VANISHING VISCOSITY SOLUTIONS OF HYPERBOLIC SYSTEMS WITH
BOUNDARY CONDITIONS

STEFANO BIANCHINI AND FABIO ANCONA

ABSTRACT. We consider the parabolic system

E:partyl (0.1) ut + A(k(t), uw)uz = eugs, t,z >0,

with Dirichlet boundary conditions. The parameter k is a smooth function of ¢, and A is uniformly
strictly hyperbolic. We prove that is the initial boundary data g, up and the parameter s have
sufficiently small total variation, then as e — 0 the solution u€ of the above system converges in L! to
a unique solution of the corresponding hyperbolic system

E:hyppy2| (0.2) ut + A(k(t), u)uz =0, t,z >0,

with a well defined notion of trace at x = 0. We allow the boundary z = 0 to have the same speed of
one of the characteristic speed of the limiting hyperbolic system.

This result is achieved by a new decomposition of the solution into travelling profiles and the non
characteristic part of boundary profile, the analysis of the interaction of travelling profiles with the
boundary profile, the construction of boundary profile when one non linear characteristic field has a
speed close to the speed of the boundary, and corresponding solution of the boundary Riemann problem
(i.e. (0.2) with initial boundary data o, uj constant) and the precise analysis of the trace of the solution
u to (0.2) at x = 0.

In the last part of the paper we show how the analysis can be extended to the case when the total
variation of k is large.

A corollary of the above results is the construction of the solutions to (0.1), (0.2) in the case of
oscillating boundary, i.e. x > x3(t), where (¢, z(t)) is a smooth curve in R? with speed oy (t) = i (t) of
bounded total variation.
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1. STATEMENT OF THE PROBLEM
The starting point of our analisys is the parabolic system with boundary
(1.1) ur + A(u)uy = Uge

int € R, z € (x(t), +00), where z,(t) is a smooth curve in the plane. In the following we will denote
by o3 (t) its speed,

op(t) = dm;(t)-
We assume that the initial data and boundary Dirichlet data are small in BV norm,
(1.2) w(0,2) = uo(x), ult,zp(t)) = up(t), Tot.Var.(ug), Tot.Var.(up) < 9.
and that the functions wp, ug are sufficiently smooth, in the sense that
(1.3) |d*ug/da® || oy, || dFup/dtt || < C61, k=1,..., K, $lirg+ uo(x) = tli%l+ up(t),
and for some vector «
(1.4) sgp |uo(z) — al, sgp lup(t) — @] < do.

Here and in the following C' will denote a large constant. The last condition implies that the initial and
boundary data are close to a constant state (a completely different case is a BV perturbation of a large
stable boundary layer). We suppose that the oscillation of the curve z; is bounded, in the sense that

(1.5) Tot. Var.(op(t)) < Cdp.
By changing coordinates « — x — x3(t) we recover the system
(1.6) ug + A(op(t), u)uy = Uge

with a drift matrix A(k,u) = A(u) — kI depending on a scalar parameter k. The boundary data are
assigned on the line x = 0, and by (1.5) it follows that the time derivative of x is integrable:

(1.7) /0+oo i (t)|dt < Cd.

In the following we will thus consider the parabolic system (1.6), with a drift matrix depending on a
parameter s (not necessarily scalar) and satisfying (1.7), and initial data «(0, z) = uo(z), u(t,0) = up(t).

Remark 1.1. We note here that the smoothness assumptions is not important when we pass to the limit.
In fact, if ug, up are the initial-boundary data for (1.1) satisfying (1.3), then rescaling (¢, z) — (t/€, z/€)
we obtain the smoothness assumption

(1.8) d¥uo/da® || pr, ||d¥up/dt®| 2 < COE*, k=1,... K.

In particular, as we will see, in the hyperbolic limit we can extend the semigroup to all BV functions
satisfying (1.2), (1.4).

For k close to 0, and v in a neighborhood of radius 50 from @, we assume that a strict hyperbolicity
condition holds, i.e. for some fixed ¢ > 0

(1.9)
inf {)\Hl(/ﬁ,u)—)\i(/ﬁ,v)} >c i=1,...,n—1, inf{|)\j(/<a,u)|} >c j=1,....k—1,k+1,...,n.

and that the k-th eigenvalue is boundary-characteristic,
(1.10) Ak (0, @)| < Cdo.
We will prove the following theorem:

Theorem 1.2. Consider the parabolic time dependent system
(1.11) ug + A(k(t), w)uy = Uge, t,x >0,

with initial data ug, up satisfying (1.2), (1.3), (1.4). Assume moreover that the time dependent parameter
k(t) is smooth and satisfies (1.7). Then, if 61, 8o, with 61 < g, are sufficiently small, the solution u(t,x)
exists for all t > 0 and has total variation uniformly bounded by 269. In particular it remains in the
neighborhood of @ of radius 5dg.



4 STEFANO BIANCHINI AND FABIO ANCONA
X (1)

the k-th field is boundary characteristic

T o(t)

k-1 exiting fields n-k entering fields

X u

FIGURE 1. The assumption on characteristic fields and boundary speed in the neighbor-

hood of @ of radius 58o.

Moreover, if ui(t), ua(t) are the solutions of (1.11) with initial boundary data (ui0,u1p), (u2,0,u2,p)
and with parameters ki(t), ko(t), respectively, then for t > s

laa (t) = a1 oy < L(1t = sl + o = uzoll ey

E:Lipschtl (1.12) + HuLb — UQ’b| L1(0,s) T Tot.Var.(u)||k1 — K/Q”Ll(O,s));

where L is constant depending only on the system (1.11) and the constant dy.

A corollary of this theorem is the existence of a solution with uniform bounded variation for the original
parabolic system (1.1), and their Lipschitz dependence w.r.t. the initial boundary data and the speed of
the boundary. The assumptions for the case of oscillating boundary are resumed in figure 1: there are
k — 1 characteristic fields leaving the domain, n — k characteristic fields entering the domain, and the
k-th characteristic field is boundary characteristic.

One can see during the proof that we can take §p = Cd;, with C sufficiently large constant.

Next we will consider the hyperbolic limit of the equation (1.11) under the hyperbolic rescaling (¢, ) +—
(t/e,xz/€). We will prove that there is a unique limit to the solution constructed in Theorem (1.2), which
is a viscosity solution to the hyperbolic system with boundary

us + A(k(t), u)uy = 0.

In particular we construct the solution to the boundary Riemann problem

E:bururtl| (1.13) up(z) = uo, up(t) = up.

This solution is a self similar solution, characterized by the fact that it is the limit of the vanishing
viscosity solution.

The construction of this solution relies on the possibility of contructing boundary layers also for the
boundary characteristic case.

In the last part of the paper we show how this construction can be extended to the case when the
parameter x has not small total variation.

2. REGULARITY ESTIMATES

S:reguletl

The aim of this section is to obtain estimates on the higher derivative u,,;, us,; of the parabolic system
E:system879| (2.1) up + A(K, U) Uy = Ugy, t>0, x>ux(t),

the matrix A(k,u) being smooth, strictly hyperbolic and & satisfying (1.7), with the a priori assumption
E:itibdedl| (2.2) Tot. Var.(u(t)) < 3do,

and the boundary data wu, sufficiently regular. We will also consider the equations for u;, which is the
same equation (a part the time derivative of A) satisfied by an infinitesimal perturbation h of w:

E:sys888| (2.3) (ue)e + (A(K, w)ut) g — (Ut)ge = (DA(K, w)ug)ur — (DA(K, w)ur)uy — Ak (K, u)Rug,
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(2.4) he + (A(k,u)h)y — hye = (DA(K, uw)ug)h — (DA(K, u)h)ug,
with initial-boundary data small in the L* norm. Here and in the following we have used the notation

04

An— a
ok

n aA
DAv = Z —uwv;, veER™
i=1 Ju;

Finally we will consider the equation for the effective flux ¢ = h, — A(k,u)h of the perturbation h,

t+ (AK, u)t)y — tae = |(DA(K, u)uz)h — (DA(K, u)h)uz)L — Ai(k,u)kh
(2.5) — A(k,u)DA(k,u)(uy @ h — h®uy) + DA(k, u)(uz @ t —up ® h).

In this case the boundary data should be estimated by means of the regularity estimates of previous
equation (2.4), because what we know are the boundary data for u and for h. We will show that in all
cases the L' norms of higher derivatives of ug, us, b, ¢ are bounded by the L' norm of the solution u, h
and the constant dy appearing in (1.3), i.e. these norm are of the order of dy.

In the first part we consider the Green kernel for the scalar linear problem

2t + A2y — 240 = 0, (t,z) € Rt x RT,

and in Section 2.3 we will show that if the L' norm of u,(t), h(t) are bounded by 38 for ¢ € [0, 7], then
also the further derivatives uzz, Ay, Ut g, Ly have L' norm of the order of §;.

2.1. Regularity estimates: the scalar case. We first observe that for a scalar equation
(2.6) 2t + A2y — 230 =0, 2(0,z) = zo(x), 2(¢,0) = 2(1),
the maximum principle holds, i.e. if
zp(x) > 20(z) Vo >0, 2 (t) > z(t) Yt >0,
then the solution 2/, z satisfy
Z(t,x) > 2(t,x) V(t,x) € RT x RT.

We split the Green kernel for (2.6) into 2 parts, depending on the initial-boundary data as follows:
(1) asingle d iny >0, i.e. 20 =0(z —y), zp(t) = 0;
(2) the jump 25(0) — 20(0), i.e. 20 =0, zp = 1;
The two parts will be denoted by T (¢, x5 %), K (¢, ).
The explicit solution to the first case,

Zt + A2p — Zza = 0, z20=0(x—vy), 2z, =0.

is given by
A A2
TA(t, ;) = exp (§(m —y) — Zt) (G(t,z —y) — G(t,z +y))
= GMt,z —y) —e MGtz + y)
= GMt,z —y) — MG Mtz + 7))
(2.7) = (1—e /NG Ntz —y),

where G* is the standard heat kernel with drift ),

) (x — \t)?
G t,x) = 7> .

1
2¢/mt P < 4t
The solution K*(¢, ) to the initial boundary value problem of the second case,

Up + ANy — Ugz = 0, up = 0, up = 1.
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is instead
T —At
1 2Vt 2 6>‘$ +oo 2
A 1 -y z -y
K (t,z) =1 ﬁ~/foo e dy—f—ﬁ/mﬂte dy
2Vt
1 +o0 5 eAm o0 5
(2.8) = —/ e Y dy+ —/ e ¥ dy.
\/E :1:2—\//\Zt ﬁ mz-t/xzt
2.2. Estimates on the explicit kernels. Elementary computations give the estimates:
1 1 C
2.9 At < —, KX, =1, K (t <1+ A+ —= < —,
@) R0l IR0 -1 RO < s

for small time intervals.
We now recall that for the heat kernel G*, the following property holds: for any ¢, ¢’ € C}(R),

[ ox@16 ez = tady = = [ | 6@ .a = )3, (o
We want to find then a function T such that for all ¢, ¢/ € C}(R*) a similar relation holds:
ey [ @ s @y =~ [[ @60y
R+ xR+ R+ xR+
It is clear that the above dual kernel is given by T') (¢, z;y) + f‘;‘ (t,x;y) =0, Le.

~ +oo +oo
DA (t, xyy) = / Tt x;2)dz = / (Go(t,x —2) — e MGo(t,x + 2))dz
y y

)\e)\z +oo

=GNt —y)+e Nt ty) - = e dz
A Az +oo
= G Mtz —y) + TGt T 4 y) — 8 e dz
NZ N e
2Vt
)\ Az +o0o
211) = (LGN b —y) — = e .
Vﬂ; m+iﬁm
2Vt

Note that, directly form the above formula or from

—+o0
KA(t,ﬂj) = 1_/ FA(taxay)dya
0
one obtains the relation
(2.12) LAt 2;0) + KM (t,z) = 0.
In fact, TM(t, z;y) = w, (L, 23 y), where w is the solution to the boundary value problem

0 z<y

(2.13) Wy + Mg — Wey = 0, w(t,0;y) =0, w(0,z;y) = {
1 22>y

Note also that T* > 0. In fact, by maximum principle applied to w it follows that w,(¢,0;y) > 0, and
I is the solution to the boundary value problem

(2.14) )+ AT -T2, =0, L(t=0)=6d(z—y), T(z=0)=wy(t0;y) > 0.
In particular,
(2.15) / A (t, 25 y)de < / TNt 25 y)de = 1.

R+ R+

A generalization of the estimates (2.9) gives the following result:

+oo . C
2.16 / otz y)|dy < —.
(2.16) Ry <
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FIGURE 2. The four functions I'*, K, w and T*.

In fact, by differentiating (2.11), we obtain

)\26)\a: +oo

DMt ay) = Gtz —y) + NGt +y) — e dz

NLs m+2y\/+?>\t
/\QeAr o0 5
(2.17) =Gty —y) + e VGt x +y) + 220 NGtz +y) — —— e * dz.
ﬁ ahytAt
2VE
Depending now on the sign of A, one consider one of the two expression of (2.17), obtaining in both cases

A o [A] 2 Az
218) Pt ai)| < {}G (t,x —y)| + |G (t, & +y)| + % A<0

|GMt, = y)| + |G (t 2 + y)| + A Ko (t,2)| A >0

It is thus clear that in both cases

- C
IT2(t @) || 0 < 2)|Gal[ 0 + A +1 < =

when ¢ is sufficiently small, so that (2.16) holds.
Finally, we will prove that I'*, T'* are essentially the heat kernel G* plus a term due to the boundary,
and integrable for ¢ > 0. It is clear that, since the two kernels are positive, that

(2.19) Dtz3y) < Gt —y),  [Mtay) <26z —y) + A
From the definition of I'* it follows immediately that

—zy/t

g

(2.20) [T (¢, 259)| < ‘(1 —eTTINGA (t,z —y) —ye T/t G, —y)‘ <@tz —y)|+ —2=
2t\/t
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Similarly for I'*

)\2 Az +oo

\/— L+y+>\t

A2er® A<0
CGMt,x+y) A>0

D3t zy)| < ‘(1 +e VGt x —y) —ye ™/t Gtz —y) — e dz

(2.21) < 2‘Gi‘(t,x—y)‘+%G>‘(t,x+y)+{
where the last term follows from
—+o0
)\26)‘1/ e dz < Ce WG t, x + ),
zHy+ At
2Vt
for A > 0.
Remark 2.1. The two kernel T*, T* are useful in two different situations.

The kernel T is used when we know the boundary condition of the equations (2.3), (2.4), to write
the solution in integral representation by Duhamel formula. In fact, for the time derivative of u and the
perturbation we know the boundary values 1y, hy, respectively. Conversely, [ is need when we know the
boundary condition of the solution v and we want to estimate u,: this is the case of (2.1). In fact, the
relation (2.10) allows us to compute the integral representation of the solution by means of the boundary
data of the integral solution.

We observe also the different behavior of the two kernels T (¢, z; y), TA(t, ;) as y — 0. The kernel
I'* tends to 0, while T'* tends to the derivative of —K.

2.3. Regularity estimates for u, h. We begin with the regularity estimate of u for (2.1). The solution
to the system

(2.22) ut + A(R, u)uy — Ugy =0,  w(0,2) = ug(x), u(t,0) =up(t), ¢,z>0,

can be written as

ot
uta) = [ TGty — sty + [ TG0 — Al )y ¢ = s.)dyds

5t
(2.23) + KA (s, z)uy(t — s)ds + K40 (6t, x)uy(t — 6t),
0

where Ag = A(0,u), and
rdo =T @) @ i(w), KA = ZK’\ a) @ L(a),  ap =
Observe that the regularity estimates (2.9) hold also for T'4o, K4o:

1
HLl S ﬁ)

for ¢t small and C large, in a suitable norm. Observe moreover that the assumptions that « has total
variation of order dp and « satisfies (1.7) imply that

sup |A(s(t), u(t)) — Aol < Cdo.

(2.24) T2 (t) KO, =1, EKR®| L, <7

SlQ

s

Differentiating (2.23) once we obtain
5t
ug(t,x) = / A0 (6t, 25 y)u(t — 0t,y) dy+/ / T2o(s,259) (Ao — Ak, w))uy(t — s, y)dyds
R+ R+

5t
+ / K20 (s, x)up(t — s)ds + K20 (5t, x)up(t — 5t),
0
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and using (2.12) and integrating by parts we can write it as

ot
wrlto) = [ F0 Gy dtpdy+ [ F ) (0 — Al )y (0 ), duds

+ (T4 (5t, 25 0) + K20 (5t, z))up (t — 6t)

ot
+/O (=T (s, 2;0)(A(k, up) — Ao)ua(t, 0) + K20 (s, x)up(t — s))ds

ot
= [ G- sty [ F ) (40— Al ¢ - 5.9)) dyds
R+ 0 R+

(2.25)

ot
+ ; K(s,2;0) (ue(t — 5,0) — (A(K, up) — Ao)ug(t — 5,0))ds.

Note that if the system is linear, the last term will contains only the oscillations of the boundary u, =
u¢(t,0) in [t — dt, t]. The eventual initial jump

lim wu(t —ot,x) — lirél+ up(t — ot + s)

z—0*t

is collected into T4 (6t, z; 0). Differentiating (2.25) again we get
st
waltia) = [ TMGt s stdy+ [ [ E s (Alk) - douy(t - 5.0) dyds
R+ o Jr+ :
st
+ / K20(s,z) (ub(t —5)+ (A(k,up) — Ao)ug(t — s, 0))ds.
0

Taking the L! norm of both sides, noting that
| (A, w) = Ao)ua (£,0)| < CBoua (1)]| 1

we obtain

C
Uz (D), < —=sup ||uz(s)||pr + CVIt|A — Ag|lL~ su Ugr(8)] 2
[ (8)]| 75 SpH (s)llx V|| ollz Htgpsgtll (s)llx

ot
+ c/o %(mb(t )]+ Bolltas(t — )21 )ds

C
< —=080 + CVtdy  sup  |Juga(s)|lLr + CVtdo(1+  sup  [[uga(s)] 1)
Vot t—5t<s<t t—5t<s<t

Choosing v/dt = min{1,C/dy} = 1 for §y < 1, and noting that for ¢ € [0, ¢] the estimate ||uz.(t)|[L1 <
C4, follows from the regularity of the initial data, we obtain the estimate

(2.26) ltee ()| 21 < Cdo,

for all ¢ € [0, 7] such that ||us(t)|| L1 < 3dp.

Remark 2.2. Note that the estimate depends on the total variation of v and the total variation of uy, not
of their squared values as in [2]. Differently from the boundary free case, one may have that u,, ~ u,,
as can be shown by considering the asymptotic solution of (2.8) for A < 0:

lim K(tvx) = eAIa ||(ei\£”L1 =-A\

t——+oo

A similar computation can be used for u,: since in this case we know the boundary data (which is
the time derivative of up), there is no need to pass to the dual kernel I'. The function wu; satisfies the
equation

:systemut879 | (2.27) (ue)e + AR, u)(Ut)g — (Ut) g + (DA(K, w)ur)uy + Ak (K, u)ku, =0,
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and has bounded L! norm by the assumption on u, and the estimate (2.26). We can write u:(¢,z) by
Duhamel formula as

5t
ug(t, ) = / DAY (5t 3 y)ug (t — 6, y)dy — / / T4 (s, 25 y) Aw (K, w) kg (t — s, y)dyds
R+

st
/ /R+ I‘AD (s,z;9) (Ao — A(R,u))u (t — s,y) + (DA(K, w)ug)ug (t — s, y))dyds
(2.28) + /0 KA (s, x)%ub(t — 5)ds + KA°(5t, 2)uy(t — 6t).

Differentiating (2.28) once we obtain

st
Uy (, ) = /}R+ (Ot z; y)ue(t — 0t  y)dy — / / (s, z;y) At (k, u)Rug (t — s,y)dyds
st
+ /0 /}R+ I‘fo(s, x; y) (Ao — Ak, u))ugz(t — s,y) + (DA(K, w)ug)ug (t — S,y))dyds

+ KAO(S x)d

g w(t = s)ds + K20 (6t, x)iy(t — 6t),
0

As before
[(A(s, up) — Ao)uta(t,0) + (DA(K, up)ue)ue(t,0)| < Cdo||uee(t)
By means of (2.9) we conclude for 6t < t < T that

[

C .
Hutz(t)Hp < —\/_ sup |lue(s)||rr + CVOt|| Akl L do + CVOtdy  sup  ||ue(s)|| 2
ot t—5t<s<t

ot
+c/

50+0\/_50 sup  ||uen(s)|| 22 + CV6tSo + Cdo.
\/5_ t—0t<s<t

Choosing v/dt = min{1,0(1)8;} = 1 for dy < 1, and noting that for 0 < t < 6t by standard techniques
one has [Jui(t)]| L1 < O(1)dp, we can write

d2

e up(t = 5)| ds + Clli| Lo

for ¢ € [0, 7], the maximal time interval such that ||u,(¢)||zr < 3do.
Since the equation for a perturbation h is the same equation satisfied by wu;, the only difference being
the term Ay (t,u)ku,, we obtain also the estimate

(2.30) he ()|l < Cdo, te€0,T],

if the L norm of h(t) < 35, for t < T. At this point we can proceed with the estimate of h,,., by following
the same procedure used to estimate 1, i.e. by passing to the kernel I'4°. With similar computations,
one can show that

||hwwHL1 S 0607
so that it follows
(2.31) lezll L1 < Cdo.

We note that the estimates of us; and ¢, at the boundary means that u,, h, have boundary conditions
which are smooth in time and bounded. Thus we can proceed with the same arguments as before and
obtain regularity estimates for %zzz, Rzze, and so on up to the regularity of A, k.

The above estimates can be collected by saying that if the total variation of u is sufficiently small in
[0, T] and the initial-boundary data are sufficiently smooth and close to a constant @, then all the higher
derivatives of u exists and are of the same order of ||u,||;:. In particular we obtain also the estimates of
the L norm of the derivatives, which are all of the order dq.
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3. A DECOMPOSITION FOR ODE
We consider the ODE
(3.1) z = A(z), z=(252%27) e R'@RI @ RF,
A(z) € C"(R™7+F) and we assume the following:

(1) the matrix DA(0) has ¢ + j eigenvalues with positive real part and k eigenvalues with real part
strictly less than 0;

(2) in a small neighborhood of z = 0, there exists a smooth ¢ dimensional hypersurface E of equilibria,
parameterized as

z="h(s1,...,8), h(0) =0,

where h is a smooth function with rank(Dh) = i. We can assume that £ = {z° = 0,27 = 0}, i.e.
it coincides with the subspace of the variables z€.

A classical application of the stable manifold gives the existence of an invariant manifold C*® of di-
mension k, which contains all the orbits converging exponentially fast to 0. Since here we know the
existence of a i-dimensional set of equilibria, a natural question is whether we can extend this manifold
to include all the orbits of (3.1) which converges with uniform exponential speed to some equilibrium in
E = {z=h(s),s € R'}.

We look thus for the following set:

all the trajectories which converge exponentially fast to the equilibria E = {z = h(s), s € R'}.

We will call this manifold the center uniformly-stable (CUS) manifold C°** of the set E, to emphasize
the uniform convergence to 0 of the variables 20, z=. The difference with the stable manifold is that here
we do not specify the equilibrium point to which the trajectory should converge: this will enlarge the
manifold to dimension ¢ + k, while the stable manifold has only dimension k.

We will thus prove the following theorem:

Theorem 3.1. Consider the system (3.1), with A(z) € C" and satisfying assumptions 1), 2). Then,
in a neighborhood of z = 0, there exists an invariant i + k dimensional manifold C** of class C",
characterized uniquely by the fact that the orbits on it converge with uniform exponential speed to some
equilibria z = (2°,0,0) € E. The manifold C** is tangent in each equilibria z¢ € E to the eigenspace
R~ (2°) generated by the k most negative eigenvalues of A(z¢,0,0). In particular, it can be parameterized
by (2¢,27),

(3.2) E= {(ze,z*,qﬁ(ze,z*)),|z€|,|z7| < 1}.

Observe that the eigenspace R™(z¢) exists certainly because near z = 0 there is a spectral gap among
the k most negative eigenvalues and the others.

Remark 3.2. Note that assumption 1) is verified on the center stable manifold C® of any equilibrium
point u. Note moreover that by time reversal one can prove the same results on the center unstable
manifold, obtaining in this way a center uniformly unstable manifold C““*.

It is important to observe also that the set £ does not need to contains all equilibria close to z = 0.
We only require the existence of a smooth manifold of equilibria E to obtain this invariant manifold. Of
course this manifold does not contain all the orbit which decay exponentially to an equilibrium, as fig. 3
shows.

The proof of the above theorem follows as a corollary from the following Hadamar-Perron theorem [8]:
Theorem 3.3. Let f,,, : R" — R", m € Z, be a C" diffeomorphism, v > 1 of the form

fm(m;y) = (Amx + am(may)vB’my + 67n(xvy))) (Z‘,y) € Rk X Rn_ka

such that Ay, : R¥ — RF B, : R"™% s R"* and, for some \ < u, ||AY < 1/p, [|Bnll < X, and
moreover a;,(0) =0, 8, (0) = 0.

There exists a o = 7Yo(A u) such that for all v € (0,7,) there is a § = d(A\, p,y) such that, if
lam e, |Bmllcr < 6 for all m € Z, there is
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FI1GURE 3. The center manifold C¢ and the center uniformly stable manifold C“**. The
dashed region contains other equilibria, not the ones in {z° = 0,2~ = 0}. Moreover
there maybe other orbits converging to an equilibrium in F, but with speed much lower

than on C¢%%.

o a unique family {W,5}mez of k-dimensional C* manifolds of the form
Wi = {(,¢5().x € RF,
o a unique family {W, }mez of k-dimensional C* manifolds of the form
W = {Gn).v).y e R,

with sup,, ||D¢ || < v and such that
(1) the families {WE}mez are invariant for fo, i.e. fm(Wik) =Wk,
(2) the maps fm have a defined behavior on {WE},.cz,
[ <@ +A+6A+N)=l, 2 W,

Ifmia@ < (/A +7) =) ell, 2 € Wi

(3) ifve (\p), and ||fmir—10...0 fm(2)|| < CvE||2|| for all L > 0 and some C, then z € W,,.
Similarly, if | .0 0. .0 fl1(2)| < Cv=E|z|| for all L > 0 and some C, then z € W,}.

Moreover the families {Wt},.cz depend continuously in C* topology from the family of maps { fu Ymez-
Finally, if v,0 < 1 and A <1 (u> 1), then {W,, }mez ((W,}}mez) is C" and depends continuously
in the C” topology from the family of maps {fm }mez-

This theorem is essentially the one given in [8], where we used the remarks given in the same book
at the end of its proof to improve the C" continuous dependence, see also the existence of stable and
unstable manifolds for hyperbolic flows [8]. We observe that the family of smooth manifolds is the one
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for which we know that the behavior of the orbits is exponential decreasing, namely {W, } ez if A <1
and {W, }ez if > 1.
We now prove Theorem 3.1:

Proof. Since the region E is positively invariant under the flow, and the manifold we are looking for
contains orbit which remains in a neighborhood if z = 0, by considering a smooth cutoff function, we can
assume that the function A(z) can be written as

(3-3) A(z) = (A%(2), A7 (2)) = (DA®(0)(z°,2°) + a(2), DAT(0)2 + B(2)),

with o, 8 quadratic near z = 0 and with C' norm sufficiently small. Let ¢ : R77+F s R+ he the
flow map with 1 time step, which clearly satisfies

(3.4) W(z) = (eDAeO(O)(ze, ) ol (2), ePAT O, ﬁ’(z)),

with o/, 8’ quadratic and sufficiently small.

For any fixed z € F close to 0 there is a spectral gap among the k£ most negative and the other
i + j eigenvalues. It follows that for some A < pu, A < 1, we have the estimates ||e*DACO(0)|| < 1/pu,
ePA™ O] < A, and moreover 1(2¢,0,0) = z°.

Fixed any z = (z¢,0,0) € E, we can thus write the map ¥ as ¥z(z) = ¥(z) — ¢¥(Z), and apply Theorem
3.3 to the family of maps {fmn(2) = ¥z}mez, to obtain a unique C” smooth k dimensional manifold
W~ (z), parameterized by R~ (z¢). Since we are close to 0, it is clear that we can parameterize W~ (Z2)
by (0,0,27), i.e. W—(2) ={(¢p~ (2%, 27),27)}, with (¢(27,0),0) = Z.

The last thing to prove is that the bundle U,egW ~(2) is actually a manifold parameterized by
(2%,0,27) near z = 0. This clearly occurs because the map (2°,0,27) — (¢(2% 27),27) is smooth
and invertible in a neighborhood of z = 0. g

Remark 3.4. Using the above invariant manifolds, i.e. the center-unstable manifold and the uniformly
stable manifold, we can rewrite the equations (3.1) as follows. Define the new variable z = (2¢,29 27)
by

€

ze = z
(3.5) 20 = 0 —Ceus(ze27)
T o= 27 =252

Note that this transformation is locally invertible and smooth. At this point it is clear that 2 = 0 defines

the uniformly stable manifold, while Z=— = 0 defines the center manifold, so that one can check that in
these coordinates the equations become

dze/dt = Az 4+ g(2)
(3.6) dz%/dt = (A +h0(z2))z°

di=Jdt = (A~ +m (2)3F

where g(0) = h%(0) = m~(0) = 0. One can thus verify that the trajectories in C** are uniformly
exponentially decaying to an equilibrium.

Another observation is that a similar proof can be used to find the center uniformly stable bundle for
a positively invariant region E in a sufficiently small neighborhood of z = 0. In this case, depending on
E it can be a smooth manifold or only an invariant region. The same results hold for unstable manifolds
of negatively invariant regions.

We observe moreover that one can obtain the invariant manifolds converging to F with a prescribed
exponential speed A, if A belongs to some spectral gap of the eigenvalues of the linear part DA. This will
be used later on.

3.1. Application to parabolic systems with boundary. Consider now the parabolic PDE depending
on a parameter

(3.7) ut + AR, w)uy = Ugy, (t,z) € {t, x> 0}, u € R™,
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A(k,u) smooth and strict hyperbolic for all  close to 0. The equation for the boundary layer with speed
o = 0 is in first order form

Uy = p
(3.8) pr = A(k,u)p
Ke = 0

For u, k close to @, 0 respectively, we assume that there are k — 1 eigenvalues of A(k,u) strictly less than
0, the k-th eigenvalue is close to 0 and the other n — k are strictly greater than 0. Without any loss of
generality we assume that Ap(u = 4,k =0) = 0.

It is clear that the set {p = 0} is a n + 1 dimensional set of equilibria, so that by means of Theorem
3.1, there exists an invariant manifold C“*® of dimension n + k, which can be written as

(39) b= Rs(ﬁa uaps)psa

where ps = (p1,...,pr—1), Rs smooth function: in fact, the equilibrium manifold is p = 0, hence the
function ¢ of (3.2) vanishes when ps = 0. This manifold contains all the orbits converging to the equilibria
{p = 0} with uniformly exponential speed.

Since we are considering the boundary-characteristic case, the idea is to find generalized eigenvectors
(or eigenspaces, in the case of boundary layers) which can describe a travelling profile of the k-th family,
a non characteristic boundary profile or a characteristic boundary profile. An important requirement is
that the equations for these profiles should be in conservation form, so that we can expect BV bounds
on all three cases. We thus consider

Uy = p
(3.10) pe = A(k,u)p
Ky = 0

By the assumptions on A there are k — 1 eigenvalues strictly negative, 1 eigenvalue close to 0, n — k
strictly positive eigenvalues and n + 1 null eigenvalues.

The first step is to reduce the equations on the center stable manifold C*® of an equilibrium, let us say
(u =u,p =0,k =0). This manifold can be written as

(311) b= Rcs(na u7UCS)vCS7 <RCS(K/7 u7UCS)7 RCS(H,U, vcs)> =Ic Rka~

where R.s € R"** satisfies the fundamental matrix relation (due to invariance of the center stable
manifold)

(312) RcsAcs + DRCS(RCSUCS) + Rcs,v(Achcs) = A(KJ, U/)Rcs; Acs = <R057 A(Ha U)Rcs>-
On the center-stable manifold we thus obtain the reduced system

Uy = Rcsvcs
(313) Ves,x = Acs (K; u, ch)vcs

Ke = 0

It is clear that the above system has by construction & — 1 strictly negative eigenvalues, one eigenvalue
close to 0, and n+ 1 null eigenvalues. Moreover the manifold of equilibria {p = 0} becomes now {v.s = 0},
its dimension n + 1.

At this point we write the center manifold of (3.13),

(3.14) Ves = VkTk(K, U, V), (re,m) = 1,

satisfying

(3.15) Ak 4 Drp(ResThvr) + Tho MUk = AcsThy Ak = (T, Aes (K 1, 073 )7).
and the uniformly stable manifold,

(3.16) Ves = Rs(k,u,v5)vs,  (Rg, Rg) = I € REZDX(=1)

(3.17) RyA, + DR(Res Rovs) + Ry o(Asvs) = AcsRs,  Ag = (R, Acs(k,u, Ryvo)Ry).
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It is clear that the two vectors
Tr(k,u, vk) = Res (B, u, vpri (K, u, vg)) i (K, w, vg),
@l (3.18) Ro(k,u,05) = Res(kyu, Ry(k, 1, v5)vg) Ry (K, u, vs),
are the tangent vectors to the center and uniformly stable manifold of the original system (3.10). In fact
DRRyvs + Ry yAsvs = DReg(Res Rsvs) R + Res,o (DRy(Res Rsvs)0s) Ry + Res DRy(Res Ryvs)
+ Reso(RsAgvs + R o (Agvs)vs) Ry + Res Ry p Aus
= DRes(Res Rs) Rsvs — 0 Res v Rsvsvs
+ Resw(RsAs + DRy(Res Ryvs) — Ry Agvs)vs R,
+ Res(DRy(Res Rovs) + R Asvy)
= DRes(Res Rs)Rsvs — Res,pAcs Rsvsvs
+ ResAcs Ry — ResRo A,
= AR, — R A,
and similarly for 7.
Up to now we have obtained 3 functions R.s, Rs, 71, which describe the center-stable, uniformly stable
and center manifold respectively, and the reduced equations on these invariant manifolds. The next step

is to diagonalize the ODE on the center stable manifold as in Remark 3.4, equation (3.6).
On the center-stable manifold, we decompose vcs as in (3.5), which in our case becomes

(3.19) Ves = Rs(k,u, v5)vs + vkTi (K, u, vk ),
corresponding to the decomposition of the original vector p € R™
p = Res(k,u, Rvs + vpT) Rs (K, 1, 05) s + Res(K, u, Rsvs + v )T (K, w, Uk )0k

(3.20) = Rs(n, U, Vs, Vg Vs + T (K, U, Vs, Vg ) Vg

Substituting (3.20) in (3.8), by direct differentiation we obtain

(Rs + R - 05) (Vs — Agvs) + (Tk + 7 00%) (Vkw — Ak)
+DRs(Resrivi)vs + Dri(ResRsvs)v, = 0,
so that if (Ls(k, u,vs, vk), Ik (K, u,vs,v)) is the dual base of
(Rs(n, U, Vs) + (Rs,o (K, u, 0s))Us, Tk (K, U, V) + T (K, U, vk)vk),

and defining
Ag(ku,v5,v1) = Ag(k,u,v5) — (L, DRy(Resrvr) + Drig(Res Re-)ur)
E:truefluxsi] (3.21) = Ay(k,u,05) + O(L)uy,
A (Fy 1, 0, ) = Mg (K, w, 0%) — (I, DRg(Resri-)vs + Dri(Res Rovs))

E:truefluxCl| (3.22) = ;\k(ﬁ, u,vk) + O(1)vs,

we obtain
Uz = Res(k,u, Rovs + rvp) (Rs (K, w, vs)vs + 7k (K, U, 0k )0k)
E:finalsyt01| (3.23) Vsp = As (K, u, vs, U )Vs
Vo = Ak (K, u, Vs, Uk )UK
Ke = 0

These are the diagonalized equations on the center stable manifold. Note that trivially on has

AS(”) U, Vs, 0) = AS(H) u, US)? j\k (K/a u, 0) Uk) = S\k(lﬁl, Uu, UC))
so that the k — 1 eigenvalues of A, and the generalized eigenvalue M\, are close to the original k most
negative eigenvectors of A(u). In particular the eigenvalues of A, are strictly negative and A is close to
0 for (k,u,vs,vk) close to (0,4,0,0).
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Together with these eigenvectors, we recall from [3] that there are the i-th generalized eigenvectors
and eigenvalues, for i # k, obtained with the following procedure. Consider the center manifold for the

ODE
Uy = P
E:iparal| (3.24) ZZ i (A(k, u)o— o )p
Oix = 0

)

near the equilibrium point (@,0,0, \;(#)). This manifold has dimension n + 2, and can be written as
E:icenmal| (3.25) p = vii(k, u, vi,04), (ri,7i) = 1.

By direct substitution in (3.24) it follows

E:estiril| (3.26) 7i(k,u,0,0;) =15 (u), Fi,0 = O(1)v;.

As above, related to 7; there is the generalized eigenvalue ;\i,

E:ieffedrel| (3.27) iRy, 03, 04) = (Fi (K, w, v, 05), Ak, W) (K u, v, 07)),

which generate the commutation relation

E:commuril]| (3.28) (A(K,u) — \i)Fs = v; D7 + viFi o (N — 03),

and moreover

E:closetrl]| (3.29) Ailk,u,0,0;) = Ni(k,u), Mo = O(1)02.

It is clear that the 7 constructed before corresponds to the 7; constructed here when o = 0, up to the
uniqueness of the center manifold, i.e.

,Fk(/% U, Vg, 0) = RCS (57 U, VgTk (K/a u, Uk))/rk('k‘./a u, Uk)~

At this point we have the full set of vector (matrix) valued functions we need for the decomposition
of Section 4. We define two vector (matrix) valued functions, which we call again Ry, 7k, by

('%7 U, Vs, Uk) = Rb(ﬁa U, Vg, vk) = Rcs (K/a u, Rs(ﬁa u, US)US + Ukrk(/ia u, ’Uk)) Rs(ﬁa u, Us)

E:decovessl| (3.30) = Rs(ﬁauavsavk)a

(Ky Uy Vs, Uk, Ok ) = T (K, U, Uy, VR, Ok) = T (K, U, Uk, O)
E:decoveccl| (3.31) + (RcS (/i, u, Rs(K, u, vs)vs + vpT (K, u, Uk))rk(/i, u, vg) — Tk (K, u, U, 0))
which satisfy the following relations

E:relOl| (3.32) Rb(n, U, V) = RS(H,U, Vs), 7r (K, u, 0,0k, 0% ) = T (K, U, Vg, O ),

E:sigmdeel| (3.33) o, = O(1)|vg].

Note that the vector 7y is essentially equal to 7x with a perturbation due to the uniformly stable part
of the boundary layer, which we expect (and we will prove later on) to be exponentially decreasing as
we move away from the boundary. Note moreover that 7, never vanishes, because |vs| < 1: we can thus
assume that it is normalized to 1, i.e.

,Fk(/ia U, Vg, Uk) + (TAk(lﬁ U, Vg, ’Uk) - /Fk('k‘./a U, Vg, 0))

E:decoveccll| (3.34) T (K, U, Vp, Vg, O) = .
,Fk(/ia U, Vg, Uk) + (TAk(lﬁ U, Vg, ’Uk) - /Fk('k‘./a U, Vg, 0)) ‘

When o, = 0, these vectors satisfy an important relation: by direct substitution,

(RSAS + DRS(RSUS + 'Uk":k) + RS,USAS’US + }%s,v;C kak)vs'f'

[ 1

E:commt776 (3.35) (T‘Ak;\k + D7y, (RS’US + ka'k) + fkws j\kvs + f‘]m)k S\kvk)vk = A(/i, u) (RS’US + fkvk).
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The generalized drift matrix As(li, u, s, Uk ) and the generalized eigenvalue S\k(li, u, Vs, Uk, o)) are defined
in terms of (3.21), (3.22): for all x close to 0, denote with (Lg(k,u, vs, vg), Lk (K, u, vs, vg)) the dual base
(inverse matrix) of

(Rs (K, u,vs) + Rs v(K, u, Vs )Vs, T (K, U, V) + Th 0 (K, U, vk)vk).

Then set
AS(H, U, Vs, Uk) = As(ﬁa U, Us)

(3.36) —{ Ly(5, 1,05, 00), DRy (Restsvr) + Drk(RCSRS()-)vk>,
A (K, U,y Vs, Uk, 08) = Mg (K Uy Uk, 0% )

(3.37) —<lk(/€, U, Vs, 0); DRy (Resri-)vs + Drk(RCSRSvS)>.

We obtain the following estimates for Ay, Nt

(338) AS(H,U,O,O) = AS(Hau)v 5\k(K:vUHOvoao'k) = )\k(ﬁau)v

where A4(k,u) is the (k—1) x (k—1) matrix corresponding to the projection of A(k,u) on the eigenspace
of the strictly negative eigenvalues of A(k,u). By using (3.29) it follows also that

(3.39) Mooy, = O(1) ||,
4. EQUATIONS FOR THE COMPONENTS

In this section we write the equations satisfied by the decomposition of u, in travelling profiles and
boundary layer,

(4.1) Uy = Ry (K, 1, vp, Ui )0y + ik (K, U, Vp, Vg, %) + Z v (K, U, v, 04),
i#k
(4.2) ur = Ry(k,u, vy, v )wy, + Wity (K, u, Uy, U, 08) + Z(wl — Xi,00i)Ti (K, u, v4,04),
i#k
and the variable o; is given by
x |z] < do

(4.3) oi=MXo—0 <%) , f(x) = < smooth connection J§y < x < 3dg

v 0 2] > 36
0 is a cutoff function, and Jg is a small constant. By using the parabolic equation
(4.4) ur + A(K, u)uy = Ugg, u(0,2) = uo(x), u(t,0) = up(t),

and adding k£ — 1 more conditions because we have 2(n + k — 1) variables in 2n equations, one can obtain
the equation for the components (vy, vk, v;), (wp, Wk, w;), with suitable initial boundary terms (it is not
important here to know their precise form), and then study the source terms of these equations. As noted
in [3], the equation for the u; variable is essential to choose appropriately the speed oy and o; (i # k).

A further step is then to study the continuous dependence of the solution w.r.t. the initial and
boundary data, i.e. to consider the equation satisfied by a perturbation u + eh for € — 0, and show that
if the initial boundary data for the perturbation h are in L', then the L' norm of h remains bounded.
This will give the continuous dependence of the solution w.r.t. the initial boundary data in the L! norm.
Also for the perturbation one has to consider the equation for the effective fluz v = hy — A(u)h, which
allows to define appropriately the speed for the waves in h.

Since the equations for a perturbation h and its related flux ¢« = h, — A(u)h are satisfied in particular
by g, u¢, then proving L' estimates for h, ¢ is the same task as proving L' estimates for u,, u;. The only
difference is that the boundary conditions for u,, h are different: in fact we know the boundary value
up for the integral of w,, while for h we have Dirichlet boundary conditions. Moreover for u; we have
Dirichlet boundary conditions given by 4y, while the boundary condition for ¢ should be estimated from
the solution h to the perturbation equation. We will remark how to handle the boundary conditions for
the variables u,, u; every time their analysis differs from the equation of h, ¢.
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The equations for a perturbation h are

(4.5) hi + (A(k,u)h)y — hye = (DAug)h — (DAR) Uy,
with initial boundary conditions
(4.6) h(0,z) = ho(x), h(t, xp(t)) = hy(t)

in L' and sufficiently regular, ho,h, € W5V, for some N sufficiently large. Due to linearity of the
equation, we can assume that their norm is less that dp in W% . This simplifies the computations because
the decomposition in travelling profiles will depend nonlinearly on h, ¢, hence with this assumption we
do not need any further rescaling. We introduce also the effective flux for the perturbation,

(4.7) t=hy — A(k,u)h,
which satisfies the equations
tu+ (AR, u)t)y — tge = — Agkh + [DA(uw Rh—h®ug)
(4.8) — A(k,u)DA(ugs @ h — h @ uz) + BA(’LLI QL —ur ® h).

The initial boundary conditions for ¢ are given by

(4.9) to(z) = ho () — A(k(0), up(z))ho(x), (t) = lin(lt)+ he(t, ) — A(k(t), up(t))hp(t).

T—xp
Due to the assumption on hgy, we know that ¢y is in W5 ~1 and small. The boundary condition z is
uniquely given by the solution h, and by Section 2 we know that it is bounded in Wli)’CNfl, but in this case

we cannot deduce that it is integrable and small in L!(0,400). This will be accomplished by studying
the interaction inside the domain of the nonlinear waves of h.

Remark 4.1. While for the variable u; the boundary conditions are given by us, = duy/dt, the boundary
conditions u,p for u, are obtained indirectly by solving the equation, so that we do not know the L'
norm of u, (even if by regularity estimates of Section 2 we know that are bounded and smooth). In
this case, however, we will see that we can write all estimates in terms of the oscillations of uy, plus some
terms controlled also in this case by the initial data, the interaction of waves of u, and the oscillations
of k.

4.1. Decomposition into boundary layer and travelling profiles. We consider the following de-
composition of the variable h,

h = Ry(k, 1, vy, Vi), + hii (K, 05, 0k, Go) + Y hiffi (5,1, 07, G;)
i#k
(4.10) = Rohy + han + > hatis,
i#k

where R, is the projector on the uniformly stable manifold of the boundary layer given by (3.30), 7 is the
generalized eigenvector for the k-th characteristic field given by (3.31), 7; is the generalized eigenvector
of the i-th waves given by (3.25). We used the 7 to distinguish the generalized eigenvector evaluated with
the speed (; of the perturbation h and the generalized eigenvector evaluated with speed o, i.e. the speed
of the component v; of u,. Similarly, in the following we will write

(411) S\i = 5‘i(/€7u7viaai)a 5‘7, = S\i(nauaviagi)'
The same notation for the k-th characteristic field, where A, is the k generalized eigenvalue (3.37)
evaluated with speed (j, while Ay is the same function (3.37) evaluated with speed oj. Note that R} is

the same for the decomposition of u, and h, and also A, is the same, since they do not depend on the
speeds (;, i = 1,...,n, of the travelling profiles.

To define the speed (;, i = 1,...,n, we decompose the effective flux ¢ as
L= Ry, u, vy, vp) 1y + teF (K, wy U, iy Ge) + Z(Li — Xi,ohi)7i (K, u, i, G)
i£k
(4.12) = Ryt + s + (i = Nioha)Fi.

ik
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Following (4.3), the variable (; is given by

x |z| < do
(4.13) G = Aio — V(i/hi), Y(z) = ¢ smooth connection dy < z < 34
0 |33‘| > 309

As noted in [3], the speed in (4.13) is a discontinuous function of h;, ¢;, so that the decomposition
(4.10), (4.12), (4.13) is only Lipschitz continuous. Note moreover that up to now the decomposition is
not assigned, due to the fact that on the left hand side we have the 2n dimensional vector (h,¢), but we
will decompose it in 2n+ 2(k — 1) components. However, one can prove that the decomposition is smooth
outside a finite number of time ¢:

for any fized functions (hy, ), there are perturbations my, ny of hy, ty, and perturbations m, n of h, ¢,
arbitrarily small in WHNNCN | N arbitrary, such that outside a finite number of times t the decomposition
(4.10), (4.12), (4.13) is smooth in {t € [0,T],x > 0}.

As a consequence, once the decomposition is assigned with the procedure we consider below, we can
consider an arbitrarily small perturbation to the equations of the components (h;,t;) such that the
decomposition is smooth outside a finite number of times.

Proof. First recall the following simple results. Let = : R¥ 5 K ~ R™ a smooth map, K compact set,
and consider a smooth set E C R™ of codimension k' > 2. For simplicity assume that E is the graph of
a locally invertible map Z'. Then the following holds:

(1) if k =k, then the maps = which intersect E only a finite number of times are dense;
(2) if k+ 1 <k, then the maps Z which never intersect E are dense.
The last result holds also if =’ can be approximated in C° by smooth maps.
We begin by decomposing the initial data only on the components (h;,¢;), i = 1,...,n. Since in this
case the manifold where the map is only Lipschitz continuous is the set

E= {(ﬁ, ho) th=> hiFje=Y (1;— Aj,ohj)fj}

j#k j#k
U <U{(/€, hot) b= hiy + Y by, 0= e+ Y (1 — Aj,ohj)fj}>,
itk i i

which has codimension 2, by a arbitrary small perturbation of the initial data we can assume that the
map (4.10), (4.12), (4.13), with hy = ¢, = 0, is smooth at t = 0. In the following we will perturb slightly
this map near t = x = 0: we can assume that also this perturbation does not intersect E.

The boundary condition for h, ¢ are thus defined by assuming that h; = ¢; = 0fori =1,... .k — 1.
Since also in this case the set

F= {(n, hyt):h= Zhﬁj, L= Z(Lj - /\j,ohj)fj}

i>k >k
U (U {(H,h, L) ch = hgrg + Z hjfj, L= LT + Z (Lj — )\j,ohj)Fj}>7
i>k >k, >k,
has codimension 2, we can assume that the decomposition of the boundary data is smooth. In particular,

the decomposition (4.10), (4.12), (4.13) will be smooth near {t =0} U {z = 0}.
As we will see below, the variables hy, ¢, satisfy an equation of the form

ot + (Ap(t, 2)hp) e — Bowe = 0, s + (Ap(t,2)1p)z — thaw = 0,

with A; depending on the other components (see (3.36)), hence at least Lipschitz continuous. Since
the eigenvalues of A, are strictly negative, independently on the decomposition, we have that hy, ¢ are
exponentially decreasing (this will be verified later on). The same result holds if in the right hand side
there is an exponentially decreasing source ¢y, ¥,. Write

Pt + Aphip .z — hpww = Ap ol + 6 = Aphiy + (Apw — Ayl + ¢p = Apoh,
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where Ay is a C? function converging to Ay in Cloc, and similarly for ¢;,. The source term ¢ is integrable

and arbitrary small in [0, 7] x R, because h;, is exponentially decreasing and Ay, converges to Ay. Since
it is clear that an arbitrary small term in the right hand side of h is not essential in the proof of L'
bounds, we will neglect it in the following.

At this point we are left with the map (K, hp, h1, ..oy By by L1y -« 5 tn) — (K, hy ), with hy, ¢, smooth
in RT x R*. We describe the set E where the map (4.10), (4.12), (4.13) is only Lipschitz continuous. For
any fixed hy, tp, the set E is given by

EZ{(/ihL) h=Ryhy+ Y hiFj o= Ry + Y _(1; — Njohy)F }

J#k J#k

U<U{(/€h¢) h = Rbhb—l—hk’l"k—FZhTJ,L—RbLb—FLk’I"k—FZ — N0l }),

i#k J#i J#i
which has codimension 2. Moreover, the set of points where E is only Lipschitz is given by

F= (U@ ho)sh=Rhy+ Y hjfj,e=Rou+ > (15— Ajohy)F
(Ui 1

i#k J#k, J#k,i

@] < U {(lﬁ, h, L) ch= Rbhb + hiTy + Z heTy, L = Rbbb + LT+ Z (Lg — )\g7ohg)fg}),
1,5k, > 04,5 0,5
which has codimension 4. As a consequence, by a slight perturbation in C? we can assume that h, ¢ never
intersect F. It follows that since E \ F is regular, we can perturb h, ¢ is such a way that h, ¢ intersect
E\ F only a finite number of times in every compact set of R?2. By the fact that h, ¢ are in L!, the
conclusion follows. |

The above result is the generalization to the boundary case of the following Lemma, which was stated
in [3]:
Lemma 4.2. Let (h(t),c(t)) be the solutions of (4.5), (4.8) in L' fort € [0,T] and consider the decom-
position given by

h = Z?:l hzfl (’U,, Vs Cl)
(4.14) o= >0 (6 = Xiohd)Ti(u, 03, G)
Cz’ = )\1,0 - ﬁ(bi/hi)

with u, v given smooth function. Then for all € there exists a perturbation (m,n) € C? of the right hand
side of (4.5), (4.8), such that its L' N C? norm is less that € and (h,.)(t,z) solution to the perturbed
equations belong to

E = U{(h, I,) S R2" . h = Z hjfj, L= Z(LJ‘ — /\j’ohj)fj}
i i i
only a finite number N (€) of times.
Under the hypotheses of regularity, we now compute the derivatives of h, ¢. In this task, we need only
to obtain the coefficients of the principal derivatives, and the coefficients of the derivative of 7 w.r.t. (k.
In fact, the derivative of (; is of the form

L4\ [tz Lihia
) ().

so that it can be very large. The idea is then to collect these unbounded terms, and to study them
explicitly. Next, one shows that the remaining terms are uniformly Lipschitz and quadratic, so that from
the fact that it vanishes on particular solutions one deduce the general form of the source term.
We first differentiate w.r.t. ¢,
= Ryhys + D Ryuihy + Rbmbvb,thb + Ry o vr.tho + Ry fihy
+ Pt (T + hieCr h ko) + i (DF gty + Ub 47k v, + Py + Uk t75,0, ) + Piotio 1 G, T, o
(4.15) Y hia(Fi+ hiGinFio) + Y hi(Digug + vigFiy + Fok) + O hitiiCiiFio,
ik ik ik
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1t = Rytot + DRyusty + Ry Vb st + Rp vy Uksto + Rphits
+ et (P 4 oG Thyo) + bk (DFRUe + Vb 4T vy + Pl + Vit T 0 ) + ket G n T o
(4.16) + Z Lz‘,t(f'z‘ + LiCi7L7v‘i,g) + Z L; (Dfiut + V;,¢Ti0 + Tv'iﬁl'i) + Z Lili 1CinTi -
i#k i#k i£k
Next, we compute the second derivative w.r.t. to z, collecting all the term containing derivatives of Rb,
7 not w.r.t. ¢ in the nonlinear terms ¢, V. We recall that the principal terms are the second derivatives
of v;, h;, t;. It is easy to see that this term is a second order polynomial on the components of h, ¢, u,,

ut, with coefficients depending on the parameter k, the solution u and the components v;, w;, h;, t;.
One obtains

hww = Rbhb,ww + Rb,vbvb7wwhb + Rb,vkvk@whb
+ Mo wa (Tl + hiCr nTr,0) + Pk (Vb 22Tk vy + VkaaThvp ) + Pk, zoCh,Th,o
+ hieCrow (Dot + Vb 2Tk oo + Vi o one) + P8 (0 /P) 27,0 + (0 (k) Be) 1) 2Tk o0
+ Z hi za (P + hiCi nTio) + RivVi zaTin + Riti 22CiuTi0
ik
+ Z hiCi o (DFi ot + Vi oTive) + R0 (1) i) 27 0 + hi(0 (1) hi)2)*Ti oo
itk
(417) —|—QS(H,u,uI,ut,um,um,h,hr,b,az),
lygx = RbLb,ww + Rbmbvb,ww% + Rb,vkvk@w%
+ o (P + 6Ch i Th o) + (Vb 2 Th oy + VkzaThog) + ePkzeCe o + (0 (b /h1)e) 2P h.00
+ 1 Crorx (Dot + Vb 2Tk oo + Vk o one) + P (0" (e / hk) + 20") (e / hi) 27k o
+ Z tiwx (s + 4iGiuTio) + LiVizaTiw + tilizeGihTio
ik
+ Z LiCi o (DFi oy + Vi 2Tiv0) + Ri (07 (1) hi) + 20')(1i/ 1) 2 0 + 1i(0 (6 ) Ri)2)*Fi oo
ik
(4.18)
+ w(ﬁa Uy Uy, Uty Uggy Utz ha hwa Ly L$)7

with ¢, ¥ quadratic functions of the components of u,, u; and h, ¢ and their derivatives: in fact pointwise

Za” (t,x hv]—l—Zb” (t,x hvjz—i—Zc” (t,x) MUJ—FZd” (t, x)ev;
Zem t € Li”]r"’Zfi] t x Lzm'UJ +291 t JZ zrvi,r+zmi tax)//i,rvi,r

%

+ Z ngi(t, x)hyw; + Z 04 (t, x)sw; + p(t, @) he 2V 2 + q(t, )b 2V o
-~ —

(419) + T(tv x)Lk@Ub,w + S(t, :’E)Lb@’l}k,w,
and similarly for v, with 7,5 = b,1,...,n. The coeflicients are uniform Lipschitz continuous.

Remark 4.3. The above expression for ¢, ) can be obtained by considering the following table:

h; hi,z L Lix
v; | for any i, j for any i, j for any i, j for any i, j
vj o | for any 4, j | only for i = j or (b, k) | for any ¢, j | only for i = j or (b, k)
w; | for any i, j never for any i, j never
Wi,z never never never never

In the intersection of every column and row, we write if there is a term containing the product of the
component of the perturbation in the column with the terms of the solution in the row. For example,
the term h; ;v;, means that an x-derivative is assigned to h; and the other derivatives generates 7; ,v; 4
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thus only for ¢ = j these terms appear, or the couples vy ohi z, hpzVkq, i.e. the boundary and the

characteristic field (which appears both in Ry, 7). Moreover, since we never have the term wuy ,, then
there will be no terms containing w; ;, or h; zw;, and so on.

To study the terms (A(u)h)y, (A(u)t)s, (3.12), (3.17) and (3.21) give the estimate
Ak, u) Ry (K, 1, s, Vp) iy = Res (K, 1, Rgvs + 730k ) Acs (K, Uy Ryvs + 10k) R (K, 1, 0 ) gy + ¢ (5, 1, U, g, h)
= Res(K,u, Rsvs + 150k ) Acs (K, 4, Rsvs) Ry (K, u, vs )by + ¢ (K, wy g, ug, b)
= Ry(k,u, Rovs + 70) R (1, u, v5) Ag (K, u, vp) by + &' (K, u, g, )
= Ry (K, u, 05, k) As (K, w0, 00, 05 )y + ' (K, 1, g, ),
where ¢’ denotes as above a second order polynomial in the components of u;, h. The same for
A(r, U)Rb(ﬁ, U, Vs, Vg )lp = Rb(li, U, vs, Uk)AS(H, U, Uy, Uk )y + O (K, u, Uy, B).
Similarly, one obtains
A(r, u)7r (K, u, vy, Uk, Gk ) bk = Tr (K, u, vp, Vg, Ck)j\k(n, U, Vp,y Uk, O ) g + & (K Uy Uy, ),
AR, ) (1,1, Uy, Vi Gtk = P (5, U, Vo, iy Co) Nk (5, 2, V0, Uy 0% )tk + 9 (8, 1, U, ),
with ¢ a second order polynomial in the components of u,, h, and
Ak, u)Ti (K, u, vk, G hy = Tr(k,u, vy, Q);\k(m,u, vy, 03 i + & (K, u, ug, b)),
Ak, )i (K w, vk, Gt = T (8, 1,03, G AR (K, w03, 030 + 1§ (K, 1, g, B).
As before, we denote with Ay, A; the drift speed computed with the speed ¢ of the perturbation, and

with S\k, \; the effective drift computed with the speed o of the solution u. In the previous equalities we
have substituted the speed of h;, ¢; with the speed of v;, w;. Note that

(4.20) Ak = Ahie = O vk Phi (G — ok),  (Ai — M)hy = O(1)vihi((; — 03),

by (3.37) the derivative w.r.t. o} appears only in the term A, (no problem for i # k because of (3.29)).

Observe that if we differentiate the terms ¢', ¢’ w.r.t. ¢ or o, then we have always (; , multiplied

either by ¢; or h;. This is a consequence of the decomposition we assumed: the speed (; appears only in
the terms hy 7k (u, vk, Ck), ek (U, Vi, Ck ), RiTi(u, v, G)y 4T (u, v, (). Since a simple computation
L Li

hiCi,z =0 <—l> (Li,z - Lhi,z/hi); LiCi,z = h—l(hzcm)
1

h;

shows that we obtain a Lipschitz function, we associate it to the quadratic rest part ¢, 1. The same
observations hold for the derivative of o: in fact in this case it follows from (4.20).
One see as a consequence that we can write for the = derivative of the convective terms A(u)h, A(u)e

(A(k, u)h)e = Ro(Apht)a + Ro.v, (Apvs)ahi + Ro vy kv )ahs + Arhi)z (Fr 4+ hiCrnie.o)
+ hie((Apop) ooy + e b V) Tr,00 ) + Bk (Mot )2 Ci P
+ Z(S\ihi)x(ﬂ‘ + hiGinTio) + Z hi(Nivi)a i + Z hi(Niti)2CiiTio
ik iAk ik
(4.21) + & (Kot Uy Uy Py gy Ly L),

(A(k,u)e)e = Ro(Apts)e + Rpay (Apvp)ats + Rp oy Mevi)to + (Metk)e (P + tkChiFro)

+ 0 ((Apn)2Tr vy, + tk (V) 2Th0p ) + tk(MeTik) 2 Chn o

Y Nitd)e(Fi 4 1iGiig) + D tiAivi)atin + Y ti(Nihi)aGinFio
ik i#k ik
(422) +¢I(f€7u,uz;uzz;hth7L7L$)7

where the functions ¢', ¢’ are quadratic in (v, w, h,¢). The term Ay, 5\;@, \; are the effective drifts for the
variables vy, vk, v;, respectively.
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Remark 4.4. The idea here is that we want the drift of our perturbation h; to be the same as the drift
of the original solution v;. This is clearly possible because the difference of the drift depends only on the
difference in speed o; — (;, and it is multiplied by the factor v;h; or v;¢;.

Repeating the analysis of Remark 4.3, we can generate the following table for the form of the quadratic
terms in ¢’, ¢": taking into account that we have only one derivative, but that we are differentiating also
ok, 0;, We can write

h; hi L Liw
vj for any i, j for any i, j for any i, j for any 1, j
Vjz for any 1, j never for any 1, j never
w; | fori=jor (kk)|fori=jor (kk)|fori=jor (kk)|fori=yjor(kk)
wj gz | for i =jor (k, k) never for i = j or (k, k) never

In fact the terms with w; appearing in o; are multiplied by h;.

Substituting (4.15), (4.17), (4.21) into (4.5), and (4.16), (4.18), (4.22) into (4.8), we obtain

Ry(hwt + (Aphp)e — hywa) + (Fr 4 haConTro) (At + Okhi)e — Pieze)
+ hka,Lfk,d(Lk,t + (Xkbk)r - Lk,rr) + Z(fz + hi<i7h":’i,d)(h’i7t + (thz)r - hizz)

+ Z hiCi,Lfi,o(Li,t + (;\151)r - Li,rr) + ((Rb,vb')hb + fk,vbhk)(vb,t + (Abvb)r - Ub,zz)
+ (]%b,vk hb + 'fk,vk hk)(vk,t + (xkvk)r - Uk,zz) + Z fi,vhi(vi,t + (Xﬂ]i)z - Ui,rr)
= QS(K:v Uy V,y Vg, W,y Wy ha hzv Ly ’/z) + Z 0(1)U1h1(<1z)2

(4.23) + O(1)(|vp| + vk )k (Cra)® + O(1) <|hb| + Z |h¢|> R,
=1

Ry(tos + (Apty)z — thox) + (P + thChonho ) (tht + Akth)z — thoza)
+ Lka,h’Fho’(hki + (j\khk)w - hk,ww) + Z(Tvz + LiCi,LTvLo’)(LLt + (Xle)w - Li@w)

i#k
+ Z LiCi,thip'(hi,t + (S\th)w - hz@w) + (Rb,vb “up + f'k,vb : Lk})(vb7t + (Abvb)w - vb@w)
+ (-Rb,v;c L+ ,Fk?ﬂ)k Lk)(vk,t + (j\kvk)w - vk,ww) + Z ’rv‘i,vLi(Ui,t + (S\ivi)w - Ui,ww)
= w(ﬁa Uy Vy Vgy W,y Wy, h7 hw7 2 Lw) + Z O(l)viLi(Ci,w)Q

(124) O]+ or)eeG) + OL) (ubi +> le)
i=1
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where ¢, ¢ have the quadratic form
¢(t, {E) = Z Q45 (t, x)hivj + Z bij (t, {E)hﬂ)j’w + Z Cij (t, x)hmvj + Z dij (t, {E)Lﬂ)j
i, %7 %7 i,

+Y) et a)ve + Y fiit ) iav; Y gilt, 2)higvin + > milt, 2 2Via

2 2 i

+ Z nij (t, x)hiw; + Z 0 (t, x)tiw; + p(t, )i,z 06,2 + q(t, )Mo 20k, 2

] %]
+ Z i () wihi . + Z 835 (t, x)wi phy + Z 73 (b T)wit; 2 + Z 83 (1, )w; z L
i i i B

(4.25) +t(t, @)tk wVbp + (T b 2 Vk s

and similarly for . We note here that we collected into ¢, ¥ also the right hand side of (4.5), (4.8),
which is quadratic and contains only products of terms of different families ¢ # j, or (b,7). We note that
the above equations (4.23), (4.24) do not define by themselves which are the equations satisfied by the
components (hp, hi, 1y, ¢;). In fact, as noted before, there are 2(n + k — 1) variables in n equations. We
will address this equations in Section 4.3.

Remark 4.5. In the case we are writing the equations for the components of u,, u:, we reduce (4.23),
(4.24) to the simpler expression

(Ryy + (R0, )0 + 7.0y 1) (0.t + (Ap0p) e — Up.az)
+ (Rb,vkvb + i+ Phw, Uk + VkOk wTh o) (Vg + (AeVk)z — Vi zz) + VkOkwih,o (Wit + (Aewy ) — Wh,za)

+ Z(ﬂ + 0T 0w + 0 W Ti o) (Vi + (Xivi)w — Vi zq) + Z V04T 0 (Wit + (S\iwi)w — Wi zz)
ik ik
(4.26)

= ¢k, 1,0, V0, w,we) + Y O} (072) + O(1) <|vb| +y |vi|>
7 =1

Ry(wp + + (Apwp) s — Wo.an) + (R vy )Wo + 7k i) (Vo + (Ap)z — Vb 2)
+ (P + WkOk o) (Wit + Apw) e — W2z
+ (Rpoy Wh + ooy, W + WOk ko) (Vk 1 + (AeVk)z — Vk,za)
+ Z(fz + wio; Wi o) (Wi + (;\zwz)z — Wi gx) + Z(wiﬁ,v + wioi W Tie) (Vie + (S\’LU'L)I — U gz)
iZk ik

(427) = ¢(K/) U, Uy Vg, W, wr) + Z O(l)viwi(ai,z)Q + 0(1) <|Ub| + Z |U1|> K.
4 i=1

As we know from Section 3.1, the matrix made by the vectors of the components (v;,w;), ¢ = 1,...,n,
ie.
(4.28)A
l: Rblvkvb + ’f’k + TAk,UkUk + Ukak7v’ﬁk7o fz + ’Ui’Fi,v + Uio'iﬂ)fiﬁ Ukak7w’ﬁk7ok ’Uiai,w’f‘i,o'
}%b,v;C wp + 'ﬁk,vk Wi + wkak,'l)lfk,d wifi,v + wigi,vfi,o 'ﬁk + U)kO'k)w’/’Ak,gk 771 + wia'i,wfi,o'

is invertible, so that we can assume that the equations satisfied by each components are

where wy, w; and wy, w; are the decomposition of the source terms for the decomposition of u,, uy,
denoted by w, @, respectively, on the base of the matrix (4.28), and with suitable initial boundary con-
ditions (we will describe below how to choose them). For a more precise discussion on the decomposition
of the initial boundary data and source terms, see Section 4.3.

We assume that the source terms ¢y, ¢;, ¥, ¥; are integrable:

+oo +oo
(4.29) / (b (., ) | dacel, / (64 (¢, )| dzdt < CO2.
0 R 0 R
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If with this assumption we can prove that the source terms for h, ¢ are integrable in the plane and satisfy
the same estimates (4.29) for initial data with L' norm of the order &;, then a posteriori we obtain the
BV estimates and the stability estimates.

Using (4.7), we can obtain the relation among the components ¢; and h;, h; 4
Ry(ts — how + Aphiy) + (ke — hieo + Mehi )T + (Ry-)hp + Ty o) (W — Vb + Apvp)
+ (Rb,vk R + T oy Pe) (Wi — Vg + Arvr) + Z(u — hiw 4 Aihi)Fs + Fiphi(w; — Vix + Aiv;)

i#k
(430) = hkck,z’f'k’o' + Z hiCi,zfi,o + (P(K:v u,v,w, hv [’)7
i#k
where ¢ is quadratic in the components h, ¢, v, w. We note that also in this case we have the freedom of
choosing how to decompose the right hand side. A particular case is when only the i-th waves, i = 1,...,n,

in h, v are present, where we can make use of (3.28): in fact one obtains that
Lty = 0= Ry oTi + hiv; DF T 4 hiv; 575 0 + it 0 Ciw — i A(u) T
(4.31) = (hi — Mi)Ps + O(Dhivi(G = 05) + O(V)hi(vs0 + (05 — XiJvi) + O(D)vihiGi o

4.2. Explicit form for the source terms. We now analyze the structure of the source terms ¢, .
Since we know that these terms are uniformly Lipschitz and quadratic, the idea is to study the conditions
for which the terms are 0, i.e. when the left hand side of (4.23), (4.24) is 0, and thus to write explicitly
the most general form of all the quadratic terms which vanishes on these surfaces. The reason why we
choose the generalized eigenvalues Ay, 5\;@, \; also for the perturbation, instead of Ai, A;, follows from the
analysis below.
In the following cases the right hand side of (4.23), (4.24) is 0:
(1) a travelling profile of the i-th family, i # k, with speed o; = —w;/v; = {; = —t;/h;. The other
waves are 0;
(2) a travelling profile of the k-th family, with speed o, = —wy /vg = (. = —ti/hi. The speed of the
boundary is constant and the other waves are 0;
(3) a boundary layer with both v, and vy, travelling with speed 0 = —wy /vy = —tp/hy. The other
waves are 0.
In all three cases, the parameter « is constant. We verify this statement in the case of i waves. The proof
for the other cases follows similarly.
From the assumption that o;, (; are constant, the speed terms of the right hand side of (4.23), (4.24)

vanish, and since the cutoff functions 6, ¥ are not acting, we have that w; = —o;v; and w; , = —0v; 5.
By means of u; + A(k, u)uy — Uz = 0 and (4.31) with ¢; = w;, h; = v; it follows that v; satisfies
(432) Vi = (5\1 — O'i)’l}i = 5\1‘1}1‘ —+ w;.

Differentiating w.r.t.  and noting that v; ; = w; 5, we obtain that
Vit + (S\ivi)w — Vi gz = 0.
Now wt + (A(k, w)ut)r — utee = 0 for a single travelling profile, because the left hand side of the equation

for u; (which has the same form of (4.5), with u; in place of h) is 0 in this case. By the proportionality
of v;, w;, it follows that also w; satisfies

Wi ¢ + (Niw;)z — Wi zz = 0.

Thus the source terms w;, w; for the equations of v;, w; vanish. At this point, since {; = o; = —t;/h; =
—w; /vy, it follows that also h;, ¢; satisfy the same equations of v, w:

hit + (Nihi)e — Rigz =0, tit + Niti)z — tige = 0.

Note that repeating the computations leading to (4.32) in all three cases considered above, it follows
that

(4.33) Ly = hb)r — Abhb, L = hk,r — 5\khk, li = hi,r — 5\1h1

Remark 4.6. When the cutoff function ¥(¢;/h;) is active, we have that only two case may happen (see
(4.30) and (4.31)):
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(1) h;g is much greater than h;;

(2) there is a j-th wave hj, ¢; and derivatives, with j # i or j = b, greater than (do/4)h;.
In the opposite situation, i.e. when ¥(¢;/h;) = t;/h;, either h; , is small or there is a wave of a different
family of size comparable with h;. This will help in simplifying the form of the source terms because we
can substitute h; with h; , or vice versa, depending on the case. The same observation holds for 6(w; /v;).

We now show which is the form of the source term, by imposing that ¢, ¢ should vanish in the
situations considered above.

4.2.1. Wawves of the i-th family, case 1). In this case only the terms containing i-th components can be
present, with ¢ # k, and the right hand side of (4.23), (4.24) vanishes when

W; + 030 = Wi p + 040 5 = 0, ti+ Ghi = tig + Cihigp =0, G = 0.

Thus the term we can expect contains as a factor all the above terms. As a consequence, recalling that
the source is quadratic w.r.t. the components h, ¢, v, w, and linear in h, ¢, we obtain that the only
possible form is

[i(t,2) = O)(|vi| + |vie] + |wi] + [wiz]) (|6 + Ghil + |tie + Gihil)
+ O (Jhi| + |hiz| + |ti] + |tiz]) (Jwi + o3vs| + Wi + 030 o)
(4.34) + OM)(Jvi| + [viye| + |wil + |wiz ) (1Rl + Rz | + [ei] + [eiz ) (G — 03)-

We can further simplify the above expression by using Remark 4.6: in fact, when ¢; + (;h; # 0, i.e. ¥ is
not the identity, then we can estimate h; with h; ;. Note that also ¢; can be estimated with h;,. The
opposite situation happens when 9 is not acting, i.e. we can substitute h; , and ¢ with h;. The same
observation holds for v;, w;: if 6 is the identity, we replace w;, v; ; with v;, while in the other case we
replace w;, v; with v; 4.

We thus can simplify the above terms by

fi(t,) = O (vie + sl + 0l + [hial2)x{ fwi il > G0, /Rl > 60 }
+ OW)hil(fosol + s o] /03] > 260, 03/ il < 6o}
+ O (i + e o) o] i3] < B0, ua/ i > 280}
+O() ([villtie + Gl + hillwi e + 001l
(4.35) + [vil|ha] (G — Ui))X{|wi/Uz‘| < do, |ti/hi] < 5o}~
The function y{FE} is the characteristic function of the set E.
4.2.2. Waves of the k-th family, case 2). As in the previous point, we have
ult,2) = OW) vkl + [ + o + a0 o 00] = G0, ua /] = 6o |
+ OW) il (oo | + 1w )X wr for] = 280, 10 /Pe] < 80 |
+ O) (| + ot Dlwele{ e /or] < o, o/ ] = 200 }
+ O) ([l ko + Gl + [orl [0 + Tk

(4.36) + |vg ||| (G — Uk))X{|wk/Uk| < o, |tk /hi| < 50}.

4.2.3. Boundary layers. In this case two waves are present, and set where the right hand side of (4.23),
(4.24) vanishes can be written as (recall that the speed of the boundary is 0)
Wy +0p0p =Wy = Wpz =0, 1p=1pp =0, wWg=wkz=0, t=1,=0.

First we note that the structure of the terms which have only waves of the characteristic family hg, ¢k,
vk, wy, have been considered in the previous point 4.2.2; so that their structure is given by (4.36): here
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we will consider only term with v, wg multiplied by hy, ¢y, and vice versa. We thus can write
Jo(t, ) =O(L)(Jop] + |vp,e| + [vk| + vk, [) (6] + [tb,0]) + OQ)([ve] + [ve,2])([tk] + |ek,2])
(4.37) + OM)(|ho| + |ho,a| + [hi] + [P,z ((wo| + [we,z]) + O@)(Jho| + [ho,]) (Jwk| + Wk, |)-

Finally we have to consider all the terms which are 0 in cases 1), 2), 3): these are all the quadratic
products of waves of different families, i.e.

o waves of the families i # j, 4,5 =1,...,n,
Uy = > O@) (vl + [via| + |wil + [wia]) (1] + |15])
i#]
(4.38) + > 0)(|oil + lwi) (1Bl + [,
i#j

e waves of the families i # k and the boundary term,
Uz = Y O(1)(|oi| + |via| + |wil + [wse|)(|ho] + [20])
i£k
+ 0 (|vs] + [wi) (o o] + [26,2])
i#k
+ D O[] + [hial + lel + lesal)([0s] + [wp])
i#k
(4.39) + D O ([l + el + 11al) (Jvp,] + [wp2]).
i#k
Writing the above terms, we notice that due to Remark 4.4 the terms
([viz| + [wiz)(1Pie] + [eiz])s  ([vial + [wie)(hoel + [oz])s (Vo] + [woz ) (1Ri] + i)
cannot appear. We thus obtain that the form of the source term is the following:
(440) (b(tv Jf), ’lr/)(tv 33) = fb(ta Z‘) + fk(tv 33) + Z fl(ta Z‘) + I—Il(tv 33) + l—IQ(ta Z‘)
ik

Remark 4.7. Using the same technique, one can obtain the form of the term ¢ in (4.30), namely

@ = O (fwol + o) eol + [velleal + (ol + el | + ol }
+ 20(1) |:(|Ui,w|2 + |wi 2 |? + [ti0? + |hi7w|2)X{|wi/Ui| > 60, |ti/hil > 50}
i=1
o VRl + i X s/ 01l 2 200, [0/ il < G0} + (el + luio sl s/l < 8o, i/ i) = 260 }

+ losl e (G = o) { i /vil < 8o, i/ il < 50}} + >0 (il + wil) (] + 1)
i#j
(4.41)
+ 20(1){(Ivi| + [wil)([ho] + [e]) + ([hil + [ei])(Jvs] + Iwbl)}-
ik
Note that the presence of derivatives is due only to the fact that in the regions where the cutoff functions

6, ¥ are active we can estimate v, w, h, ¢ with v; 5, h; 5, respectively. In particular, the relation among
w, v has a simplified term ¢:

o = O (loo] + [oeDlwn] + [ollwl } + - Ol |wi + v
i=1

(4.42) + 3 OW)ville[ + Y O [villosl-

i£] i#k



Ss:equseprl

E:sourcompll

,:boundleav89

E:decobound9

,:regulbdco89

28 STEFANO BIANCHINI AND FABIO ANCONA

Boundary data for h =0, i=1,....k-1

No source terms in f

Initial data for i, = 0

FIGURE 4. The choice of the initial boundary data and source terms.

4.3. Initial-boundary data decomposition. We now assign the initial boundary data for each com-
ponent h;, ;. We recall that the two set of vectors

(4.43) (Rb, P, Fret 1y - - 7)), (F1,. .y 7)),

are a base of R™: this means that we find the components of a vector v € R™ w.r.t. both bases. In fact,
for k =0, u = @, v = 0 the above bases correspond to the eigenvectors of A(0, u).

Observe first that the boundary conditions for A are uniquely defined by the boundary data hy, for h,
while for ¢ it is determined by the solution to the equations. By the regularity estimates of Section 2, the
boundary condition 7 for ¢ is smooth and bounded if the total variation of h is small.

Since we have 2(n+k—1) variables (hy, hi, ..., hy), (tb,t1, ..., tn) in 2n equations, we have the freedom
to decompose the initial boundary data (ho, o), (hs,75) and the source term

Ot x) = d(t, ) + ¥ O(1)vihi(Giw)” + O)(Jve| + [vk]) ik (Cr.a)?
ik
+0(1) (|hb| + Z |hi|> E+O0Ow(t,z) + O(1)w(t,x),
i=1
U(tx) = v(tz) + > OWviti(Gix)? + O) (o] + [0k e (Gh )
ik
(4.44) +0(1) (|Lb| +)° |Li|> i+ Ow(t,z) + O(N)w(t, z),
i=1
into one of the two bases (4.43). Here are the guidelines (fig. 4) for the decomposition:
(1) the boundary data h;p(t), ¢ip(t) for hi, t;,i=1,...,k—11is 0:
(445) hi’b(t) = hi(t, 0) = 0, Li’b(t) = Li(t, 0) =0.
Thus we obtain that
ho(t) = Ry(K,ups Vb, Ukp) s + 7k (K by Vbps kb G ) + Y s hivTi (K, up, vip, Gi)
(4.46) - 5 . ~
w(t) = Ry(K,up, Vbb, Vk,b)lbb + T (K, Up, Vbbs Vk,bs Ci)lksb + D is bipTi (K, b, Vi, G)

with ¢ = A;(@) — 9(e;/hi). A standard computation shows that the above map

(hb,ln Rieoy s Pnby Lok Lheyby - - - s Ln,b) — (hp, Tp)

is uniformly Lipschitz and invertible, so that we obtain the boundary data (hy.p, Rib, th b, Lib)
for the remaining 2n variables (hgy, hi, tp, i), @ = k,...,n. Note that we know from regularity
estimates that the boundary data are bounded by Cd; in C%!,

co1+ 3 (Ihisllcor + llsspllcor ) < Cor.
i=k

(4.47) lhopllcor =+ e,

However the L' norm in (0,T) of the boundary data have to be estimated.
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Remark 4.8. As we explain in the discussion before Lemma 4.2, the boundary data for all com-
ponents are assumed to be smooth. However, only the Lipschitz norm (or C! norm) of these
components can be estimated by the C' norm of the boundary data. This is sufficient for our
needs, because we have only to estimate first derivatives of the components.

(2) For afixed 6 > 0, in the region [0, +00) we decompose the initial data hg, to for h, ¢ by considering

{ ho(z) = Fr(k, uo,0,0k,0, Ck)Pr,0 + D sy, hioTi (K, o, 3,0, G)

4.48 . -
(4.48) w(x) = Fr(k, 100,080, Ce)lk,0 + Dz, ti0Ti (K, o, V3,0, C)

with ¢; = \;(@) — 9(¢i/h;), which can be verified to be invertible for v small. Thus the initial
data for the boundary layer variables hy, ¢ is O for = > §, while for the other component h;,
ti, t =1,...,n, is determined by inverting the map (4.48). As for (4.47), these components are
uniformly Lipschitz continuous:

(4.49) Z(||hi70||co,1 n ||Li,o|\co,1) <04,

=1

Let vi, ¢, i = 1,...,k — 1 be smooth function, with CY norm less that Cd;, connecting the
initial data h; o, ti0 to O for the components leaving the domain, i.e. ¢ =1,...,k — 1. Thus for
0 < z < § use the decomposition

ho(t) — > cp ViTi(k, 0, vi0,Gi) = Rp(k, o, V6,0, Vk,0)hb0 + 1 (K, U0, V6,0, Vk,0, Ck) k0
(4.50) X + 2 isk PioTi (K, w0, vi0, Gi)
to(t) = D icp SiTi(k, 0, vi0,G) = Rp(k, w0, Vb0, Vk,0)tb,0 + 7k (K, %o, V6,05 Vk,05 Ck ) Lk,0
+ ik bi0Ti (K, w0, V4,0, G)
with ¢; = A\ (@) — 9(e;/h;). Clearly the initial data for hg, ¢, have compact support. Moreover,
the assumptions on the initial data (1.2), (1.3) and Lemma 4.2, imply that (hs,0, hi0), (46,0, ¢i,0),
i = 1,...,n, belong to C%! with norm less than O(1)§;. Without any loss of generality, we
assume that the L' norm of all components is less that dg, if 61 is sufficiently small,

n

(4.51) Z(Hhi,OHWl,l n ||L1,0|\W1,1) < 8 < by
i=1
The same observations of Remark 4.8 hold here.

(3) Finally, the source term is decomposed only in the waves components. We thus construct the
variables hy, t, by solving

ot + (Aph)e — By zw = 0, ot + (Apty)z — thoe = 0.
Thus, from (4.23), (4.24), the source terms ¢;, ¥;, i = 1,...,n are given by

-1
Nk | Tt hiGaTre hiGi, Ti0
(4'52) (¢1awz)i:1 - LiCk,hfk,g ¥+ Li(i,ﬂ:i,a (@7 \IJ)
Clearly, if we assume that the source term is less than O(1)62 in L1({0 <t < T,z > 0}), so ¢;,
1; are.
In Remark 4.5 we have supposed that the initial boundary data for v, w and the right hand side of
(4.26), (4.27) have been decomposed by the same scheme.
We thus have the following set of equations:

(1) 2(k — 1) scalar equations with source for the components h;, t;, i = 1,...,k — ¢ leaving the
domain:
hiw+ Mt 2)hi)e — hige = di(t, )
(453) it + ()‘1 (t7 x)Li)w — lizx = wi(t, {E)
(hz( 7x)7bz(07x)) = (hi)o((E),Li’Q(x))
(hi(t,0),¢:(t,0)) = (0,0
with A < ¢ < 0, and initial data in L' N C%! with norm O(1)dy;
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(2) 2 scalar equations with source for the characteristic fields hg, ¢g:

hit + (;}k(t, T)hi)e — Mz = or(t,x)

et + (At X)) — thpe = Y(t, x)
(454 (hi(0,2),1(0,2)) = (hwo(w),0(a))
(hi(t,0), k(t,0)) = (hp(@), thp(x))

with |Ax| < O(1)dy and initial data in L' N C%! with norm O(1)8;. The boundary data has
Lipschitz norm of the order of §y, but its L' norm has to be estimated;

(3) 2(n — k) scalar equations with source for the fields entering the domain h;, ¢;, i =k+1,...,n:
hi,t + (;}Z(tv x)hZ)r - hi,rr = (bz(t, 33)
(455) it + ()‘1 (t7 x)Li)w — lizx = wi(t, {E)
(hl( 7x)7Li(07x)) = (hi)o(fE),Li’Q(x))
(hi(t,0),i(t,0)) = (hip(@), tip(x))

with \; > ¢ > 0 and initial data in L' NC*! with norm ©(1)d;. The boundary data has Lipschitz
norm of the order of §y, but its L' norm has to be estimated:;
(4) 2 (k—1) x (k— 1) systems of the form for the boundary layer components hy, tp:

hot + (Ap(t, 2)he)e = hoze = 0

bt + ( b(ta m)[/b)z — lbxx = 0
(45 (hs(0, ), 16(0, 2)) = (hpo(),tp,0(x))
(ho(t,0), 16(t, 0)) = (hep(t), top(t))

and A negative definite. The initial data (hy 0, ts,0) has compact support in [0, 6] and boundary
data with Lipschitz norm of the order of dy. Its L' norm has to be estimated.

In the next sections we will consider the various cases above with different techniques.

5. ESTIMATES FOR SCALAR EQUATIONS

Aim of this section is twofold: first we prove an estimate for the L' norm of a scalar equation with
source. Next, we give some estimates on the derivatives of the boundary conditions, knowing only that
the boundary condition is L'. This will allow to prove that the boundary data for (h;,;), i = k,...,n,
is in L'. We need also to study the oscillations of the derivative hy,. of the boundary data. Finally we
will consider the differences which will arise when analyzing (v, w) instead of (h,¢).

5.1. Estimate of the L! norm. We start with some estimates for a scalar conservation law of the form
(5.1) 2zt + (At 2)2)e — 22 = s(t, ),
with initial data 2y and boundary data z,. We first estimate the L' norm of the solution. We have

d
P /w |2(t, x)|dr = /w sgn(z)(zg — A\z)zdx + /w sgn(z)s(t, z)dx

< —sgn(zp) (2,0 — A2p) —l—/ |s(t, x)|dx
R+

IN

— L2l + Al +/ Is(t, 2)|de.
R+

The quantity 2, — Az, can be thought as the oscillations of the integrated variable Z,; = z. It follows
that we can estimate the L' norm at time 7" by

T T
5:2) 1=l < ool + [ (san) (a0 = M@)o+ [ [ Jsa)iaoe.

In the following we will assume that the initial data has L' norm less than C4d;, the boundary data has
norm of the order of C26;, and the source is of the order of 58, with 61 < dp:

(5.3) lzollLr < Cb1, |zl < C%61,  IsllLro.ryxre) < Cp.
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FIGURE 5. The weight function P and a pictorial explanation of formula (5.9) for the

case A\ < —c.

5.2. Estimates for the characteristic fields leaving the domain. Here we consider again a scalar
equation of the form (5.1), but we assume that the characteristic speed A is strictly negative:

(5.4) At,z) <ec<0,

where ¢ > §p. Thus, the integral curves of & = A(t,z) are leaving the domain. Moreover, in connection
with case 1), equation (4.53), we assume that the boundary condition z,(¢) is 0: in a different language,

this means that the integral variable Z, = z satisfies Neumann boundary condition.

Since for regular functions one has

lim sgn(z(t,x))z. (¢, ) = |2b,4,

x—0

then by (5.2) it follows

T
(5.5) / |zb,r(t)|dt§||z0|\L1+// Is(t, )| dzdt < C(61 + 62).
R+ 0 JRT

The next estimate is the oscillations of the solutions along all vertical curves of the form z(t) = y,

with y fixed constant in [0, +00). Consider the functional (fig. 5)

(5.6) Q) = /w Plx — y)|2(2)|dx,
with
1) P {1

By differentiating (5.6) w.r.t. ¢, it follows that (remember that z;, = 0)

4Q _

IN

The above inequality yields

T 1 T
(59) | ettt < ol + 2 [ Jsteolds < 6+ 0(1)5F < 06 + ),
0 0 JR+

Note that the boundary data 2, enters the equation with an exponential decaying rate.

dt /R+ P(z —y)(sgn(2) (22 — A2)s + s(t, 2))dx
/ (P" + AP)|2(x)dz — e %|2p0]/c + /
Rt -

(5.8) < —2(W)| — e Yz (t)] /e + %/R+ |s(t, x)|dz.

Pz —y)s(t,x)dx

31
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A A
t
P,()

(1-6%)lc
- 6% )/c

y X y X
FIGURE 6. The weight function P, and a pictorial explanation of formula (5.15) for the

case A ~ 0.

We now can also estimate the flux of x derivative along the vertical line z(t) = y. If T is the Green
kernel for the equation (5.1) with Ao < ¢ < 0, we can write

2z (t) = I‘;‘O (T)*z(t—7)+ /OT l";“’ (T—8)*(A—=Xo)z(t+ s —7))zds

(5.10) +/TF;‘0(T—5)*s(t+s—T)ds.
0

Assuming A — Ag of the order dy and the total variation of A is less than O(1)dy, and defining

k(0 =suf [ e lds

it follows that from (5.10) (neglecting an initial layer of thickness 7, for which the result trivially holds
by the results of Section 2)

K(t) < O(1)do + O1)VTd K () + O(1)d5-
We have used the integral estimate
/ (s, z)ds < O(1),
0

valid if A\g < ¢ < 0. We thus conclude for 7 of the order 1 and Jy sufficiently small,

+oo
(5.11) /O |2(t, )| < C(61 + 6).

This bound holds uniformly on vertical curves at every distance form the boundary. The constant C
depends only on the separation in speed ¢ when §p is small enough. A more precise analysis can show
that K(t) < dp for §; < dg < 1.

5.3. Estimates for the characteristic field with speed close to o, = 0. In this section we consider
(5.1) with speed X close to the speed of the boundary:
(5.12) At,x) = O(1)do, Tot.Var.(A(t)) < O(1)dp.

Our aim is to prove that there is a relation among the L! norm of the boundary data z; and the L' norm
of its derivative zp . Consider the functional (fig. 6)

(5.13) Q=) = /+ P, (2)|=()|dz,
R
where the weight function P is given by

(1—e /e <y
I—e®)/c x>y

(5.14) P,(z) = {
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with d a small positive constant, larger than §y. By differentiating we obtain thus (note that P,(0) = 0)

Q
it~ Jpe

/ (P" + AP")|2(x)|dz + |2(t)] — e |2(y)] +/ Pz —y)s(t, x)dz
R+ RE

Py(z)(sgn(z)(2e — A2)e + s(t,x))dz

IN

IN

—e Wy Z E s(t,x)dx.
2w+ )] + 1 [ stt.a)d

This implies that for §y < 1
T
(5.15) / (8, y)|dt < €W (61 + Oy + C62) < C(8 + 62)e™,
0

i.e. the flux of z at distance k from the boundary is of the order of the initial-boundary oscillations
multiplied by an exponential term. For the linear case one can see easily that by considering the solution
to the scalar equation, the integral actually grows like log(1 + z), so that one cannot expect to have a
small integral (5.15).

We now proceed to the estimate of the = derivative. In fact, if I = I'° is the Green kernel with speed
0, multiply

2:(t) = To(r) % 2(t — 7) + /OT Tu(r —8)x (Az(t+ s — 7))ads
(5.16) + /OT Tu(r—s)*xs(t+s—7)ds+ /OT K. (s,2)2p(t — s)ds + K, (1, 2)2p(t — 7),
by e~9*, and observe the estimates (I'(¢,z;y) = G(t,x —y) — G(t,z +y) in this case)
/0+Oo e~ VTt @5 y)edy, /Om eIt 2 y)e™dy < O™, " K, (t,2) < O(1),

Using the same technique above. i.e. taking the supremum of the oscillations w.r.t. x weighted with
e~ one obtains that

T
(5.17) / le= W2, (¢, y)|dt < C(6, + 62).
0

It follows that the oscillations at a distance of y from the boundary are controlled by e?: in particular
the oscillations of zp , are of the order of 6; + 58. We note finally that the constant d can be chosen of
the order of dy, hence it is much smaller than ¢, the separation of speed from strict hyperbolicity.

Using (5.17), from (5.2) it follows that

()] < C (81 + 7).
5.4. Estimates for the characteristic fields entering the domain. The final case we consider is

(5.1) with drift speed A > ¢ > 0. By repeating the computations of the above section (with d = ||A|| =),
one can prove that

T
(5.18) / =], (t y)|dt < C(61 + 62).
0

Consider then the functional (fig. 7)

(5.19) Q) = [ Pl

where the weight function P is given by

(5.20) P(z) = {i/;/c z i 8
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FIGURE 7. The weight function P and a pictorial explanation of formula (5.21) for the

case A > c.

By differentiating we obtain thus

[ Pl y)(sa()(ee — o)+ s(t,2))de
R+
< [ PP @dr + (el = M)~ )]+ | Pl = p)ls(ta)lds
< (ahs = A~ s)| + 3 [ Plo—wlstt.o)ldo.

C R+

This implies that
T
E:estier88| (5.21) / |z(t, k)|dt = C(61 + 58),
0

i.e. the flux at distance k from the boundary is bounded. A similar procedure to the regularity estimates
above shows that for all y > 0

T
E:estier98| (5.22) / |2z (t, y)|dt < C(61 + 62),
0

without any exponential growing weight as in (5.17).

R:vcasel | Remark 5.1. One can repeat the above computations for the components v; entering the domain, i.e.

i=k+1,...,n, by assuming that the oscillations of the boundary data v;; are in L': if
T
E:oscbdre | (5.23) / Ui’b,z(t) — it O)U“;(t) dt < Céq,
0
then
T T
Eroscaerai] (5.24) / st )|dt, / (0 ()| dt < C(61 + 62).
0 0

Note that while for the characteristic fields leaving the domain the same estimates of Section 5.2 hold,
for the k-th characteristic fields in general vy is not integrable in time. We finally observe that the

components of u; satisfy the same estimates of the components of h.
Sss:bbbeeel

5.5. Estimates for the vector variables h;, t;,. The last situation we are going to consider is the
(k—1) x (k—1) system (4.56):

E:model2]| (5.25) Zi+ (Ay(t,2)2) g — Zyw = 0,

with initial data Zy with compact support and negative definite matrix flux Ay. Since the boundary data
is bounded by dp in L* and the initial data has compact support, one can easily show that

(5.26) |Z(t,z)] < O(1)§pe,

m
[0}
[}
el
Q
[}
9]
©
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FIGURE 8. The weight function P, and a pictorial explanation of formula (5.29).

where ¢ = sup, , ; A\i(t,z) < 0, where ); are the eigenvalues of A. Note that the constant ¢ is the constant
of strict hyperbolicity (1.9).
By writing (5.25) as

(5.27) Zit + (apii(t, )2 )e — Zige = — Z(ab,ijzj)r;
i
and by using the same functional Q(t) = [ Py|Z| of Section 5.2 with weight function P,(z) given by
(fig. 8)
c(o—y) _ g—cy <
E:Pfunlmin2| (5.28) Py(x) = (e /e w<0
‘ (I1—e"¥)/c x>0
it can be shown that
T T
E:oscilletl| (5.29) / |Z(t,y)|dt < C(61 + 63)eY, / |Z:(t,y)|dt < C(61 + 63)e Y.
0 0

In fact in this case the initial data has compact support, so that Q,(0) < O(1)d1e~ .

R:beppel | Remark 5.2. The same observation of Remark 5.1 for the variable v, holds here: v is not integrable in

time, but it is still exponentially decreasing.
Ss:bourderl

5.6. Estimates of the boundary conditions for the components of &, t. We conclude this section
by showing that the boundary conditions for h, ¢ are integrable and small. We recall that since the map

Emabbrei]  (5.30) { i}b = Ry (K, b, Vb, Vo) iy + 71 (K, Wb, Vb by Uk, Che) e 4 D isg hiTi(k, up, vip, G)

by = Ry(K,up, Vb, Vkp)to + Tr (K, Ub, Vb b, Uk by )bk + D isi (i — Aiohi)Ti (K, up, vip, G)
with ¢; = Ao — 9¥(¢i/hi), is Lipschitz continuous and invertible for v small, then the boundary conditions
for hy, ty, hi, t;, @ = k,...,n are defined by inverting the above map. Recall that for h;, ¢;, 2 =0,...,k—1
the boundary conditions are set to be 0.

Using the first equation of (5.30), and the fact that the matrix (Ry,#4,...,7,) is a base in R” with
inverse uniformly bounded, then the components h; are in L'. By assuming that the boundary data hy

is small enough, we have that the L' norm of hyp, hip, i = k,...,n, has L! norm in [0, +00) less than
Co;.
To estimate 73, we use (4.30), which can be rewritten as
t=hs — A(u)h
= Ry(ho.o — Aphy) + (hieo — Aehi)Fr + Z(hm — Nihi)F
i>k
(5.31) + 060 | [h] + hoal + D (il + lhial) | +01)80 D luial,
i>k i
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where we observe that the only term where h does not appear is in the derivative of (. Integrating in
[0,T], we obtain that

T T T
/O lu()|dt < (9(1)/0 |h(t)|dt+0(1)50;/0 o (1) dt.

A standard argument (using the fact that from the results of the above sections the L' norm of the z
derivative of the boundary data is of the same order of the L' norm of the boundary data) shows that
for &y sufficiently small, then the above integral is less than C(8; + 62). By assuming hy, 1, sufficiently
small in L', we can suppose that the L' norm of the boundary data for all components h;, ¢; is less than
do-

Remark 5.3. We describe how to estimate the oscillations of the components v, v; » — S\ivi. Repeating
the above computations with w instead of h, we obtain that the quantities wy, wy, w; — i ovs, @ # k, are
in L', with L' norm of the order of C4;.

We can write (4.30) with v, w instead of h, ¢ as

w = v, — A(u)v
= (Rp + Ry, 0p + 7.0y k) (Up. — Apvp)
+ (vk,w - j\kvk)(fk + Uk’f’kmk + Rbﬂ)kvb) + Z Ui@(fi + 'Uifi,v)

i<k
) (Wie — Avi) (7 + viin) + O1)d0 Y (lwil + [wi )
i>k i#k
(5.32) +0M)60 Y _ ol + O(1)o(|wi| + [wi.x|) + O1) v [wk + oxvrl.

i>k
For the fields not boundary characteristic we know the boundedness of their L' norm in ¢, while for the
boundary characteristic we have

(5.33) |wy, + ogvg| = [w,

if the function 6 is chosen appropriately. Recall that for the characteristic fields leaving the domain the
boundary data is 0, while its x derivative is of the order of §; + &3.
Integrating (5.32) in [0, T] one obtain

T T T
(5.34) / (0.0 — Apuy|dt +/ (000 — Avg|dt + Z/ (s — Aewildt < O(1)(51 + 62),
0 0 0

i>k
where we used the results of this section to estimate the integrals of the components v; entering the
domain in terms of the oscillation of the boundary data

T T )
(5.35) 3 /O wis(®)ldt < Y /O (030 () — Agvip(£)] .

i>k i>k
We thus have that the oscillations of v have boundary data with bounded oscillations. Note that for the

non boundary characteristic components of w, the same results hold, while for the boundary characteristic
one since A, o = 0, it follows directly form formula (4.2).

6. INTERACTION FUNCTIONALS

In this section we show how to estimate the source terms given by (4.44). A part of ®, ¥ is integrable
and of order 62: the part due to the oscillations of the constant x, which is multiplied by the components
of u,, ut, and the source terms w, w of v, w. The remaining part is divided into 3 parts:

(1) non transversal terms, given by (4.34), (4.36);
(2) transversal terms, given by (4.38), (4.39);
(3) boundary terms, given by (4.37).
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One of the main novelties of this paper is the estimation of the last terms. The first two are estimated
similarly to [3]: we introduce three functional, whose decay controls the corresponding source terms. The
boundary terms are essentially energy terms, i.e. the amount of waves on the boundary layer travelling

with speed different from o, = 0 is integrable and of order 58.
Ss:diffewbb
6.1. Interactions of waves of different families. We start by considering the terms of different

families. In fact, once these terms have been estimated, the non transversal terms are essentially related
to estimates for a scalar equation.
We thus consider two equations

E:tronmodell | (6.1) zit+ (M 2)21)s — 21,00 = 518, 2), x>0,

E:tronmodel2| (6.2) zot+ (Na(t, T)22)e — 22,22 = S2(t, 2), > K,

with the assumptions that the oscillations of the boundary data for both is bounded in L' by &y, the
initial data has L' norm less than &y and the speed are strictly separated,

E:strihypl| (6.3) Ao — A1 >2¢>0.

We do not require that the boundary curves coincides, i.e. K = 0.
Consider the functional

“+o0 p+oo
E:Qtrans89 | (6.4) Q(t) i/o . Pz — y)|z1(t, 2)||22(t, y)|dzdy,

with P given by

cx /2 <
E:Ptranbgi (6.5) P(x) _ {i/ /C T ; 8
Cc X

Differentiating w.r.t. ¢ we obtain

“+o0 p+o00
§= ; /K Pz —y)(lz16(@) ][22 (w)] + |21(2)]]22,4(y) ) ddy

+oo ptoo
S/O /K Pz —y)(|s1(2)]|z2(y)| + |21 (2)]|s2(y)]) dxdy

+o0 +oo
— (Jz1z — )\1|Zl|)m:0/K P(—y)|z2(y)|dy — (|22]x — A2l22])y=x P(z — K)|z1(2)|dz
0

+0o0 +oo
+ 121(0)] . P/(—y)|zz(y)|dy—|22(K)|/0 Pz — K[z (2)|da

+oo
_/ |z1(t, 2)||22(¢, z)|dz.

max{0,K}

Since we assume that the source term are integrable in the quarter plane and of order §2, then we have
that

T p+oo p+oo
/ / P& — 4)(1s1(@)|22()] + |21 ()52 (y) ) dedy < O(1)53.
0 0 K

Moreover, by using the assumption on the oscillations of the boundary terms, we obtain
“+o0

T
[ (k=) [ Penleawldy < 008,
0 = K

/OT(|ZQ|QE _ A2|z2|)y_K /O+°° Pl — )|z (2)|dz < O(1)32.

Since also Q(0) = O(1)82, to conclude that the interaction term |z1||22| is quadratic, we have to estimate
the terms which contains the boundary data, not its oscillation:
+oo

+oo
IZ1(0)|/K P'(=y)lz2(y)ldy,  [22(K)| ; Pz = K)|z1()|dz.

We have to consider different cases, depending on the relation among the drift A and the speed of the
boundary data.
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(1) neither A; nor Ay are characteristics. In this case we recall that from the results of Sections 5.2,
5.4 that the boundary data either is O or is integrable and of order §9. We can thus write

T “+o00
/ 21 z)| / P(xy — )|z (y)ldy < O(1)32,
0

Yo

and the same computations can be used for the other integral;

(2) if one drift speed (and only one, due to strict hyperbolicity) is boundary characteristic, then we
know that its boundary data is bounded by O(1)dp in L. In this case the other variable can be
integrated along vertical curves, and P’ is integrable in space: if z; is characteristic,

max{0,K}

T +o0 T pr+oo
[ el [ Pl <o [ e y)dyd:
0 K 0

—+o0

T
_ 0(1)50/ e—cyﬂ/ 20t y)|dtdy < O(1)52.
max{0,K} 0

The other case can be treated similarly.

In all cases, the integrals are bounded by 62, so that

T p+oo
(6.6) / / |21(t, x)||22(t, ) |dx < 053.
0 Jm

ax{0,K}

We thus have proved that all the terms (4.38) which do not contain derivatives are bounded by C¥§3, if
C is a large constant.

The same technique used to estimate case 2) above proves that the terms (4.39) are bounded by C4&Z.
The idea is that the integral in space is associated to the boundary layer term, while the integral in time
is associated to the other characteristic field. Since the latter is not boundary characteristic, its flow
along any vertical curve is of the order of dg. As an example, consider

T “+o0 o0 T
/ / |hi (t, )| | (t, )] < 0(1)50(“/ |hi(t, xp + k)|dtdk < CS2.
0 0 0 0

The first inequality follows from (5.29), while last inequality follows from the estimates (5.9) of Section
5.2 and (5.21) of Section 5.4, depending if the i-th characteristic field is leaving or entering the domain.
By means of (5.11), (5.22), (5.29), also the terms containing derivatives of hy, tp, hi, i, © # k, can be
estimated with the same technique.

We are thus left with the estimate of integrals in the quarter plane of the products 21 z22, 2122 5. This
will conclude the analysis of all terms in (4.38). We consider only the first case, since for the other one
the computations are similar.

By Duhamel formula, we can write for ¢ > 0t (with Tot.Var.(Ay — A1) < Cdp)

ot
210t z) = / D20 (6, 3 )21 (¢ — 0t y)dy — / / 20 (s, 239) (A — Aso)z1)a(t — s, y)dsdy
R+ 0 R+
6.7)

st st
+ / / T (s, @ y)sa (f — s, y)dsdy + | KM (s)3(t — s)ds + K0 (88)z(t — ot).
0 Jr+ 0
It is clear that we have only to consider the integrals

T
// |21,5 22| dzdt
0 Jr+

for T > §t, with §t = O(1), because from the regularity estimates in [0, §¢] the quadratic estimate < C62
follows. We now consider the following integrals:
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(1) by means of the results of the estimate for transversal terms with shift, it follows

min{T,T—7} +o0
/ / |z2(t,x)|/ GY10 (6t 2 — y — )21 (E+ 7 — Ot y)|dydtda
,q} R+

max{0,0t—7} Jmax{0

min{T,T—7} p+oo
:/ |G;‘1~0(5t,y)| / |2z2(t, 2)||z1(t + 7 — 6t,x — y — q)|dzdt
R

max{0,6t—7} Jmax{0,q,y—q}
2
0

E:trvestdert| (6.8 <0(1 / GO0 (8t ) [eC MoV 2 < O(1 ,
rvestdert | (6.8) _()RI (6t,y)| o_()m

where we used the estimate (6.6) (time shift has no influence in the computation leading to (6.6)).
The function e©(1)%¥ enters in the computation because the L' norm of a boundary characteristic
field at a distance y from the boundary is of the order of e©(1)%v.

(2) using the integrability of (y/t)e=*¥/tG o (t,z — y), we can write

min{T,T—7} +o0
/ [ it
max{0,6t—7} Jmax{0,q}
+oo
X / ((y — q)/dt)e™ = DW=D/EGA0 (5t & — y) |21 (t + 7 — 6t,y — q)|dydtd
q

min{T,T—7} pt+oo
— / Ghvo(dt,y)/ / (x —y — q)e” @~ DE—y=0)/%t /5
R

max{0,6t—7} Jmax{0,q,y+q}
X |za(t,x)||z1(t + 7 — 0t,x — y — q)dtdxdy

min{T,T—7} p+oo
<o) [ ety [ / 2ol )l |za(t 4 7 — Otz — y — g)|dtdady
R max{0,6t—7} Jmax{0,q,y+q}
E:trvestder2| (6.9) < O(1)(6t)'63;

(3) from the integrability of K, it follows that since at least one field is not characteristic (assume
z1, the other case being similar)

min{T,T—7} p+oo ot
/ / et 2)| [ Kols.z—q)lzipt+7 — s)lds
max{0,6t—7} Jmax{0,q} 0

E:trvestder3| (6.10)

ot min{T,T—7}
< 0(1)50/ / Ko,z — q)/ |21 (£, @) | dtdads < O(1)52.
0 Jmax{0,q}

max{0,6t—7}
A similar estimate holds for the term
min{T,T—7} p+oo
Ertrvestderd| (6.11) / / 21 (6, 2) Ko (5t 2 — q)| 20 (t + 7 — 6t)|ds < O(1)32.
max{0,6t—7} J/ max{0,q}

Define now

T p+oo
(6.12) K(T') = sup {/ / |z2(t, x)||z1(t — s, & — y)|dtde;0 < s < bty > 0} .
ot Jy

Multiplying (6.7) by z2(t — 7,z + K), 0 < s < dt, and integrating in [max{0,dt — 7}, min{T, T + 7}] x
[max{0, ¢}, +00), we obtain from the previous computations

min{T,T—7} p+oo
/ / |zo(t, )||21(t + 7,2 — q)| < O(1)d3 + O(1)5t50K(T),

max{0,6t—7} Y max{0,q}
so that it follows for ¢t = O(1) that

(6.13) K(T) < O63.

This concludes the estimate of the transversal terms containing a derivative of a component.

The estimate of these terms makes the estimates of the next sections much simpler. In fact, we can
now replace any time we need the variable ¢; with h; , or h;, depending on the particular case, because
the remaining part are terms of different families, hence generating terms which are integrable.
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Ss:same01

6.2. Interactions of waves of the same families. In this section we estimate the non transversal
terms (4.34), (4.36). The main tools are two functionals, defined for a couple of equation with the same
drift speed . These functionals are the extension of the Area functional and Length functional for the
boundary free case, hence we will keep their name. As in the previous section, the estimates on the
boundary data and their derivatives will be of fundamental importance.

6.2.1. Area functional. Consider thus two equations,

Z1,t + ()\(t,x)zl)w — Zlgx = Sl(t, {E)
Zo4 + (/\(tv x)ZQ)z — 2 zx = Sg(t, 33)

wn
9]
n
o
H
[0]
[
(@)
]

E:exsytl| (6.14) {

with integrable boundary data and integrable initial data. As before, the L! norm of s, s2 in [0, T] x R*
is of the order of 62.
Following [4], we define

E:Qarea0l| (6.15) Q) = %//0< 3 ‘zl(a:)z'g(y) — zz(x)zl(y)|da:dy.

Equivalently one can consider the curve

E:gamma02]| (6.16) v(t, x) :/w < 28:3% >dy,

+oo

which satisfies the equation

[z} [z}
o o]
]
o
ot
o
©
©
[¢5]

gammasqt]| (6.17) AN — e = S(a), w(t,0) = (D)
Z27b(t)
with Tot.Var.(S) < C62. Then one has an equivalent representation of @,
1 +oo p+too
(6.18) Q) = 5/ / Ve A vy |dedy.
0 x

We have

dQ

1 +oo p+4oo
& =3 /0 / sgn(yz A 'yy)(vm — Mz + S)w A yydxdy

1 +oo ptoo
+3 / / sgn(vz Ay Ve A (Yyy — Ay + 5), dady
0 x

1 —+o0 —+o0 —+oo
< - 3 / ( lim sgn(y, A 'ym))’yt(xb) A vpdr — / |7e A e |d + (’)(1)50/ | Sy (t, x)|dx
0 0 0

y—0+

A

< 0O(1)do <|%(xb)| + /O+°0 |Sx(t,a:)|dx) - /Jroo‘% A Yz |d.

Tp

Since we know that the boundary data and its first derivative are integrable and of order dy in [0, 7], we
conclude that

+oo ptoo
E:areleavl| (6.19) / / |21’w22 — 21227$}dxdt < 05(2).
0 0

In the above estimate we can substitute z1, zo with any couple of variables v;, w;, h;, t;: we thus have
estimated the 6n terms

|'U1'wi,r - 'Ui,zw1'|7 |Uihi,r - Ui,mhi|7 |U¢Li,x - 'Ui,z//i|;

E:areateril (620) |wzhw — w¢,1h1‘|, |’LUZ'L1',1 — wi,zbﬂ, |hibi,z — hi’xbﬂ,

with i = 1,...,n. Their integral in {0 <t < T,z > 0} less than C62, C being a large constant.
At this point we can estimate many terms of (4.35), (4.36). First we observe that in the regions where
|w; /vi| > 280, |ti/hi| < do we have (neglecting the waves of different family, which generate transversal
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terms and thus are estimated by the results of the above section)
|| < %|hivi(vi7w/vi —hiz/hi)| = %|hivi,w — il g, |hiwi z| < |hiw; o — Wil | + [wih; 4
< hw; g — Wil o) + OL)|wih;| = [hiw; » — wiky o + O(1)|hivi z],
and similarly for the other terms
[vihi | = C/2lhvi(o; — Gl [Viti| < |Vitie — LiViz| + O(1)|vihi g
Moreover we have that in the region where 6, ¥ are not active,
hi(wiz + 030 2) = (hiw; & — Wik ¢) + 03 (hivi g — hi Vi),

E:101| (6.21) Vi(tig + Ghiz) = (Witie — tiViz) + G (Vikiw — vighi),
so that the 9n1y term to estNimate is v;hi(o; — ;). Since we have, a part from from transversal terms,
Wi = Viz — \iVi, L = Ry — Ashy, it follows that
E:102| (6.22) hivi(o; — Ci) = hivi g — vl 4
Thus all terms of (4.35), (4.36) not in the first row are estimated by (6.20), i.e. they are less than C43.

Sss:leghtvl
6.2.2. Length functional. Next, we consider the length functional,

+oo
E:legtholl| (6.23) L(t):/o | Ve | dez,

for which we obtain

dL T/ >
i), (R e nees) o

< - <|3—2|,%(xb)> - /O+OO (21(22/21)020X{|22/21| < 351})dx +0(1)55.

Note that the integration by parts is valid because we are assuming that |h;| + |¢;| # 0. By using again
the integrability of the boundary data, we conclude that

“+oo p+oo
E:leghtilee| (6.24) / / (z%(zz/zl)ixﬂzz/zﬂ < 361})dx < 0(1)82.
0 0

This implies that all the terms of the form v;h;(¢; )%, i = 1,...,n are estimated by O(1)82.

Sss:energyvl

6.2.3. Energy functional. Finally we study the energy for the waves travelling with speed much differently
than the eigenvalue A. These terms correspond to the terms of the first row of (4.35), (4.36), i.e.
E:enetttri (625) Z(|Ui’r|2 + |w¢,z|2 + |hi,m|2 + |Li’r|2)X{|’wi/Ui|, |L1/h1| > 250}

=1

Bl

The estimate which shows that these terms are integrable and of order &3 is divided into 2 parts: for
hiz (Viz), it follows from the fact that the effective speed t;/h; =~ h; o/hi (w;/v; =~ v; 5/v;) of by (v;) is
much higher than \;, so that by multiplying by h; (v;) and integrating by parts the dissipative term h%’r
(U?w) wins over hi@;\ihi (Ui’wj\i’l}i). The estimate for sz (wfw) follows because one can show by using
the estimate on A7, (v7,) that ¢ (w) in the regions where [¢;/h;| > 280 (|wi/vi] > 28¢) satisfies a linear
equation plus integrable terms of order 63.

Note that this type of estimates is possible because of the Neumann boundary condition for the
characteristic fields leaving the domain: in fact if we allow the variable z, solution to a scalar equation
with drift A < ¢ < 0 to generate a boundary layer, then this stationary solution has the speed of the
boundary, which is different from the drift A, and this boundary layer is certainly not going to decay. We
will show these estimates only for h;, ¢;.

We thus consider the equations for the i-th components h;, t;, i =1,...,n

(620) { oo e —hise = it

tit + ()‘lLl)w — lizx = ’Q/Jl(t, {E)
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with initial-boundary data small in L'. We recall that from Remark 4.6, in the regions where |¢;/h;| > 250
we can write

il < OQ) [ Thial + D (lvg| + [wy] + 1] + 15])
J#i
Multiplying the scalar equation for h;o(t;/h;) = h;0;, with a suitably chosen cutoff function p,

0 lz| < do
(6.27) o(x) = < smooth connection &y < |z| < 24
1 |{E| < 20g

integrating by parts, we obtain

d h2 h? ~ ~
Toue [ mhiade - [ Ao+ [ e
dt R+ 2 /]R+ 2Q,t A+ ) o /]R+ i Qi + - i,20

h2 .
(6.28) +2 . hili z0ic + /+ ?Zgi,rr + h (hi,zQi —hiXioi + hiQi,r) = hioipi(t, z)dx
R R

=0 R+

We recall that, neglecting from now on the transversal terms, in the regions where o; # 0 one can write
|Ril, [l < O)[hi el

and conversely in the regions where the speed is bounded by 2§y, one has
|hi |, [e], < O(1)]hi.

We can thus estimate the following integrals by means of (6.19), (6.24) and the fact that when o' # 0 we
have |Lz/hz| S 250, i.e. |hz’r| S 0(1)|h1|

T
[ (el + itz < 00123
0 JR+

/ / Qz t+ )\zgz x Qi,ww)dirdt

T
/ / MihindGiw — h20"C ddt + / / halli] + Lesllal ded < O(1)82,
R+ R+

so that we obtain finally integrating (6.28) in [0, T

]
T T ~
(6.29) / / |h? 2 Ix{|ei/ il > 6o }dadt < 2/ / |hiw(hiw — Aihi)|osdadt < O3,
0 JR+ 0 JR+

where we used the fact that the boundary data are integrable and 2|h; . — A\;hi|oi > |h .l oi
A similar estimate can be done for w;, where the only difference is in the term

T T
// |LiLi,in7w|d$dt:// |Q;Li,w(Li,w_hi7wbi/hi)bi/hi|dxdt
0 JrR+
// |42 (Gia) \dxdt+// |0lh2G, | dedt < O(1)62,

and in the fact that we cannot estimate ¢; , — )\M- We thus write
dt

T 2
/ / Liti g Nioidrdt = / / sz+A19m)dmdt+/ Ly < Aioi
R+ R+ =0
<o // h? yoidxdt + O(1 // h? 0; wdadt + O(1 )/ hi}\igi
R+

where we used the previous estimate (6.29). Thus one can also write the estimate

T T
(6.30) / / 12 ke /Bl > Go}dadt < / / 12, |osdadt < CB2.
0 R+ 0 R+

dt < O(1)82,
=0
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The above estimates (6.29), (6.30) implies that the terms h?,, (2 are bounded in the regions |¢;/h;| >

1,7 “1,x
20g, for ¢ = 1,...,n. The same computations can be used for v;, i # k, while for the boundary-
characteristic field we have to estimate the boundary term v7 , in the intervals where [wy /v (z = 0)| > do.
This estimate follows because in this case one has

. 1
(6.31) [k, — Akvk|o(wy /vg) > §|Uk,z|9(wk/vk)v

i.e. the oscillations of the boundary terms controls the quantity vg , in the regions where |wy| > |vk|.

For the boundary terms of wy instead, the same discussion as for hj holds, since its boundary term is in
L.

6.3. Boundary source terms. We finally consider the boundary terms (4.37). These terms can be
divided into 2 categories:

(1) oscillations of the boundary variable hjy multiplied by a term whose L norm if of order do,
(6.32) (lvo| + [vp,2] + [ox] + [or. ) (6] + |e6,2);

(2) oscillations of the boundary characteristic field hy, multiplied by the exponentially decreasing
boundary terms vy, b 4,

(6.33) (lvo| + [vp,2 ) ([ex] + |ex,2])-

Basically we have to estimate the terms

T T
(6.34) (’)(1)50/0 ~/]R+(|Lb(t7x)| + |, (£, )| )dadt, (’)(1)50/0 /]R+ e (e (t, )| + |er,z (t, x)|)dadt.

The first integral can be estimated by (5.29) to be < Cd2, while from (5.15), (5.17) it follows

T T
/ / e (Jua(t, 2)| + 1w (£, 2)])dwdt < / / @O (| (1 2)] + e i o (1, ) )dadt < O(1)50.
0 R+ 0 R+

Thus also these terms are of order 3.

7. CONCLUSION OF THE PROOF OF THEOREM 1.2

Form the results of Sections 4, 5, it follows that if Cd; < 6y < 1 each component of h has L' norm
less than

(7.1) th(t)”Ll,Hhi(t)”Ll,HLb(t)HLl,HLi(t)HLl < 0(514—53) < 20y, 1=1,...,n.

In particular we can continue the solution for a small interval [T, T + dt].

We have proved in Section 6 that if ||h;| 21 < 280, and the initial-boundary data have L! norm in
[0,T] less that &g, then the source term is of the order of C'§2, with C' depending only on A and its
derivative. Let T be the maximal time T such that either ||hy(T)||z1, ||t6(T)||z2 or some ||h;(T)|| 1,
llei(T)||z2, 4 = 1,...,n, has L' norm equal to 28q. It is clear that the existence of such a time 7T is in
contradiction with (7.1). This prove Theorem 1.2 with k; = ko.

To show that general case, recall the following lemma for Lipschitz continuous semigroup in Banach
spaces [6]:

Lemma 7.1. Let S:[0,+00) X D +— D, D closed subset of a Banach space, be a semigroup satisfying

(7.2) [Seu — Spoll < L(Jt — s + |lu — vl]).
For any Lipschitz continuous map w : [0,T] — D it follows that
T
t+h) — Spw(t
(7.3) w(T) — Srw(0)| < L/ {liminf it + 1) = Sww(®)] }dt.
0 h—0+ h

Let S be the semigroup defined by the parabolic equation (1.11), with the parameter x1(t),
(7 4) S : [O + OO) X ((Llloc n BV)(R+))3 = ((Llloc n BV)(R+))3

' (ta ﬁ7ub7u) = St(/i,Ub,U) = (51(+t),ub(+t),u(t))

(observe that S substitute x with 1), where u(t) is the solution to the initial boundary problem

ur + A(k1(8), w)uy = gy, u(0, z) = uo(x), u(t,0) =up(t), t,x>0.
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It is clear that the difference between the solution uq and wus of (1.11) with the same initial and boundary
data and with parameters k1 (t), x2(t) remains in L!, so that we can apply the above Lemma (the map
t — (k(- +1t),up(- + 1)) is trivially Lipschitz continuous in L! for BV functions). Since one has that

o inf | (r2(t + h), up(t + h), ua(t + k) = Sp(r2, up(t), ua(t))|| .

l}IIEO+ h
= [ia(t) = k1 (O] + || (A2 (8), 2 (1)) = Al (0, w2 (D)2 (1) |
(7.5) < (1 n CTot.Var.(u)) k(1) — Ra (1),

it follows from formula (7.3) the Lipschitz dependence w.r.t. x in L'. Noting that for the variable u its
dependence has the total variation as a factor, a slight variation of the above argument yields the proof
of Theorem 1.2.

8. THE HYPERBOLIC LIMIT

In this section we show that the solution u€(t) to the parabolic system
(8.1) us + A(K(t), w)uy = €Ugy, u(0,2) = uo(z), u(t,0) = up(?), t,x >0,

converges in L' to a unique function u, ” vanishing viscosity” solution to the hyperbolic quasilinear system
with boundary

(8.2) ug + A(k(t), w)uy =0, u(0,2) = up(x), u(t,0) = up(t), t,x > 0.

We will show below in which sense the solution w is related to the boundary condition uy, i.e. which is the

trace of the BV function u(t,z) at = 0. Since in the theorem we are going to prove the map ¢ — u(t)

is Lipschitz continuous in L!'(R*) w.r.t. ¢, then the initial data is assumed in the strong L' topology.
First, by the rescaling (¢, ) — (et, ex), we can rewrite Theorem 1.2 as

T:parae2| Theorem 8.1. Consider the parabolic time dependent system

E:hooo79| (8.3) ur + A(k(t), u)uy = €Ugy, t,x >0,

with initial data ug, up satisfying |uo — al, |up — @| < 0o and

E:iniassu01| (8.4) Tot.Var.(up), Tot.Var.(up) < 81,  ||d"uo/da”| 1, ||d¥up/dt¥|| 0 < Cet7F61, k=1,... K.
Assume moreover that the time dependent parameter k(t) is smooth and satisfies

E:kappartl| (8.5) |d¥k/dt?|| 0 < Ce' %60, k=1,...,K.

The constant K € N is chosen large enough. Then, if 01 < 8y are sufficiently small, the solution u®(t, )
exists for all t > 0 and has total variation uniformly bounded by 2.

Moreover, if (u1,0,u1,p), (u2,0,u2) are two different initial boundary data of (8.3) with parameters
K1, Ko, then the respective solution uy, us to the time dependent parabolic system satisfy for t > s

9]
e =1 . e
5 & =
< 0] el -
se] 7} = o]
el Q - o
® [ 8 ]
o [ o t
N [ N ~

E:Lipscht2 (86) Hui(t)—ug(s)HLl(Rﬂ < L(|t_8|+Hu170($)_u2’0HL1(R+)+ ||U1,b_u2,b||L1(0,s)+250||’€1 _RQHL1(07S))-
The constant L does mot depend on €.

For any sequence ¢; — 0 and for any fixed k, ug, up, by Helly’s theorem it is possible to extract a
converging sequence u % (t) converging in a countable dense set of functions in L!'(R*) with uniformly
small BV norm, and by a diagonalization argument we can assume that the sequence is convergent in
L' on a countable dense set of times {t, }nen. By uniform Lipschitz dependence in (8.6), it follows that
the sequence u“% (t) is convergent for all ¢ € R™, and it generates a Lipschitz continuous semigroup S*
defined on {||&|| gy < Cdo} N CE(RT), (up,uo) € L. N {||ullpy < b} NCE(RT) by

loc

E:semitutl| (8.7) Se(k, up,ug) = (K(- + 1), up(- + ), u(t)),
(as in (7.4), the boundary data is only translated in ¢) and satisfying for ¢t > s

(St (h1, ua,p, u1,0) — Ss(k2, uzp, Uz,o)HLl(Rﬂ < L(|t — 5|+ |Juro(x) — uz,oHLl(Rﬂ)

E:Lipscht3 (8.8) + L(||u17b — u2,b||L1(R+) + ||/€1 — ﬁ?HLl(R*—))'
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U#(uTE)

U#(uuTE) Ubuit)

FIGURE 9. The three special functions used to define the viscosity solutions.

By means of the above Lipschitz estimate, using a density argument in L, (RT) it is easy to extend the
domain of the semigroup S to the functions (k, up, ug) with sufficiently small total variation,

(8.9) Tot.Var.(ug), Tot.Var.(up) < §1, Tot.Var.(k) < Cdp.

With the same procedure as in [3], one can show that the semigroup has finite speed of propagation,
in the sense that if (k(- + 1), up(- + 1), u(t; &, w0, up)) = St(k, up, o), then

/

(8.10)

b+As
u(t, x5 K1, u1p, u1,0) — u(t, T3 K2, Uz p, um)‘dx <L <|L‘ — s +/ lui,0(x) — U2,0($)|d$>
max{0,a—As}

+ L/OSa/A(Ufl(T) — ko (7)| + |urp(7) — Uz,b(T)|)ds,

for A sufficiently large.

The semigroup &, obtained by a diagonalizing process, may not be the unique limit of the vanishing
viscosity solution u¢: to different converging subsequences there maybe correspond different semigroups.
To prove that there is only one limiting semigroup S, and to characterize it completely, we extend the
definition of viscosity solution for the general hyperbolic system with boundary

(8.11) us + A(k(t), u)u, =0, x>0,

with x is a BV function. Without any loss of generality, we can assume () right continuous.
Let u(t, ) be a BV function w.r.t. . Given a point (7,§), with £ > 0, denote with U(ﬁu,T ¢) the solution
to the Riemann problem

(8.12) u(r, z) = yféfu(r,y) x> ¢

for 0 < ¢t — 7 < &/A. This solution is obtained by the Riemann solver defined in [1], i.e. it is the unique
limit of u¢(t) with the special initial data (8.12) and parameter x(7) = lim;_,,+ x(t) (due to the finite
speed of propagation A the boundary has no influence).

We denote with U(bu;ng) the solution to the linear system

(8.13) uy + Ak, u(T,€))ug =0,

with initial data w(7,z), and & = lim; ,,+ x(¢). This solution can be defined also for £ = 0 by a the
standard linear analysis of hyperbolic systems.
Finally, for £ = 0, let us denote again with U, (ﬁu wpim0)

ie. (8.11) for t > 7, x > 0, with initial boundary data

the solution to the Boundary Riemann problem,

(8.14) ug = zli%h u(T, ), up = 51—i>%1+ up(T + 5), K= tlﬁirfn+ K(t).
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This solution, which we construct below, has bounded variation and is self similar as the solution U*%, but
it is different from the function obtained by considering the solution to the Riemann problem

uo(x):{ub <0

uyg x>0
for the equation
up + A(s(71),u)up =0
on the whole real line and cutting it at z = 0.
A Viscosity Solution to (8.11) is now a function (¢, z) satisfying the integral estimates:
(i) At every point (7,€), £ > 0, for some 3’ >0
E+hp’

.1

(8.15) Jim, /MBI }u(T +ha) = Ul (T + h,x)}dx =0;

(ii) at every point (7,0),

1 [Eths

(8.16) Jim o | ‘U(T +ha) ~Uf, o (R, x)‘dgc ~0:

(iii) there are constant C', 8 < 3’ such that for every 0 < a <& <b

1 [b—h8

(8.17) hli%l‘*' 7 /Hw ‘u(r +h,z) — U(bu;Tyg)(T + h, m)‘daj < C(Tot.Var.(u; Ja, b[))Q.

For an account of viscosity solution of hyperbolic systems we refer to [5]. We want only to recall the
following result, which is an easy consequence of the results on viscosity solutions:

Lemma 8.2. If S;(k,v,u) = (k(- +1t),v(- +¢),u(t)) is a Lipschitz semigroup satisfying (8.10) and more-
over u(t) is a viscosity solution to (8.11), then S is unique.

At this point, using the same technique of [3] and adapting it to the boundary Riemann problem case,
one can prove the following Lemma:

Lemma 8.3. Let S : D x [0,00[+— D, Si(k,v,u) = (k(- +t),v(- + t),u(t)), be a semigroup of solutions,
constructed as limit of a sequence S of the vanishing viscosity with boundary (8.3) and defined on a
domain D C Ly of functions (v,u) with small total variation. Let w : [0,T] — D be Lipschitz continuous
w.r.t. time, i.e.

(8.18) [|lu(t) —u(s)HL1 < L|t — 3]

for some constant L and all s,t € [0,T] (it is clear that since k, v are BV and the semigroup only
translates in t, then they satisfy such a property trivially). Then

(8.19) (k(t),v(t),u(t)) = St (k(0),v(0),u(0)) te0,T]
if and only if u is a viscosity solution of (8.11).

In particular (S¢(k, v, u)), is a viscosity solution to (8.11). It follows by a standard argument that the
whole family of viscous approximations converges to a unique limit.

Since U (u, up; 7,0) is BV, then for any (ug,up) there exists the limit
(8.20) hm+ U¥(u, up; 7, 0) (t, ) = a(r), t>0,

x—0

and it is independent on ¢ > 7. By using the finite propagation speed of perturbation and the definition
of viscosity solution, it is possible to show that if u(t) is the boundary viscosity solution to (8.11), for
a.e. t > 0 one has
(8.21) lim+ u(t,z) = u(t), t>0,

z—0
where 4(t) is the function defined in (8.20). Due to the fact that v € L*°, by Lebesgue’s theorem this
means that @(t) is the strong trace of u at z = 0.
To conclude this section, we will construct the Boundary Riemann Solver, which is used to define the

function U, (ﬁu,ub;T,O)’ and hence we will compute u.
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8.1. Solution of the boundary Riemann Problem. We construct the solution u(t) of the boundary
Riemann problem, i.e. of the hyperbolic problem

us + A(k,u)uy, = 0
(8.22) u(0, x) = wup
( ) ) = Up

which is the limit of the vanishing viscosity approximation: this means that the solution of this problem
will be the unique L' limit of the solutions to

ur + AR, u)uy = EUgy
(8.23) ( ,x) = up
up

A

(=}

~
|

as € — 0. Observe that since the Boundary Riemann Solver is defined when the parameter k is constant,
we can neglect the dependence of A from «.
As we will show, the solution to (8.22) is a BV self similar solution of the form

u(t,z) = u(x/t), x,t > 0.
Let # be the limit point of u as x — O:

(8.24) a= lim u(t,x), t>0.

z—0
Since u is a BV function, this limit exists and is constant for ¢ > 0. This point is determined in the
following way:

(1) up is connected to 4 by a characteristic boundary layer, and waves (shocks or contact disconti-
nuities) of the characteristic family with the same speed of the boundary, i.e. 0 in our case;

(2) the Riemann problems [, ug] is solved with waves of the families ¢ > k which have a speed strictly
grater than the speed of the boundary.

Using the results on the uniformly stable manifold of Section 3, we can write more explicitly the compo-
sition of the Boundary Riemann problem:

(1) the uniformly exponentially stable boundary profile, which is given by the reduced ODE on the
uniformly exponentially stable invariant manifold, coupled to a wave of the characteristic field
entering the domain. These waves generate the boundary layer, and connect u; to some point
U5

(2) waves of the boundary characteristic family & with the same speed of the boundary, but not
generating any boundary layer. These waves in the parabolic system do not travel with speed
op = 0, because of the interaction with the boundary, but in the hyperbolic limit this interaction
disappears being due to diffusion. We thus arrive to the point @;

(3) waves of the boundary characteristic field k with speed strictly greater than the speed of the
boundary, connecting @ to some point us;

(4) waves of the characteristic fields ¢ > k entering the domain, connecting us to ug.

The part 1) generates the boundary layer, while the remaining parts can be obtained by means of the
standard technique of [1]. The fundamental point is thus to construct the boundary layer for any small
Boundary Riemann problem [uy, uo].

For completeness, we begin by recalling the results of [1] on the construction of the admissible curve
of the i-th characteristic family, and hence how these curves can be used to solve the Riemann problem

ur + Ak, w)u, = 0
(8.25) (0, 7) _ {U‘ r<§

ut x> ¢€

with ¢ > 0. We thus construct the function U* solution to (8.12).
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8.1.1. Admissible curve of the i-th characteristic families. We first reduce 2n + 1 system (3.24), where
we neglect the equation for the parameter k, to the n + 2 ODE on the center manifold p = v;7;(u, v;, 0;)

Uy = vy (u, v, o)
(826) Vi = ()\1 (U, Vs Ui) - O'i)’Ui
Oix = 0

s

where \; is defined in (3.27). We associate the integral system

u(r) = ut fg Fi(uls),vil<), oi(<))ds
(8.27) vi(T) = conc[0731fi(7')~— fi(7)
oi(r) = dconcyg 4 fi/dT

where f; is defined by

(8.28) () = /O "R (us), vs(), (<)) s,

and concyg 4g is the concave envelope of g in the interval [0, s]. If s is negative, then one has to consider
the convex envelope instead of the concave one.

In [1] it is shown that for any s sufficiently small, there exists a unique solution to system (8.27): we
denote with T?u = u(s), i.e. the solution u(7) computed at 7 = s. This curve is called the i-th admissible
curve. The curve u(7), 7 € [0, 5], satisfies u(0) = u, and has contacts with T:u whenever v;(7) = 0. The
solution to the Riemann problem [T7u,u] is thus given by

Tiu x/t < oi(s)
(8.29) u(z/t) = qu(r) oi(1)==x/t
u x/t > 0;(0)

The i-th admissible curve TPu is Lipschitz continuous, with derivative at s = 0 equal to r;(u), while the

curve Z'(7) = u(7) is smooth and o;(7) is Lipschitz. The above construction holds for any i = 1,...,n.

The solution to the Riemann problem [u~,u"] is constructed as follows. Consider the Lipschitz map
(8.30) ($1,--,80) = Ty 0 0 TP ut,
whose Jacobian matrix at s = 0 is [r1(u™),...,r,(u™)]. It follows that the map (8.30) is invertible in
a a neighborhood of u™. Thus, if [u™ — u™| is sufficiently small, it is possible to find a unique vector
(s1,--.,8n) € R™ such that

u” :Tsllo---OTS"nqu.

Define v’ = T/ w1, £ = 1,...,n, u"' = u*, u' = u~. The solution to (8.25) is thus obtained by

piecing together the solutions to the elementary jumps [u’, uT!], constructed by (8.29).

The above construction generates the functions U¥(u; 7, €) for € > 0, while it is clear that for U#(u, 7,0)
we cannot consider waves with speed o < 0, i.e. the waves of the characteristic fields leaving the boundary
(i=1,...,k—1), and the part of the curve Z(7) for the boundary characteristic fields which has speed
or(7) < 0. Aim of the next two part of this section is to prove that it is possible to construct a new
curve, the boundary admissible k-th curve Y*u, and a k — 1 dimensional manifold Yu so that the map

(8.31) (815+++,8n) = Sgs, .. OTI(CSI/ oTF 1o 0T u

8k—1)58k ° *(81,..., Sk—1),Sk Sk41
is Lipschitz continuous, differentiable at s = 0 and invertible in a neighborhood of w.

Fixed thus ug, let ug = Tfktll o---0Tg ug, and consider the function

(8.32) 0(1) = speed of the k-th wave at u”(7),
where (ug(7),vg(7),01(7)) is the solution of the system (8.27) with ¢ = k and starting point ug. The
function oy (7) is Lipschitz continuous and decreasing, and we consider 3 cases:

(1) 0x(0) <0, i.e. all the waves of the k-th family have strictly negative speed. Define then u; = us;

(2) there are two numbers 0 < 7 < 71 < s such that o (7) = (1) = 0, and for 0 < 7 < 7 the
function oy (7) > 0, while for all 7y < 7 < s, 03(7) < 0. Define

(8.33) i=TFusy,  wu=TFuy

T
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Uo

waves of the k+1,...,n—th families
Tis‘ u

Uy

u
waves of the k-th family——_

Sk
Y l((s,sK )Y

\

manifold of the uniformly stable fields
k
Z(Svﬁ( ) Uz

F1GURE 10. The construction of the Boundary Riemann solver.

(3) ok(7) >0 for all 0 < 7 < sg. Let 7 be the first point such that o(7) = 0, and define
(834) Uy = TSkkUQ, U = Tf’u,g

It is clear that, following [1], the Riemann problem [uj,ug] can be solved with waves of the i-th
characteristic families, 7 > k, and we do not have to consider any boundary layer: in fact, since the speed
of the waves is greater than 0, no interaction with the boundary occurs.

In the remaining part of this section we show that it is possible to connect u; to up by a boundary
layer u(x). Using the diagonalization of the equations on the boundary layer given by (3.23), we can split
the boundary layer u in two parts, u(z) = us(x) + ug(z), satisfying two coupled systems of ODE:

e the function us(z) is the trajectory of the system

(8 35) { uSwT = ]:?“S(US + uk(x)apsapk(x))ps
Ps,z = As (us + ug (x)apsapk (x))ps
starting at a distance (s1,...,sx—1) from the origin in the first £ — 1 directions, and converging

to 0 as © — 4o00;
e the function ug(x) is the solution to

r = 3 sy Ms» 70
(8.36) {Uk pkrk(uk+u Ps, Pk, 0)

Prae = AUk + s, Ps, Pk, 0)Dk
which converge for x — +00 to u; and has length s — 7.
The function us is the uniformly stable part of the boundary layer, while the part u is the boundary
characteristic part. We note that while the existence of u, follows because the matrix fls is negative
definite, the existence of u; is more subtle, because ;\k is close to 0. We will prove that if for system
(8.36) with us = 0, ps = 0 there is a solution (ugo(z),pr,o0(x)) such that uro(xr) — u1, pro — 0 as
x — oo and the length of the orbit uy ¢ is s, — 71 (i.e. there is a characteristic boundary layer of length
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s — 7 without any uniformly exponentially decaying part), then for any small perturbations us, ps which
decays exponentially, there exists a solution uy, px with the same properties.

8.1.2. The uniformly stable part of the boundary layer. We first prove that for any fixed bounded small
functions ug (), pr(x), it is possible to construct a k£ — 1 dimensional manifold S(ug, px) of solutions to
the system (8.35) which converges to uw = 0. This manifold can be parameterized by the components of
w in the first k — 1 directions, i.e. S(ug,pr) = S(u1,. .., Uk—1; Uk, Pk)-

Fix the functions pg(z), uk(x) bounded and small, and consider the perturbed n + k — 1 system of
ODE

(8.37) { Usa = Ro(us +ur(x),ps, pr(2))ps

Pse = As(us +up(), ps, P (T))ps
By the assumption that A, has uniformly strictly negative eigenvalues < —c, we obtain the estimate
(8.38) ps(@) = ps(@; uk, iy us(0),ps(0)) = O(1)ps(0)e™,
where u4(0), ps(0) are the initial data for us, ps respectively. We can thus integrate the first equation for

Us,

339wl = w0+ [ R (ua(0) 00, 22 (0). 21 () ) e (50 i 0:0) 21 (0)) oy,

so that, to have us(+00) = 0, we must impose

“+o0
(8.40) us(0; u, pr) = —/0 Rs (us(y) +Uk(y),ps(y),pk(y))ps (43 ur, iy us(0), ps(0)) dy.

We can think of the above relation as a map from R*~! 3 p,(0) — u4(0) € R", defined by
ug (05 up, pr) = M(ug(0),ps(0))

+oo
(8.41) = —/0 Rs(u;“l(y)+Uk(y)vps(y),pk(y))ps(y;Uk,pk,ug‘l(O),ps(O))dy-

A simple computation shows that for ps; = 0 the Jacobian of the above map is

1

DuS(O)M(U/S(O)vo) =0, DpS(O)M(us(O)aO) = |: 0

} + O(1)dy € RP* k1),
where the last result follows because, if |u — @| < O(1)do,

Rulis, e 0) = | | + 00 € Rx0D.
Hence for |ps| sufficiently small there is only one fixed point us(0) = us(0)(ps(0)), which can be written
by the Inverse Function Theorem as a manifold of the first £ — 1 components of u,(0).

We observe also that the dependence of the above map w.r.t the functions ug, py is smooth w.r.t. the
C™ norm: in fact, one may show that

|05 pr) = w0, 01 )2 < O30 (I = |z + 1o = Pl )
(8.42) | o0 1) = PO, im0 2| < O (Jlun = il + e = Pl )

8.1.3. Characteristic part of the boundary layer. Consider the system (8.36), and let uy o, pr,o be the
orbit such that py(400) = 0, up(4+00) = uy and the length of the curve uy o(z) is s — 71, when us, ps are
equal to 0. The existence of such a orbit follows from the fact that the k-th waves starting from us have
strictly negative speed for 71 < 7 < sy, see [1]. By using the same change of variable yielding (8.27), i.e.
dr = p(x)dx, we can say that the reduced flux function f* defined as in (8.28) satisfies

(843)  Julr) - fu(r) = / Aot (), pu(s), 0)ds = / A, 0,p, 0)ds <0, < € (7, ).
Assuming pg(z) < 0, set
+oo T
(8.44) () =11 — /w pi(x)dx, x = /Sk pj(yy)
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and rewrite the system in integral form (8.27), which here takes the form

(8.45) up(t) = w +f:1fk(w(<) + us(s), ps(s), vk (s), 0)ds
' pe(r) = = [ Ak (<) +us(6), vs (<), vr(s))ds

with

wn) = 0Wu©en{-c [ LA )= owp. e |- / .t

. Pr(Y)
We associate to (8.45) the map

(8.46) (e (), pr (7)) { g () ui + [ P (uk(6) + us (<), s (<), v (<), 0)ds

per) = = [ (ko) + us (<), vs (<), vk(s))ds

defined for 7 <7 < s; and pi(7) > pr,o(7)/2.

A sufficient condition for (8.45) to be equivalent to the original system (8.36) is that the map (8.46)
yields functions p) which remains greater than py o/2 for 7 < 7 < sy, if p;, satisfies the same condition.
We will moreover assume that

(8.47) [ (1) = usofo)] + 19) ~ pra(e)l) s < Coopralr).

1

If uk.0, pr,o are the original solution, we can write

T

u;c(T) = Uk70(7') +/ (’f‘k(uk + usapsapk) - TAk(uka Oapk))d§
T1

= wo(r) +0(1) [ (Jun(6) = usol©)] + Ipu(6) ~ profs)]) s

T1

(5.43) +o) [ (u(o)+ |ps<o>|>exp{—c [ }dc,

T1 k pk(y)

T

p;c(T) = pk70(7—) + / (S\k(Uk + usapsapk) - S\k(uka 07pk))d<

T1
T

= via(r) + O) [ (Junl) = wen(6)] + pr(s) ~ pro(e)])ds

T1
S

(5.49) o [ j<|us(o>| T [ps(0)]) exp {—c [ } ac

We used the fact that ug o, pi,o are fixed points for the unperturbed map. We estimate the integral
T < d T <
/ exp{—c/ —y}dg: / Pr(s) exp{_c/ ﬂ}dg
- sk Pr(Y) m Pr(S) s Pe(Y)
S T 1 T S
= — [p—k ) exp{—c/ dz H +—/ dpr() exp{—c/ dz }
c Sk pk(z) T1 c T1 dT Sk pk(Z)

1 (7. *d
:MﬂLz/ Ak(uk+us,ps,pk,0)eXp{—/ —z}dc

c & Pr(2)

(8.50)

so that we obtain, since j\k/c is of order §p < 1,

(8.51) (1 —0O(1)d) /T: exp {—c /z pjé) } ds < /Tj(l — Ak(<)/c) exp {_C/s: pj(zz) } ds = pi(7)/c.

We thus obtain from (8.49) and the fact that us(0), ps(0) are of order dy

(8.52)  pr(7) = (1+ O1)5o)pro(r) + O(1) /T(Wk(g) — up,0(s)| + vr(s) — vk,o(§)|)d< > pk,(;(r),
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To verify that also u},, pj satisfy (8.47), we integrate (8.48), (8.49) from 71 to 7, we obtain that

[ ) = ko )lds + 00 [ (jur(s) = uka(6)| + prls) — pra(s)l)as < OWopi(r)

1
T

659 [ () = pro(Olds + 01 [ (Iuale) = o)l +1p1(5) = profe)]) ds < OWdopo(r),

T1

so that we conclude that

(8:54) / (104(6) — ko)1 + [24(5) — prof)] ) ds < OW)dupro(s).

T1
The same computation used to prove that (8.27) is a contraction can be used to show that there is a
unique solution to (8.45), with py > 0 for 7 > 7. Since the curve uy o(7) is Lipschitz continuous, the
same holds for u (7). We observe moreover that by (8.54) it follows that when pg o(si) — 0, the functions
Uk, pr, converge to uy,0, pr,o0 in L.

8.1.4. Construction of Y* and . Using the fact that the map (8.41) depends with coefficients of the
order of dg w.r.t. uk, pg, it follows that there exists a unique solution to the coupled system (8.41), (8.45).
Since pi, > 0 for 7 > 7, this means that this solution is actually a boundary layer, starting from w; and
parameterized by (s1,...,sx—1) and sx — 73.
The point T’;Skuz is thus the end point uz = ug(sg) of the solution to (8.45). To prove that this curve
is Lipschitz, we observe that the only critical case is when py(sk) tends to 0. However, since in this case
we know that uy, pr tends to w0, pr,0, which correspond to a travelling profile with 0 speed, it follows
that T* tends to T%. Thus the curve obtained by piecing together Tflug with the solution ug(sy) of the
characteristic part of the boundary layer has no jumps in s;. Moreover, its derivative for s; = 0 is r (u2).

The manifold X ;, uz is defined by ¥z, u = uz + S(5; u, pr), where uy, py are two bounded functions
describing the boundary characteristic field. As we noted before, its Jacobian for s =0 is given by
[r1(u2) -+ k- (u2)].

It follows that the map of (8.31) is invertible in a neighborhood of wg, i.e. we can find a vector
(s1,...,8n) such that

k k—1
(8.55) Up = N(s; . sn_1)s © T(sl,...,sk,l),sk ol o0 T u.
Defining v = T spu’™', ¢ = k+1,...,n, v = ug, and u* = TFuF*! = 4, the solution to the

Boundary Riemann Problem [up, up] is thus given by piecing together the solutions to the elementary
jumps [uf, u*T']. Note that by construction these jumps has only waves with strictly positive speed.
From @ to up we have the k-th wave [u1, @] with speed 0, and the boundary layer connecting up to ;.



s : gendecODE1

Sss:center87

E:bdrsys668

VANISHING VISCOSITY SOLUTIONS OF HYPERBOLIC SYSTEMS WITH BOUNDARY CONDITIONS 53

APPENDIX A. THE CASE WITH Tot.Var.(x) LARGE

In this section we consider the extension of the previous results to the case where x is not small, but
has only bounded total variation (maybe large). More precisely, we consider the system

(A1) up + A(K, u)uy = Uy,

with initial boundary data close to a state @ and with sufficiently small total variation. The parameter
% has large but bounded total variation in (0 4+ oo). In particular x belongs to a compact set, let us
say —K < k < K. Other than smoothness of the functions A, x, we assume a strictly hyperbolicity
condition, in the sense that

(A.2) Ait1(k,u) — Ai(k,v) > ¢>0 VK, u,v.

This means that for any fixed x the system is uniformly strictly hyperbolic in a neighborhood of @, but
for different k, £’ it may happen that X\;11(k',u) < \;i(k,u).

As a consequence, the boundary z = 0 can be boundary characteristic for different families, or no
boundary characteristic at all: hence to analyze this more general case, we need to refine our travelling
profile-boundary layer analysis.

In Section A.1 we extend the invariant manifold analysis of Section 3. We will first obtain the center
manifolds of travelling profiles which depend smoothly on « in a compact set, not necessarily smooth. Next
we show that by (A.2) it is possible to decompose the stable manifold of the boundary layer into invariant
submanifold of increasing dimension, contained one into the other. Using this decomposition, we will
show that these manifold will depend smoothly on «, also when the boundary layer looses one dimension,
i.e. when for some k the eigenvalue A\ (k, @) crosses 0 as k varies. In particular, we will smoothly connect
one particular direction in the stable manifold of boundary layers with the characteristic part of the
boundary layer.

In Section A.2 we will define the decomposition of the perturbation h € L' of (A.1) in terms of the
above vectors. The computations to find the source terms and to evaluate them are exactly the same
considered during the main part of the paper, with the only variation that there is some redundancy when
a stable direction in the boundary layer becomes boundary characteristic: in fact in this case the same
object will be described by one direction of the boundary layer and by a family of travelling profiles. We
will only show which are the new terms to be evaluated and how to prove that these terms are quadratic
w.r.t. the L' norm of h.

Finally, in Section A.3 a simple Gronwall inequality concludes the proof of the L! estimate. The idea
is that there is a bounded and small solution to the ODE
% =y* +c(t)y,
if ¢(t) € L'(R*) and the initial datum y(0) is small, of the order of e~ ll¢lz1, The Lipschitz dependence
on k, the convergence to the hyperbolic limit, the uniqueness of the semigroup and the definition of trace
at « = 0 follow the same line of Section 8.

A.1. Invariant manifolds for travelling profiles and boundary layer. In the first two parts of this
section we will find two families of vectors:

(1) generalized eigenvectors 7;(k, u, v;, 0;) for travelling profiles of the i-th family, defined in the set
{Ju — @, |vi|, |oi — Ai(k,@)| < 8}, § being a small constant;

(2) vectors R;(k,u,p1,...,p;) of the non characteristic part of the boundary layer, defined for when
Ai(k, 1) < =6 < 0 and for |u —a| <9, |pi] <9.

Using these vectors 7;, R;, in the last part we will write explicitly the generalized eigenvectors 7;, R;
which we will use in our decomposition.

A.1.1. Center manifold for travelling profiles. Consider the equation defining the center manifold,

Uy = p

P = (A(k,u)—ol)p
(A.3) e = 0
0
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A standard application of the center manifold theorem to the above system of ODE gives that there is a
center manifold p = v;7;(k, u, v;,0) of dimension n + 3 in a neighborhood of radius ¢ of all equilibria of
the form (k, @, 0, A\;(k,1)). Since k belongs to a compact set of R, the radius of the neighborhood can be
chosen uniformly for all equilibria. However, due to lack of uniqueness of the center manifold, one cannot
expect that these manifolds join smoothly.

We have the following Lemma:

Lemma A.1. Consider the set of equilibria
(A.4) E; = {(k,@,0,\i(r,0); — K <k < K},
for the system of ODE (A.3). Then there exists a local invariant manifold of the form
(A.5) p = viTi (K, u, i, 0),
defined on the set
Fy = { (w000, 8] < K Ju = al, ol los = Xk, 0)] <,
which contains all the solutions to (A.3) which remains close to an equilibrium in E; for all © € R.
Moreover,
(A.6) |7 =1, 7i(k,u,0,0;) = r;i(k, 1), Tio = O(1)v;.
Proof. Fix an equilibrium € = (R, @, 0, \;(R,@). The proof of the existence of the center manifold M — i
near € relies on the construction of a contracting map for the system

Uy = p
(A7) Pz = (A(/Q,U,) - Az(’ivu)l)p + O[(KJ,U,,O')p
Ke = 0
Oy = 0
where the non linear function « is given by
(A.8) (s u, ) = 0w = al) (Al 1) = A, ) = (03 = A=, @)1 ).
the constants k, o are assumed sufficiently close to &, A;(%, 1), and 6 is a cut off function of the form
1 lz] <6
0(z) = < smooth connection § < |z| < 2§
0 |x| > 24

We used explicitly the fact that x, o remain constant, so that we do not need to consider a cut off function
for the non linearity associated to them: it is sufficient to assume that k — &, ¢ — \;(R, @) are small.

For any fixed cut off function 6, the center manifold M;(%,u) for (A.7) (defined as the invariant
manifold such that the trajectories on it do not explode exponentially for £ — 400) is unique. We now
observe that the function « defined in (A.8) generates a contracting map for all equilibrium points in
E;, if o is sufficiently close to \;(k, 1), i.e. for § sufficiently small, for any x € [— K, K] there is a unique
center manifold M;(k, @) of (A.7) near the equilibrium (k, 4,0, \;(x,@)). Note that to state this result
we used the essential assumption (A.2) that the separation of the eigenvalues of A(k, @) is uniform.

The uniqueness of M;(k, @) implies that these manifolds join smoothly: in fact, in the regions where
they have the same s they must coincide.

The remaining parts of the Lemma follow from the same computations of Section 3.1. |

A.1.2. Decomposition of the boundary layer. Consider the system defining the boundary layer,

Uy = b
(Ag) Pz = A(Ii,u)p
Ke = 0

Fixed &, let \;(k,u), i = 1,...,k, be the eigenvalues of A(k,u) which are less that —&. By the uniform

hyperbolicity assumption (A.2), for any @ close to 4 and to any subset (1,...,«) C (1,...,k) there
correspond by the Hadamar Perron Theorem 3.3 a unique manifold

(A].O) ( Z > = Ha(ﬁaa;pa)a Pa € Raa



VANISHING VISCOSITY SOLUTIONS OF HYPERBOLIC SYSTEMS WITH BOUNDARY CONDITIONS 55

Ha

FI1GURE 11. The nested manifolds H,, for o« = 1,2, 3.

tangent to
{u =i,p= span(rl(k,a), . ,ra(/?;,a))}

for po, = 0, which contains all the trajectories of (A.9) converging to @ at least as ePatr)z < p < 1.
This manifold depends smoothly on the parameters &, @, and by the same procedure used to prove
Theorem 3.1 we can extend it for (k,u) close to (&, @) as the manifold

(A.11) p=Ra(,0,p0)Pas Do €RY, (R, Ro) = € RO,

We have thus a sequence of invariant manifolds
(A12) Ha:{p:Ra(Kvu’pa)pav|’<‘7_R|7|u_a|’|pa| S(s}, 1SQSR’
which satisfy H, C Hat1- By a smart choice of the unitary vectors R; generating Rz,

RE(K),U,pl,...,pE) = [ Rl(mvu’pl""vpk) RE(K/’uvpl""’pE) ]7

we can assume that for all 1 < o < k the following holds:

(A13)  Ra(mu,pr.oipa) = | Buls,wpioopas0,0,0) o Ra(supi,. o pa,0...,0) |-

In particular Ry (k,u,p1) = Rl(n,u,pl,o, ...,0).

Due to uniqueness of the manifolds H,, with the same arguments we used in Lemma A.1) each H,,
can be extended with continuity to the whole intervals {s: Aq(k,@) < —0 < 0}, and it is defined for
|u — @l, |g;| less than 4, if § < 1.

We next consider the system (A.9) in the case [A\; (R, @)| < 20 < 1. In this case, contained in the center
stable manifold Res(k, U, Des)Pes; Pes € RF, there exist a smooth invariant (center) manifold 7 (, u, px )Px,
px € R and uniformly stable manifold R(k,u,ps)ps, ps € R¥71. As in Section 3.1, we thus define the
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unitary matrix-vectors as (3.20)

RS(K:v uapsapl;) = RCS(K:v u, Rsps + pETE)RS (Ha U,ps)
(A14) 72]; (Kjv Uu, ps;pl;) = RCS(K:v Uu, Rsps + pETE)TE (Kjv U, pfc)

In the region where the manifolds H,, o = 1, ..., k coexist with the center manifold 7;py,, by uniqueness
of the invariant manifold Hz_, it follows that

(A15) Rs(ﬁauapla"'ap];): Rl(ﬁauvplv"'apfc) Rl}—l(ﬁauvpla"'apfc) :|7
and by a smart choice of Rj we can assume that

(A.16) R,;(m,u,pl,...7p,;):f,;(/i,u,pl,...,p,;).

Remark A.2. We note that the vectors R of (A.13) are not uniquely defined: we only require that these
vectors describe all the nested manifold Hq, o = 1,..., k, and that ]:2,; is smoothly connected to 7z in the
regions where —28 < A\g(k,u) < —§. Moreover when the stable manifold looses the & dimension (which
enters into the center manifold), we have that the remaining manifold Hj_,; becomes the uniformly stable
manifold Rgps.

Observe that in general it is impossible to diagonalize the equations on all invariant manifolds H,, as
we did in Section 3.1, because of resonances [7].

A.1.3. The vectors used in the decomposition. We now define which unitary vectors 7;, Ri are used in
our decomposition.

The vectors of the non characteristic part of the boundary layer are the vectors R; of Section A.1.2,
defined only when A;(k,a) < —0 < 0.

For the center manifold vectors 7;, 2 = 1,...,n, we only add the correction 7; when the field is boundary
characteristic, as in (3.31),

(A17) fk(ﬁauapla ey Pi—1, Vg, Gi) = fk('k‘./a u, Vg, 0'7,)+§()\7,(R, ﬂ))(,ﬁl(ﬁ.ﬂ U, P1y---,Pi—1, ’Ui) _,Fi(/%ua Vi, 0))7

where ¢(x) is a cutoff function equal to 1 when |z| < § and 0 when |z| > 24.
The regions of existence of the various vectors are shown in figure 12.

A.2. Decomposition in the general case. Define the cutoff function ¥ by

1 <-4
(A.18) Y(z) = { smooth connection —3§ <z <0
0 x>0

and let k(x) the maximal index such that \j(k,a) < J.
Decompose the perturbation h solution to

he + (A(k, u)h)z — hes = (DAuz)h — (DAR)U,,
and its effective flux ¢ = h, — A(u)h,
b+ (AR, )y — tag = — Apich + [DA(ux Qh—h® ur)} )
— A(k,u)DA(uy @ h —h @ uz) + DA(uz @ ¢t — uy @ h),

as
];: 5 n
h = Z hipd(Ni (K, 0)) Ry (K w, v1,p + 01, U g, + 0F) + Z hiti (K, u, Vb1, - - -5 Vb,i—1, V3, Gi)
=1 i=1
k . n
(A.19) = Z hi7b19iRi + Z h;7;,
i=1 i=1
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F1GURE 12. The regions of existence of the various vectors considered for a 2 x 2 system. Fi:bounriem10

k n
L= Z Li,bﬁ()\i(ﬁv a))R'L(Kv U, V1,by -y vE,b + UE) + Z l»ﬂ%‘(lﬁl, U, Vp 1y -+, Vbi—1,Vi, Cl)
=1

i=1

k n
E:iotadecoOl| (A.20) = Z Li,bﬁiRi + Z LiTs,
=1 =1

with (; given by

x lz] < do
(A.21) Ci = Ai(k, @) —9(ei/ i), Y(z) = < smooth connection &y < z < 35y
0 |.’L’| > 3dp

The form Ri(”k,b + vz) just recall that in the regions where Ry = 7, i.e. when —20 < \z(k2,@) < 0,
we consider the sum of the two scalars v; ., v; as representing the ”almost characteristic” part of the
boundary layer. Moreover, the dependence of #; from the boundary layer variables occurs only when the
i-th field is boundary characteristic.
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We can repeat the computations leading to (4.23), (4.24), and obtain the equations for the components

of the form
k n
Z Ri(hpit + (Apihe)s — hbiza) + Z(?‘i + hiCinTio)(hie + (Nihi)s — Pig)
i=1 i=1

n
+ Z h’ici,bf’i,d(b’i,t + ()\'Li xz — lixx + Z 0,0, 5 hb i+ 7 Vb, j h')(vb,j,t + (Ab,jvb,j)r - Ub,j,rr)

=1

+ Z(Ri,w hy,i + f‘z‘,vhi) (vie + (Aivi)e — Vi gz)
i=1

(A.22) = (K, u, v, V0, W, We, 1y Pyt 00) + > O (Jon ] + [03])hi(Gia)* + O(1) > (| + hal )i,

=1 =1

n

Rz(Lb it + (Ab zhb) hb7i,11) + Z(Tvz + LiCi,thi70')(hi,t + (S\th)w - huww)
1 =1

Ma—w

3

Cz T U(Lz t + ()\ Lz x — Ui, ww + Z 1,0p, 5 Lb i+ 7 JUb,j )('Ub7j,t + (Ab,jvb7j)w - Ub,j@m)

_M:

@
I
-

+

v

Il
-

(Ri,w i + fmbi) (vit + (Aii)z — Vigz)
1
n

(A-23) = ¢(Hauvvavrawawza hahrvbabz) + ZO(I |Ub Z| + |U1|)Lz Cl z Z |Lb 1| + |Ll|
=1

=1

where flb,i is the flux of the i-th component v; 3 in the stable manifold, and ¢, ¥ are quadratic functions

of the form
o(t,x) Za” t,x)h;v; —I—Zb” t,x) hvjw—i—Zc” t, 2)h; 2 0; +Zd” t, )05
+Zeu t,x) szerZf” b, )iz 0; +Zgz t, ) zwvzw+zmz b, o)l w Vi
4,7 %]
+ > ni(ta)hw; + Y oy (t x)iw; + Zpij (t, 2)hiavb,j2 + Z Qij (¢, ) b5, 20k .2
i\ irj irj irj

+ Z i (t, ) wihi . + Z 835 (t, x)wi phi + Z 73 (b T)witi 2 + Z 83 (t, )wi ot

+ Z tij(t, @)t 2 vy, 0 + Z t;j(tv T)lbia Vs
,J ]
As before, we suppose that vy ;, v;, w;p, w; satisfy scalar equations of the form

(A.25) (U,i9:)s + (Apiv6.i0:) e — (Vb,i03)z = O, (wp,i9)¢ + (Apjwp i0:)z — (wp,i0:) 2z = 0,

(A-%) Vit t+ ()\ivi)r — Vi,zx = wi(t,x), Wy ¢ + ()\ﬂUz)z — Wy gz = wi(t; 33),
with w;, ©; integrable for 0 <t < T, x > 0 and of order 63.
When computing the exact form of ¢, ¥, one may use the same computations of Sections 4.2.1, 4.2.2,
4.2.3, to obtain the same structure of (4.40) outside the regions where ¥; is active.
In these regions, the k& boundary layer field has two representations, namely as a part of travelhng
wave hj 7 with speed 0, and the "almost characteristic” part of the boundary layer hy, kRk, with R
75((r = 0). As in Section 4.2.3, one can check that the terms involving hy, 5 hj have the form

OM)([vp il + 1vp .zl + [vg] + |5 oD ep 5l + |ty 5,2 1) + O vy 5| + vy ko)) (e ] + [e5, 1)
(A27)  +O)([hy gl + Py kol + g+ 1Rg D) (wp g | + w2 ) + O (g g | + The ) (lwg ] + [wg 2 ])-

(a2
[E: vbcondai ]
[E: vbeond31 ]
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Since A; in these regions is less that —d, the scalar variable v, ; and its derivative are exponentially
decreasing as e 9%/, while Wy > Pk, tyr (and their derivatives) are integrable in time for any fixed =,
other than exponentially decreasing in space.

We are thus left with the estimate of the integrability in time of hg, hy, , (and similarly we can estimate
W, Wy, ), with the difference that even if the characteristic field is leaving the domain its boundary data

is not 0, as we will specify below. Repeating the computations of Section 5.3 it follows that

T
(A.28) / e 9% hy L (t,y)|dt < C8.
0

so that the result follows by means of the same computations of Section 5.2, with boundary term which
is not 0 but integrable. Note that as in formulas (5.21), (5.22) we will not obtain any exponential growth
of its L1([0,T]) norm.

To split the initial boundary data in the various components, we use the same ideas of Section 4.3,
with the novelty that for the boundary data we need to change the number of characteristic fields leaving
the domain. This is done according to the variable k, i.e. we set

k n
(A.29) ho =Y hipliRi+ > hi(1— Vi),
=1 =1

and similarly for ¢,. Note that when 0 < 9; < 1 the k component of h is decomposed into two scalar
quantities, namely hy, i and hy,.

The source terms in the left hand sides of (A.22), (A.23) are as before decomposed only along the
generalized eigenvectors of the travelling profiles 7;, hence no source terms are in the equations for (hy ;9;),

(Lbﬂ'ﬁi).

A.3. The stability estimate. Using similar computations to the ones in Section 6 (with the study of

the redundancy case hy, hy, ), one can prove that if the L' norm of h, ¢ is less than §y < 1, then the

interaction terms in ¢, 1 and the quadratic terms containing Cﬁw of (A.22), (A.23) are of order &3.
Define thus

(A.30) M(t) = sup {IA()r, s)] }-
0<s<T
By integrating from 0 to T the equations for the components we have that
T
(A.31) M(t) < M(0) + CM(t)* + C/ M(s)|k(s)|ds.
0

where C' is a large constant. By Gronwall estimate, if

-1
T
M(0) < <4Cexp{2C/ |/<a(s)|ds}> )
0
it follows that

T
(A.32) M(t) < 2M(0) eXp{ZC /0 |/%(s)|ds}.

Fixed thus the total variation of x in RT, if the initial data is sufficiently small in BV, there is a
unique solution with total variation uniformly small and depending Lipschitz continuously on the initial
boundary data and the parameter  in L'.
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