM theory.

Let us take a closer look to the potential, which generically reads

V (r) = TR r . (10.15)

The proportionality coe�cient has dimension of an energy per unit length, and it is

the so-called string tension. On general ground, one would expect the string tension

to depend in some way on the gauge group representation the test charges transform.

This is pretty obvious since, e.g., for the singlet representation TR is clearly zero,

while for actual quarks, which transform in the fundamental representation, it is not.

In fact, as we are going to show below, the string tension does not depend on the

representation itself, but actually on what is called the N-ality of the representation.

Let us consider a (gauge) group G. Its center, CG is defined as the part of G

which commutes with all generators. For G = SU(N), we have that

CG =
n
U↵

�̄
= e2⇡ik/N�↵

�̄
; k = 0, 1, . . . , N � 1 modN

o
, (10.16)

where ↵ an index in the fundamental and �̄ in the anti-fundamental of the gauge

group. Hence, in this case, CG = ZN . Let us now consider some representation R.

An element ⇢ of this representation is labeled by n upper indexes ↵i and n̄ lower

indexes �̄i, each upper index transforming in the fundamental and each lower index

8



transforming in the anti-fundamental representation. If one acts with the center of

the group on ⇢ one gets

CG : ⇢! e2⇡ik(n�n̄)/N⇢ . (10.17)

The coe�cient n � n̄ is called the N -ality of the representation ⇢. If ⇢ has N -

ality p, then the complex conjugate representation ⇢C has N -ality N � p (from

eq. (10.17) it follows that the N -ality is defined modulo N). For instance, while the

adjoint representation and the trivial representation have p = 0, the fundamental

representation has p = 1 and the anti-fundamental has p = N � 1.

Clearly, representations break into equivalence classes under the center of the

gauge group. It turns out that the string tension TR is not a function of the repre-

sentation but actually of the N -ality (the basic reason for this is that gluon number

is not a conserved quantity in YM theories, while N -ality is). Let us consider heavy

test particles transforming either in the anti-symmetric representation or in the sym-

metric representation of the gauge group,  S and  A, respectively. Each of them

will have its own string tension, TS and TA (but same N -ality, p = 2).

Suppose that TS > TA. Since gluon number is not a conserved quantity, we

can add a gluon Aµ coming from the chromoelectric flux tube next to  S. The

charge of the bound state  SAµ is Symmetric ⌦ Adj = � Representations, where all

representations entering the sum have the same N -ality (the same as the symmetric

representation, in fact, since the N -ality is an additive quantity, and that of the

adjoint representation is zero). For G = SU(3) we have

6⌦ 8 = 3 + 6 + 15 + 24 , (10.18)

where the first representation on the r.h.s. is the anti-symmetric representation.

Since we have assumed that TS > TA it is energetically favored to pop a gluon out

of the vacuum and put it near to  S (and another one near to  
S
) since this has

an energy cost (of order ⇤) which is lower than the energy gain, proportional to

(TS� TA)r, which for su�ciently large r always wins. In other words, in YM theory

the representation of a chromoelectric source is not a conserved quantum number;

only the N -ality is. Therefore, for all representations with the same N -ality, there

is only one stable configuration of strings, the one with lowest tension, as shown

in Figure 10.5. In summary, the tension of stable flux tubes are labeled by p, the

N -ality, not by R, the representation, as anticipated.

Notice that charge conjugation symmetry ensures that Tp = TN�p. Therefore,

there are order N/2 stable flux tube configurations for SU(N). For SU(3) there is

9
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TA < TS

Figure 10.5: The string tensions corresponding to the antisymmetric and symmetric

representations. All strings have the same N -ality, p = 2. The flux tube in the sym-

metric representation, which is less energetic, decays into that of the anti-symmetric

one by popping-up a gluon out of the vacuum.

only one single confining string, that with N -ality p = 1, since T0 = 0 and T2 = T1.

Multiple flux tubes only arise for larger gauge groups (for instance, for G = SU(4)

we have two string tensions, with N -ality p = 1 and p = 2, respectively).

All what we said let us also understand how to classify gauge singlets bound

states. While gluons are not confined by flux tubes, since TAdj = T0 = 0, any heavy

quark  with N -ality 6= 0 will experience a linear potential and a constant force

which will confine it to an antiquark  (these are the mesons) or, more generally,

to some combination of quarks and anti-quarks with opposite N -ality. For instance,

such combination can be made of N � 1 quarks and the bound state is called a

baryon.

SYM, supersymmetric gauge interactions without matter fields We will

study this theory in detail later. Here, we just want to emphasize the similarities

and di↵erences with respect to YM theories and QCD.

Similarly to YM, SYM enjoys strict confinement, a mass gap and no pions.

Similarly to QCD, it has a sort of chiral symmetry breaking and an anomaly, which

makes the corresponding ⌘ 0-like particle being massive. Finally, it di↵ers from both

since it has multiple isolated vacua.

We choose again, for definiteness, the gauge group to be SU(N), but qualitatively

identical statements can be done for any other choice of (non-abelian) gauge group.

The structure of the (on-shell) SYM Lagrangian

LSYM = �Tr


1

4
Fµ⌫F

µ⌫ + i� /D�

�
, (10.19)
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where the trace on gauge indexes is in the Adjoint representation of SU(N). First

notice that gauginos do not break flux tubes since they transform in the Adjoint,

which is in the same N -ality class of the singlet representation. So gauginos behave

very di↵erently from QCD quarks, in this respect. Basically, the presence of these

fermion fields does not change the confining behavior of pure YM glue, since gauginos

cannot break flux tubes. That is why SYM enjoys strict confinement, di↵erently

from QCD.

On the other hand, the U(1)R symmetry resembles the axial symmetry of QCD,

since it is anomalous and it is broken to Z2N at the quantum level (recall gauginos

have R-charge equal to one). Finally, also SYM enjoys chiral symmetry breaking, in

the sense that gaugino bilinears acquire a non-vanishing VEV in the vacuum. More

precisely, we have

h��i ⇠ ⇤3e2⇡ik/N , k = 0, 1, . . . , N � 1 , (10.20)

which breaks Z2N ! Z2. Hence there are N isolated vacua, each of them Z2 sym-

metric, related by ZN rotations, as shown in Figure 10.6.
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Figure 10.6: The vacuum structure of pure N = 1 SYM. The N vacua are isolated,

and related by ZN rotations (compare with Figure 10.2).

The ⌘ 0 is the phase of the condensate (10.20) (similarly to QCD), but the vacua

are isolated, so there is a dynamical mass gap (unlike QCD and like YM).

10.1.1 Intermezzo: Wilson loops as order parameters for confinement

We have discussed the di↵erent ways in which confinement is realized in YM, QCD

and SYM by probing the theories with external heavy sources. In particular, we

have seen that pure YM enjoys strict confinement and the potential between static

sources grows linearly at large distance (and the same happens for SYM). QCD,

11



instead, enjoys a milder version of confinement, that is charge screening. In this

case, the potential between static sources goes to a constant asymptotically since

the force drops to zero at large distance, being the charge screened.

Interestingly, similar conclusions can be reached without resorting to external

sources but rather computing expectation values of specific line operators, known

as Wilson loops, as we now review.

In the same vein as in General Relativity the Levi-Civita connection tell us how to

parallel transport vectors around a manifold, in a gauge theory the gauge connection

Aµ tells how the internal degrees of freedom of a charged particle in representation

R of the gauge group (i.e. the vector !i, with i = 1, . . . , dimR, describing its color

degrees of freedom) change as the particle moves along some given path �. The way

the vector !i rotates along � depends on the initial and final points of �, as well as

on � itself.

If we take the path to be closed, this tells how the vector di↵ers from its starting

value (hence measuring the holonomy). In this case one can form a gauge invariant

object, the Wilson loop, defined as

WR(�) = TrR P exp

✓
i

Z

�

Aµdx
µ

◆
, (10.21)

where P is the path-ordering operator (meaning that when expanding the exponen-

tial the matrices Aµ = Aa

µ
Ta are ordered so that those at earlier times are placed to

the left). The Wilson loop is a gauge invariant but non-local operator.

What does this have to do with confinement? It turns out that the VEV of the

Wilson loop operator is an order parameter for confinement! Let us see how this

comes. The VEV of the Wilson loop reads

hWR(�)i =
Z

DATrR P exp

✓
i

Z

�

Aµdx
µ

◆
e�S (10.22)

where S is the action. Let us take as � the closed path in figure 10.7 and compute

the VEV of the corresponding Wilson loop in the fundamental representation.

If we now take the time T to be very large, eventually T !1, the path integral

projects the system onto lowest energy states. Before q and q appear and after they

disappear this energy is zero, while in between this is V (L), the potential energy

between the two quarks. Hence in this limit we get

lim
T!1

hWf (�)i ⇠ e�V (L)T =

(
e��LT = e��A[�] Confinement

e�V0T = e�
V0
2
P [�] Charge screening

(10.23)
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Figure 10.7: A rectangular Wilson loop in the fundamental representation of the

gauge group G. The physical interpretation of such a path can be thought of as

having put a quark q and an anti-quark q at some distance L and then compute the

interaction potential as a function of time. Equivalently, one can think of creating

a q/q pair out of the vacuum at some time in the past. These then propagate for a

time T before they annihilate back in the vacuum.

where we have considered the cases of a confining potential V ⇠ �L (as for YM

or SYM) and a charge screening one V ⇠ V0 (as for QCD), respectively. A is the

area enclosed by � and P its perimeter. The second equality in the second equation

holds because in the limit T !1 we get P = 2T + 2L ' 2T .

So we learn that in a confining theory, for representations with non-vanishing

N -ality (as for instance the fundamental representation) the Wilson loop follows the

area law, while for unconfined theories (including those enjoying charge screening,

as QCD!) it follows the perimeter law, no matter the representation.

Actually, in the limit in which one takes the loop infinitely large, one could sus-

pect, naively, that, regardless the phase the theory enjoys both VEVs in eqs. (10.23)

vanish, since both the area and the perimeter become infinite. Actually, this is not

correct. Infinities can be re-absorbed by counterterms. These however are local so

for a line operator as the Wilson loop one can regulate the perimeter but not the

area. The upshot is then that for � ! 1 in a confining theory the VEV of the

Wilson loop operator vanish while for a theory where the charge is screened it goes

to a constant
hWf (�)i = 0 YM, SYM

hWf (�)i 6= 0 QCD
(10.24)

In this sense, the VEV of the Wilson loop operator can be regarded as an order
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parameter for (strict) confinement.

10.2 Phases of gauge theories: examples

After this detour on ”the meaning of confinement” and the di↵erent ways in which

confinement is realized in a sample of UV-free gauge theories, we would like to

consider, in more general terms, which kind of phases a generic gauge theory can

enjoy. Roughly, there are basically three di↵erent such phases

• Higgs phase: the gauge group G is spontaneously broken, all vector bosons

obtain a mass.

• Coulomb phase: vector bosons remain massless and mediate 1/r long range

interactions. This phase can be either interacting (this is sometime what is

referred to as actual Coulomb phase) or free, meaning that asymptotic states

do not interact, at low enough energy.

• Wilson or confining phase: color sources, like quarks, gluons, etc..., are bound

into color singlets. As discussed before, confinement can be realized as charge

screening or strict confinement, depending on the details of the theory under

consideration.

It is worth notice that the Coulomb phase is not specific to abelian gauge theories,

as QED. For example, a non-abelian gauge theory with enough matter content

may become IR-free, giving a long-range potential between color charges V (r) ⇠
a(r)⇥1/r, with a(r) a coe�cient decreasing logarithmically with r. And, as we will

see in the following, also interacting non-abelian Coulomb phases can exist.

There can of course be intermediate situations, where for instance the original

gauge group is Higgsed down to a subgroup H, which then confines, or is in a

Coulomb phase (this is what happens in the SM of electroweak interactions), etc...

In these cases the phase of the gauge theory is defined by what happens to H in the

vacua, regardless of the fate of the original gauge group G.

Below we consider two examples which will hopefully clarify the meaning of some

of above statements, but also point out some subtleties one could encounter when

dealing with concrete models.
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10.2.1 Coulomb phase and free phase

Let us consider SQED. The scalar potential reads

V = m2|��|2 +m2|�+|2 + 1

2
e2
�
|�+|2 � |��|2

�2
, (10.25)

where �� and �+ are the scalar fields belonging to the two chiral superfields ��

and �+ with electric charge ±1 respectively, and a superpotential mass term W =

m���+ has been also added. Let us consider massive and massless cases separately.

• m 6= 0. In this case the vacuum is at h��i = h�+i = 0. Heavy static probe

charges would experience a potential

V ⇠ ↵(r)

r
, ↵(r) ⇠ 1

log r
. (10.26)

However, the logarithmic fall-o↵ is frozen at distance r = m�1: for larger

distances ↵ stops running. Hence, the asymptotic potential reads

V (r) ⇠ ↵⇤

r
, ↵⇤ = ↵(r = m�1) , (10.27)

which simply says that massive SQED is in a Coulomb phase.

• m = 0. In this case the potential gets contributions from D-terms only. Now

there are more vacua, actually a moduli space of vacua. Besides the origin

of field space, also any h��i = h�+i 6= 0 satisfies the D-equations. One

can parameterize the supersymmetric vacua in terms of the gauge invariant

combination u = h���+i. We have then two options. When u 6= 0 we are in a

Higgs phase, the gauge group U(1) is broken and the photon becomes massive

(the theory is described by a massive vector multiplet and a massless chiral

multiplet). When instead u = 0 the gauge group remains unbroken. Still, we

are in a di↵erent phase with respect to the massive case. The basic di↵erence

is that the coupling ↵(r) does not stop running, now, since m = 0, and hence

it ends-up vanishing at large enough distances. In other words, the potential

again reads

V (r) ⇠ ↵(r)

r
, ↵(r) ⇠ 1

log r
(10.28)

but now ↵ = 0 for r ! 1. This is not really a Coulomb phase but actually

what is called a free phase. At low energy (large enough distances) the theory

is a theory of free massless particles.
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Let us emphasize again that both the interacting and the free Coulomb phases

are not specific to abelian gauge theories, and can be enjoyed also by non-abelian

theories. We will see examples of this phenomenon soon.

10.2.2 Continuously connected phases

Sometime there is no gauge-invariant distinction between di↵erent phases. Let us

show this non-trivial fact with a simple example.

Let us consider a SU(2) gauge theory with a SU(2) scalar doublet � (a Higgs

field), a SU(2) singlet eR and a SU(2) doublet L = (⌫L, eL), with interaction La-

grangian

Lint = L�eR + h.c. . (10.29)

This is nothing but a one-family EW theory model.

As it happens in standard EW theory, this theory can be realized in the Higgs

phase, where the field � gets a non-vanishing VEV

h�i = 1p
2

 
0

v

!
. (10.30)

In this phase all three gauge bosons get a mass, the neutrino ⌫L remains massless

while the electron gets a mass me = v/
p
2.

Suppose instead that the theory were realized in a di↵erent phase, a confinement

phase. In such phase one would not observe massless gauge bosons (as above) while

fermions and Higgs bosons would bind into SU(2) singlet combinations

EL = �†L , NL = ✏ab�aLb , eR (10.31)

in terms of which the interaction Lagrangian becomes

Lint = mELeR + h.c. , (10.32)

where m ⇠ ⇤. So we see that EL and eR pair-up and become massive while NL

remains massless. The spectrum in this phase is the same as that of the Higgs phase:

there is no gauge-invariant distinction between the two phases! Consistently, also a

Wilson loop computation cannot tell in which phase the theory is. In a Higgs phase

gauge bosons are massive and cannot mediate long range forces, so the potential

between static test charges goes to a constant asymptotically. As we have seen,

already, confinement in presence of massless (charged) matter is realized as charge
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screening and also in this case the force drops to zero asymptotically. Hence, in both

case the VEV of a Wilson loop follows a perimeter law and it cannot distinguish

between the two phases. This said, there are quantitative di↵erences between the

two phases: for instance, EL is a composite field and its pair production would be

suppressed by a form factor which is not observed. Still, we need experiments to

discern between the two phases and understand which one is actually realized in

Nature.

The general lesson we want to convey here is that by adjusting some parameter

of a gauge theory, sometime one can move continuously from one type of phase

to another. In this non-abelian example, there is no invariant distinction between

Higgs and Wilson phase. Theories of this kind are said to enjoy complementarity.

We will encounter many such situations in the following.

10.3 N=1 SQCD: perturbative analysis

In what follows we will consider SQCD and its quantum behavior (including non-

perturbative e↵ects) and try to answer the basic questions about its dynamical

properties in the most analytical possible way. Let us first summarize what we have

already learned about SQCD, about its classical and quantum - though perturbative

only - behavior.

SQCD is a renormalizable supersymmetric gauge theory with gauge group SU(N),

F flavors (Q, eQ) and no superpotential. Interaction terms are present and come

from D-terms. The group of continuous global symmetries at the quantum level is

GF = SU(F )L ⇥ SU(F )R ⇥ U(1)B ⇥ U(1)R with charge assignment

SU(F )L SU(F )R U(1)B U(1)R
Qi

a
F • 1 F�N

F

eQb

j
• F �1 F�N

F

As already emphasized, for pure SYM the R-symmetry is anomalous, and only a

Z2N subgroup of U(1)R survives at the quantum level.

What do we know about the quantum properties of SQCD? We know there is a

huge moduli space of supersymmetric vacua, described by the D-term equations

DA = Q† b

i
(TA)c

b
Q i

c
� eQ b

i
(TA)c

b

fQ†
i

c
= 0 , (10.33)

where A = 1, 2, . . . , N2 � 1 is an index in the adjoint representation of SU(N).
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Up to flavor and global gauge rotations, a solution of the above equations can

be found for both F < N and F � N . For F < N one can show that on the moduli

space (10.33) the matrices Q and eQ can be put, at most, in the following form

Q =

0

BBB@

v1 0 . . . 0 0 . . . 0

0 v2 . . . 0 0 . . . 0

. . . . . . . . . . . . 0 . . . 0

0 0 . . . vF 0 . . . 0

1

CCCA
= eQT (10.34)

Hence, at a generic point of the moduli space the gauge group is broken to SU(N �
F ). The (classical) moduli space can be parameterized in terms of mesons fields

M i

j
= Qi

a
eQa

j
(10.35)

without any classical constraint between them, since the meson matrix has maximal

rank.

For F � N the matrices Q and eQ can also be brought to a diagonal form on the

moduli space

Q =

0

BBBBBBBBBBB@

v1 0 . . . 0

0 v2 . . . 0

. . . . . . . . . . . .

0 0 . . . vN
0 0 0 0

. . . . . . . . . . . .

0 0 0 0

1

CCCCCCCCCCCA

, eQT =

0

BBBBBBBBBBB@

ṽ1 0 . . . 0

0 ṽ2 . . . 0

. . . . . . . . . . . .

0 0 . . . ṽN
0 0 0 0

. . . . . . . . . . . .

0 0 0 0

1

CCCCCCCCCCCA

(10.36)

where |vi|2 � |ṽi|2 = a, with a a i-independent number. At a generic point of

the moduli space the gauge group is now completely broken. The moduli space

is e�ciently described in terms of mesons and baryons but there exist classical

constraints between them, now. The mesons are again defined as in eq. (10.35)

but the meson matrix does not have maximal rank anymore. Baryons are gauge

invariant single trace operators made out of N fields Q respectively N fields eQ, with

fully anti-symmetrized indexes and read

Bi1...iF�N = ✏i1i2...iF�N j1...jN ✏
a1a2...aN Qj1

a1
Qj2

a2
. . . QjN

aN

eBi1...iF�N = ✏i1i2...iF�N j1...jN ✏a1a2...aN eQa1

j1

eQa2

j2
. . . eQaN

jN
, (10.37)

where ai are gauge indexes and il, jl are flavor indexes.
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As far as quantum correction are concerned, we know the exact (perturbative)

expression for the gauge coupling which, in the holomorphic scheme, reads

⌧ =
✓YM

2⇡
+ i

4⇡

g2(µ)
=

b1
2⇡i

log
⇤

µ
, b1 = 3N � F and ⇤ = µ e2⇡i⌧/b1 . (10.38)

10.4 N=1 SQCD: non-perturbative dynamics

Our goal is to understand how the above picture is modified once non-perturbative

corrections are taken into account and get, if possible, quantum exact description

of the vacua of the theory and of the low energy dynamics around them. Given the

expression of the one-loop coe�cient of the �-function (10.38), the harder region of

the parameter space where to gain such an understanding is obviously F < 3N .

A generic prediction for a UV-free theory with a classical moduli space, as SQCD

is for F < 3N , is that quantum corrections are expected to modify the perturbative

analysis only near the origin of field space. Indeed, for large value of scalar field

VEVs, the gauge group gets broken (and the gauge coupling hence stops running)

for small values of the gauge coupling constant

e
�

8⇡2

g2(hQi)+i✓YM =

✓
⇤

hQi

◆3N�F

�! 0 for hQi ! 1 . (10.39)

This implies that for large field VEVs the gauge coupling freezes at a value g⇤
where (semi)-classical analysis works properly. The smaller the field VEV the more

important are quantum corrections. Hence, generically, we expect non-perturbative

dynamics to modify the perturbative answer mostly near the origin of field space.

Not surprisingly, for any fixed value of N , several non-perturbative dynamical

properties change with the number of flavors, F . Hence, in what follows, we will

consider di↵erent cases separately.

10.4.1 Pure SYM: gaugino condensation

We have already discussed this case, at a qualitative level. Let us first recall that this

is the only case in which there does not exist an anomaly-free R-symmetry. At the

quantum level, only a discrete Z2N R-symmetry survives. Promoting ⌧ to a spurion

field and using holomorphy arguments, it is easy to see what the structure of the

non-perturbative generated superpotential should be. Let us first notice that the

operator e2⇡i⌧/N has R-charge R = 2. Indeed, due to the transformation properties
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Figure 10.8: The gauge coupling running of a UV-free theory. The large hQi region
is a weakly coupled region where classical analysis is correct, since the value at which

the gauge coupling stops running, g = g⇤, is small.

of ✓YM under R-symmetry transformations, ✓YM ! ✓YM + 2N↵, we have

e2⇡i⌧/N ! e2i↵e2⇡i⌧/N . (10.40)

Because of confinement, assuming a mass gap, the e↵ective Lagrangian should de-

pend only on ⌧ , and hence We↵ , if any, should also depend only on ⌧ . Imposing

R-symmetry, by dimensional analysis the only possible term reads

We↵ = c µ3e2⇡i⌧/N = c⇤3 . (10.41)

where c is an undetermined coe�cient (which in principle could also be zero, of

course). This innocent-looking constant superpotential contribution contains one

crucial physical information. Given the presence of a massless strong interacting

fermion field (the gaugino), one could wonder whether in SYM theory gauginos

undergo pair condensation, as it is believed to happen in QCD, where quark bilinears

condense. Looking at the SYM Lagrangian

L =
1

32⇡
Im

Z
d2✓ ⌧ TrW↵W↵

�
, (10.42)

we see that �↵�↵ is the scalar component of W↵W↵ and (minus) F⌧ acts as a source

for it (recall we are thinking of ⌧ as a spurion superfield, ⌧ = ⌧ +
p
2✓ ⌧ � ✓✓F⌧ ).

Therefore, in order to compute the gaugino condensate one should just di↵erentiate

the logarithm of the partition function Z =
R

DV ei
R
L with respect to F⌧ . In fact,

under the assumption of a mass gap, the low energy e↵ective action depends only
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on ⌧ , since gauge fields have been integrated out, and it coincides with the e↵ective

superpotential (10.41), giving for the gaugino condensate

h��i = �16⇡ @

@F⌧

logZ = �16⇡i @

@F⌧

Z
d2✓We↵(⌧) = 16⇡i

@

@⌧
We↵(⌧) (10.43)

where in doing the second step we have used the fact that

We↵ = we↵(⌧) +
p
2
@We↵

@⌧
✓ ⌧ � ✓✓

✓
@We↵

@⌧
F⌧ +

1

2

@2We↵

@⌧ 2
 2

⌧

◆
.

Plugging (10.41) in eq. (10.43) we get

h��i = �32⇡2

N
cµ3e2⇡i⌧/N ⌘ a⇤3 , (10.44)

which means that if c 6= 0 gauginos do condense in SYM. Since gauginos have R = 1,

this implies that in the vacuum the Z2N symmetry is broken to Z2 and that there

are in fact N distinct (and isolated) vacua. All these vacua appear explicitly in the

above formula since the transformation

✓YM ! ✓YM + 2⇡k , (10.45)

which is a symmetry of the theory, sweeps out N distinct values of the gaugino

condensate

h��i ! e2i↵h��i , ✓YM ! ✓YM + 2N↵ ' ✓YM + 2⇡k (10.46)

where k = 0, 1, . . . , 2N � 1, and k = i and k = i + N give the same value of the

gaugino condensate. In other words, we can label the N vacua with N distinct

phases of the gaugino condensate (0, 2⇡ 1

N
, 2⇡ 2

N
, . . . , 2⇡N�1

N
), recall Figure 10.6.

This ends our discussion of pure SYM. It should be stressed that to have a

definitive picture we should find independent ways to compute the constant c in

eq. (10.41), since if it were zero, then all our conclusions would have been wrong (in

particular, there would not be any gaugino condensate, and hence we would have

had a unique vacuum preserving the full Z2N symmetry). We will come back to this

important point later.

10.4.2 F < N : the ADS superpotential

For F < N classical analysis tells that there is a moduli space of complex dimen-

sion F 2, parameterized by meson field VEVs. The question, again, is whether an
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e↵ective superpotential is generated due to strong coupling dynamics. Let use again

holomorphy, and the trick of promoting coupling constants to spurion superfields.

The e↵ective superpotential could depend on meson fields and on the complexified

gauge coupling, through ⇤. The quantum numbers of (well educated functions of)

these two basic objects are

U(1)B U(1)A U(1)R
detM 0 2F 2(F �N)

⇤3N�F 0 2F 0

Both above objects are invariant under the non-abelian part of the global symmetry

group (notice that detM is the only SU(F )L⇥SU(F )R invariant one can make out

of M). From the table above it follows that the only superpotential term which can

be generated should have the following form

We↵ = cN,F

✓
⇤3N�F

detM

◆ 1

N�F

, (10.47)

where, again, the overall constant, which generically will be some function of N and

F , is undetermined.

That (10.47) is the only possible term can be understood as follows. The e↵ective

superpotential should have R-charge two, U(1)A and U(1)B charges equal to zero,

should be invariant under the non-abelian global symmetry, SU(F )L⇥SU(F )R, and

should have dimension three. The chiral superfields that might contribute to it are

⇤,W↵ and the meson matrix M . This implies that We↵ should be made by (a sum

of) terms like

We↵ ⇠ ⇤(3N�F )n (W↵W↵)
m (detM)p , (10.48)

where n,m and p are integer numbers. The invariance under the non-abelian global

symmetry and the baryonic symmetry is guaranteed by any such term. As for the

other two abelian symmetries we get the following constraints
(
U(1)A : 0 = 2nF + 2pF

U(1)R : 2 = 2m+ 2p(F �N)
�!

(
n = �p
p = (m� 1)/(N � F )

(10.49)

Since 3N � F > 0, in order to have a meaningful weak couping limit, we should

have n � 0, which implies that p  0 and m  1. On the other hand, we should

have m � 0 in order for the Wilsonian action to be local (it needs to have a sensible

derivative expansion), which finally implies that m = 0, 1. The contribution m = 1

and hence p = n = 0 is the tree level result (the gauge kinetic term, in fact). The
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contribution m = 0 which implies p = �1/(N � F ) and n = 1/(N � F ) is precisely

(10.47), the so-called A✏eck-Dine-Seiberg (ADS) superpotential.

In what follows we would like to analyze several properties of the ADS super-

potential, trying to understand where it may come from, physically, and eventually

determine the coe�cient cN,F .

Let us consider again the classical moduli space. At a generic point of the moduli

space the SU(N) gauge group is broken to SU(N �F ). Suppose for simplicity that

all scalar field VEVs are equal, vi = v, recall expression (10.34). Clearly the theory

behaves di↵erently at energies higher or lower than v. At energies higher than v the

gauge coupling running is that of SQCD with gauge group SU(N) and F massless

flavors. At energies lower than v all matter fields become massive (and should be

integrated out) while the gauge group is broken down to SU(N � F ). Hence the

theory runs di↵erently and, accordingly, the dynamical generated scale, ⇤L is also

di↵erent. More precisely we have

E > v
4⇡

g2(µ)
=

3N � F

2⇡
log

µ

⇤

E < v
4⇡

g2
L
(µ)

=
3(N � F )

2⇡
log

µ

⇤L

. (10.50)

If supersymmetry is preserved the two above equations should match at E = v. This

is known as scale matching (that there are no threshold factors reflects a choice of

subtraction scheme, on which threshold factors depend; this is the correct matching

in, e.g., the DR scheme). Hence we get

⇤3(N�F )

L
= ⇤3N�F

1

v2F
=
⇤3N�F

detM
�! ⇤3

L
=

✓
⇤3N�F

detM

◆ 1

N�F

. (10.51)

This implies that

We↵ = cN,F

✓
⇤3N�F

detM

◆ 1

N�F

= cN,F⇤
3

L
, (10.52)

which means that

cN,F = cN�F,0 . (10.53)

Besides getting a relation between c’s for di↵erent theories (recall these are (N,F )-

dependent constants, in general), we also get from the above analysis some physical

intuition for how the ADS superpotential is generated. One can think of We↵ being

generated by gaugino condensation of the left over SU(N � F ) gauge group (recall

that gaugino condensation is in one-to-one correspondence with the very existence
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of an e↵ective superpotential for pure SYM theory: the two are fully equivalent

statements).

Let us now start from SQCD with a given number of flavors and suppose to give

a mass m to the F -th flavor. At high enough energy this does not matter much.

But below the scale m the theory behaves as SQCD with F � 1 flavors, as far as the

gauge coupling running is concerned. More precisely, we have

E > m
4⇡

g2(µ)
=

3N � F

2⇡
log

µ

⇤F

E < m
4⇡

g2
L
(µ)

=
3N � (F � 1)

2⇡
log

µ

⇤L,F�1

. (10.54)

Matching the scale at E = m we obtain the following relation between non-perturbative

scales

⇤3N�F+1

L,F�1
= m⇤3N�F

F
. (10.55)

Let us now use holomorphic decoupling, to connect the theories above and below the

scale m. The superpotential of SQCD with F � 1 massless flavors and one massive

one reads

We↵ = cN,F

✓
⇤3N�F

F

detM

◆ 1

N�F

+mQF eQF . (10.56)

At low enough energy we can trade the equations of motion of mesons involving the

massive flavor by their F-term equations. The F-term equation for MF

i
for i 6= F

implies MF

i
= 0, and similarly for M i

F
. So the meson matrix can be put into the

form

M =

 
fM 0

0 t

!
, t ⌘MF

F
, (10.57)

where fM is the meson matrix made out of F � 1 flavors. The F-term equation for

t gives

0 = � cN,F

N � F

✓
⇤3N�F

F

detfM

◆ 1

N�F
✓
1

t

◆1+
1

N�F

+m (10.58)

which implies

t =

"
N � F

cN,F

m

✓
⇤3N�F

F

detfM

◆ 1

F�N

# F�N
N�F+1

. (10.59)

Plugging this back into eq. (10.56) one gets

We↵ = (N � F + 1)

✓
cN,F

N � F

◆ N�F
N�F+1

✓
m⇤3N�F

F

detfM

◆ 1

N�F+1

. (10.60)
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We can now use eq. (10.55) and get for the e↵ective superpotential of SQCD with

F � 1 flavor, which is what the theory reduces for at low enough energies,

We↵ = (N � F + 1)

✓
cN,F

N � F

◆ N�F
N�F+1

 
⇤3N�F+1

L,F�1

detfM

! 1

N�F+1

= cN,F�1

 
⇤3N�F+1

L,F�1

detfM

! 1

N�F+1

.

(10.61)

giving finally the following relation

cN,F�1 = (N � F + 1)

✓
cN,F

N � F

◆ N�F
N�F+1

. (10.62)

Combining this result with the relation we found before, eq. (10.53), one concludes

that all coe�cients are related one another as

cN,F = (N � F ) c
1

N�F , (10.63)

with a unique common coe�cient c to be determined. This result tells that if the

ADS superpotential can be computed exactly for a given value of F (hence fixing

c), then we know its expression for any other value!

Let us consider the case F = N � 1, which is the extreme case in the window

F < N . In this case

cN,N�1 = c . (10.64)

Interestingly, for F = N � 1 the gauge group is fully broken, so there is no left-over

strong IR dynamics. In other words, any term appearing in the e↵ective action

should be visible in a weak-coupling analysis. Even more interesting, the ADS

superpotential for F = N�1 is proportional to ⇤2N+1 which is nothing but how one-

instanton e↵ects contribute to gauge theory amplitudes (recall that for F = N � 1

b1 = 2N +1, and e�Sinst ⇠ ⇤b1), suggesting that in this case the ADS superpotential

is generated by instantons. At weak coupling, a reliable one-instanton calculation

can indeed be done and gives c = 1. Via eq. (10.63) this result hence fixes uniquely

cN,F for arbitrary values of N and F as

cN,F = N � F , (10.65)

giving finally for the ADS superpotential the following exact expression

WADS = (N � F )

✓
⇤3N�F

detM

◆ 1

N�F

. (10.66)
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Notice that this also fixes the coe�cient of the e↵ective superpotential of pure SYM

theory which is

WSYM = N ⇤3 , (10.67)

implying, via eq. (10.43), that gauginos do condense!

Let us finally see how does the ADS superpotential a↵ect the moduli space of

vacua. From the expression (10.66) we can compute the potential, which is expected

not to be flat anymore, since the e↵ective superpotential WADS depends on scalar

fields (through the meson matrix). The potential

VADS =
X

i

���
@WADS

@Qi

���
2

+
���
@WADS

@ eQi

���
2

(10.68)

is minimized at infinity in field space, namely for Q = eQ!1, where it reaches zero,

see Figure 10.9. This can be easily seen noticing that, qualitatively, detM ⇠ MF ,

which implies that VADS ⇠ |M |�
2N

N�F , which is indeed minimized at infinity. This
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No stable vacuum

Figure 10.9: The runaway behavior of the quantum corrected potential of SU(N)

SQCD with F < N .

means that the theory does not admit any stable vacuum at finite distance in field

space: the (huge) classical moduli space is completely lifted at the quantum level!

This apparently strange behavior makes sense, in fact, if one thinks about it for a

while. For large field VEVs, eventually for v !1, we recover pure SYM which has

indeed supersymmetric vacua (that is, zero energy states). This is part of the space

of D-term solutions of SQCD; any other configuration would have higher energy

and would hence be driven to the supersymmetric one. Let us suppose this picture

were wrong and that SQCD had a similar behavior as QCD: confinement and chiral

symmetry breaking. Then we would have expected a quark condensate to develop
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h Qi eQji 6= 0. Such condensate, di↵erently from a gaugino condensate (which we

certainly have), would break supersymmetry, since it is nothing but an F-term for

the meson matrix M j

i
. Hence this configuration would have E > 0 and thus any

configuration with E = 0 would be preferred. The latter are all configurations like

(10.34) which, by sending vi all the way to infinity, reduce to SYM, which admits

supersymmetry preserving vacua. The ADS superpotential simply shows this.

There is a caveat in all this discussion. In our analysis we have not included

wave-function renormalization e↵ects. The latter could give rise, in general, to non-

canonical Kähler potential terms, which could produce wiggles or even local minima

in the potential. However, at most this could give rise to metastable vacua (which our
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mass gap correct)

Figure 10.10: The e↵ect of a non-canonical Kähler potential on the ADS potential.

The picture on the right cannot hold if the assumption of mass gap for pure SYM

is correct.

holomorphic analysis cannot see), but it would not lift the absolute supersymmetric

minima at infinity, a region where the Kähler potential is nearly canonical in the

UV-variables Q and eQ. On the other hand, no supersymmetric minima can arise at

finite distance in field space. These would correspond to singularities of the Kähler

metric, implying that at those specific points in field space extra massless degrees

of freedom show-up. This cannot be, if the assumption of mass gap for pure SYM

(to which the theory reduces at low enough energy, at generic points on the classical

moduli space) is correct.
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10.4.3 Integrating in and out: the linearity principle

The superpotential of pure SYM is sometime written as

WVY = NS

✓
1� log

S

⇤3

◆
(10.69)

where S = � 1

32⇡2 TrW↵W↵ is the so-called glueball superfield and the subscript VY

stands for Veneziano-Yankielowicz. Let us first notice that integrating S out (recall

we are supposing pure SYM has a mass gap) we get

@WVY

@S
= N

✓
1� log

S

⇤3

◆
+NS

✓
� 1

S

◆
= 0 , (10.70)

which implies

hSi = ⇤3 . (10.71)

Plugging this back into the VY superpotential gives

WVY = N⇤3 , (10.72)

which is nothing but the e↵ective superpotential of pure SYM we have previously

derived, eq. (10.67). From this view point the two descriptions seem to be equivalent,

at least as far as low enough energies are concerned: the e↵ective superpotential

(10.67) can be obtained from the VY superpotential by integrating S out.

Analogously, the ADS superpotential is sometime written as

WTVY = (N � F )S


1� 1

N � F
log

✓
SN�F detM

⇤3N�F

◆�
, (10.73)

where TVY stands for Taylor-Veneziano-Yankielowicz. Integrating S out one now

recovers the ADS superpotential. And, consistently, adding a mass term for all mat-

ter fields, ⇠ TrmM , and integrating M out, one gets from the TVY superpotential

the VY superpotential.

The fact is that one can also revert the procedure, and obtain the VY and TVY

superpotentials starting from the expressions (10.67) and (10.66) and integrating

the glueball superfield S in. Doing so one would imagine to loose some information.

After all, the TVY or VY superpotentials include one more dynamical field with

respect to (10.66)-(10.67), the glueball superfield S, so we expect them to contain

some dynamical information more. As we are going to discuss below, this intuition

is not correct: the two descriptions are completely equivalent.
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Let us try to be as general as possible and consider a supersymmetric gauge the-

ory admitting also a tree-level superpotential Wtree. Given a set of chiral superfields

�i, the generic form of such superpotential is

Wtree =
X

r

�rXr(�i) , (10.74)

where �r are coupling constants and Xr gauge invariant combinations of the chiral

superfields �i. In general, one would expect the non-perturbative generated super-

potential Wnon�pert to be a (holomorphic) function of the couplings �r, the gauge

invariant operators Xr, and of the dynamical generated scales ⇤s (we are supposing,

to be as most general as possible, the gauge group not to be simple, hence we allow

for several dynamical scales). In fact, as shown by Intriligator, Leigh and Seiberg,

Wnon�pert does not depend on the couplings �r. This fact implies that the full ef-

fective superpotential (which includes both the tree level and the non-perturbative

contributions) is linear in the couplings, and hence this is sometime referred to as

linearity principle. The upshot is that, in general, we have

We↵ =
X

r

�rXr +Wnon�pert(Xr,⇤s) . (10.75)

Let us focus on the dependence on, say, �1. At low enough energy (where the

superpotential piece dominates - let us suppose for now that X1 is massive) we

can integrate out the field X1 by solving its F-term equation, which, because of

eq. (10.75), reads

�1 = �
@

@X1

Wnon�pert . (10.76)

The above equation is the same as a Legendre transform. In other words, the

coupling �r and the gauge invariant operator Xr behave as Legendre dual variables.

Solving for X1 in terms of �1 and all other variables, and substituting in eq. (10.75),

one obtains an e↵ective superpotential with a complicated dependence on �1 but

where X1 has been integrated out. Repeating the same reasoning for all Xr one can

integrate out all fields and end-up with an e↵ective superpotential written in terms

of couplings only

We↵(�r,⇤s) =

"
X

r

�rXr +Wnon�pert(Xr,⇤s)

#

Xr(�,⇤)

. (10.77)

The point is that the Legendre transform is invertible. Therefore, as we can integrate

out a field, we can also integrate it back in, by reversing the procedure

hXri =
@

@�r
We↵(�r,⇤s) . (10.78)
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The reason why the two descriptions, one in terms of the fields, one in terms of the

dual couplings, are equivalent is because we have not considered D-terms. D-terms

contain the dynamics (e.g. the kinetic term). Hence, if we ignore D-terms, namely

if we only focus on holomorphic terms as we are doing here, integrating out or in a

field is an operation which does not make us loose or gain information. As far as the

holomorphic part of the e↵ective action is concerned, a field and its dual coupling

are fully equivalent.

What about the dynamical scales ⇤s? Can one introduce canonical pairs for

them, too? The answer is yes, and this is where the physical equivalence between

ADS and TVY superpotentials we claimed about becomes explicit. Let us consider

pure SYM, for definiteness. One can write the gauge kinetic term as a contribution

to the tree level superpotential in the sense of eq. (10.74)

Wtree =
⌧(µ)

16⇡i
TrW ↵W↵ = 3N log

✓
⇤

µ

◆
S , (10.79)

where S is a X-like field and 3N log (⇤/µ) the dual coupling. In other words, one

can think of S and log⇤ as Legendre dual variables. From this view point, the SYM

superpotential (10.67) is an expression of the type (10.77), where the field S has

been integrated out and the dependence on the dual coupling is hence non-linear.

Indeed (10.67) can be re-written as

WSYM = N⇤3 = Nµ3e
1

N 3N log
⇤

µ , (10.80)

where the coupling appears non-linearly. Using now eq. (10.78) applied to this dual

pair, one gets

hSi = 1

3N
⇤
@

@⇤
We↵ = ⇤3 . (10.81)

Therefore

Wnon�pert(S) = We↵ �Wtree = NS � 3N log

✓
⇤

µ

◆
S = NS �NS log

S

µ3
, (10.82)

which is correctly expressed, according to the linearity principle, in terms of S only,

and not the coupling, log⇤. We can now add the two contributions, the one above

and (10.79) and get for the e↵ective superpotential an expression in the form (10.75)

We↵ = Wnon�pert +Wtree = NS

✓
1� log

S

⇤3

◆
(10.83)

which is nothing but the VY superpotential! The same reasoning can be applied to

a theory with flavor and/or with multiple dynamical scales. The upshot is one and
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the same: integrating in (TVY) or out (ADS) fields holomorphically, are operations

which one can do at no cost. The two descriptions are physically equivalent.

In the table below we summarize the relation between couplings and dual field

variables for the most generic situation

Couplings | b1
1
log ⇤1

µ
b2
1
log ⇤1

µ
. . . �1 �2 . . .

Fields | S1 S2 . . . X1 X2 . . .

Suppose that the mass spectrum of above (composite) fields is as follows
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S, log �

where the X’s are a set of massless (possibly composite) fields, the X 0’s are massive

ones, and the ⇤’s are dynamical scales (glueball superfields are all massive because

of mass gap of the pure glue theory, i.e. all ⇤0s 6= 0). The most Wilsonian thing

to do would be to describe the e↵ective superpotential in terms of fields X, and

couplings �0 and ⇤

We↵ = We↵(X,�0,⇤) . (10.84)

In this sense, the ADS superpotential is more Wilsonian than the TVY. Seemingly,

for pure SYM the most Wilsonian thing to do is to express the e↵ective superpo-

tential as a function of the coupling only (since the glueball superfield is massive),

namely as We↵ = N⇤3. However, since (as far as the holomorphic part of the ef-

fective action is concerned) integrating in and out fields are equivalent operations,

one can very well choose to write down the e↵ective superpotential by integrating X

fields out and X 0 and S fields in (or anything in between these two extreme cases)

We↵ = We↵(�, X
0, S) , (10.85)

getting an equivalent way of describing the low energy e↵ective theory superpoten-

tial. This said, one should bare in mind that as far as the massless fields X, there
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is no actual energy range for which integrating them out makes real physical sense,

and this would be indicated by the Kähler potential of the e↵ective theory being

ill-defined (in other words, there is no energy range in which the kinetic term of such

massless fields is negligible, since the energy is always bigger or equal than the field

mass, which is vanishing). On the contrary, in presence of a mass gap, that is in the

absence of X-like fields, the two descriptions, one in terms of couplings the other in

terms of fields, are equivalent, since now no singularities are expected in the Kähler

potential. And this is a more and more exact equivalence the lower the energy.

10.4.4 F � N : persistent moduli space

Let us now go back to our analysis of the IR dynamics of SQCD with gauge group

SU(N) and F flavors. What about the case F � N? As we are going to see, things

change drastically. For one thing, a properly defined e↵ective superpotential cannot

be generated. There is no way of constructing an object respecting all symmetries,

with the correct dimension, and being vanishing in the classical limit, using couplings

and fields we have (mesons, baryons and the dynamical scale ⇤). This has the e↵ect

that for F � N the classical moduli space is not lifted. This does not mean nothing

interesting happens. For instance, the moduli space can be deformed by strong

dynamics e↵ects. Moreover, the perturbative analysis does not tell us what the low

energy e↵ective theory looks like; as we will see instead (mainly using holomorphy

arguments), in some cases we will be able to make very non-trivial statements about

the way light degrees of freedom interact, and in turn about the phase the theory

enjoys.

In what follows, we will consider qualitatively di↵erent cases separately. Let us

start analyzing the case F = N . It is easy to see that in this case all gauge invariant

operators have R-charge R = 0, so one cannot construct an e↵ective superpotential

with R = 2. However, as we are going to show, something does happen due to

strong dynamics.

Besides the mesons, there are now two baryons

B = ✏a1a2...aN Q1

a1
Q2

a2
. . . QN

aN

eB = ✏a1a2...aN eQa1

1
eQa2

2
. . . eQaN

N
.

The classical moduli space is parameterized by VEVs of mesons and baryons. There
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is, however, a classical constraint between them

detM � B eB = 0 (10.86)

(this comes because for N = F we have that detQ = B and det eQ = eB and

the determinant of the product is the product of the determinants). One can ask

whether this classical constraint is modified at the quantum level. In general, one

could expect the quantum version of the above classical constraint to be

detM � B eB = a⇤2N , (10.87)

where a is a (undetermined for now) dimensionless and charge-less constant. One

can get easily convinced that this is the only possible modification compatible with

all physical requirements. First it has the correct physical dimension, namely the

same as the l.h.s, � = 2N . Second, it correctly vanishes in the classical limit, ⇤! 0.

Third, it has vanishing R-charge and U(1)A charge 2N , as the l.h.s has. Finally, it

is suggestive that the power ⇤ enters in eq. (10.87), 2N , is the one-loop coe�cient of

the �-function and is exactly that associated with a one instanton correction, since

for N = F we have for the instanton action

e�Sinst ⇠ e
�

8⇡2

g2
+i✓YM ⇠ ⇤2N . (10.88)

There are no symmetry reasons not to allow for it (modulo the constant a which

can very well be vanishing, after all). So, given that in principle a modification like

(10.87) is allowed, everything boils down to determine whether the constant a is

vanishing or has a finite value.

The constraint (10.87) can be implemented, formally, by means of a Lagrange

multiplier, allowing a superpotential

W = A
⇣
detM � B eB � a⇤2N

⌘
(10.89)

where A is the Lagrange multiplier, whose equation of motion is by construction the

constraint (10.87). The interesting thing is that one can use holomorphic decoupling

to fix the constant a. Adding a mass term for the N -th flavor, W = mMN

N
, the

low energy theory reduces to SQCD with F = N � 1. Imposing that after having

integrated out the N -th flavor one obtains an e↵ective superpotential which matches

the ADS superpotential for F = N � 1, fixes a = 1, that is

detM � B eB = ⇤2N . (10.90)
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So the quantum constraint is there, after all. Actually, it is necessary for it to

be there in order to be consistent with what we already know about the quantum

properties of SQCD with F < N !

Several comments are in order at this point.

This is the first case where a moduli space of supersymmetric vacua persists at

the quantum level. Still, the quantum moduli space is di↵erent from the classical

one. The moduli space (10.86) is singular. It has a singular submanifold reflecting

the fact that on this submanifold additional massless degrees of freedom arise. This

is the submanifold where not only (10.86) is satisfied, but also d(detM �B eB) = 0,

which makes the tangent space singular and therefore good local coordinates not

being well-defined. This happens whenever baryon VEVs vanish, B = eB = 0, and

the meson matrix has rank k  N � 2 since

d(detM � B eB) = minor{M i

j
} dM i

j
� Bd eB � eBdB , (10.91)

and for this to be zero each term should vanish separately. Note that when only

one of the two baryon operators vanishes, B = 0, eB 6= 0 or viceversa, the rank of M

can be as large as N � 1 since detM = detQ det eQ. In this case minor{M i

j
} 6= 0

implying that also d(detM � B eB) 6= 0 and the metric is hence not singular.

On the submanifold where (10.91) vanishes a SU(N�k) gauge group remains un-

broken, and corresponding gluons (as well as some otherwise massive matter fields)

remain massless. The quantum moduli space (10.90) is instead smooth. Basically,

when B = eB = 0 the rank of the meson matrix is not diminished since its deter-

minant does not vanish, now: everywhere on the quantum moduli space the gauge

group is fully broken.

Classically, the origin is part of the space of vacua. Hence, chiral symmetry can

be unbroken. At the quantum level, instead, the origin is excised so in any allowed

vacuum chiral symmetry is broken (like in QCD). Moreover, being the moduli space

non-singular, means there are no massless degrees of freedom other than mesons and

baryons. But the latter are indeed massless, since are moduli. Hence in SQCD with

N = F there is no mass gap (as for massless QCD). By supersymmetry, there are

also massless composite fermions.

Obviously, the chiral symmetry breaking pattern is not unique. Di↵erent points

on the moduli space display di↵erent patterns. At a generic point, where all gauge

invariant operators get a VEV, all global symmetries are broken. But there are

submanifolds of enhanced global symmetry. For instance, along the mesonic branch,
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defined as

M i

j
= ⇤2�i

j
, B = eB = 0 , (10.92)

we have that

SU(F )L ⇥ SU(F )R ⇥ U(1)B ⇥ U(1)R �! SU(F )D ⇥ U(1)B ⇥ U(1)R , (10.93)

a chiral symmetry breaking pattern very much similar to QCD. Along the baryonic

branch, which is defined as

M i

j
= 0 , B = � eB = ⇤N , (10.94)

we have instead

SU(F )L ⇥ SU(F )R ⇥ U(1)B ⇥ U(1)R �! SU(F )L ⇥ SU(F )R ⇥ U(1)R , (10.95)

which is very di↵erent from QCD (the full non-abelian chiral symmetry is preserved).

Which phases does the theory enjoy? The point where all field VEVs vanish,

i.e. the origin, is excised. Therefore, the gauge group is always broken and the

theory is hence in a Higgs phase. Still, near the origin the theory can be better

thought to be in a confined phase, since the e↵ective theory is smooth in terms of

mesons and baryons, and, moreover, we are in the strongly coupled region of field

space, where an inherently perturbative Higgs description is not fully appropriate.

In fact, there is no order parameter which can distinguish between the two phases;

there is no phase transition between them (this is similar to the prototype example

of one-family EW theory we discussed already). In this respect, notice that the

Wilson loop is not a useful order parameter here since it follows the perimeter law,

no matter where one sits on the moduli space: we do not have strict confinement

but just charge screening, as in QCD, since we have (light) matter transforming in

the fundamental representation of the gauge group, and therefore flux lines can (and

do) break. The qualitative di↵erence between classical and quantum moduli spaces,

and their interpretation is depicted in Figure 10.11.

A non-trivial consistency check of this picture comes from computing ’t Hooft

anomalies in the UV and in the IR. Let us consider, for instance, the mesonic branch.

The charges under the unbroken global symmetries, SU(F )D ⇥ U(1)B ⇥ U(1)R of

35



Higgsing

Gluons Confinement  
(charge screening)

Classical 
moduli space

Quantum 
moduli space

Figure 10.11: Classical picture (left): at the origin gauge symmetry is recovered,

and chiral symmetry is not broken. Quantum picture (right): the (singular) origin

has been replaced by a circle of theories where chiral symmetry is broken (rather

than Higgs phase, this resembles more closely the physics of a confining vacuum).

the UV (fundamental) and IR (composite) degrees of freedom are as follows

SU(F )D U(1)B U(1)R
 Q F 1 �1
 eQ F �1 �1
� • 0 1

 M Adj 0 �1
 B • F �1
 eB • �F �1

where we have used the constraint (10.90) to eliminate the fermionic partner of

TrM , so that  M transforms in the Adjoint of SU(F )D. We can now compute

diverse triangular anomalies and see whether computations done in terms of UV

and IR degrees of freedom agree. We get

UV IR

SU(F )2
D
U(1)R 2N 1

2
(�1) = �N F (�1) = �F

U(1)2
B
U(1)R �2NF �2F 2

U(1)3
R

�2NF +N2 � 1 �(F 2 � 1)� 1� 1 = �F 2 � 1

(10.96)
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Since (crucially!) F = N we see that ’t Hooft anomaly matching holds. A similar

computation can be done for the baryonic branch finding again perfect agreement

between the UV and IR ’t Hooft anomalies. This rather non-trivial agreement

ensures that our low energy e↵ective description in terms of mesons and baryons,

subject to the constraint (10.90), is most likely correct.

Let us move on and consider the next case, F = N + 1. The moduli space is

again described by mesons and baryons. We have N + 1 baryons of type B and

N + 1 baryons of type eB now

Bi = ✏ij1...jN ✏
a1a2...aN Qj1

a1
Qj2

a2
. . . QjN

aN

eBi = ✏ij1...jN ✏a1a2...aN eQa1

j1

eQa2

j2
. . . eQaN

jN
.

As we are going to show, di↵erently from the previous case, the classical moduli

space not only is unlifted, but is quantum exact, also. In other words, there are no

quantum modifications to it.

This result can be proved using holomorphic decoupling. The rationale goes as

follows. As proposed by Seiberg, this system can be described, formally, by the

following superpotential

We↵ =
a

⇤2N�1

⇣
detM � Bi M

i

j
eBj

⌘
, (10.97)

where i = 1, 2, . . . , N+1 is a flavor index, 2N�1 is the one-loop �-function coe�cient

and a, as usual, is for now an undetermined coe�cient. The above superpotential

has all correct symmetry properties, including the R-charge, which is indeed equal to

2. Notice, though, that since the rank of the meson matrix k  N , then detM = 0,

classically. So the above equation should be really thought of as a quantum equation,

valid o↵-shell, so to say.

Let us now add a mass m to the F -th flavor. This gives

We↵ =
a

⇤2N�1

⇣
detM � Bi M

i

j
eBj

⌘
�mMN+1

N+1
. (10.98)

Integrating out massive modes, which tantamounts to impose the F-flatness condi-

tions for MN+1

i
,M i

N+1
, Bi and eBi for i < N + 1, reduces the meson matrix and the

baryons to

M =

 
M̂ij 0

0 t

!
, B =

 
0i
B̂

!
, eB =

 
0i

êB

!
(10.99)
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where now i, j = 1, . . . , N , and t = MN+1,N+1. The F-flatness condition for t reads

a

⇤2N�1

⇣
det M̂ � B̂ êB

⌘
�m = 0 (10.100)

which implies

det M̂ � B̂ êB =
1

a
m⇤2N�1 =

1

a
⇤2N

L
, (10.101)

where in the last step we have used the relation (10.55). This shows that the

ansatz (10.97) is correct, since upon holomorphic decoupling we get exactly the

quantum constraint of F = N SQCD (and a gets fixed to one). From eq. (10.97),

by di↵erentiating with respect to M , Bi and eBi we get the moduli space equations

(i.e. the classical, still quantum exact, constraints between baryons and mesons)

(
M · eB = B · M = 0

detM · (M�1)j
i
� Bi

eBj = 0
(10.102)

where detM · (M�1)j
i
⌘ minor {M}j

i
= (�1)i+j ⇥ det of the matrix obtained from

M by omitting the i-th row and the j-th column (recall that above equations are

on-shell, and on-shell detM itself vanishes).

As a non-trivial check of this whole picture one can verify, choosing any preferred

point in the space of vacua, that ’t Hooft anomalies match (and hence that our

e↵ective description holds).

Now that we know eq. (10.97) is correct, let us try to understand what does it

tell us about the vacuum structure of SQCD with F = N + 1. First, unlike F = N

SQCD, the origin of field space, M = B = eB = 0, is part of the moduli space. In

such vacuum chiral symmetry is unbroken. This is an instance of a theory displaying

confinement (actually charge screening) without chiral symmetry breaking. Theories

with such a property, like F = N + 1 SQCD at the origin of field space, are said to

be s-confining.

Classically, the singularities at the origin are interpreted as extra massless gluons

(and matter fields), since the theory gets unhiggsed for vanishing values of matter

field VEVs. At the quantum level, the physical interpretation is di↵erent, since

because the theory is UV-free, the region around the origin is the more quantum

one. Singularities are more naturally associated with additional massless mesons

and baryons which pop-up since eqs. (10.102) are trivially realized at the origin,

and do not provide any actual constraint between meson and baryon components.

In other words, at the origin the number of mesonic and baryonic massless degrees
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of freedom is larger than the dimension of the moduli space. This can be checked,

again, by ’t Hooft anomaly matching.

Note, finally, that as for F = N SQCD, also this theory exhibits complementarity,

in the sense that one can move smoothly from a confining phase (near the origin)

to a Higgs phase (at large field VEVs) without any order parameter being able to

distinguish between them (i.e. the Wilson loop follows the perimeter law in both

phases).

One could try to go further, and apply the same logic to F = N + 2 (and on).

On general ground one would expect M i

j
, Bij, eBij (baryons have now two free flavor

indexes) to be the dynamical degrees of freedom in the IR, and could then try to

construct an e↵ective (o↵-shell) superpotential of the kind of (10.97). This, however,

does not work. Looking at the charges of the various gauge invariant operators and

dynamical scale ⇤ one can easily see that an e↵ective superpotential with R-charge

equal to 2, correct physical dimensions and symmetries, cannot be constructed.

Indeed, the only SU(F )L ⇥ SU(F )R invariant superpotential one could construct

should be the obvious generalization of (10.97), that is

We↵ ⇠ detM � Bil M
i

j
M l

m
eBjm , (10.103)

which, to start with, does not have R = 2 but actually R = 4 (things get worse

the larger the number of flavors). Even ’t Hooft anomaly matching condition can

be proven not to work. For instance, choosing for simplicity the origin of field

space where meson and baryons are unconstrained, one can easily see that ’t Hooft

anomalies do not match. More generally, it turns out that increasing F , ’t Hooft

anomaly coe�cients computed using (unconstrained) IR degrees of freedom increase

much faster than those computed using UV degrees of freedom, and only for F =

N + 1 they match.

In fact, things turn out to be rather di↵erent. As we will show, the correct degrees

of freedom to describe the dynamics around SQCD vacua for F = N + 2 are those

of an IR-free theory (!) described by SU(2) SYM coupled to F chiral superfields

q transforming in the fundamental of SU(2), F chiral superfields q̃ transforming

in the anti-fundamental and F 2 singlet chiral superfields �, plus a cubic tree level

superpotential coupling q, q̃ and �. What’s that?

Two pieces of information are needed in order to understand this apparently

weird result and, more generally, to understand what is going on for F � N + 2.

Both are due to Seiberg. In the following we will review them in turn.
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10.4.5 Conformal window

A first proposal is that SQCD in the range 3

2
N < F < 3N flows to an interacting IR

fixed point (meaning it does not confine!). In other words, even if the theory is UV-

free and hence the gauge coupling g increases through the IR, at low energy g reaches

a constant RG-fixed value. Let us try to see how such claim comes about. The

SQCD �-function for the physical gauge coupling (which hence takes into account

wave-function renormalization e↵ects) is

�(g) = � g3

16⇡2

3N � F [1� �(g2)]
1�Ng2/8⇡2

, (10.104)

where � is the anomalous dimension of matter fields and can be computed in per-

turbation theory to be

�(g2) = � g2

8⇡2

N2 � 1

N
+ O(g4) . (10.105)

Expanding formula (10.104) in powers of g2 we get

�(g) = � g3

16⇡2


3N � F +

✓
3N2 � 2FN +

F

N

◆
g2

8⇡2
+ O(g4)

�
. (10.106)

From the above expression it is clear that there can exist values of F and N such

that the one-loop contribution is negative but the two-loops contribution is positive.

This suggests that in principle there could be a non-trivial fixed point, a value of

the gauge coupling g = g⇤, for which �(g⇤) = 0.

Let us consider F slightly smaller than 3N . Defining

✏ = 3� F

N
<< 1 (10.107)

we can re-write the �-function as

�(g) = � g3

16⇡2


✏N �

⇥
3(N2 � 1) + O(✏)

⇤ g2

8⇡2
+ O(g4)

�
. (10.108)

The first term inside the parenthesis is positive while the second is negative and

hence we see we have a solution �(g) = 0 at

g2
⇤
=

8⇡2

3

N

N2 � 1
✏ , (10.109)

up to O(✏2) corrections. This is called Banks-Zaks (BZ) fixed point. Seiberg argued

that an IR fixed point like the one above exists not only for F so near to 3N but
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actually for any F in the range 3

2
N < F < 3N , the so-called conformal window.

According to this proposal, the IR dynamics of SQCD in the conformal window

is described by an interacting superconformal theory: quarks and gluons are not

confined but appear as interacting massless particles, the Coulomb-like potential

being

V (r) ⇠ g2
⇤

r
. (10.110)

Hence, according to this proposal, SQCD in the conformal window enjoys a non-

abelian Coulomb phase.

Let us try to understand why the conformal window is bounded from below and

from above. The possibility of making exact computations in a SCFT shows that

for F < 3

2
N the theory should be in a di↵erent phase. In a SCFT the dimension of

a field satisfies the following relation

� � 3

2
|R| , (10.111)

where R is the field R-charge (recall that in a SCFT the generator of the R-symmetry

enters the algebra, and hence an R-symmetry is always present). The equality holds

for chiral (or anti-chiral) operators. This implies that

�(M) =
3

2
R(M) =

3

2
R(Q eQ) = 3

F �N

F
⌘ 2 + �⇤ , (10.112)

given that M is a chiral operator. This means that the anomalous dimension of the

meson matrix at the IR fixed point is �⇤ = 1� 3N/F .

Now, the lowest component of the meson matrix M is a scalar operator. In four

space-time dimensions the dimension of a scalar must satisfy

� � 1 . (10.113)

Indeed, when � < 1 the operator, which is in a unitary representation of the su-

perconformal algebra, would include a negative norm state which cannot exist in a

unitary theory. This implies that F = 3

2
N is a lower bound since there �(M) = 1

and lower values of F make no sense: for F < 3

2
N the theory should be in a di↵erent

phase. A clue to what such phase could be is that at F = 3

2
N the field M becomes

free. Indeed, for F = 3

2
N we get that �(M) = 1 which is possible only for free, non-

interacting scalar operators. Perhaps it is the whole theory of mesons and baryons

which becomes free, somehow. We will make this intuition more precise later.

As for the upper bound, let us notice that for F � 3N SQCD is not asymp-

totically free anymore, since the �-function changes sign (actually, for F = 3N the
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one-loop � function is 0 but one can show that the two-loop contribution is positive).

The spectrum at large distance consists of elementary quarks and gluons interacting

through a potential

V ⇠ g2

r
with g2 ⇠ 1

log(r⇤)
, (10.114)

which implies that SQCD is in a non-abelian free phase. It is interesting to notice

that for F = 3N the anomalous dimension of M is actually zero, consistent with

the fact that from that value on, the IR dimension of gauge invariant operators is

not renormalized since the theory becomes IR-free. A summary of the IR behavior

of SQCD for F > 3

2
N is reported in Figure 10.12.
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g = 0

Figure 10.12: The IR behavior of SQCD in the window 3

2
N < F < 3N , where the

theory flows to an IR fixed point with g = g⇤, and for F � 3N , where g⇤ = 0 and

the theory is in a non-abelian IR-free phase.

10.4.6 Electric-magnetic duality (aka Seiberg duality)

The second proposal put forward by Seiberg regards the existence of a sort of electro-

magnetic duality. The IR physics of SQCD for F > N + 1 has an equivalent

description in terms of another supersymmetric gauge theory, known as themagnetic

dual theory. This equivalence, however, is just an IR equivalence. SQCD, sometime

called electric theory in this context, and its magnetic dual are very di↵erent in the

UV as well as along the RG-flow. They just provide two equivalent ways to describe

the dynamics around the space of vacua. We speak in this case of an IR duality

(it should be said that perturbing SQCD by suitable operators, e.g. by quartic

operators, one can sometime promote this IR duality to a full duality, valid along

the whole RG; discussing such instances, however, is beyond our scope here).

In order to understand this claim (and its implications), and define such dual

theory more precisely, we first need to do a step back. In trying to extend to higher
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values of F the reasoning about SQCD with F = N + 1, one should consider the

following gauge invariant operators

M i

j
, Bi1i2...iF�N , eBi1i2...iF�N . (10.115)

The baryons have eN = F �N free indexes so, at least group-theoretically, one could

think about them as if they were bound states of eN components, some new quark-

like fields q and q̃ of some supersymmetric gauge theory theory with gauge group

SU( eN) = SU(F �N) for which q and q̃ transform in the eN and eN representations,

respectively. Then the SQCD baryons would have a dual description as

Bi1i2...i eN
⇠ ✏a1a2...a eN

qa1
i1
qa2
i2
. . . q

a eN
i eN

(10.116)

and similarly for eB. Recall that in terms of the original matter fields Q and eQ, the

baryons are composite fields made out of N components.

Seiberg made this naive idea concrete (and physical), putting forward the fol-

lowing proposal: SQCD with gauge group SU(N) and F > N + 1 flavors can be

equivalently described, in the IR, by a di↵erent SQCD-like theory with gauge group

SU(F � N) and F flavors plus an additional chiral superfield � which is a gauge

singlet and which transforms in the fundamental representation of SU(F )L and in

the anti-fundamental representation of SU(F )R, and which interacts with q and q̃

via a cubic superpotential

W = h qi�
i

j
q̃j . (10.117)

As bizarre this proposal may look like, let us try to understand it better. Let us first

consider the Seiberg dual theory (which from now on we dub mSQCD, where ’m’

stands for magnetic) without superpotential term, and let us focus on the SQCD

conformal window, 3

2
N < F < 3N , first. For W = 0 the field � is completely

decoupled and mSQCD is just SQCD with gauge group SU(F �N) and F flavors.

So, in the conformal window is itself UV-free since its one-loop �-function coe�cient

is b1 = 2F � 3N and hence positive. In fact, as one can easily check, the SQCD

conformal window is a conformal window also for mSQCD! Hence mSQCD (without

the singlet �) flows to an IR fixed point for 3

2
N < F < 3N . At such fixed point the

superpotential coupling, that we now switch-on, is relevant, since

�(W ) = �(�) +�(q) +�(q̃) = 1 +
3

2
N/F +

3

2
N/F < 3 , (10.118)

where in the second step we have used the relation (10.116) (and the analogue one

relating eB and the q̃ s) and the values of baryon R-charges. The claim is that the
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relevant perturbation (10.117) drives the theory to some new fixed point (where the

�-functions of the dual gauge coupling and of the coupling h both vanish) which is

actually the same fixed point of SQCD. This story is summarized in figure 10.13.

CFT

UV UVSQCD mSQCD
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Figure 10.13: How the RG goes for SQCD and mSQCD in the conformal window.

In the far IR, the two theories reach the same fixed point.

How does mSQCD look like for F  3

2
N? Since for mSQCD b1 = 2F � 3N ,

for F = 3

2
N the �-function vanishes and for lower values of F it changes its sign

and mSQCD becomes IR-free. Hence, the bound F = 3

2
N has the same role that

the bound F = 3N has for SQCD (not surprisingly, one can apply the BZ-fixed

point argument to mSQCD for F slightly larger than 3

2
N and find the existence of

a perturbative fixed point). This explains why, if Seiberg duality is correct, the IR

dynamics of SQCD in the range N + 1 < F  3

2
N di↵ers from the behavior in the

conformal window - something we had some indications of, when studying the lower

bound in F of the SQCD conformal window. Indeed, we can now make our former

intuition precise: using a clever set of variables (i.e. the magnetic dual variables),

one concludes that for N + 1 < F  3

2
N SQCD IR dynamics is described by a

theory of freely interacting (combinations of) meson and baryon fields. These can

be described in terms of free dual quarks interacting with a Coulomb-like potential

Vm ⇠
g2
m

r
with g2

el
⇠ 1

log(r⇤m)
, (10.119)

where gm is the mSQCD gauge coupling and ⇤m the mSQCD strong coupling scale

(which in this regime of parameters is a UV cut-o↵, since the theory is IR-free).

This phase of SQCD is dubbed free magnetic phase, a theory of freely interacting

(dual) quarks. The fact that the IR dynamics of SQCD for N +1 < F  3

2
N , where

the theory is confining, can be described this way is a rather powerful statement:

since mSQCD is IR-free, in terms of magnetic dual variables the Kähler potential
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is canonical (up to subleading 1/⇤2

m
corrections), meaning that we know the full

e↵ective IR Lagrangian of SQCD for N + 1 < F  3

2
N , at low enough energies!

As for the conformal window, which variables to use depends on F . The larger

F , the nearer to IR-freedom SQCD is, and the more UV-free mSQCD is. In other

words, the conformal window IR-fixed point is at smaller and smaller value of the

electric gauge coupling the nearer F is to 3N , and eventually becomes 0 for F = 3N .

For mSQCD things are reversed. The IR-fixed point arises at weaker coupling the

nearer F is to 3

2
N , and for F = 3

2
N we have that gm

⇤
= 0. Therefore, the magnetic

description is the simplest to describe SQCD non-abelian Coulomb phase for F near

to 3

2
N ; the electric description is instead the most appropriate one when F is near

to 3N .

For F � 3N the magnetic theory does not reach anymore an IR interacting fixed

point. The value F = 3N plays for mSQCD the same role the value F = 3

2
N plays

for SQCD. Indeed, the mSQCD meson matrix, U = qq̃ has � = 1 for F = 3N , and

becomes a free field, while for larger values of F it would get a dimension lower than

one, which is not acceptable. For F � 3N the theory should enter in a new phase.

This is something we know already: in this region we are in the SQCD IR-free phase.

Can we provide some consistency checks for the validity of this proposed duality?

Let us first note that two basic necessary requirements for its validity are met:

the two theories have the same global symmetry group as well as the same number

of IR degrees of freedom. In order to see this, let us first make the duality map

precise. The mapping between chiral operators of SQCD and mSQCD (at the IR

fixed point) is

M  ! � : �i

j
=

1

µ
M i

j
(10.120)

B  ! b : bj1j2...jN = c ✏i1i2...iF�N j1j2...jN Bi1i2...iF�N (10.121)

and similarly for b̃ and eB, with b and b̃ being the baryons of mSQCD. The scale µ

relating SQCD mesons with the mSQCD gauge singlet � appears for the following

reason. In SQCD mesons are composite fields and their dimension in the UV, where

SQCD is free, is � = 2. On the other hand, � is an elementary field in mSQCD

and its dimension in the UV is � = 1. Hence the scale µ needs to be introduced to

match � to M in the UV. Clearly, upon RG-flow both fields acquire an anomalous

dimension and should flow to one and the same operator in the IR, if the duality

is correct. Applying formula (10.111), which for chiral operators is an equality, one
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easily sees that this is indeed what happens, since R(M) = R(�). Eq. (10.121) is

obtained from (10.116) multiplying the latter by ✏i1i2...iF�N j1j2...jN , while the scale c

is there for similar reasons as µ and has mass dimension F � 2N . Its precise value,

which turns out to be a function of µ in fact, will be fixed later.

From its very definition, it follows that the magnetic theory has a global sym-

metry group which is nothing but the one of SQCD, GF = SU(F )L ⇥ SU(F )R ⇥
U(1)B ⇥ U(1)R and, using the map (10.120), one can read-o↵ the following charges

for the elementary fields

SU(F )L SU(F )R U(1)B U(1)R
qa
i

F • N

F�N

N

F

q̃j
b

• F � N

F�N

N

F

� F F 0 2F�N

F

�̃ • • 0 1

while the superpotential (10.117) has R = 2.

We can now use global symmetries to see that SQCD and mSQCD have the same

number of IR degrees of freedom. Basically, there is a one-to-one map between gauge

invariant operators, and these operators have the same global symmetries (which

counts physically distinct degrees of freedom). Indeed, the meson matrix M enjoys

the same symmetries as the mSQCD singlet �, and the SQCD baryons B, eB the same

as the mSQCD baryons b, b̃ (the latter being gauge invariant operators constructed

in terms of F �N dual quarks q, q̃). One might feel uncomfortable since the mesons

of the magnetic dual theory, U j

i
= qiq̃j, seem not to match with anything in the

electric theory. This is where the superpotential (10.117) comes into play. Recall

that the supposed equivalence between SQCD and mSQCD is just a IR equivalence.

The F-equations for � fix the dual meson to vanish on the moduli space, since

F� = hqq̃ = hU = 0. Hence, in the IR the two theories do have the same number of

degrees of freedom!

Given the necessary requirements discussed above, wet now want to present

further very non-trivial checks for the validity of Seiberg’s proposal.

• The first such checks comes from ’t Hooft anomaly matching. There are sev-

eral global symmetries and related ’t Hooft anomalies one can cmpute. Let

us choose, for instance, those associated to SU(F )2
L
U(1)B, U(1)2

B
U(1)R and

U(1)3
R
. The computation, using SQCD and mSQCD degrees of freedom, re-
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spectively, gives the following results

SQCD

SU(F )2
L
U(1)B

1

2
N(+1) = 1

2
N

U(1)2
B
U(1)R 2NF (+1)(�N

F
) = �2N2

U(1)3
R

�
�N

F

�3
2NF +N2 � 1 = �2N

4

F 2 +N2 � 1

mSQCD

SU(F )2
L
U(1)B

1

2
(F �N) N

F�N
= 1

2
N

U(1)2
B
U(1)R 2(F �N)F

�
N

F�N

�2 �N�F

F

�
= �2N2

U(1)3
R

�
N�F

F

�3
2(F �N)F + F 2

�
F�2N

F

�3
+

+(F �N)2 � 1 = �2N
4

F 2 +N2 � 1

This shows that ’t Hooft anomalies indeed match between SQCD and its IR-

equivalent mSQCD description.

Note that for the matching to work it turns out that the presence of dual

gauginos is crucial (in the above computation, they contribute to the mSQCD

U(1)3
R
’t Hooft anomaly). This explicitly shows that the description of SQCD

baryons in terms of some sort of dual quarks is not just a mere group repre-

sentation theory accident. There is a truly dynamical dual gauge group, under

which dual quarks are charged, and dual vector superfields (which include dual

gauginos) which interact with them.

• The duality relation is a duality, which means that acting twice with the

duality map one recovers the original theory (as far as IR physics!). Let us

start from SQCD with N colors and F flavors and act with the duality map

twice

SQCD : SU(N) , F , W = 0

# duality

mSQCD : SU(F �N) , F , W =
1

µ
qiM

i

j
q̃j = qi�

i

j
q̃j

# duality

mmSQCD : SU(N) , F , W =
1

µ
qiM

i

j
q̃j +

1

µ̃
diU j

i
d̃j = qi�

i

j
q̃j + di j

i
d̃j

where U j

i
= qiq̃j is the meson matrix of mSQCD,  j

i
is the gauge singlet chiral

superfield dual to U and belonging to the magnetic dual of mSQCD and, for
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the ease of notation, we have put h = 1 in eq. (10.117). Choosing µ̃ = �µ, we
can rewrite the superpotential of mmSQCD as

W =
1

µ
Tr
h
UM � dUd̃

i
. (10.122)

The fields U and M are hence massive and can be integrated out (recall we

claim the IR equivalence of Seiberg-dual theories, not the equivalence at all

scales). This implies

@W

@U
= 0!M i

j
= did̃j ,

@W

@M
= 0! U = 0 (10.123)

showing that the dual of the dual quarks are nothing but the original quark

superfields Q and eQ, and that U = 0 (hence W = 0) in the IR . Summarizing,

after integrating out heavy fields, we are left with SQCD with gauge group

SU(N), F flavors and no superpotential, exactly the theory we have started

with! In passing, let us note that in order to make the duality working we

have to set µ̃ = �µ, a mass scale which is not fixed by the duality itself.

• The duality is preserved under mass perturbations, namely upon holomorphic

decoupling. Let us again consider SQCD with gauge group SU(N) and F

flavors and let us add a mass term to the F -th flavor, W = mMF

F
. This

corresponds to SU(N) SQCD with F � 1 massless flavors and one massive

one. In the dual magnetic theory this gives a superpotential

W =
1

µ
qiM

i

j
q̃j +mMF

F
. (10.124)

The F-flatness conditions for MF

F
and qF and q̃F are

qa
F
q̃F

a
+ µm = 0 , (M · q̃a)F = (qa · M)

F
= 0 , (10.125)

where a is a SU(F � N) gauge index. The first equation induces a VEV for

the dual quarks with flavor index F , which breaks the gauge group down to

SU(F �N�1). The other two equations imply that the F -th row and column

of the SQCD meson matrix M vanish. We hence end-up with SU(F �N � 1)

SQCD with F � 1 flavors, a gauge singlet M which is a (F � 1) ⇥ (F � 1)

matrix, while the superpotential (10.124) reduces to eq. (10.117) where now

i, j run from 1 to F � 1 only. This is the correct Seiberg dual mSQCD theory

at low energy.
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This analysis shows that a mass term in the electric theory corresponds to

higgsing in the magnetic dual theory, according to the table below.

SQCD mSQCD

SU(N), F  !
DUAL

SU(F �N), F

# mass # higgsing
SU(N), F � 1  !

DUAL

SU(F �N � 1), F � 1

The converse is also true (though slightly harder to prove): a mass term in

mSQCD corresponds to higgsing in SQCD.

• Let us use holomorphic decoupling to go from the last value of F where we

have the duality, F = N + 2, to F = N + 1. If Seiberg duality is correct, we

should recover the description of SQCD with F = N + 1 flavors we discussed

previously. Let us consider mSQCD when F = N + 2. The magnetic gauge

group is SU(2). Upon holomorphic decoupling, an analysis identical to the

one we did above produces a cubic superpotential at low energy as

W ⇠ qiM
i

j
q̃j i, j = 1, . . . , N + 1 (10.126)

where qi are the baryons Bi of SQCD with F = N + 1 and q̃j the baryons
eBj. At the same time, the VEVs for qN+2 and q̃N+2 break the SU(2) gauge

symmetry completely. From mSQCD view point this is a situation similar to

SQCD with F = N � 1 where the full breaking of gauge symmetry group

allowed an exact instanton calculation providing the ⇠ detM contribution to

the e↵ective superpotential. The same happens here and the final answer one

gets for the low energy e↵ective superpotential is

We↵ ⇠
�
qiM

i

j
q̃j � detM

�
, (10.127)

which is precisely the e↵ective superpotential of SQCD with F = N + 1!

This also shows that by holomorphic decoupling we can actually connect the

description of the IR dynamics of SQCD for any number of flavors, from F = 0

to any larger values of F , at fixed N .

Let us finally notice, in passing, that even for F = N +1 we can sort of speak

of a magnetic dual theory. Just it is trivial, since there is no magnetic dual

gauge group.
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• There is yet an important relation between the three a priori di↵erent mass

scales entering the duality: the electric dynamical scale ⇤el, the magnetic scale

⇤m, and the matching scale µ. This reads

⇤3N�F

el
⇤3(F�N)�F

m
= (�1)F�NµF . (10.128)

That this relation is there, can be seen in di↵erent ways. First, one can check

that the relation is duality invariant, as it should. Indeed, applying the duality

map (recall that µ̃ = �µ, while ⇤el and ⇤m get interchanged by the duality)

one gets

⇤3(F�N)�F

m
⇤3N�F

el
= (�1)N µ̃F = (�1)N�FµF , (10.129)

which is identical to (10.128). One can also verify the consistency of the

relation (10.128) upon higgsing and/or holomorphic decoupling.

Finally, by matching F = N + 2 SCQD to F = N + 1 SQCD via holomorphic

decoupling, one can also fix the value of c in eq. (10.121) to be

c = 1/
q
�(�µ)N�F⇤3N�F

el = 1/
p
�µN⇤3N�2F

m
. (10.130)

Eq. (10.128) shows that as the electric theory becomes stronger (i.e. ⇤el in-

creases), the magnetic theory becomes weaker (i.e. ⇤m decreases). By using

the relation between dynamical scales and gauge couplings, this can be trans-

lated into a relation between gauge coupling constants, and gives an inverse

relation between them

g2
el
⇠ g�2

m
, (10.131)

showing that large values of the electric gauge coupling gel correspond to small

values of the magnetic one, and viceversa. This is why Seiberg duality is an

electric-magnetic duality.

Depending on where in the (F,N) space one sits, the meaning of the dynamical

scales changes. In the conformal window both SQCD and mSQCD are UV-free.

Both theories have a non-trivial RG-flow and, upon non-perturbative e↵ects,

driven by ⇤el and ⇤m, reach an IR fixed point (which is one and the same, in

fact). In the free-magnetic phase, mSQCD is IR-free and SQCD is UV-free.

Therefore, in this regime ⇤m should be better thought of as a UV-scale for

the magnetic theory, which is an e↵ective theory. In this regime SQCD can

be thought of as the (or better, a possible) UV-completion of mSQCD (the
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electric free phase can be thought of in a similar way, with the role of SQCD

and mSQCD reversed). Within this interpretation it is natural to tune the

free parameter µ to make the two theories have one single non-perturbative

scale, the scale at which non-perturbative SQCD e↵ects come into play and

the scale below which the magnetic e↵ective description takes over. From the

relation (10.128) one sees that this is obtained by equating, up to an overall

phase, the matching scale µ with ⇤el and ⇤m

µ = ⇤el = ⇤m(⌘ ⇤) . (10.132)

Using the above relation for F = N + 2 and adding a mass term for the F -th

flavor, upon holomorphic decoupling one gets the expression (10.127) including

the correct power of ⇤, that is

We↵ =
1

⇤2N�1

⇣
Bi M

i

j
eBj � detM

⌘
. (10.133)

where we have already used the fact that the dual quarks are nothing but the

baryon themselves, in this case.

Figure 10.14 contains a qualitative description of the three di↵erent regimes we

have just discussed.

IR

UV

IR

UV
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Figure 10.14: The three qualitative di↵erent phases of SQCD with F > N+1. In the

magnetic-free and electric-free phases we have chosen (for convenience) the arbitrary

matching scale µ in such a way to make ⇤el and ⇤m being identified, eq. (10.132).

10.5 The phase diagram of N=1 SQCD

After this long tour on quantum properties of SQCD, it is time to wrap-up and

summarize its phase diagram.

51



For F = 0 SQCD (pure SYM in this case) enjoys strict confinement, displays N

isolated supersymmetric vacua and a mass gap. For 0 < F < N the theory doesn’t

exist by its own. The classical moduli space is completely lifted and a runaway

potential, with no absolute minima at finite distance in field space, is generated.

For F = N,N + 1 a moduli space persists at the quantum level and SQCD

enjoys confinement with charge screening (the asymptotic states are gauge singlets

but flux lines can break) and no mass gap. Asymptotic states are mesons and

baryons. The theory displays complementarity, as any theory where there are scalars

transforming in the fundamental representation of the gauge group: there is no

invariant distinction between Higgs phase, which is the more appropriate description

for large field VEVs, and confinement phase, which takes over near the origin of field

space. The potential between static test charges goes to a constant asymptotically

since in the Higgs phase gauge bosons are massive and there are no long-range forces.

As already observed, this holds also in the confining description, since we actually

have charge screening and Wilson loops do not follow the area law in this case.

For N+2  F  3

2
N we are still in a confinement phase, but the theory is in the

so-called free magnetic phase and can be described at large enough distance in terms

of freely interacting dual quarks and gluons. What is amusing here is that while

asymptotic massless states are composite of elementary electric degrees of freedom

(i.e. mesons and baryons), they are charged with respect to a magnetic gauge group

whose dynamics is not visible in the electric description and which is generated,

non-perturbatively, by the theory itself.

For F > 3

2
N SQCD does not confine anymore, not even in the weak sense:

asymptotic states are quarks and gluons (and their superpartners). The potential

between asymptotic states, though, di↵ers if F � 3N or F < 3N . In the former case

the theory is IR-free and it is described by freely interacting particles. Hence the

potential vanishes, at large enough distance. For 3

2
N < F < 3N , instead, the theory

(which is still UV-free) is in a non-abelian Coulomb phase. Charged particles are

not confined but actually belong to a SCFT, and interact by a 1/r potential with

coupling g = g⇤.

A diagram summarizing the gross features of the quantum dynamics of SQCD

is reported below.
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10.6 Exercises

1. Consider SQCD with one flavor and show that giving it a mass, upon holo-

morphic decoupling one gets the pure SYM superpotential, eq. (10.67).

2. Consider SQCD with F = N with superpotential

W = A
⇣
detM � B eB � a⇤2N

⌘
+mQN eQN (10.134)

By integrating out the massive flavor, show that one recovers the ADS super-

potential for F = N � 1 SQCD if and only if a = 1.

3. Check ’t Hooft anomaly matching for SQCD with F = N along the baryonic

branch, M = 0, B = � eB = ⇤N .

4. Check ’t Hooft anomaly matching for SQCD with F = N + 1 at the origin of

the moduli space.

5. Consider mSQCD for F = 3(F �N)� ✏(F �N) with ✏ << 1, and find the BZ

perturbative fixed point, i.e. the values of the dual gauge coupling gm and of

the cubic superpotential coupling h, eq. (10.117), for which the corresponding

�-functions vanish.

6. Show that the addition of a mass term in mSQCD corresponds to higgsing in

SQCD (note: this is the inverse of what we have shown in the main text).
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