ON THE EULER-LAGRANGE EQUATION FOR A VARIATIONAL PROBLEM:
THE GENERAL CASE

STEFANO BIANCHINI

ABSTRACT. In this paper we study the existence of a solution in L{® (€2) to the Euler-Lagrange equation
for the variational problem

0. it [ (Ap(Va) + g(u))ds,
a+wo (@) Ja

with D convex closed subset of R™ with non empty interior. By means of a disintegration theorem, we
next show that the Euler-Lagrange equation can be reduced to an ODE along characteristics, and we
deduce that there exists a solution to Euler-Lagrange is different from 0 a.e. and satisfies a uniqueness
property. These results prove a conjecture on the existence of variations on vector fields stated in [3].

1. INTRODUCTION

We consider the existence of a solution to the Euler-Lagrange equation for the minimization problem
(1.1) inf {g(u),u€u—|—W01’°°(Q),Vu€D},

where g : R — R strictly monotone increasing and differentiable, 2 open set with compact closure in
R™, and D convex closed subset of R™. Under the assumption that Va € D a.e. in €, there is a unique
solution « to (1.1) and we can actually give an explicit representation of u is terms of a Hopf-Lax type
formula. The solution is clearly Lipschitz continuous because Vu € 9D a.e. in .

The Euler-Lagrange equation for (1.1) can be written as

(1.2) div(m(z)) = ¢’ (u(z)), =(z)- Vu(r) = max {ﬁ(:v) -d,d e D},

where 7 is a measurable function. The first equation is considered in the distribution sense, and the
second relation follows by using the subdifferential to the convex function

vo={l. Teh

in the standard formulation of the Euler-Lagrange equations. It means that the vector w(x) lies in the
convex support cone of 9D at the point Vu(x).

In [5], the authors prove that under the assumption D = B(0,1) (in which case u is the solution to the
Eiconal equation), there is a solution to the Euler-Lagrange equation (1.2), which can be rewritten as

(1.3) div(p(z)Vu(z)) = ¢'(u(z)), p=0.

The main point in the proof is that in the region Q\ J, where J is the singularity set of u, the solution u
is C1!, and thus the above equation can be reduced to an ODE for p along the characteristics. We recall
that in this case u is locally semi convex, so that Vu has many properties of monotone functions (see for
example [1] for a survey on monotone functions).

Simple examples show that such differentiability properties do not hold for general sets D, see [4].
However, using some weaker continuity property of Vu, in [4] the author proves that the Euler-Lagrange
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2 STEFANO BIANCHINI

equation (1.3) holds (i.e. there exists a weak solution 7 in L{S (2)) and in the case the dual D* of D is
strictly convex, an explicit representation formula of the solution can be given.

The results contained in [4] are not completely satisfactory, because they relay on a stability assumption
on the flow of continuous vector fields, in particular Lemma 5.6 in Section 5. This stability condition
yields the uniqueness of the solution to the Euler Lagrange equation (1.3), which is unclear in the general
case.

In this paper we prove the results of [4] in the general case, i.e. under the only assumption that D,
D* are convex, and without any additional regularity assumption. The main results of this paper are the

following two theorems:

Theorem 1.1. There exists a measurable selection d(x) € 01p(Vu(z)) NOB(0,1) such that, defining the
segments

(aly,2).y) = {z =y + (t =2 y)zd(@) = 2,y € DUVE € (2 -aly, 2),2-9) |,

the Lebesgue measure H™|q can be disintegrated as
wy e - | By -+ (1= 2 9)2)elts, duly, 2) x HA(),
Q {te(z-a(y,2),z9)}

with 0 < ¢(t,y,z) € L>®(u x HY), and, for p a.e. (y,z), Lipschitz continuous in t € (z-a(y,z),z - y),
uniformly positive in each compact subset of (z - a(y, z),z - y) and absolutely continuous function of t in
[Z . a‘(y7 2)7 z- y]
Moreover, d has a locally bounded divergence in £ and
zZy

(15) Ol )+ [Avdacly+ (-2 p)|etn ) =0 [ tyzar=1

z-a(y,z)
for p a.e. (y,2).
Theorem 1.2. There exists a solution to the transport equation

(1.6) div(p(z)d(z)) = g(x),
such that in all sets Z of the form (5.27) the divergence formula holds:
(17) | o) ecdnt ) - [ pwii) e 1) = [ o) @),
Z(0) Z(h) z
This solution is > 0 H™ a.e. in Q if g is, and it is explicitly given by
1 t
(1.8) ply+(t—zy)2)= ——— / c(s,9,2)9(y + (t — 2 - y)z)ds.
C(ta Y, Z) z-a(y,z)
We recall that by using the same analysis of Section 7.1 in [4], it follows that the following conjecture

of Bertone-Cellina [3] is true: let u € W*°(Q) be such that Vu € D H" a.e. in Q,

(1) either there exists a function n € Wy *°(Q) such that Vu + Vny € D,

(2) or there exists a divergence free vector 7 € Li (€, R™) such that 7 # 0 H" a.e. in Q and

loc
(1.9) m(x) € 0Ip(Vu) H™ a.e. in Q.

We just observe that the absence of variations means that « is a solution to our variation problem (1.1).
The proof is based on the following steps.
In Section 2, we recall the basic notation and the explicit formula of the solution u, Proposition 2.1:

(1.10) u(x) = max{u(i") — |7 —z|p+, 7 € 0N, ar + (1 — )z € Q Va € [0, 1]}
In Section 3, we define the set valued function B(z) C 99 as the set of boundary data such that
U(y) —U(l’) = |y—I|D*, Yy 6897

where |- |p« is the pseudo norm generated by D*, the dual of D. We also introduce the set valued function
D(z) as the set of unit directions of the vectors b—x, b € B(z). Following the analysis of [4], we prove the
fundamental estimates on the continuity and measurability of B(z), D(z), Proposition 3.1 and Lemma
3.2. Finally we study the set where D(z) contains at least two directions di, do which (after rescaling)
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belong to two different extremal faces of D*. By repeating the analysis of [4], we show that this set is
countably n — 1 rectifiable, Proposition 3.6.

If D* is strictly convex, it is known [4] that B(z), D(z) are single valued H™ a.e. in €2, and we denote
these functions by b(x), d(x): in Section 4 we analyze the case when D* is strictly convex. First we
introduce the single valued function a(x), defined as the initial point of the segment = + td(z) where
u(z + td(x)) = u(z) + t|d(z)|p~. This function allows to represent the solution w also as

(1.11) u(z) = min{u(aﬁ) + |z —Z|p-,T € U a(y),ar + (1 —a)z € Q Ya € [0, 1]}

yeN
The stability of the vector field d w.r.t. perturbations of the boundary data, Proposition 4.4, and the
analysis of the particularly simple vector field d; of Example 4.5 yield two important results: the estimate
of the divergence of d, Proposition 5.6,

: n—1 n ’
(1.12) divd + dist(Q’,aQ)dH >0, Q ccq,
and the estimate on the push forward of the H"~! measure on subsets of transversal planes by the vector
field d, Lemma 4.7. In particular this lemma shows that the push forward remains equivalent to the
H"~! measure.

In Section 5 we show how to select an L (2, R") function b(z) € B(x) with good properties: the
principal one is that it can be approximated H™ a.e. by functions b;(x) generated by the solution
obtained using the strictly convex sets D} = (D + B(0,1/I))*, Proposition 5.4. This allows to pass many
properties of b; to the limit, in particular that if we define the vector field

i) = b(x) —x
|b(x) — x| p-

then divd is a bounded measure, Proposition 5.6 and it is the limit of the vectors d;(z) constructed by
considering the strictly convex sets D}, Proposition 5.4. We also prove that this selection enjoys the same
push forward estimates of the H"~! measure on planes transversal to d proved in the strictly convex case,
Lemma 5.7. A consequence of this estimate is that the set U,ecqa(x) is H™ negligible, Proposition 5.8.

A deeper analysis of the vector field d is done in Section 6. In this section it is proved that on the sets
Z of the form

(1.13) Z(0)=B(0,r)N{e1-y=0}N{e1-aly) < —h~,e1-b(y) > h+h'},

such that b, d, a are continuous on Z(0), e; -d > 1 — ¢, and
(1.14) Z = {x =y+td(y),y € Z(0),t € [e1 - aly),e1 - b(y)]}7 Z(t)=ZnN{e1 -z =t}

the push forward of the H"~! measure on Z(t) = Z N {e; - = t} defines a function «a(t, s,y) with good
properties: the inverse 1/« remains uniformly bounded, different from 0 and absolutely continuous for
t € (e1-a(x),er-b(z)), Lemma 6.2 and Corollary 6.3.

Since 1/« is the factor appearing when writing the Lebesgue measure on ZN{ as an integral on Z(0)
along the lines = + td(z), tinR, in Section 7 we use the uniform bound on 1/« and its strict positivity
to disintegrate the Lebesgue measure along the segments (a(x),b(z)), Theorem 7.5. Disintegrating the
divergence formula

(1.15) /qbdivd = —/qude", ¢ € C.(V,R).
and using the estimates on the derivative d;(a(x + td(x))) ™!, we prove that 1/« satisfies the ODE
(1.16) dulafe +td(@))) ™ + [([divd)ac.(y + (t = 2 9)2)] (a(w + td(2))) ™ =0,

for almost all segments (a(z),b(x)), Proposition 7.8.
Finally, the last section, Section 8, shows how to construct a particular L$2 (€2) solution to the PDE

loc
(1.17) div(p(z)d(z)) = g(z), g € Lioe(Q),

with the property of satisfying the divergence formulation also in the sets Z, Theorem 8.1. This solution
is positive if g is. A uniqueness property of this solution is proved in Corollary 8.2.
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2. PRELIMINARIES

We consider the following variational problem
(2.1) inf / (Ip(Va) + g(u))de,
at+wy = Ja

with g : R — R strictly monotone increasing and differentiable, €2 open set with compact closure in R".
The function 14 is the indicative function of a set A C R",

(2.2) u@»{im i;ﬁ

Moreover, to have a finite infimum in (2.1), we assume that the function @ satisfies
(2.3) Vi e D.

As a consequence, the infimum is finite and it is attained.
To avoid degeneracies, in the following we assume that D is a bounded convex closed subset of R™,
with non empty interior, and without loss of generality we suppose that

(2.4) B(0,R,) = {m eR",|z| < Rl} C D C B(0, Ry).
We then denote the dual convex set D* by
(2.5) D* = {d ER":d-(<1Vle D}, B(0,1/Ry) € D* € B(0,1/Ry),

where the scalar product of two vectors z,y € R™ is x - y. The set D* is closed, convex and D** = D.
We will write the support set at £ € 9D as

(2.6) sD(0) = {d cdD*:d-l=supd-{= 1} = 91p(f) N OD".
teD
In the above formula, we have used the notation df(x) as the subdifferential of a convex function f
evaluated at x.
Let | - |p be the pseudo-norm given by the Minkowski functional

(2.7) |x\D:inf{k€R:m€kD}:sup{d~x,d€D*},
and define the dual pseudo-norm by

(2.8) |z|p« = inf{k € R:z € kD*} =sup{l-z,{ € D}.
Note that due to convexity the triangle inequality holds,

(2.9) |z +ylp- < |z|p- + |ylp-, =,y €R",

and that | - |p, | - |p~ are the Legendre transforms of Ip«, Ip respectively.

In the following, we denote with H"~! the n — 1 dimensional Hausdorff measure [2], Definition 2.46 of
page 72: for any Q' C Q,

(2.10) | |n—1 = H" 1) = ksup (inf{z |diam(B;)|" !, diam(B;) < 6,Q C U Bl}>,

6>0 il icl

where r is the constant such that H"~! is equivalent to the Lebesgue measure on n — 1 dimensional

planes:
n—1

T2 >
K=, l(a)= / to e tdt.
(14 254) 0

We recall that H" is the n dimensional Lebesgue measure £", [2], Theorem 2.53 of page 76.

If f: X — Y is a measurable map between the measure space (X, S, ) into the measurable space
(Y, T), we define the push forward measure ffu as ([2], Definition 1.70 of page 32)

(2.11) Fau(T) = p(FN(T)), TeT.

The first proposition is the explicit representation of the solution by a Hopf-Lax type formula.
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Proposition 2.1. The solution of (2.1) is given explicitly by
(2.12) u(z) = max{u(:i) — | — 2|p+,7 € 0 ax + (1 — a)z € Q Ya € [0, 1]}.

Moreover, u is Lipschitz continuous and Vu € 0D a.e.. The existence of the mazximum is part of the
statement.

The proof of this proposition is standard, and can be found for example in [4], Proposition 2.1. The
basic ideas are that the function defined by (2.12) has derivative still in D (because V|- |p+~ € 0D H™ a.e.
on R™) and is the lowest possible function such that Vu € D. The boundary data is certainly assumed
because 4 satisfies Vu € D H™ a.e. in Q. Finally if |Vu|p < 1 then u is not the minimum, yielding a
contradiction.

Remark 2.2. In the following we will only use the representation of u given by (2.12), i.e. we will not
care if the boundary data @ is assumed on the whole boundary 92 or just in one point. Clearly we can
always redefine the boundary data by means of (2.12) so that the boundary data is assumed.

3. REGULARITY ESTIMATES

Before studying the Euler-Lagrange equation for the variational problem (2.1), we introduce some
important functions and prove some basic regularity estimates.
Define the set valued functions

(3.1) B(x) = {gz € 00 : u(z) = u(z) — |T — z|p-, [2,7] C Q} c o0,
(3.2) z — D(z) = {é:gx € B(x)} c 9B(0,1).

Thus D(z) is the set of directions where u has the maximal growth in the norm |- |p«. It is easy to prove
that both sets B(z), D(z) are closed not empty subset of 982, dB(0, 1), respectively (see the proof of [4],
Proposition 2.1). The normalization in (3.2) and Vu € D imply that

(3.3) u(z + td) = u(x) + t|d| p-

for all z € Q, d € D(z). Roughly speaking, we can say that B(z) is the set where the half lines « + td(z),
with d(z) € D(z) and ¢ > 0, intersect 0€2: this is perfectly correct in the case €2 is convex.
In the following, we will study the properties of B, D: since D is obtained by B by normalization, we
will often prove that a property holds for one and only say that the same property holds for the other.
The first result is the upper continuity of the set valued maps D(x), B(x).

Proposition 3.1. The function D(z) is closed graph and upper semicontinuous: more precisely for all
y € Q, for all € > 0 there exists § > 0 such that

(3.4) D(x) C D(y) + B(0,¢)

for x € B(y,0). Moreover, for all d € D(y) there exists ©, — y (Tn #y), dn € D(xy) such that d, — d.
The function B(x) has the same properties.

Proof. Fixed the point y, by rescaling we can restrict to the set of points whose distance from y is 1,
D*(y,1) = {z: |z —ylp- =1},
and we can assume that u(y) = 0. By the explicit formula of solutions, the set D(y) is given by
D(y) = {z=y:lz—vlp- = 1, u(z) =1},
so that it follows from Lipschitz continuity that for all € there is a ¢ such that
u(z) <1l—ce Vz : |z —y|p- = 1,dist(z, D(y)) > 4.
We thus have that for all z such that |z — y|p~ < €/2, z as above,
u(z) > —€/2 >u(z) = 14+¢€¢/2 > u(z) — |z — ylp~ + |z — y|p~ > u(z) — |z — x|p~.

Thus the set D(z) for such a z has a distance from D(y) less than O(d + €). The closed graph property
follows from the fact that each D(x) is closed.
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Since if d € D(y), then d € D(y + td(y)) for all ¢ such that y + td(y) € Q, we have the lower
semicontinuity.
The proof for B(z) is completely similar. O

We next prove that the set valued map B is measurable: we repeat the computations of [4], Proposition
3.3. We recall that if F is a set valued function, then

(3.5) Fa) = {z: F@)na#o},
Lemma 3.2. The function B(z) is Borel measurable, i.e. the inverse image of open sets are Borel
measurable. More precisely, the inverse image of a compact set is compact in §2.
Proof. We have to prove that for all open set O in 952, the inverse image
{z:B(z) € O}

is Borel. Take a sequence of closed set O; C O, i € N, on the boundary 012 such that U;O; = O. The
measurability of B71(0;) is trivial for the function

ug :max{u(:i) — |2 —2|p,7 € Oj,ax + (1 — )z € Q Va € [0, 1]}7

since B71(0;) = Q. Then, one only observes that
B~ Y0;) = {x € Q:upx) = u(a?)},

Where_u(x) is the solution to the variational problem. Since ug, u are Lipschitz function, it follows that
B~1(0;) is a closed set in 2, hence B~1(0) = U;B71(0;) is Borel. O

We now prove the following relation among the derivative of the Lipschitz function u and the function
D.

Lemma 3.3. If x is a point of differentiability of u, then
(3.6) Vu € §D*(d/|d|p-) = {ee D:-dj|d

D+ = 1},
where d € D(x). Similarly,
(3.7) {d/|d|D*,d c D(x)} C 5D(Vu()).
Proof. This follows from the equation u(x + td) = u(z) + t|d|p~ for all d € D(zx), which gives
Vu-d/|dp- =1 = Vu € §D*(d/|d|p+)

by definition of §D*(d) and the fact that Vu € 9D (Proposition 2.1). The same equation shows also the
second part of the lemma, since d/|d|p« € OD*. O

D*)@}.

We finally show the countably n — 1 rectifiability of the singular set

(3.8) J= {x €Q:3dy,dy € D(x),6D*(dy/|d1|p-) N 5D*(da/|do

We can write

(3.9) J=JJm
meN

where, for m € N J,,,, is the compact set

p+),6D"(d2/|d>

(310) J" = {QS €0: Hdl,dg S 8B(O, 1),dIStH(6D*(d1/|d1

1
«)) > —
p )) - m}7
where dp is the Hausdorff distance among compact sets.

We begin with a simple geometrical lemma, taken from [4]. Given a compact convex set K with 0 ¢ K,
define

C+(K):{xew;x.z>ow61{},

(3.11) C(K) = CH(K)UCH (—K) = {xER" xl£ 0Vl K}.
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Clearly C(K) is an open non empty cone, because K is convex and compact and does not contains the
origin: C*(K), C(K) can be represented by means of duality.

Lemma 3.4. Let di,ds € D(x0), and assume that disty (6D*(d1/|d1 p+),0D*(ds/|d2 D*)) > 0. Let z;
be a sequence of points converging to xg such that there exists d; € D(x;) with d; — dy. Then, if Y is the

contact set of ‘i’f:fcl ,
3

(3.12) Y NC*(6D*(d2/|ds
where 0D*(x) is the support cone of D* at x.

p-) — 6D*(d1/|d1|p-)) = 0,

We recall that the contact set of a sequence a; is the closed set of limits of all subsequences.

Proof. Without any loss of generality, assume xg = 0, u(zg) = 0 and consider the set D* = {|x
of D*-radius 1, so that u(dy/|d1|p~) = u(da/|d2|p+) = 1. Moreover u < 1 on dD* \ UysoaD(x).
Since d; is close to d;, then for some € > 0 it holds

p+ 2 u(yi) = i — ®ilp~ > u(dz/|dz|p-) — |d2/|d2
where y is the closest point to x in the e neighborhood of dy/|dy
u(z;) = u(y;) — |yi — x| p~. We can approximate the two distances as

(3.13) |d2/|d2|p+ — @i|p~ =1 = li(d2/|d2|p-)x; + o(|zil), |y — @s[pr =1 = Li(y)w; + o(|zi]),

with £;(da/|d2|p+) € 6D*(da/|dz2|p+), 4i(y) € §D*(y). From upper continuity continuity of 6D*(d) (as
the derivative of a convex function), it follows that 6D*(y) C dD*(dy/|d1|p~) + B(0,4), with 6 — 0 as
y — di/|d;|p+, so that §D*(y) N 6D*(da/|d2|p+) = 0 for e sufficiently small, because of the assumption
that dg (6D*(d1/|d1|p~),0D*(d2/|d2|p~)) > 0. It thus follows that there exists £;(y) # ¢;(d2/|d2|p~) such
that x; - (¢;(d2/|d2|p+) — £i(y)) < o(]z;]), so that by taking a converging subsequence of z;/|z;| and ¢;(y)

p+ =1—|d2/|ds
p= and y; is the point such that

1=y —m D — X5 D+ — Zi| D+,

we obtain .
Jim 5 ¢ CF(6D" (da/ldalp-) = D" (d/ || p-)).
Since this holds for all converging subsequences, we obtain (3.12). O

Up to subsequences x;,, we can assume that the vectors £;(dz/|d2|p~), £i(y) converge to some lim-
its £(dy/|d2|p~), (di/|di|p=), (d2/|d2|p-) # €(d1/|d1|p~), so that it follows that the sequence of ;;
asymptotically belongs to the half space {z - (¢(d2/|d2|p+) — €(d1/|d1|p+)) < 0}.

If we have a sequence x; — z in J™, it follows that we can extract a subsequence such that (z; —

x)/|z; — x| and the vectors ¢;(dy/|dk|p~) defined by
|dye/|d p+ =1 —Lip(dy/|dk

converge to some vectors e, £(dy/|dk|p+), where di, k = 1,2, are independent directions in D(z) in the
sense of the definition (3.10). From Lemma 3.4 we have that any limit

p+ — (x; — @) p+)(xi —x) + o(|z; — x| p-),

lim = e ¢ CF D (da/ldelp-) = 6D" (/|| ) U CF(5D* &/l |-) — 5D* (d /|| -))
(3.14)

= C(6D*(d2/|d2|p+) — 6D*(d1/|d1|p+))-
The rectifiability of J™ follows thus from the following rectifiability criterion [2], Theorem 2.61 page 82:

Proposition 3.5. Let E C R™ be such that for all x € E there exists B, = B(x,r;), and a cone
Co={yilde-(y—2)| 2 mo|(T— dy @ ) - (y — @), dy € R”, || = 1}

such that ENB,NC, =0. Then E is n— 1 rectifiable, i.e. it can be covered with a countable number of
images of Lipschitz functions.

We thus have
Proposition 3.6. The set J = UJ™ is countably n — 1 rectifiable.

It can be proved that the set where there exists k directions whose support cones are pairwise disjoint
is countably n — k + 1 rectifiable.
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4. THE STRICTLY CONVEX CASE

In this generality we cannot say much on the functions B, D. Even if we can apply selection principle
to the measurable set valued functions B, D, in general these selections do not show any particular good
property apart from being measurable. Following [4], in this section we make the following assumption:

the conjugate set D* is strictly convex.

By duality, this implies that D is differentiable. Since for smooth D the support §D(¢) reduces to a
single point for all £ € 9D, using (3.7), the continuity of D and Proposition 3.6 it follows that

Corollary 4.1. The function D is single valued in each differentiability point of u, and the set where u
is not differentiable is countably n — 1 rectifiable.

Proof. Let x be a point where D(z) is not single valued, i.e. there exists dy, da such that dy,ds € D(x).
Then from the strict convexity of D* it follows that the support cones of di, do are disjoint, so that
we conclude from Proposition 3.6 that the set of points where D is not single valued is countably n — 1
rectifiable.

Let = be a point where D(z) is single valued. From the upper continuity of D it follows that D(y) is
close to D(x) for y sufficiently close to x, i.e.  is a Lebesgue point for the L> function D\ ; (we have
just proved that on '\ J the function D is single valued). From Lemma 3.3 and the upper continuity of
the support cone, it follows that x is also a Lebesgue point for Vu, which implies that u is differentiable
in x. ]

We consider the set of segments

@)= | {33 ttd:te [t (x,d), tH(z, d)],
deD(x)
t~(x,d),t" (z,d) are the minimal, maximal values such that

(4.1) w(z + td) = u(z) + t|d| p- Vt € (t~(z,d), t" (z, d))}.

The set B(z) is the set where x + td(x) € 02, while by considering the end points for ¢ < 0, we define
the function

(4.2) a(z) = {x ftd: b=t (,d),d € D(x)}
From the strict convexity of D*, it follows in fact that
Lemma 4.2. a(x) is single valued.

Proof. Assume that D(x) contains two different directions dy, da, and let a;(x) # x be defined by (4.2).
We denote as usual by b1, bo the two boundary data corresponding to di, ds. Then

u(bg) = u(m) + |b2 — J)|D* = u(al) + |J) — a1|D* + |b2 — x\p* > u(al) + |b2 — al\D*,
which is a contradiction with Vu € D*. We have used the fact
|z + ylp« < |2|p- + |y|D-

if  and y are not parallel. O

This lemma is clearly not true when D* is not strictly convex. As a corollary of the explicit form of
the solution and the above definitions, we have

Corollary 4.3. The solution u can be written as
u(zr) = min{u(w) + |z —Z|p-,T € U a(y),axr + (1 — )z € Q Va € [0, 1]},
yeN

(4.3) u(z) = max{u(a‘c) — |z —z|p~,T € U B(y),ar + (1 — a)z € Q Va € [0, 1]}
ye
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The formula based on Uya(y) follows from the Lipschitz continuity and the fact that the minimum
is assumed because a(x) exists for all x € Q: the strict convexity of D* implies that this minimum is
unique.

In the set S = Q\ J where B(z), D(z) are single valued, we will use the notation

(4.4) B(z) = b(z), D(x) o= d(z).

An important consequence of the continuity property of B (Proposition 3.1) and Corollary 4.1 is that
we have some stability of the vector d w.r.t. perturbation of the boundary data, of the set D and
approximation by smooth vector fields.

Proposition 4.4. The function © — d(x) is continuous w.r.t. the inherited topology on the differentia-
bility set of u. Moreover, it holds

(1) If u; (02) — u(09) in L>°(0N), then d;(x) — d(x) H™ a.e. in Q, where d;/|d;|p~ = dD(Vu;).

(2) If pe is a convolution kernel, then pe * d converges to d H™ a.e. in S).

(3) If D; is a sequence of convex sets converging to D w.r.t. the Hausdorff distance, with D} strictly
convex and D C Dy, then the vector field d;(x) corresponding to the solution w; to

(4.5) inf / (Ip,(Vu) + g(u))de,
at+Wy = (Q) Jo
converges to the vector field d corresponding to u H™ a.e. in €.
Proof. From the continuity of the set valued map D and the fact that for D* strictly convex D(z) is
single valued H" a.e. in €2, the continuity on the differentiability set follows, as well as the second point.

For point (1) and (3), one has only to repeat the proof of Proposition 3.1 to obtain that, fixed x € €,
€ > 0, then

D,(x) C D(x) + B(0, ),
for ¢ > i(x,€) > 1, where D; is the set corresponding to u; is both cases. O
The vector field d(z) enjoys good properties. The first property is that, while it is not BV its divergence

is still a measure. In the following we will use as a standard tool the following construction, i.e. the
possibility to approximate d with vector field d; which can be studied more easily.

Ezample 4.5. Consider the functions
(4.6) ur(z) = max{u(@) — @i —z|p-:i=1,....],ar+ (1 — a)z; € QVa € [0, 1]}

for a dense sequence of points {Z;}5°; in 90 (it suffices that {Z;}5°; is dense in U B(x), or in a selection
Uzb(z), with b(x) € B(z)).
We can split the set §2 into at most I open regions 2;, ¢ = 1,..., I, which are defined by

(4.7 ; = interior of {x sur(x) = uw(Z;) — T — x|D*},
together with the negligible set
I = UJ(2n9y)
i#]
= {@: 304, i 4 juie) = u(@) - |3 - alp- = u(@;) - |7; - alp- }.
In fact, J; is a countably n — 1 rectifiable set by Corollary 4.1: a simple argument shows that it is actually

the image of a finite number (at most I(I — 1)/2) of Lipschitz functions from R"~! into ), since the
number of points Z; is finite. In each open region €2;, the function d;(x) is given by

T, — X

di(x) = ——.
Its divergence can be written as

(48) divd; = (dlvdl)s + (divdi)aic_,
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with (divd;)s supported on Y and positive, while using the explicit form of d; and the fact that H"(Y) =0

it follows
n—1

dist(x,0Q)

The strong convergence of d; to d yields the following result.

(dini)a.c. (.%‘) Z -

Proposition 4.6. The divergence of the vector field d(x) is a positive locally finite Radon measure,
satisfying

n—1
4. di —_dH" >
(4.9) 1Vd—|—d S, aQ)dH 0
for all x € Q' cC Q. Moreover, we have the estimate
(4.10) (divd](B(z, ) < [0B(0, )] + 20— DIB@DL gy e q.

dist(B(z, 1), 09)’

Finally, the singular part is strictly positive in 2.

Proof. The first inequality follows by the convergence of d; to d pointwise (Proposition 4.4), and the fact
that positive definite distributions are positive locally finite Radon measures ([6], pag. 29, Theorem 5).
The inequality (4.9) implies that the singular part is positive.

It is clear that since d € L>(Q), for a.e. r € (0,00)

y
lim = / d(y) - = dy = / d(y) - Zedy € L=(R),
6—0 6 w r+5)\B(I T) |y‘ 8B(I7r) ‘y|

so that we can write by taking the limit of the test function ps * B(x,r)
divd(B(z,r)) = divd™ (B(z,r)) — divd™ (B(x,r))

— [ ) Ly < B
OB (z,r) |y|

for a.e. 7 > 0. From the first estimate (4.9), we have

1)|B(z, )]

(z,7),00)"

so that (5.25) follows. O

L (n—
divd™ (B(x.1)) < o= o5

We next study the push forward of the H"~! dimensional Lebesgue measure on hyperplanes by the
vector field d. Let x € € such that, and by translation, rotation and rescaling we assume

z=0, d(0) =e; = (1,0), e1-a(0)<—h", e -b0)>h+h".

where we denote with e; the unit vector along the i-th coordinate axis.
Let K. be a compact subset of B(0,r) C € such that

(4.11) d

We assume that H™(K,) > 0, otherwise the next inequalities are trivially satisfied.
Define the compact set

blg. >h+ht -

Kes

2o ={(1 - s)a() + sb(x),w € K, € [0,1]}.
This set is compact because a, b are continuous on K.. Define the slices
Z(s)=2Z.Nn{er-x=s}
and the n — 1 dimensional vector field d*(t,y) by

d(t,y)
o dty = (1,d*(t,1)).

Lemma 4.7. For all0 < s <t < h the following estimate holds

(h +ht —e— t)”lHnl(ZE(s)) <H"N(Z(1)) < (Hh_eyl?f"l(&(s»-

4.12 L
( ) h+ht —€e—s s+h™ —e¢
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Proof. Let d; be the vector field constructed in Example 4.5, by taking only a dense sequence in B =
Uyez.b(y). This vector field d; is single valued outside the H™ negligible set Jj: since the points b;,
t=1,...,1, are on the same side of Z(s), then

H*" N Z(s)NJ) =0

for all I € N, s € [0, A].

By Proposition 4.4, D; converges to d pointwise on Z,, because d is single valued on Z.: in particular,
since the set Z.(s) \ Jr is of full H"~! measure for all I € N, d; converges to d H" ™! a.e. on Z(s), for
all s € [0, h].

Fixed s, by Egoroff and Lusin theorems, we can assume that dj, b; are continuous and converge
uniformly to d on a compact set A,(5) C Z.(5) with H"*(A4,(5)) > H" (Z(5)) — n. This implies in
particular that d; is single valued on A,(5), i.e. Jy N A,(5) =0 for all I € N.

If we define the vector field

dr(x)
€1 -

Ty = (L),

and the compact sets
Agr =Ly =912 5,6y) € A}, Agslt) = Ay fer =1,
then from di — d* uniformly on A,, the sets A, 1, A, () converge in Hausdorff metric to

Ay ={(ty+ (= )a W)t = 5,y) € 443}, Ay() = {(Ly + (= 5)d* 1), (5,) € 4,(5) }-

Moreover, from the explicit form of the vector field d; we have

I I
d n—1 _ n—1 n—1 _ n—1 n—1 .
G =3 [ ) = 3 KT (09
n—1 ! n—1
> "= n—1 N =l
= h+h+_€—t;H (ATLI(t)mQZ) h+h+—€—tH (An,l(t))a
so that
htht —e—t\"! htht —e—t\" !
n—1 > n—1 = — n—1 =
O A0) 2 (et ) T ) = (et R A

By the Hausdorff convergence of the compact set A, ;(t) to the compact set A, (t), we obtain that
limsup 1"~ (A, 1(t)) < H"7H (A, (1) < H"TH(Ze(1)),
I—o0

so that by letting n — 0, the above inequality holds also for the limit Z.(t), for all t > 5.

Repeating the computation by using a dense sequence in Uze i, a(z), one obtains the symmetric in-
equality for ¢t < &:
s+h™ —e¢
.

W (Ze(s) > et
(=)

5. THE GENERAL CASE

This section is devoted to finding a measurable selection of the set valued D(x) such that we can prove
the same regularity estimates of the previous section.

We consider a sequence of strictly convex sets D} converging to D*: natural candidates are the sets
D; obtained by the inf-convolution,

1 1 1
(5.1) Di:DDfK:D—i-fK:{x:ElxlGD,xQEK,x:xl—i-f:Eg}
i i i
where K C R™ is a convex bounded subset containing the origin and such that K* is strictly convex.

Remark 5.1. It is sufficient to have (D + K)* strictly convex.
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By construction, D; is smooth and its Legendre transform is

1
(5.2) |z|p; = |z|p~ + g|x|B~

We thus have that D is strictly convex, and D C D*. By computations similar to the proof of
Proposition 3.1, it follows that for all z € Q, € > 0,

(5.3) D;(x) C D(z)+ B(0,¢), Bi(z) C B(x) + B(0,¢€),

if ¢ > i(e, z) sufficiently large. We now show that the set valued function defined as
(5.4) R(z) = {b € B(z): |b— x|k~ is minimal}

is single valued H" a.e. in Q.

Lemma 5.2. The set valued function R(zx) is measurable.

Proof. Let C be a closed subset of 0f).

(5.5) A NC)={zecQ:TyecCnB)s. t. |y—z| = mei(n) |b— x|},
eb(x

We obtain &71(C) by countable operations of measurable sets. For i,k € {1,2,3, ...}, define the sets
(5.6) Ap(C)={zcQ:TFyecCnBx)s. t. |y—z| €27k, 27 (k+1)]},
Bix ={r€Q:3zeBx)s. t. |z —z| <27%}
= {2z € Q: dist(x, B(z)) < 27k},
Cir(C) = Ajx(C) \ Bix
(5.8) ={zeQ:IyecCnBx)s. t. |y—x| 27k, 27 (k+1)]
and Vz € B(x) |z — 2| > 27k},
D;(C) = JCu(C)
k

={2€Q:IyecCnB(x)s.t. for k with |z —y| € 27,27 (k +1)],
Vz € B(x) |z — 2| > 27k}

Cl{reQ:yelCnBx)\VzeBx) |y —x| <|z—x|+27}

=: D,(C).

(5.7)

(5.9)

On the one hand,
(5.10) A71(C) c Di(C) for all i.
On the other hand,

ﬂDl(C’) ={reQ:Vidy; e CNB(x)Vz € B(x) |y; — x| < |z — x| +27"}
(5.11) i
={reQ:yelnBx)\Vz € B(x) |y —z| < |z — x|},

because C' N B(z) is compact. So we have
(5.12) () D:(C) = () Di(C) = &H(C).

The sets By are closed, due to the semicontinuity of B.
It remains to prove that A;,(C) is measurable. For an interval [a,b] C R, consider a set of the form

(5.13) A={zeQ:yeCnB(z) ly— x| €[a,b]}.
The set
F={(z,9,2) € Ax 0N xR:ye€B(x),z=|y—z|}

(5.14) ={(z,y,2) € A x IV X R: (x,y) € graph(B),z = |y — z|}
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is the graph of the continuous function | - | on the closed set graph(B), thus it is closed. Thus
(5.15) A={zeQ:3(y,2) €0 XR (z,y,2) eTN(QAxC X [a,b])}

is the projection of a closed set, and is itself closed. O

Lemma 5.3. Let x € Q, y € R(x). Then K is single valued on the segment
Je,y={te + (1 —t)y: 0 <t < 1}.

Proof. Suppose by contradiction that there exists &’ €]z, y[ such that £(x') is not single valued. Clearly,
y € B(z'). Let ¢y € R(2'), y' £ y.

1) Assume that the directions of y — 2’ and y' — 2’ lie on the same extremal face of D*. If [z, y'[C Q,
then

u(z) = u(y) — |y — z[p- = u(y) — |y — 2'|p- — |2’ — z[p-
=u(2') - 2’ —z|p- = ay) = |y’ —2'|p~ — 2" —z|p- = u(y') — |y — 2|p-,
ie. y € B(x). But by the strict convexity of K*, we have
Y — @l <y — 2|k + 2" —2lxe <y — 2|k~ + 2" — 2]k =y — 2|k,

in contradiction to y € &(z). B

2) If [z,y'[Z Q, one considers the shortest convex curve v connecting x to y' in the intersection of
with the triangle with vertices {x,2’,y'}. All tangent vectors 4/|¥|p+ of this curve belong to the same
convex face of D*. It thus follows that, if z is the closest point of v N 9N to x (z # z, otherwise we are
in case 1), then z is in B(x) and it is closer to  than y.

3) Assume now that the directions of y — 2’ and y’' — 2’ lie on different extremal faces of D*. If
[z,y'[C ©, then by a similar computation to 1),

u(z) =u(y’) = |y’ = '|p+ — |2’ — z|p- <aly’) -y — zlp-,

in contradiction to proposition 2.1.

4) If [z,y'[¢ Q, one considers a point z €]z’,y'[ such that [z, 2] C Q. By analogous computations to
the previous steps, one gets

w(z) = u(z) — |z — 2'|px — |2’ — z|px < u(z) — |z — x|p~,

which again contradicts proposition 2.1. ([l
Proposition 5.4. The set valued function R is single valued H" a.e. in Q.

Proof. 1) Let M C Q be the set where R is not single valued, and assume by contradiction H™(M) > 0.
Cover 09 with a finite family of balls {B(y;,p)}, y; € 09, p > 0, and let
M; = M 0K B(y;. p))-

By assumption, at least one of the M; is not negligible. Let 2 be a density point of M;. Assume for
simplicity « = 0 and (x — y;)/|z — y;| = e1. From the definition of density point it follows that

1
/ﬁnnfl
for t € A C [—r,r] with H}(A) > 2r(1 — ¢), for r sufficiently small. Consider now a dense countable
sequence {b;}ien in 0Q N B(y,, p), and let u; be the solution to

(5.17) wla) =sup {a(s) = Iy~ alog, v € ()L
Then by construction u;y — u pointwise on Mj;.

2) We now prove that for any € > 0
(5.18) Br(xz) C &(x) + B(0,e) for all I > J(e, ).
Let y € 002\ (R(x) + B(0,¢)). We need to prove

(5.16)

H"_l{Mj N B(ter,r)N{e; -z = t}} >1—c¢

ur(z) > u(y) — |z — y|ps
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for I > J(e,x). For any n > 0, by the explicit formula of the solution we have

p; 1y € (bt N[B(2) + B(0,€)]} > u(z) — ¢(n) — %distK*(va {bi}i=1 N [B(z) + B(0,€)))

ur(z) > max {ﬂ(y) —ly—=

where ¢(n) — 0 as 7 — 0 is the error introduced by enlarging mathcalB(x) by 1 (to make sure that
the intersection with the sequence is not empty), and (I) — 0 as I — oo is the error introduced in the
distance by removing the intersection with the sequence {b;}. Since n was arbitrary, we have

ur(z) > u(z) — %distK*(x,B(:v)) — %w(I)

so we have to prove

Dx > %(distK*(x,B(x)) — |z =yl —¥(I)).

w(@) —uly) + |z -y

Consider first the case y € B(x). The Lh.s is nonnegative, while the first two terms on the r.h.s. are
negative. By compactness and continuity of the norm, they are actually uniformly negative, so by choosing
I large enough, the r.h.s. is always negative.

Now consider y ¢ B(z). By continuity, there is 6 > 0 such that the r.h.s. is still negative in a J-
neighbourhood of B(z). It remains to consider y ¢ B(x) + B(0,4). By continuity, the Lh.s. is uniformly
positive, while the r.h.s. can be estimated by (1/7I)dist(x, B(z)) — 0 as I — oc.

3) Let t € [—r,r] be such that (5.16) holds, and consider a compact set K. such that

KeC MjnB(tey,r) N{er-x =t} H'H(K) > (1- 20"k,

and the vector fields d;(z) are continuous (hence single valued) on K, for all I € N. Let Z; be the
compact set

Zr = U [, b1 ()]

zeK,
The same analysis of Lemma 4.7 yields the estimates

(5.19) Zr 0 {er - € [0,70]} € B(0,7(1 +¢)), Hn{z, N{er -z [0,7‘]}} > (1— 3¢)r,

for r <« 1, ¢ fixed sufficiently small. Since b;(z) — K(x) pointwise, by Egorov we can choose the compact
K. such that the convergence on it is uniform, so by passing to the limit,

H”—l{ Usck, [z, 8(@)] N {er -z = t}} > (1 3¢)r" Lk,

for ¢t € [0,70], r < 1, § fixed sufficiently small.
However this is in contradition with the estimate (5.16) and Lemma 5.3, because for r < 1 it implies
that [z, R(z)| N M; N{e;-x =t} #0fort € AN[0,r]. O

Let us define

(5.20) D(z) = {“ € ﬁ(x)}.

Y
ly — =
We have the corollary:

Corollary 5.5. The set valued function ©(z) is single valued in Q\ J: let ®(x) = {d(x)}, for x ¢ J.
Then the function d; € L*>(Q,0B(0,1)) converges pointwise to d € L>=(2,0B(0,1)) H™ a.e. in Q.

Also in this case, we can consider the set of lines
(5.21) @)= | {x ttd:t € R u(z +td) = u(z) + t|d|p- }
deD(x)

This set reduces to a segment H" a.e.: when X(x) is not a segment, then z € J is one of the end points,
because by the proof of Lemma 5.3 we have shown that on z + td(z), d € ©(x), t > 0, the set valued
function D is single valued (z +td(z), t > 0 cannot intersect J for the same reasons of the strictly convex
case). We can introduce the function

(5.22) x — Az) = {x +td(z),t = inf{s: D(z) C D(x + sd(z))},d € @(x)}.
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Since D is Borel measurable, then also () is: if € J, then A(z) = {z} so that A(x) is single valued on
Q. In the following we will denote with b(x), d(x), a(x) the single valued representatives of &(z), D(x)
(defined outside J) and of A(x) (defined everywhere in ).

The definition of a(z) implies that a(a(z)) = a(x). As before, we will denote by J the set of the initial
points of X:

(5.23) J=|]a(x).

5.1. Analysis of the vector field d in the general case. Using the H" a.e. pointwise convergence

of d; to d and following the same proof of Proposition 4.6, we can prove that

Proposition 5.6. The divergence of the vector field d(x) is a positive locally finite Radon measure,

satisfying

(5.24) div d(a) + —"—1 >
dist(QY’, 09)

for all x € ' CC Q. Moreover, we have the estimate

2(n — 1)|B(z,r)|

dist(B(z,r),00)’

(5.25) \div d|(B(z,r)) < |0B(0,7)| + Blx,r) cC Q.

Finally, the singular part is strictly positive in 2.

Proof. The idea of the proof is that the above estimates holds for the approximating sequence d;, so that
they pass to the limit divd; — divd. O

We prove that also in this case a uniform estimate on the push forward of the n—1 dimension Lebesgue
measure by the map @ — x + td(z) holds. Let Z be a Lebesgue point of d, b, a: without any loss of
generality we assume

z =0, d(0) =e; = (1,0),
where as before we denote with e; the unit vector along the i-th coordinate axis.
Consider the Borel measurable sets

(5.26) Z(0)=B(0,r)N{e1-y=0}N{er-aly) < —h~,e1-b(y) > h+hT},

such that b, d, a are continuous on Z(0). Define
(5.27)  Z={e=y+tdy),y € Z0),t € ler-aly),er b}, Z(t) = Z0{er-w=1}.

Since d, a, b are continuous, Z is compact: at this level it may happen that H"~1(Z(0)) = 0 if b~ > 0,
which means that a(z) =  H" a.e. in Q. However for h~ = 0 we can assume that H"~*(Z(0)) > 0.
Define the vector field

(5.28) d(z) =e; ~d(x)(1,dJ'(x)), d+ (r) € R™1.
We now show that (I + td*(0, ~))ﬁH"‘1|Z(O), t > 0, remains equivalent to H"‘1|Z(t).
Lemma 5.7. For all0 < s <t < h the following estimate holds

(h+h+t

2 T —
(5.29) h+ht—s

) - Hnil(Z(S)) < anl(Z(t)) < <212_> ) HH*I(Z(S))'

Proof. The proof follows the same steps of the proof of Lemma 4.7 for the first inequality, because of the
pointwise convergence of the vector field d;, corresponding to the solution

(5.30) ur(x) = sup {u(bi) —|bi —x|psi=1,...,1,(1 = s)x + sb; € Q,s € [0, 1]}7

to the vector field d on Z \ 2: this is the consequence of point 1) of the proof of Proposition 5.4. As
before b; is a dense sequence in 0.
In the second inequality we can assume s = 0 and (possibly restricting Z(0)) than

er1-aly) < —h~ <0, h+h"<e -bly)<h+h" +e
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Moreover, again by restricting Z(0), we can assume that for ¢ > 0
er- (by) — (h+hT +h7)d(y)) < —h~ + 2e.

For simplicity, we assume also that the convex envelope of {b(y),y € Z(0)} is contained in 2. The
general case can be treated as in the proof of the third point of Proposition 5.4.
Define the new set A of initial data a(y) as

A= {a(y) =b(y) = (h+ 1" +07)d(w),y € 2(0) }.
The set
(5.31)

=
—
8
~
I
—
(Y
—~
<
~
<
—~
8
~
Il

ua(y)) + |z — aly)|p-, [aly) — | is minimal}

(5.32) r= |J tw= U [a).bw)].

yEZ(0) y€Z(0)

In fact, if a(y1),a(y2) € A(z), with z € [a(y1), b(y1)], then by the explicit formula of the solution

u(b(y1)) = u(x) + |b(y1) — z[p~ = u(a(y2)) + |z — a(y2)[p~ + [b(y1) — z
> u(a(yz)) + [b(y1) — a(y2)

Thus from {b(y),y € Z(0)} C €, it follows that b(y1), b(y2) € B(a(yz)) and since b(ys) € &(a(y2)),

h+h™ +h* = [b(y2) — aly2)| < [b(y1) — aly2)| < [b(y1) — 2| + = — a(y2)]
(5.33) = |b(y1) — 2| + [z — a(y1)| = [b(y1) —a(y)| =h+h™ + K",

D*

D*-

It thus follows that  — a(y2) = = — a(y1), i.e. a(y2) = a(y1).
If {a;}ien is a dense sequence in A, define the functions

uz(z) = min {u(ai) tlr—a

1
D* +I$|,Z:1,,I},

(5.34) u(z) = min {u(a(y)) + |z —ay)|p-y € Z(O)}7
and the vector field

oz —a(x)
(5.35) (a) = T2

where a;(z) is the point where the minimum is reached in (5.34).
By construction u =« on ZN{e; -« > 0}, and uy — u for all x € Q. Moreover d; — d H* 1 ae. for
all Z(t), t > 0, by repeating the part 1) of the proof of Proposition 5.4 and showing that

Di(z) C {lz:a,a € A(J:)} + B(0,¢),
for I > 1.
One can thus repeat the analysis of Lemma 4.7 to obtain
n—1
divd;, divd < ——
Ve, Ava = dist(z, 4)’
and

iz < (SHE20) T ez,

Since € can be taken as small as we want by restricting Z(0), one obtains (5.29) by covering Z(0) with a
countable number of disjoint compact sets up to a set of 0 measure. O
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A particular case is the estimate even when A~ = 0, i.e.
h+ht—t\""" ., .
. e — "Nz <H"HZ(1)).
(5.36) (i) i) <)

This shows that the H"~! measure will not shrink to 0 if the distance of b(x) from the set Z(s) is not
0. As a consequence, by using the same argument used in [4, 5] we have the following proposition, which
shows that for H" a.e. € Q the function a(x) does not coincide with z: in fact, the set J = Uzeqa(z)
is negligible. Note that J is larger than the set J defined in (3.8).

Proposition 5.8. The set
(5.37) J = U a(z)

has Lebesgue measure Q.

Proof. The argument of the proof is the same used in part 5) of the proof of Proposition 5.4. If Z is
a Lebesgue point for A = U,ecqa(x) and a Lebesgue point for d, then one considers the images of the
intersection of A with the planes orthogonal to d. By using (5.36) and the fact that d is close to d(0) on
a set of large measure, one obtains that the number of planes orthogonal to d(0) which have intersection
with A of H™ ! positive measure are countable, so that by Fubini one reaches a contradiction. O

This proposition shows that for H" a.e. z € Q we can take the set Z(0) with positive H"~! measure
and with h~ > 0.

6. PROPERTIES OF THE SETS Z

The results of Lemma 5.7 yield that the push forward of H"~! |z(s) by the map y + (t — s)d*(s,y) can
be written as

(y+ (= s)d (s, YH" iz = alt, s, ) H" N zs), =5,
with a bounded above and below by a constant depending only on

h™ =inf{h™(y),y € Z(0)}, K" =mf{h"(y),y € Z(0)},
and n — 1.
Lemma 6.1. A set of H" measure 0 in Z(0) x [0, h] is negligible in Z N {ey - x € [0,h]}, and viceversa.

Proof. The map

Z(0) x [0,h] 3 (t,y) — ( y+td€‘(0,y) e Zn{e; -z €[0,h]}

is continuous and invertible. If N is a H" negligible set in Z(0) x [0, k], then denoting with Ny its ¢ slice
h
(o =ty +td ), ) € Ny = [ 307 o= (g + 4 0.y € Vi
0

h
< C(h’)/ H* L (Ny)dt = 0.
0
Similarly, if A/ is negligible in Z N {e; - x € [0, h|}, then
H{(,1) (£, + td(0, ) € N} < C(WHH () =0,
O

This lemma allows to pass from H™ measurable functions on Z(0) x [0, k] to H™ measurable functions
on ZN{ey-x €[0,h]}. In fact, for all H™ measurable functions f(z), we can define the function fs on
the set Z(s) x [0,h], s € [0, h], as

(6.1) falt,y) = f(ty + (t = 5)d*(s,y)).

In particular, we will consider the function

as(t,y) = a(t,s,y+ (t —s)d (s, y)).
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Note that d,(t,y) = d(s,y), since d(x + td(z)) = d(x), and similarly a,(t,y) = a(s,y), bs(t,y) = b(s,y).
We observe that a(t, s,y) is a measurable function: in fact, from the formula

/Z L a0 ) = [ gty @) W), € ),

Z(s)
one can verify that it is the weak limit of the functions (¢, s, y) in 2, and then also @;(t,y) is measurable
in the measure H"|z(0)x[o,n]- Moreover H"~! almost all Lebesgue points of H" | (o) remain Lebesgue
points of H" ™| 74y, t € [0, h], under the map y — y+td*(0,y): this in fact it is true for a dense sequence
of times ¢;, and the estimates of Lemma 5.7 yield the results for all ¢.
The first result is an estimate of the function &, as a function of ¢.

Lemma 6.2. The function &s(t,y) is a Lipschitz function of t satisfying the estimate

d 1 1 n—1 n—1 el
(6.2) dt(@(u@)Edsu,y)[‘el-b<s,y>—t’t—e-a<svy> HT ey € 2(s),

where a(s,y), b(s,y) are the initial and final point of the segment (s,y) + td(s,y).

In particular, using the parameterization t — (s,y) + (¢ — s)d(y), we obtain the formula

d 1 1 n—1 n—1

0t y(ty) © dalty) [ 1b(s,y) = (s,9) = (t = 8)d(s,9)] " [(s,9) + (t = 5)d(s,9) — als,y)]
for H" ! ae. y € Z(s).

(6.3)

Proof. The definition of push forward a(t, s,y) gives for an arbitrary § and compact set F' C Z(5)

h+h+t>"‘1/ 1 . 1 .
o _ Hn Y S / _ Hn y
<h +ht —s Z(5)NF as(s,y) (@) Z(5)NF as(t,y) )

t+h- >"‘1 / 1 .
6.4 < — H ™ (y).
(64) (5 +h Z2(5)nF @s(5,9) @)

This implies that for H" ! a.e. y € Z(s), and for a countable dense sequence {t; };cn in (e1-a(y), e1-b(y)),

haht —t\"* 1 1 1 ti+h=\" ! 1
0 [(Fems) s < () ]
h+h*t —t; as(ti,y) = as(tyy)  as(tiy) tj+h- as(ty,y)

It follows that 1/as(t;,y) is Lipschitz on {¢;}ien, for H™ a.e. y € Z(s), so that it can be extended to a
Lipschitz function on the whole (e;-a(y), e1-b(y)). Using again (6.4), one sees that this extension satisfies

H”*l{y+(t—§)d(y),y€Z(g)ﬂF}:/ 1

z(s)nF Qs(t,y)

"Hy)

for all ¢, F' compact, which means that this extension is a Lipschitz representative in ¢ of &;(¢,y), defined
for H" =1 ae. y € Z(s).
By taking the derivative in (6.5)

‘<h+nh_+l—t> o jt<aé<1 y>) (tn+_h1 )

Since b, a are continuous on Z(5), one can improve the above estimate to ( by repeating the estimates
of Lemma 5.7 in a small compact set around y, thus obtaining (6.2). O

The following corollary is very important because it tells us that the function &g (¢,y) ! is uniformly

bounded and different from 0 on the segment (a(x),b(x)), and that it is an absolutely continuous function
in (a(z),b(x)).

Corollary 6.3. The function a,(t,y)~! satisfies the following estimates:
(6.6)

1 |b(8’y)_(tay"’—(t_s)dL(S’y)” et |(t,y—|—(t—s)dl(s,y))—a(s,y)| nt
a(ty) © K b(s,) — (5.9) ) ( G0) — a(s, ) ) } o=t
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(6.7)

L (Ll st o)) (Mo e e DY)
as(t,y) |(s,y) — a(s, y)| ’ [b(s,y) = (s,9)] R
for H" ! a.e. y € Z(s). Moreover

erb(sy) g 1
(63 L i S Ca(s.0). b0
for some constant depending only s, a(s,y), b(s,y).

Proof. By the estimates on the derivative of 1/&;(t,y) w.r.t. ¢ it follows that

d( 1 1 >_ n—1 L 1 d 1
dt \ |er - b(s,y) —t|"~1 as(t,y) ler - b(s,y) —t[™ as(t,y)  ler-b(s,y) —t|"~tdt as(t,y) = 7

d( 1 1 > a1 L 1 d_ 1
dt \ |t —e1 -a(s,y)|" ! as(t,y) [t —e1-a(s,y)|™ as(t,y) |t —er-a(s,y)|"~tdtas(t,y) —

from which (6.6), (6.7) follow by the parameterization ¢t — (s, y)+(t—s)d(y). Thus 1/as(t,y) is uniformly
bounded, and from the estimates

i 1 > _ n—1 1

dt @S(tay) N |61 'b(87y) _tl ds(tay)7

using the bound

1 <<W@-@%H“@&@muwit§&

ds(tvy) N |b(57y) - (Say)|
it follows
Tot.Var < ! (e1 - a(s,y) s]> < Tot.Var < + n -1 ! (e1 - a(s,y) s])
TGty ) = T At y)  Jer - b(s,y) — tlas(ty) T T
n—1 1
+ Tot.Var. — ,(e1-a(s,y),s
(e —aay o atens)
1 s n—1 1
=1- = +2/ — dt
S(el ’ a(sa y)a y) e1-a(s,y) €1° b(S, y) —1 Oés(t, y)
s _ X _ 4\n—2

e1-a(s,y) (61 : b($7 y) - S)nil

(e ((s.) — a(s, )"
‘1+% (e1-b(s,5) —5) Q'

The symmetric estimate is
1 (e1 - (b(s,y) — a(s,y)))" "
Tot.Var.| ———— b <142 —-1).
o, gy e i) < e SR
from which we obtain the total variation estimate of 1/és. O

In the next section we will use this result to show an explicit formula for the disintegration of the
Lebesgue measure on ).

7. DISINTEGRATION OF THE LEBESGUE MEASURE

Consider now the Borel maps
Q>3z—b(x) €09, 02>z —d(z) € 9B(0,1),

and the Borel measure m on R™ x R™ x R™ defined by

(7.) / oy, 2)dm = [ $(o.b(o), da))da,
n xR™ xR® Q

for all continuous function ¢ : R™ x R™ x R™ — R. We can write equivalently

(7.2) m = (Lb,d)H" .
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Denote with 7o the projection on the second set of coordinates, i.e.
m : R*"xR"xR" — R™ x R™
(I7yvz) - WQ(xayaz) = (y,Z)
We recall the following disintegration theorem [2], Theorem 2.28 of page 57:

Theorem 7.1. Let m be a positive Radon measure on R™ x R™ such that, if ™ is the projection on
R™2 | the measure p = wim is Radon. Then there exist finite positive Radon measures vy, on R™ such
that xo — [ ¢(x1)dvg,(z1) is measurable for all ¢ € Co(R™, vy, (R™) =1 for p a.e. xa, and for all
measurable functions f € L*(R™ x R™ m), the function x1 — f(x1,x2) is measurable for u a.e. xo

(7.3) ZTog — /f(gnl,xg)dum2 (z1) € L*(R™, )

and the following disintegration formula holds:

(7.4) /]R o i) = /]R . ( N f(xl,mg)duwz(xl))du(xg).

This decomposition is unique, in the sense that if there is another p measurable map v, such that (7.3)
and (7.4) hold for every Borel function f with compact support, and such that v}, (R"') € L (R™ p),
then vy, = vy, for p a.e. xo.

In our case, since |m|(R3") = |[Q| < +oo, the measure m is clearly Radon, and also the projection
p = mafm

[ o= [ o0(a).di@)da

is clearly a Radon measure. Moreover, p is concentrated in the set

(7.5) T = (b,d)(Q) = {(y, 2) b y)nd(z) # (2)}.

Remark 7.2. We use the disintegration w.r.t. (b(z),d(z)) because we need not only to control the direction
d(x), but also the end point b(x): in fact the coordinates (b(x), d(x)) parameterize the set UzeqX(x), and
to all (b, d) there corresponds at most one segment = + td(x).

Applying Theorem 7.1 to our case, we obtain the following proposition:

Proposition 7.3. There exist probability measures v, .y such that for all functions f € LY(R3" m) it
holds

(7.6) f(z,y, z)dm(x,y, 2) = /

R37 R2n

( - f(z,y, z)du(y’z)($)> du(y, 2),

where pi = mam. Moreover p is concentrated on Y, and v, ) is concentrated on the line (b,d)~'(y, z)
for p a.e. (b,d).

Using the results of the previous section, we obtain the following explicit formula for the disintegration
of the Lebesgue measure on each compact Z. We recall that a(z,y) is the end point of the segment y+tz,
t <0, while in these notations b(y, z) = y.

Lemma 7.4. The disintegration of the Lebesgue measure on Z is

zy

(7.7) / o(2,y, 2)dm(z, 9, ) = / dpi(y, =) / oy + (t— 2 9)zy, 2)elt . 2)dt,
Z (b,d)(2) z-a(y,z)

where

(7.8) 0<cty,z)x{t € (z-aly,2),z y)} € L®(u x H')

and strictly positive for all compact sets in (z - a(y, z),z - y) for p a.e. (y,z).
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Proof. We first decompose the measure m on the compact set Z N {e; -z € [0, h]}, with the notations of
Section 5.1. We have

/ o(x,b(x), d(x))dH" (z / dt ¢((t,w),b(t, w), d(t, w))dH" " (w)
ZN{er-z€[0,R]} Z(t)

/ dt o((t, w + td*(0,w)), b(0, w), d(0, w))w
Z(0) G (t, w)

/ / Al w1 (0. 0)), b0, ), 40, w)) 4 dH"H(w)
0 ao(t, w) '

Since Uzezya(r) C J is H" negligible, for all € > 0 we can cover a subset Z, of Uzez(o)(a(z),b(x)),
H"(Z\ Z.) < €, with a countable number of disjoint compact sets K; of the form

10 [

{y +td(0,y)/(e1 - d(0,9)),t € [h; ,h] ],y in a compact subset K; of Z(O)}.
It thus follows that the above formula holds for the whole Z. N €Q:

/ L ((tw + td (0, w)), b(0, w), (0, w))
Uik I ao(t, w)

/ ¢z, b(x), d(x))dH" (x dt x dH" ! (w).
Z.N0

Since aq is uniformly bounded, we can pass to the limit € — 0 in the above formula to obtain

¢($, b(]}) d dHn /Z /81 -b(0,w) t w + tdl((), UJ)), b(O,w),d(O,w))dt % dHn_l(w)

1-a(0,w) do(t,w)

ZnQ
By using the continuous rescaling ¢t — t/(e1 - d(0,y)), we can rewrite as

. ) A(0,w)b(0w) (0, ) + td(0, w), b(0, w), d(0, w)) n=1 (4
o(x,b(x), d(x))dH"( /Z(O /d(O w)-a(0,w) (o (t,w)/(e1 - d(0,w)) Ao ()

ZNQ
By means of the push forward
(t,y) — (t,6(0,9),d(0,y))
the integral takes the form (7.7), where

oY 1 n—1
du(y, z) = (/Z.a(w) R ISRy dt)d[(b, DIHH 2(0]

=y 1 -t 1
c(t,y, z) = (/ dt) .
s z-a(y,z) dO(a(yv Z) + tZ) ap (a(y; Z) + tZ)

From Corollary 6.3, we have that for y a.e. (y, z) the integrand is not 0, being p the image measure of
H" Y| 2(0), so that ¢(t,y, z) is p x H* a.e. bounded and strictly positive in each compact of (a(y, z),y).
The measurability of ¢(t,y, z), extended to 0 outside ¢t € (z - a(y, z), z - y), follows because the set

{ty.2) iy € G2t e (z-aly,2).2 9]

is Borel, since (b, d)(Z) is compact and a(y, z) is continuous ((b, d) is continuous and invertible on Z(0)).
O

We can now disintegrate the Lebesgue measure.

Theorem 7.5. The measure m = (I, b, d)iH"|q can be disintegrated as

(7.9) oz, y, z)dm(z,y, z) = / Sy + (t =z - y)z,y, 2)clt,y, 2)dp(y, z) x H (1),
R37 {te(z-a(y,2),29)}

with 0 < c(t,y,2) € L=(u x HY), and, for u a.e. (y,z), Lipschitz continuous in t € (z - a(y,z),z - y),

uniformly positive in each compact subset of (z - a(y, z),z - y) and absolutely continuous function of t in

[Z : a(yv Z)a Z: y}
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Proof. We first show that (2 can be covered H™ a.a. by a countable number of sets Z;, such that
H"(2,nZ;) =0.
Clearly the number of sets Z with positive H" measure is countable.
Define the finite covering S}I_l of S~ by

j—1
1 _ -1
sit={desid-g = 1- e\ | S
i=1
where ¢; is a finite sequence of points in $”~! such that

J
s*tc | Blee).

§=0
Set thus for j € {0,...,J}, k, 0 €Z

Qe = {x €Q:d) e ST es - (b(z) —a(x)) € (275,275 ¢ - a(w) € 27520, 0+ 1]}.

This family is countable and each point of 2\ J belongs to only one ;x,: thus it is a countable covering
of Q\ J.

For each @ € Qjxs the line (a(x),b(z)) intersects the plane {x - ¢; = (£ + 2)27%2} in one point, and
let Kjrem be a countable sequence of compact subsets of Qe N {z-¢; = (£ + 2)27%=2} such that a, d, b
are continuous on Kjxen, and

! ((QM N{z e =+ 2)2*’“*2}) \ UKWM> —0.

Let Z;rem be the compact set
Zjtom = {[0(2), b(@)], € Kjuam }.
If

H" (QW \ Uzjkfm) >0,

then there exists a plane {e; - = t} such that

H ! ({ej sz =1t}N (QW \ yzjk5m>> > 0.

We can thus take a compact subset Kjpep + of

{ej-z=1t}nN <qu \ gzjkem>

with positive Lebesgue measure and such that a, b, d are continuous. It thus follows from Lemma 4.7
that the image of H”71|Kjwm on the plane {z-¢; = (£+2)27%72} is of positive H"~! measure, yielding
a contradition with the choice of the Kpepm.

The result thus follows by applying Lemma 7.4 to each Zjx¢m, and using Lemma 6.2 for the Lipschitz
continuity and Corollary 6.3 for the absolutely continuous estimate in ¢, since the length of |a(x)—b(x)| > 0

H"™ a.e. (and hence p a.e.). O

Since c¢(t,y, z) is different from 0 for all t € (z - a(y, 2), z - y), for p a.e. (y, z), we obtain the following
corollary:

Corollary 7.6. A function ¢(x) is H™|q measurable if and only if the corresponding ¢(t,y,z) is mea-
surable in H' x p.

In the next result we prove that d:c(t,y, z)/c(t,y, z) belongs to LL (Q).

loc

Proposition 7.7. For all Q' CC Q there exists a constant C(Q)) such that

(7.10) [antws) [ e (2 y)2) Gty 2) RN (1) < O(S).

-a(y,2)



ON THE EULER-LAGRANGE EQUATION FOR A VARIATIONAL PROBLEM: THE GENERAL CASE 23

Proof. From the proof of Corollary 6.3 we have that for s = z - (y + a(y, ) /2

/y Ouc(t, g, 2)|dt < (2+ 2"—1></Zyiz L e dt) Oy — aly.2)

-a(z,y) -a(y,z) ¥z-(a(y,2)+y)/2

Since for all Q' cc Q
ly — a(y, z)| > dist(,00) > C > 0,

then we have that 9;c € L'(1u x H!|o). O
We observe that since from Lemma 6.2 it follows that in '
-1
—_——cc >
Fet g (Q’ o0 =Y

then

|atc| n n—1 n(oy/
// e |~ Gmr oy @) e

is meaningful and from the disintegration formula it follows that 8tc €L ().
We conclude this section by relating the function c(t,y, 2) Wlth the measure divd. We can consider
the disintegration of the divergence formula in each ' cC Q

(7.11) /gbdivd = —/dVgi)dH", b€ C.(Y,R).

Applying again the disintegration Theorem 7.5 to the measure divd, we obtain

/gb )divd = /¢> )(dive)oc.dH" (z /gb (divd)s

= [autv [ O () vdcelt e+ [ otaiva),

/du Y,z / )z Vo(y + (t — 2 y)z)c(t,y, 2)dt
a(y,z

zy

(7.12) - / dy(y, 2) [cu aly,2),9, 2)b(aly, 2)) + / Brelt,y, )y + (t— 2 - y)2)dt .

-a(y,z)
where we used the fact that ¢ is absolutely continuous w.r.t. ¢ in [z - a(y, ),z - y].

By taking ¥, € C! to be 0 on a compact set Z(0) such that (divd),(Q2"\ Z(0)) < ¢, and 1 outside an
open set O, of measure H"(O,) < €, with J C O, and (divd)s(£2\ O.) = 0, we have thus
[t )|tz w21 200ulaty Dotaty )

N R AR (e B VRN y)z)dt]

z-a(y,z)
(7.13)
zy
+/du(2/72)/ ( )C(tayaz)(din)a.c.¢e(y+ (t—2-y)z)o(y + (t—z'y)z)dt+/¢e¢(di‘/d)s =
z-a(y,z

We now compute the limit as . converges to the characteristic function xg\o,: since divd is a locally
bounded positive measure, it follows that

/ (divd)edr. — | (divd)ss = 0.
2\0.
Similarly, using the fact that ¢ € L'(Q2), ¢; € L, (), we have by the dominated convergence theorem

/du(y, z) /Z'y c(t,y, 2)(divd)acve(y+ (t — 2z - y)2)o(y + (t — z - y)z)dt

‘a(y,z)

~ [dutws) [ T ety ) ([divd) e xano, (9 + (— 2 )2y + (— = -y)=)dr,

-a(y,2)
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/ d(y, 2) / Bty ey (= 2 0) )by + (¢ — 2 y)2)de

-a(y,z)
Z'y
- / du(y, 2) / LBl o, (=2 )N+ (= = )
z-a(y,z
Since ¢(t, x,y) is bounded, then

c(z - aly, z),y, 2)¥e(aly, 2))p(aly, 2)) — 0

for u a.e. y, z, so that we conclude that by the dominated convergence theorem

zy

Jr) [ ettt ) divda oty + =2 )2 =0
z-a(y,z

for ¢ € CL(2). Again, by means of d;c € L] () and the Lebesgue dominated convergence theorem, it

follows that the above equation holds for ¢ continuous with compact support in 2. We thus obtain

Proposition 7.8. The density c(t,y, z) satisfies the equation

(7.14) Oe(t,y, z) + [(divd)a,c,(y +({t—z- y)z)} c(t,y,z) =0, /Z'y c(t,y,z)dt =1

z-a(y,z)
for p a.e. (y,2). As a consequence, the absolutely continuous divergence satisfies

n—1 n—1
1 di t—2z- - Lae t €.
115) @l -z e |- Sl P et o (09
Moreover in each set Z of the form (5.27) the following divergence formula holds:
(7.16) / d(y) - exdH" () — / d(y) - exdH™ " (y) = / (divd) o 0. ()dH" (2).
Z(0) Z(h) z

Proof. The estimate on (divd), .. follows from Lemma 6.2 and (7.14), while the divergence formula follows
from the definition of ¢(t, x, y) as the inverse of the push forward of the Lebesgue measure and integrating
(7.14) along the line y + (t — z - y)=z. O

8. SOLUTION TO THE TRANSPORT EQUATION
We prove the following theorem.

Theorem 8.1. There exists a solution to the transport equation

(8.1) div(p(z)d(z)) = g(x),
such that in all sets Z of the form (5.27) the divergence formula holds:

cerdH™ 1 (y) — e nliy) = x)dH™(x).
(32) [ P00 - ) = [ o)) sttt ) = [ g

This solution is > 0 H™ a.e. in Q if g is.

Proof. Assume first that a solution to (8.1) exists and satisfies the divergence formula (8.2) in each Z.
By using the disintegration of the Lebesgue measure and the weak formulation of (8.1) we obtain

[ nxzu) [ a0 Octt ) (oo (6202000l (t-29)2) -9+ (t-20)2)0(y+ (t-29)2)) =0,

Since the set Z is arbitrary, it follows that

[ O (ot (=2 92)clt. . 0000+ (¢ 2-9)2) = gy-+ (0= -0)2)elts 1,200+ (¢ = 2-)2)) =0
for p a.e. (y,2). By integrating by parts, a solution to (8.1) satisfies

Oh(ply + (t =z y)2)ct,y,2)) = gy + (t — 2 - y)z)e(t, v, 2),  plaly, 2)) = po(y, 2)
for 11 a.e. (y,z): a solution to the above equation is given by

c(z-aly,2),y,2) 1 ¢
ty.) | ety.2) /

(83) ply+(t—2z-y)2)=po(y,2) c(s,y,2)9(y + (t — 2z - y)z)ds.

~a(y,z)



ON THE EULER-LAGRANGE EQUATION FOR A VARIATIONAL PROBLEM: THE GENERAL CASE 25

If po(y,z) € L' (u), then p(y + (t — z - y)z) € Li (), because of Corollary 7.6 and

2n1

1 C(Z ) a(yaz)7yaz) /
d (tH ’ < a
/ w(y, 2 /Za(y Y (t)e(t,y, z)xarlpo(y, 2)] c(t,y, z) — dist(Q,09Q) w(y, 2)|po(y, 2)|.

We have used the estimates of Corollary 6.3 with s = (b+ a)/2 to evaluate
n2n—1
. < —.
C(Z a(y7 Z)) y7 Z) — dlSt(Q/,aﬂ)
Since it is clear that a function of the form (8.3) is a solution to (8.1), we have proved the first part of the
theorem, as well as an explicit formula for the solutions to (8.1) for which the divergence formula holds
in each Z.

A particular solution is obtained for py = 0, and the strict positivity of p follows from the explicit
formula (8.3) and Theorem 7.5. O

By integrating by parts, we obtain

84) [ (@) Vo) + g(@)o(@))ds = [ duly. 2po(y. elaly. 2., 2)6a(y: 2) = O
from which it follows that pg(y, z) =0 p a.e. (y,z) when c(a(y, 2),y, z) # 0, if the solution p constructed
in the above theorem is positive.
When c(a(y, z),y, z) = 0, by integrating
at(p(y + (t —Z y)Z)C(tvya Z)) = g(y + (t —Z y)Z)C(t,y, Z)
as

8.5)  ply+(t—z-y)2)=ply+ T -2 y)2) c(t, y, 2) 1

e R ore B RS RE

and assuming that p € L2 (2), then for p a.e. (y, z) it follows that
1 t
(5.6 Pyt (=22 = o [ sy alaly+ (-2 ),
C(t7 Y, Z) z-a(y,z)

also when c(a(y, 2),y,2) =0, i.e. po(y,z) =0 for p a.e. (y,z) such that a(y, z) € Q. We thus obtain the
following uniqueness result:

Corollary 8.2. The solution p € L{S.() to (8.1) constructed in Theorem 8.1 satisfies p(a(y,z)) =0 p
a.e. on the the set {y,z: a(y,z) € Q}.

We recall that the existence of a weak L%, (€2) solution can be proved directly by means of the con-
vergence of the vector fields d; to d, see Section 4 of [4].
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