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Hyperbolic systems of balance laws

Consider a system of balance laws with k& conserved quantities,

&eu + 8xF1(w) = 0
Ov+ 0. Fa(w) = q(w) (1)

with w = (u,v) € Q C R* x R"7%, and assume that there exists a strictly convex
function £ = £(w) and a related entropy-flux F = F(w), s.t. (for smooth solutions):

0:&(w) 4 0 F(w) = G(w), (2)

where
Fy
Fy q(w)

Equilibrium points: w s.t. G(w) = 0. Set v = {w € Q; G(w) = 0}.

F =E&F (w)=¢ G=EGw)=¢

Definition. The system (1) is entropy dissipative, if for every w € v and w € €,

R(w,w) = E'(w)—E(w) -G(w) <O0.



Set W = (U, V) = &' (w), ®(W) := (£)" (W), and rewrite (1) in the symmetric form
Ao(W)OW + A1 (W)0, W = G(®(W)) (3)

with Ag(W) := ®' (W) symmetric, positive definite and A; (W) := F'(®(W))d" (W)
symmetric.

The system (3) is strictly entropy dissipative, if there exists a positive definite
matrix B = B(W, W) € M"=Fx("=F) quch that

QW) :=q(®(W)) = —D(W,W)(V - V), (4)
for every W € £'(Q) and W = (U, V) €T := &' (7)) ={W € £'(Q); G(®(W)) = 0}.

In the following we just consider W = 0 and systems like:

AW)OW + M(W)BW =~ (5)

with D positive definite.



Kawashima condition. Consider our original system
Orw + F'(w)0w = G(w). (6)

Condition K. Any eigenvector of F'(0) is not in the null space of G'(0), which can
be rewritten in entropy framework as

Mo(0) + A41(0)] ) A0 (K)

Theorem 1. (Hanouzet-Natalini) Assume that system (5) is strictly entropy dissipa-
tive and condition (K) is satisfied. Then there exists 6 > 0 such that, if ||Woll2 < 6,
there is a unique global solution W = (U, V') of (5), which verifies

W e C°([0, 00); H2(R)) N C(]0, 00); H' (R)),

and

+ oo
sup HW(t)H%Jr/O 18U (IE + V(D)2 dr < C(6)[Wollz, (7)

0<t<+o0

where C(8) is a positive constant.

In multiD the estimate is in H®, with s sufficiently large (Yong).



The linearized problem. The system of balance law (1) becomes

A11 A12 axw _ 0 0 w, (8)

rw + Ao1 Aao D1 Do

(H1) 3 Ao symmetric positive such that AAp is symmetric and

Ao11 Aoz 0O O
Ag = ’ ’ BAy = —
0 Ao21 Ao 0 O D

with D € R(P=R)X(n=F) 5ositive definite;
(H2) any eigenvector of A is not in the null space of B.

Consider the projectors Qo = RoLo on the null space of B, and its complementary
projector Q- =1 — Qo = R_L_, to which it corresponds the decomposition

—1/2
(Ao,11) we + 0

o (A5 1) 12 10 )

w:AQ

We = [ (Aoa1)"Y2 0 }u Wne = [ 0 ((A71)az)"V/2 }Aou. (10)



The system (8) takes now the form

C A A C O
w 4 111 112 w X

Wne . Ao1 Ao Wne .

where A is symmetric and D is strictly negative,
D=L_-BR- = ((Ag")22) 'D((Ag )22) .
We want to study the Green kernel I'(¢, x) of (11),

o.' + Ao,I' = BI

I'(0, z) = d(x)I D

~ 0
B =

0
by means of Fourier transform I'(¢,£) and perturbation analysis of the characteristic
function

~

E(z) = B — zA.
We will consider the Green kernel as composed of 4 parts,

F()() (t,ZIZ) F()_ (t, 513)

o) = p (le) To_(t,a)



For £ small (large space scale), the reduction of F(z) on the eigenspace of the 0
eigenvalue of B is

—Zzzlll — 221411215_11421 ‘|- O(Zg),

and one has to consider the decomposition

A=) il LGARD Anry =) (cinl +di)pje,
j

k
with d;x nilpotent matrix. Let us denote by g,k (¢, x) the heat kernel of
gt +£igz = (cjrl + djr)gaa-

For ¢ large (small space scale), E(z) = z(A + B/z), one has to consider the
decomposition

A=Y NiR;L;,  LiBR; = (bjrl + ejr)ajn,
j k

and let h;i(t, ) be Green kernel of the transport system

h: + )\jhm = (bjk;[ + ejk)h.



Define the matrix valued functions

gk (t, T)pjkl; —Lrigik(t, z)pjrlj A2 D™

~

. , o
ik | =L D Anrigin(t, o)pinl; LD Airigin(t, )pjrl; Asn DT

dx?

Theorem. The Green kernel for (11) is
L(t,z) =K, z)x M<z <A, t>1 +K(t,z)+R(t,x)x M<z<X , (12)

where X\, X are the minimal and mazimal eigenvalue of A and the rest R(t,x) can be
written as

e e O(1) O1)(1+1t)~*/?
kit @) _Z 14+t OM(1+t)~? o)1 +t)!

J

for some constant c.



Differences with the previous result by Y. Zeng (1999):
1. finite propagation speed (hyperbolic domain);
2. Structure of the diffusive part (operators Ry and Lo);

3. BAy not symmetric < D not symmetric (as in Hanouzet-Natalini (2002), Yong
(2002)).

From a technical point of view, when we study the function
G(t, &) = exp(E(2)t) = exp (B — zA)t

and we compute its inverse Fourier transform, the differences w.r.t. Y. Zeng are:

e a carefully analysis of the families of eigenvalues whose projectors do not blow
up near the exceptional points z = 0, z = o0;

E(z)t

e when estimating e , one has to deal always with matrices;

e the path of integration in the complex plane depends now on the viscosity
coefficients c;x, which is a complex number.



Asymptotic behavior

Consider now the original problem

wr + F(w), = G(w) = : w(x,0) = wo (13)

q(w)
We have
wi + F (0w, — G (0w = F'(0)w— F(w)

Then we can write the solution as
t
w = D(t) % wo +/ P(t—m)x F(Ow-Fw) - G0w-Gw) dr
0

Since for any vector vector (0,V) € R* x R™™* one has for the principal part K of
the kernel I

0 d —T'g'k(t x)p'kl-;llg[)_l
K(t, = =) — o IR IR =1
(tx) %:da: L D™ Aoy gin(t, @)pjrl; Ao D™

also the second term in the convolution contains an x derivative, so that one may use
standard L? estimates.



Theorem. Let u(t) be the solution to the entropy strictly dissipative system (13),
and let w.(t) = Low(t), wnc(t) = L_w(t). Then, if ||u(0)|| s is bounded and small
for s sufficiently large, the following decay estimates holds: for all 33,

05 we(®)|zr < Cmind 1,67 /20D 52 wmasc u(O)]|, (@) sre ,  (14)

02 wnc(®)llze < Cmin{1,47207D1200Y e ()1, u(O)]ls- . (15)
with p € [1,400].

Remark. These decay estimates correspond to the decay of the heat kernel —21—“ e_x2/ at

and in particular the solution to the linearized problem
w + Aw, = Bw
satisfies (14), (15). As a consequence these estimates cannot be improved.

Remark. Observe moreover that the non conservative variables w,. decays as a deriva-
tive of we,.



Chapman-Enskog expansion

Consider now the Chapman-Enskog expansion

Ao(W)OW + Ay (W)W = — , W=(@U,V)

D(W)V

V ~h(U,Us) :==D"" (A1)21 — (Ao)21(Ao)1 (A1)11 Us

In the original coordinates, equilibrium at v = h(u) and

ws + Fy u, h(u) — D™ (u, h(w)) Fo(u, h(w))z — Dh(u)Fi(u, h(u))s =0

x

The linearized form of (16) is
up + A1t — A12D ™ Agiugs = 0,

so that its Green kernel G is

[(t) = Koo(t) + K(t) + R(t), Koo(t,z) = ergjk(ta T)pjkl;.

(16)



Since the principal part of the linear Green kernel is the same (up to the finite speed
of propagation), one can prove

Theorem. Ifw(t) is the solution to the parabolic system (16), then for all k € [0,1/2)
|D? (we(t) = w(t))|r < Cmin{ 1,722 L imasc (|u(0)]| 1, Jufas

if the initial data is sufficiently small, depending on Kk, and tending to 0 as k — 1/2.

Remark. At the linear level one gains exactly t~'/2 (one derivative), but in dimension
1 the quadratic parts of F', G matter and this is way we can only prove the decay for

all k € [0,1/2).



A Glimm Functional for Relaxation

Stefano Bianchini - IAC (CNR) ROMA



Consider the Jin-Xin relaxation model

F,—F, = U-AU) —F~ (17)
Fr+Ff = U+AU) —F7
where A(u) is strictly hyperbolic with eigenvalues |\;| < 1, and
1, _
U:§(F + F*) e R, M~ (u)=U—A(u), M (u)=U+ A(u).
To prove BV bounds, we follow an approach similar to vanishing viscosity:
1. decompose the derivatives f~, f* of F~, FT along travelling profiles,
=Y frE, T =) R
2. write the 2n x 2n system (17) as n 2 X 2 systems
fz';_t o z'_I__:v — _a’z’_ (tvaj)fz'_ + (1 o a’i_ (tvaj))fi—l_ + Si_ (ta ZB) (18)
1,t + fz',m — ai_ (ta x)fz— o (1 o ai_ (ta x))fj_ + Sj_(ta 33)
3. estimate the sources s; , s; .



Center manifold. Let Uy = v;7;(U, v;, o) be the center manifold for
_UUx + A(U>x — Ugx — O-QU:IZCU

near the equilibrium (U = 0,U,; = 0, A;(0)), so that the center manifold for (17) can
be written as

F~- =M (U) - (1 —0*)v#(U,v;,0) fm =04 o)vri(U,vi,0)
F-=M-(U)—(1—-cuii(Uvi,a) = =(1—o)w(U,vi,0)
Define g~ = F,, g* = F;", and decompose the couple (f~,g~) by
Zf‘va U, f; /(1+07),0; Zf”‘ (U, fi ,07)
g =2 0L /(t+o;)00)=) g7 (Ufi o) (19)

with o, = 0:(g9; /f; ). The same for the couple (f*,g"), with 7 (u, f;",0;) =
7(U, 7/ (L= o), 07), 0 =0i(g] /7).

We thus have 2n travelling waves, n for each family of particles, and the ”inter-
action” among these profiles occurs because of the left hand side of (18).



If we define

~

Ai(u,v,0) = (Fi(u,v,0), DA(u)7i(u, vi, 0)),
one ends up with the system

( T

R e R (20)
B R e e A ()
r -
} it~ Yiz = ~Hlgr %gf +ry (¢ ) (21)
gt e, = 1“ g7 + 5ig i (t )
Among other terms, the source s, ri contains the interaction term
fz‘_giF — fi 9; :fz'_f;r U;F —0; (22)

where the last equality holds for speeds close to A;(0).

We want to show that (22) corresponds to an interaction term, to which we can
associate a Glimm functional: we consider this as the kinetic interpretation of the
Glimm interaction functional for waves of the same family.

For simplicity we will set X; = 0 in the following analysis.



The interaction functional
For a piecewise constant solution u of the scalar equation
(e f(u)@’ — 07

we consider the interaction functional Q(u) defined as (outside the interacting points)

Q(u) = Z 10:][05]|0s — o], d; strength, o; speed of the jump.

jumps ,j
This functional can be extended to the parabolic equation
Ut + f(u)x = Ugx,

and its "form” remains the same,
Qw) = [ [ wt.o)unty) -ty t.o) dudy
R2
ue(t, )  ue(t,y)
— 2 — [ug (t, z)|dz|ug (t, y)|dy.
R

uz(t,x)  ux(t,y)

We can interpret its time derivative as the area swept by the curve v = (uy, u).



One can give another interpretation of the interaction functional for the scalar
parabolic system by considering the variable P (¢, x,y) = u:(t, x)ug (t, y) —ue(t, y)ug (t, x),
which satisfies

P, +div  f(u(t,z)), f (u(t,y)) P = AP

for t > 0, z > y and the boundary Condition P(t,z,x) = 0.
The interaction functional Q(P) is now its L' norm in {z > y},

// P(t,z,y)|dxdy,

and the amount of interaction is the flux of P along the boundary {x = y},

%Q(P) < — VP.-(1,-1) dx = —2/ Utz Uz — UtUzz AT
R

=y
We will show how to interpret the interaction term
fmg =g f"
as a flux along a boundary. As a consequence we will be able to construct a Glimm

type functional, and prove that the above term is bounded and of second order w.r.t.
the L' norm of the components.



Consider the system (20), (21), and construct the scalar variables

P (t,z,y) = f(t,x)g (t,y) — [~ (y)g (¢ )
P~ (t,x,y) = fT(t,x)g” (ty) — f~ (t,y)g" (L, z)
P (t,x,y) = [~ (t,x)g" (t,y) — [Tt y)g™ (L, x)
P (t,x,y) = fT(t,x)g" (t,y) — [T (L, y)g™ (L, )
which satisfy the system
(P, +div((-1,-1)P77) = (Pt~ 4+P 1)/)2—-P "
P T +div((—-1,1)P~ ) (P~ 4+ P™)/)2 - P 7 03
\ P+ div((1, —1)P) (P~ + P+)/2 — P+ (23)
| P4+ div((, )Pt = (P 4+ P2 Pt

for x > y and the boundary conditions
P " (t,x,x) + PT (t,z,z) =0, P ™ (t,x,x) = P~ (t,z,x) = 0.

We may read the boundary conditions as follows: a particle P~ hits the boundary
and bounce back as PT~ but with opposite sign. We are interested in an estimate of
the number of particles colliding with the boundary {z = y}.



To prove that the average numbers of collision with the boundary is finite if the
initial number of particles is finite (note that this is quadratic w.r.t. the L' norm of

f, 9)
Q(P) = / / P~ +|PY |+ [P+ [P dady < +oo,
x>

we consider the system for P in R? and an initial data of the form
P =P " =§(x,y), PTT =P " =0.
The solution will be constructed as the sum of the solutions of the cascade of systems:
P +div((-1,1) P~ = —p~ 7, P +div((1,-1)PT ) = —pT°

Pt +div((-1,-1)P~Y) = (P04 ph0)y/2 _ pm—t

Pt 4 div((, )Pt = (P04 PR 2 -
pot? S+ div (—1,1)- P~ 1?2 (Pt pthly - pm?
P+ > 4 div (1,—1) - P2 (Pt Pt - pt?

The remaining terms are left as source terms for system (23).



p+=0

p-+0




p~+0




p~+0




The solution to the second equation is

1

P2 ety {lal vl <2}, PR = e el Iyl < 2t

and the crossing due to this solution is

L /+OO te tdt = L
4v2 Jo 42

Due to symmetry, the total mass disappearing is thus

1 [T,
— te “dt = 1.
2 /o

We thus obtain that the total crossing is less than.

1
2+ W5 Q(u)

Remark. Observe that the amount of interaction is non local in time.



