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Abstract

We study the singular ordinary differential equation

w1

T = a0 o), 0.1

where U € RY, the functions ¢s € RY and ¢,, € RY are of class C? and ( is a real valued C? function.
The equation is singular because ((U) can attain the value 0. We focus on the solutions of ([Tl that
belong to a small neighbourhood of a point U such that ¢s(U) = ¢ns(U) = 0 and ¢(U) = 0. We
investigate the existence of manifolds that are locally invariant for (I and that contain orbits with
a prescribed asymptotic behaviour. Under suitable hypotheses on the set {U : ((U) = 0}, we extend
to the case of the singular ODE () the definitions of center manifold, center-stable manifold and of
uniformly stable manifold. We prove that the solutions of ([ lying on each of these manifolds are
regular: this is not trivial since we provide examples showing that, in general, a solution of ({LTl) is not
continuously differentiable. Finally, we show a decomposition result for a center-stable manifold and for
the uniformly stable manifold.

An application of our analysis concerns the study of the viscous profiles with small total variation for a
class of mixed hyperbolic-parabolic systems in one space variable. Such a class includes the compressible
Navier Stokes equation.
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1 Introduction

In this work we study the singular ordinary differential equation

dU 1

yr m¢s(U)+¢ns(U)~ (1.1)

In the previous expression, U € RY and the functions ¢, and ¢, are C? (continuously differentiable with
continuously differentiable derivatives) and take values in RY. The function ¢ is as well regular and it takes
real values. We say that the equation is singular because ((U) can attain the value 0.

Equation () is related to a class of problems studied in singular perturbation theory. Consider system

edx/dt = f(x,y, €)
{ dy/dt = g(x,y, €), (1-2)
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where x and y are vector valued functions and € is a parameter. In singular perturbation theory one is
typically concerned with the limit ¢ — 0 and with the corresponding behaviour of the solution (x, y). Note
that ([[Il) can be viewed as as an extension of ([[2) because [[2) can be written in the form ([l): in this
case, the singularity ¢(U) in () is identically equal to € and hence d¢/dt = 0.

Being the literature concerning ([[C2) extremely wide, it would be difficult to give an overview here.
Consequently, we just refer to the notes by Jones [I1] and to the rich bibliography contained therein. In
particular, [TT] provides a nice overview of Fenichel’s papers [8, [0 [T0]. These works provide several ideas
and techniques used in the present paper: in particular, in the following we introduce the notions of slow
dynamic and fast dynamic, which can be viewed as extensions of the notions of fast and slow time scale
discussed in Fenichel’s works. We refer to Remark [l at the end of Section [l for further comments on the
analogies between the present analysis and Fenichel’s.

The main novelty of the present work is that we consider the case when ( is a nontrivial function of
the unknown U. In particular, this means that in general d(/dt # 0 and hence that we have to face the
possibility that ¢(U(0)) # 0, but ((U(t)) = 0 for a finite value of ¢. This is exactly what happens in the
examples [ZT2) and I7) discussed in Section B here. Other examples are provided in a previous work
by the same authors [6], Section 2. Note that, in all these cases, there is a loss of regularity at the time
to at which (((U(t)) reaches the value 0, tp = min {¢ € [0, +oo[: ((U(t)) = 0}. More precisely, the first
derivative dU/dt either has a discontinuity or blows up at t = to.

Our goal here is to study the solutions of (1)) that lie in a neighborhood of a point U such that

¢s(U) = ¢ns(U) =0, ¢(U) =0. (1.3)

We are concerned with the existence of invariant manifolds. More precisely, the problem is the following.

Consider first the non singular ODE
au

= JU) (1)
and assume that the point U is an equilibrium, namely f(U) = 0. In a neighbourhood of U one can define
a center and a center-stable manifold, which are both locally invariant for (CZl). We recall that, loosely
speaking, a center-stable manifold contains the orbits of (L) that either do not blow up or blow up more
slowly than e™ when t — +o0. Here 7 is a small enough constant depending on the system. More precisely,
the orbits that lie on a center-stable manifold are those having the asymptotic behaviour described before
and solving a suitable system which, in a small neighbourhood of U, coincides with (ICZ).

We are also interested in the uniformly stable manifold relative to F, which is defined as follows. Assume
there exists a manifold E containing U and entirely constituted by equilibria of ([CA). By uniformly stable
manifold we mean the slaving manifold that contains all the orbits that decay with exponential speed to
some point in F when ¢ — +00. Note that the uniformly stable manifold does not coincide, in general, with
the classical stable manifold. Indeed, the stable manifold contains the orbits that decay exponentially fast
to the given equilibrium U, while on the uniformly stable manifold we only require that the limit belongs to
E. The existence of a center-stable and of the uniformly stable manifold can be obtained as consequence of
the Hadamard-Perron Theorem discussed in the book by Katok and Hasselblatt [I3, Chapter 6, page 242].

In the present paper we prove that, under suitable hypotheses, one can extend the definitions of center,
center-stable and of uniformly stable manifold to the case of the singular ODE ([l). The manifolds we
define are all locally invariant for ([CII) and satisfy the following property:

(P) If U is an orbit lying on the manifold and ¢(U(0)) # 0, then ¢(U(t)) # 0 for every t.

This, in particular, rules out the losses of regularity (blow up or discontinuity in the first derivative) mentioned
before.
We proceed as follows. First, we consider the non singular ODE

aUu

7 = 0sU) £ C(U)dns (U). (1.5)



Due to ([3), the value U is an equilibrium for (CH). Also, equation () is formally obtained from () via
the change of variable 7 = 7(t), defined as the solution of the Cauchy problem

1
0] o)
7(0) = 0.

However, the function 7(¢) is well defined only if ([U(¢)] # 0 for every ¢. In the present work we always
refer to the formulation (CH) and we prove the existence of locally invariant manifolds satisfying property
(P). We then show that a posteriori the change of variable (CHl) is well defined and that system (LX) is
equivalent to ((CI) on these manifolds.

We assume that

L. the set {U : ¢(U) = 0} is an hypersurface in R" and the intersection between {U : ¢(U) = 0} and
M€ contains only equilibria. Here M€ is any center manifold of the equilibrium U of the system ().

We then define a manifold of slow dynamics as a center manifold of the equilibrium point U of (LX) (any
center manifold works). To simplify the exposition, in the following we fiz a manifold of slow dynamics. To
define the manifold of fast dynamics we assume

2. there exists a one-dimensional manifold which is transversal to the hypersurface {U : ((U) = 0} and is
entirely constituted by equilibria of (CH). In the following, we denote by E this manifold: note that,
by construction, £ C M¢.

As a remark, we point out that we are not assuming that E contains all the equilibrium points of EII).
For example, in the case we discuss in Section ELT]T] the set of equilibria is a three-dimensional manifold:
assumption 2 is anyhow satisfied because such a three-dimensional manifold contains a one-dimensional
submanifold transversal to {U : {(U) = 0}.

The manifold of fast dynamics is then defined as the uniformly stable manifold of ([IJ]) relative to the
manifold . Namely, all the fast dynamics converge exponentially fast to some equilibrium in F.

We also assume that

3. the singular hypersurface {U : ((U) = 0} is invariant for ([CH).

As a consequence of the above assumptions, it turns out that equation (L)) restricted on the manifold of
the slow dynamics is nonsingular and hence it can be extended to the hypersurface {U : ((U) = 0}. We
then assume that

4. the singular hypersurface {U : ((U) = 0} is invariant for the solutions of ([[l) that lie on the manifold
of the slow dynamics.

We can now define a center manifold of ([CI) as a center manifold of the equilibrium U of the system reduced
on the manifold of slow dynamics, see Theorem B (it turns out that U is indeed an equilibrium point for
that system). Omne can show that property (P) is satisfied on any center manifold and that the losses of
regularity are ruled out. Here by loss of regularity we mean the blows up or discontinuities in the first
derivative that were mentioned before and that may be exhibited by the solutions of ([I]) as shown by
examples (ZT2) and ZTID) in Section &

To extend to the case of the singular ODE (1)) the definition of center-stable and uniformly stable
manifold we need some more work. As mentioned before, due to assumption 2, there exists a manifold of
equilibria transversal to the singular hypersurface: we denoted this manifold by E. To define the uniformly
stable manifold of ([I) relative to E we need to study the solutions of ([I) which converges to a point
in E with exponential speed. Note that this speed can be either bounded or unbounded as ¢ — 0, so we
are looking for a composition of both fast and slow dynamics. Roughly speaking, to define a center-stable
manifold we have to study orbits that are local solutions of (L)) and that do not blow too fast when ¢t — +o0.
Therefore, we have to deal again with a composition of slow and fast dynamics.



Figure 1: An illustration of Assumptions 1,..., 4 and of the statement of Theorem [Tt the bold line represent
the manifold E, which is transversal to the singular hypersurface {U : ((U) = 0} and is entirely made by
equilibria: note that £ C M¢. The dashed line represents the intersection between the center manifold M*¢
and the singular hypersurface. Such an intersection is entirely made by equilibria by Assumption 1. Finally,
M is the uniformly stable manifold, containing orbits that converge exponentially fast to a point in E.

In both cases (uniformly stable and center-stable manifold) the analysis can be seen as an extension of
the exponential splitting methods for non singular ODEs like ([Cdl). However, as mentioned before what a
priori can go wrong is that in the change of time scale defined by the Cauchy problem (8 some regularity
is missing. The main result of this paper is the following (a more precise statement is given in Theorem EL2):

Theorem 1.1. There is a sufficiently small constant 6 > 0 such that the following holds. In the ball of
center U and of radius § in RN one can define two continuously differentiable manifolds M?® and M which
are both locally invariant for [Ll) and enjoy the following properties.

o M:?, is the uniformly stable manifold of (LIl relative to E, while M is a center-stable manifold for
[C@. In particular, M* C M°*.

e IfU is a solution satisfying C(U(O)) # 0 and lying on either M*® or M*, the Cauchy problem ([LH)
defines a diffeomorphism 1 : [0, +oo[— [0, 400[. In other words, if we restrict to either M* or M®,

then the formulations (LX) and ([CH) are equivalent, provided that ((U(0)) # 0. In particular, property
(P) is satisfied on both M* and M*s.

e IfU(7) is a solution lying on either M?® or M, then it can be decomposed as
U(r) =Us(1) + Usi (1) + Up(7), (1.7)

where Ug lies on the manifold of slow dynamics and Uys(T) lies on a suitable invariant manifold of
exponentially decreasing orbits. The perturbation term U,(T) is small in the sense that

UP(7)] < k| C(U(0)) ] |Uf(0)| e~/

for suitable positive constants c, k, > 0.



From the technical point of view, the key points in the proof of Theorem [Tl are the following two. First,
we introduce a change of variables which allows us to write system ([CH) in a more convenient form. The
precise statement is given in Proposition BTl

The second main point in the proof of Theorem [[1] is the analysis of a family of slaving manifolds for
system (CH). This analysis relies on the presence of a splitting based on exponential decay estimates and
it is in the spirit of the above-mentioned Hadamard Perron Theorem. The main results here are Theorem
Bl and Proposition Bl Loosely speaking, Proposition Bl tells us the following. Fix a manifold S, locally
invariant for (CH) and entirely made by slow dynamics. Then there exists a slaving manifold containing
orbits that decay to an orbit in S exponentially fast, with respect to the 7 variable. Also, Proposition Bl
ensures that any solution U lying on the slaving manifold admits a decomposition like (), namely

U(r) = Us(1) + Usi(7) + Up(7)

where Ug lies on S and Uy (7) is exponentially decreasing to 0. The perturbation term U,(7) is small and
vanishes when ((U) = 0, so on the singular hypersurface {U : ((U) = 0} there is no interaction, but
a complete decoupling. Notwithstanding that in the following we need only the case when ((U) = 0, in
the statement of Proposition Bl we actually consider slightly more general conditions ensuring that the
interaction term vanishes. From the technical point of view, the most complicated point in the analysis is
proof of the C! regularity of the slaving manifold, since it involves studying the Frechét differentiability of
suitable maps between Banach spaces.

As a final remark, we point out that an application of our analysis concerns the study of the viscous
profiles with small total variation for a class of mixed hyperbolic-parabolic systems in one space dimension.
The connection between these viscous profiles and the singular ordinary differential equation ([II) is discussed
in [B], where we also explain what we mean by viscous profiles and by mixed hyperbolic-parabolic systems
in this context. In [A] we also discuss a remark due to Fréderic Rousset [I5] about the Lagrangian and
the Eulerian formulation of the Navier Stokes equation. Loosely speaking, the connection between viscous
profiles and singular ODEs like ([[CT) is that the equation satisfied by the viscous profiles may be singular
when the system does not satisfy a condition of block linear degeneracy defined in [6]. In particular, this
happens in the case of the Navier Stokes equation written in Eulerian coordinates. As we see in Section
BT the analysis developed in the present paper applies to the study of the viscous profiles of the Navier
Stokes.

We recall that viscous profiles provide useful information when studying the parabolic approximation
of an hyperbolic system of conservation laws and that in several interesting situations one is concerned
with viscous profiles lying on a center, a center-stable or on the uniformly stable manifold. The literature
concerning these topics is extremely wide and here we just refer to the books by Dafermos [7] and by Serre
[I'7] and to the rich bibliography contained therein. For the applications of the viscous profiles to the study of
the parabolic approximation of an hyperbolic system, see for example Bianchini and Bressan [4] and Ancona
and Bianchini [2]. Concerning the analysis of viscous profiles, we only refer to Benzoni-Gavage, Rousset,
Serre and Zumbrun [3], to Liu [T4], to Zumbrun [19], and to the references therein. For an alternative
approach to the analysis of the viscous profiles of the compressible Navier Stokes equation, see Wagner [IJ]
and the bibliography in there.

The exposition is organized as follows. In Section [[J] we discuss a linear system: this allows us to
introduce in a simplified context the main ideas of the analysis done in Section Bl In Section [l we also
outline the main steps of the extension of the analysis to the general nonlinear case by relying on the analogy
with the linear case.

In Section Bl we define our hypotheses and in Section ZT.T] we show that they are satisfied by the viscous
profiles of the compressible Navier Stokes equation. Also, in Section we discuss two examples showing
that, if our hypotheses are not satisfied, then the first derivative dU/dt of a solution U of ([T) may blow up
in finite time.

In Section Bl we introduce preliminary results that are used in Section Bl In particular, in Section B we
focus on the analysis of the nonsingular ODE ([C4l) and, by relying on suitable assumptions, we define a class



of invariant manifolds (Theorem Bl and Proposition BI).

In Section Hl we get back to the singular ODE ([l). In particular, in Section we define the notions
of slow and fast dynamic and we extend the definition of center manifold to the case of the singular ODE
). In Section we extend the notions of uniformly stable and center-stable manifold by applying the
analysis in Section Bt the main result here is Theorem Finally, Section EE4 is devoted to the proof of
Proposition BTl a technical result which reduces our system to a more convenient form.

1.1 The linear system

In the first part of this section we discuss the linear system

{ dV/dt = AV/(+ AV V eR? 18

d¢/dt = 0.

We are interested in the behavior for ¢ — 07 (the analysis of the limit ( — 0~ does not involve additional
difficulties). Note that, from the second line in (LX) we deduce that ¢ is a parameter and hence the problem
can be tackled by relying on by-now standard techniques in singular perturbation theory. Our goal here is
introducing in a simplified context the main steps of the analysis.

In the second part of this section we outline the extension to the general nonlinear case and we refer to
Section |l for the detailed exposition. In view of this extension, we split the analysis of the linear case in four
main steps.

1. We introduce the change of variable 7 = ¢ ¢ which transforms system ([J) in

{ AV/dr = AV + CApsV 19

d¢/dr =0

In the following, we denote by n_ the number of eigenvalues of A; having strictly negative real part
(each of them counted according to its multiplicity) and by n the number of eigenvalues with strictly
positive real part. We denote by ng the multiplicity of the eigenvalue 0 and, relying on Assumption 1
in the introduction, we assume that there are no purely imaginary eigenvalues. Also, if we write the
Jordan form of Ay, then in the block corresponding to the eigenvalue 0 all the entries are 0. Finally,
we denote by E the line

E:={(V.¢): V=0} CR", (1.10)

which satisfies Assumption 2.

2. We now let ¢ — 0F: we are concerned with the behavior of the eigenvalues of the matrix Ay + (A,s.
Due to results concerning the perturbation of finite-dimensional linear operators (see for example the
book by Kato [I2], page 64 and followings), these eigenvalues can be classified as follows:

(a) n_ eigenvalues converge to the eigenvalues of Ay with strictly negative real part. We denote by
M~(¢) the eigenspace of Ay + (A, associated to these eigenvalues.

(b) n4 eigenvalues converge to the eigenvalues of A, with strictly positive real part. We denote by
M™(¢) the eigenspace of Ag + (A, associated to these eigenvalues.

(c) the remaining ng eigenvalues converge to 0 as ¢ — 07. We denote by M°(¢) the eigenspace of
A + (A, associated to these eigenvalues.

When ¢ — 0%, the subspace M ~(¢) converges to M ~(0), which is the eigenspace of A, associated to
eigenvalues with strictly negative real part. The convergence occurs in the following sense: M ~(() is
the range of a linear application P~(¢) € L(RY, R?). As ¢ — 0%, P~({) converges to P~(0) and the
range of P~(0) is exactly M ~(0). Similarly, when ¢ — 0T, the subspaces M*({) and M°(¢) converge
respectively to M*(0) and M°(0), the eigenspaces of A, associated to the eigenvalues with strictly
positive and zero real part. We refer again to Kato [I2] for a complete discussion.



If Ve M%), then ([CH) is equivalent to

dvO/dr = C[LOAMRO +com)|ve
dc/dr = 0,

where Ry and Ly are two matrices that do not depend on (. The matrix Ry has dimension N X ng and
its columns constitute a basis of M O(0). The matrix Lg is ng x N-dimensional and satisfies LoRy = I, .
Also, VO = L% and O(1) denotes an ng x no-dimensional matrix, which possibly depends on ¢ but
remains bounded as ¢ — 0% (its exact expression is not relevant here). Going back to the original
variable ¢, one gets

{ dvO/dt = [LOAMRMCO(U}VO (1.11)

d¢/dt =0,

and hence V° can be regarded as a slow dynamic, because it satisfies the non singular ODE ([CI)). In
view of the future extension to the general nonlinear case, we point out that the set

M= {(V,¢): Ve M°(()} C R (1.12)
is a center manifold of system ().

. We now consider the case when V belongs to M ~({). We then have that ([CH) is equivalent to

{ dv=Jdr = [A; +<c9(1)] V-
d¢/dr =0

where V7~ € R and A is a n_ x n_-dimensional matrix which does not depend on ¢ and whose
eigenvalues have all strictly negative real part. In the previous equation, the entries of the vector V'~ are
the coordinates of V' with respect to a basis of M ~({) and O(1) denotes a n_ X n_-dimensional matrix
which possibly depends on ¢ but remains bounded as ¢ — 07 (its exact expression is not important
here). If ¢ is sufficiently small, then all the eigenvalues of the matrix [AS +¢ (’)(1)] have strictly negative

real part and hence the solution V'~ (7) converges exponentially fast to 0. More precisely, one has
V(D < eV (0),

where ¢ > 0 satisfies —c > A for every A eigenvalue of A;. Going back to the original variable ¢, the
function V'~ (¢) satisfies
V(@) < e X[V (0)].

and hence the speed of exponential decay gets faster and faster as ¢ — 07. In this sense, we can regard
V'~ as a fast dynamic.

In view of the future extension to the general nonlinear case, we point out that the set
M ={(V,{): VeM (¢} CRH! (1.13)

is the uniformly stable manifold of system (L) relative to the manifold E defined as in (LI). In the
previous expression, ¢ varies in a sufficiently small neighborhood of 0.

. By applying the above-mentioned techniques from [I2], one gets that the eigenvalues of LoA,sRo +
CO(1) can be divided into 3 groups:

(a) eigenvalues that converge to the eigenvalues of LoA,sRo with strictly negative real part. We
denote by M°~(¢) the corresponding eigenspace.

(b) eigenvalues that converge to the eigenvalues of LgA,sRy with strictly positive real part. We
denote by M (¢) the corresponding eigenspace.



(c) eigenvalues that converge to the eigenvalues of LoA,sRy with zero part. We denote by M%(()
the corresponding eigenspace.

If V(t) € M°((), then V(t) converges exponentially fast to the equilibrium 0 when t — 400, but the
speed of exponential decay does not blow up as { — 0.

In view of the future extension to the general nonlinear case we point out that the set
M ={(V.Q): VeM (()e M ()} (1.14)

can be regarded as an uniformly stable space of ([LH) since every orbit lying on M* decays exponentially
fast to an equilibrium (0, ). Also, the speed of exponential decay is uniformly bounded from below by
a constant which does not depend on (.

Conversely, the set

M= {(V,¢): Ve MP(()} (1.15)

can be regarded as a center manifold of the original equation (). Note that, by construction, the
manifold M is entirely contained in the manifold of the slow dynamics M?, which is defined as
in (CIZ). As a consequence, if the function (V(t),((t)) lies on M, then it satisfies the nonsingular

equation ([CTTI).

In Section Hl we extend the previous considerations from the linear system ([J) to the general nonlinear
case ([CIl). We proceed in four steps, which can be respectively viewed as the extensions of steps 1,...,4
above.

1. We introduce the change of variables 7(t) defined by the Cauchy problem (LCH), which transforms
system ([CI) into ([CH). However, in the nonlinear case the change of variable is not a priori well
defined since the function ([U(¢)] could in principle attain the value 0. We proceed as follows: as in

the linear case we carry on the analysis by referring to system ([CH) and then we show that a posteriori
the change of variables ([CH) is well defined.

2. In Section we define a manifold of the slow dynamics as a center manifold of ([CH), thus extending
definition (CIZ). By relying on Assumption 2 we can show that, as in the linear case, system (L))
restricted to the manifold of the slow dynamics is actually nonsingular. Moreover, by using Assumption
4 one can prove that on the manifold of the slow dynamics the change of variable ([CH) is well defined
and hence that (CI)) and (CH) are equivalent.

3. In Section we also extend the definition of fast dynamic given by ([CI3). Let E be the one-
dimensional manifold transversal to the hypersurface {U : ((U) = 0} and containing only equilibria.
The existence of E is provided by Assumption 1. The manifold of the fast dynamic is then the uniformly
stable manifold of the system ([CH) relative to the manifold F.

4. As pointed out in Step 2 above, system ([LH) restricted to the manifold of the slow dynamics is actually
nonsingular and hence we can define a center manifold M of the equilibrium point U. In this way
we obtain an extension of the definition ([CIH).

The extension of the definition of uniformly stable manifold (CI4)), done in SectionEE3) is more technical
and requires additional work. In particular, this is when the analysis in Section Bl comes into play. The
main result here is Theorem EE2, which provides the existence of a uniformly stable manifold M?*. One
of the most delicate point in the analysis is showing that on M? the change of variables ([CH) is well
defined and hence that system ([CI) is equivalent to system ([CIl). The manifold M?® contains orbits
that decay exponentially fast (in the ¢ variable) to an equilibrium point in F and hence can be viewed
as an extension of the object defined in (CI4)). In the linear case ((CI4), any orbit lying on M?* can be
decomposed as

(Va C) = (Vf,O) + (Vs,<)7

where Vy € M~(¢) and hence V; is exponentially decreasing in both the 7 and the ¢ variable. Con-
versely, (Vs, () lies on the manifold of the slow dynamics (CIZ) and Vi, which belongs to € M%~ (),



is exponentially decreasing in the ¢ variable only. By relying on the analysis in Section Bl we get that
this decomposition result can be extended to the general nonlinear case, provided that we add a per-
turbation term taking into account possible interactions due to the nonlinearity: this is property 5 in
the statement of Theorem EE2 In particular, we show that the perturbation term is small with respect
to the other two, in the sense specified by equation EIZ).

Also, Theorem describe how the notion of center-stable manifold can be extended to the case of
the singular equation (CH) by defining a manifold M which contains orbit that do not experience a
fast blow up as t — 0. We show that on M system () is equivalent to system ([[I)) and that a
decomposition result similar to the previous one holds.

Remark 1.1. We are now able to provide more details concerning the main analogies between our analysis
and Fenichel’s (see [8, 9 [T0] and the lecture notes by Jones [T1]). Indeed, despite some technical differences,
we can single out three main ideas due to Fenichel and used in the present work.

1. As previously mentioned, the notions of slow and fast dynamic can be viewed as extensions of the
notions of slow and fast time scale respectively. In particular, Step 2 above should be related to
Fenichel’s First Invariant Manifold Theorem (see Jones [I1l, page 49]).

2. A key point in Fenichel’s analysis is the study of the interaction of slow and fast time scales via the
construction of suitable slaving manifolds (see Jones [II, Chapters 2 and 3]). As the above outline
shows, this idea is used several times in the present paper, in particular the manifold of the fast
dynamics itself is defined as a slaving manifold.

3. Last, Proposition El can be viewed as an extension of Fenichel’s Normal Form (see Jones [T, page
82]). Indeed, in both cases the idea is introducing a local change of variables that “straightens” the
manifolds under consideration and allows to write the equations in a more convenient form.

As we mentioned at the beginning of Section [l the main difference between our analysis and Fenichel’s is
that we are concerned with the case when d(/dt # 0. Hence, a priori we may have that ((U) # 0 at t = 0,
but ¢ reaches the singular hypersurface {U : ((U) = 0} in finite time. Part of the analysis in Section H
is devoted to show that, under the assumptions discussed in Section B, this behavior does not occur if we
restrict to solutions U lying on suitable invariant manifolds.

2 Hypotheses and examples

In this section we define the hypotheses we assume in the work and we discuss some examples.

More precisely, in Section EZJlwe state our assumptions, which can be divided into two groups: Hypotheses
M B B, allow to avoid some technical complications, but could be actually omitted at the price of much heavier
notations. On the other side, HypothesesHl Bl [l [ B are much more important and they are used throughout
Section @l Note, however, that in Section Bl we are not directly concerned with the singular ODE ([T]) and
that we do not use Hypotheses H B Bl [

Moreover, in Section we discuss three counterexamples. They show that, if our hypotheses are
violated, then the results discussed in the following sections do not hold. In particular, there might be
solutions of (1)) that are not continuously differentiable.

Finally, in Section Tl we verify that the conditions introduced in Section Bl are satisfied by the viscous
profiles of the compressible Navier Stokes equation written in Eulerian coordinates.

2.1 Hypotheses

Set
FU) = ¢5(U) + ((U)¢ns (U), (2.1)
where ¢s, ¢ns and ¢ are the same as in ([[Il). Then ([CH) can be written as
au
5 = F) (2.2)



To simplify the exposition, we assume the following:
Hypothesis 1. The initial datum U(0) of @3 satisfies ((U(0)) > 0.

The case ¢(U(0)) < 0 does not involve additional difficulties. The main difference is that, if ¢(U(0)) < 0,
then the change of variable defined by ([LH) has negative derivative. As a consequence, when ¢t — +o0o the
function 7(¢t) — —oo. Loosely speaking, the statements given in the present paper can be extended to the
case ( (U (0)) < 0 in the following way. All the statements concerning the fast dynamics and referring to the
stable space or to stable-like manifolds have to be replaced by analogous statements concerning the unstable
space or unstable-like manifolds. However, we will not consider the case ¢(U(0)) < 0 explicitly.

Before stating the other hypotheses, we recall that we want to study ([CT) and (Z3) in the neighbourhood
of an equilibrium point U such that F(TU) = 0 and ¢(U) = 0. It is not restrictive to take U = 0. Namely, in
the following we assume

F(0)=0 ¢(0)=0. (2.3)

Also, we can assume the following. Fix a positive constant 6 > 0 and consider a smooth cut-off function
p(U) satisfying

_ [ 1 |U<o
p(U) _{ 0 |U| > 26.

In the following, instead of studying system ([Z2) we focus on

au

— = p(U)F(U).

= HU)F)
However, to simplify the notations instead of writing each time p(U)F(U) we assume that Hypothesis
holds.

Hypothesis 2. The function F satisfies the following condition: if |U| > 26 then F(U) = 0.

The exact size of the constant ¢ will be discussed in the following.

Note that Hypothesis Bl is not restrictive if the goal is to study the solutions of ([2) that remain confined
in a neighbourhood of the origin of size 4. Loosely speaking, the analysis developed in Sections Bland Bl can be
extended to the orbits of systems that violate Hypothesis Pl as far as these orbits remain in a neighbourhood
of the origin with size ¢. In particular, the manifold described in Sections Bl and Bl are no more invariant if
Hypothesis B is violated: they are just locally invariant.

Also, we can assume with no loss of generality that all the eigenvalues of DF(@) have non positive real
part. Indeed, this condition is satisfied provided that we restrict to orbits lying on a center-stable manifold
for [22). As mentioned in the introduction, the existence of a center-stable manifold can be obtained as a
consequence of the Hadamard Perron Theorem, which is discussed in the book by Katok and Hasselblatt
[T3, Chapter 6, page 242]. Also, note that if ((U(0)) < 0 then it is not restrictive to assume that all the
eigenvalues of DF (6) have non negative real part: this can be obtained considering the solutions that lie on
a center unstable manifold.

Hypothesis 3. The Jacobian DF (0 ) admits only eigenvalues with non positive real part.
Also, we assume the following non degeneracy condition:
Hypothesis 4. The gradient V( satisfies VC(@) £ 0.

Let S be the singular set
S:={U: ¢(U)=0}. (2.4)

Hypothesis Bl implies, via the Implicit Function Theorem, that in a small enough neighbourhood of 0 the set
S is actually an hypersurface

Hypothesis 5. Let M¢ be any center manifold of the equilibrium point 0 for system (IZZI) If |U| <4 and
U belongs to the intersection M NS , then U is an equilibrium for @3), namely F(U) =0 .
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Concerning equilibria, we also assume the following

Hypothesis 6. There exists a manifold M®? containing 0, transversal to S and entirely made by equilibria
of [Z2).

Let ne; be the dimension of M. We recall that the hypersurface S and M*®? are transversal if the
intersection SN M€Y is locally a manifold having dimension ne, — 1. Note that, by construction, M C M¢°.
Also, we point out that we are not assuming that M®? is the manifold of equilibria, namely there may be
equilibria that do not belong to M®?. We are just assuming that any point in M*®? is an equilibrium for Z2).

Hypothesis 7. For every U € S,
V¢(U) - F(U)=0. (2.5)

Because of Hypothesis [l and of the regularity of the functions ¢ and F, the function

can be extended and defined by continuity on the hypersurface S.
Hypothesis 8. Let U € S be an equilibrium for {3), namely ¢(U) = 0 and F(U) = 0. Then

GU) =0. (2.6)

In Section [Tl we introduce the notion of slow and fast dynamics. Hypotheses [ and B and can be
then reformulated by saying that the set S is invariant for the manifold of the slow and of the fast dy-
namics respectively. The reason why we impose this condition is because we want that requirement (P) in
the introduction is satisfied and that the Cauchy problem ([CH) defines a smooth change of variables 7(t),
7 : 0, +00[— [0, +00[. In Section we discuss Examples (ZI2) and [I7) showing that, if either Hypoth-
esis [ or Hypothesis Bl is violated, then there may be functions U solving ([Z2) such that ¢(U) is nonzero at
t=0Dbut ((U(t)) =0 for a finite value of ¢. Also, in both Examples ([ZI9) and @I7) the solution U is not
smooth and the Cauchy problem ([CH) does not define a regular change of variables

Remark 2.1. Consider system ([CIl) and assume that f(U) is a regular, real valued function such that
£(0) > 0. Clearly, [T is equivalent to
dau 1

= TR IO+ 6u(U) (27)

and C(U)f(U) — 07 if and only if ((U) — 07, at least in a sufficiently small neighbourhood of U = 0. By

direct check, one can verify that Hypotheses[ ... B are verified by the pair (¢, F) if and only if they are
verified by the pair ({f, Ff).

Remark 2.2. As we will see in Section B, HypothesisBl can be reformulated by saying that the slow dynamics
intersecting the singular manifold {U : {(U) = 0} are equilibria for system (22). Heuristically, this means
that we require that the limit as ((U(0)) — 0" of a solution of () is a solution of the limit system. In
other words, we want to rule out the possibility of a relaxation effect.

2.1.1 The case of the compressible Navier Stokes in Eulerian coordinates

In this section we show that Hypotheses[l B ..., B are satisfied by the ODE for the viscous profiles of the
compressible Navier Stokes equation written in Eulerian coordinates. Also, Hypothesis Bis not restrictive if
the goal is to study the viscous profiles entirely contained in a small neighbourhood of an equilibrium point.

The case of the Navier Stokes written in Lagrangian coordinates was already discussed in several paper,
see for example Rousset [I6]. When the equation is formulated by using Lagrangian coordinates, the ODE
satisfied by the viscous profiles is not singular.

11



The compressible Navier Stokes written in Eulerian coordinates is

pr+ (pv)e =0
(pv)e + (2pv2 +p)w = (va)w (2.8)
(o), + (b e 0], = ().

Here, the unknowns are p(t, x), v(t, ) and (¢, ). The function p represents the density of the fluid, v is
the velocity of the particles in the fluid and 6 is the absolute temperature. The function p = p(p, 6) > 0 is
the pressure and satisfies p, > 0, while e represent the internal energy. In the case of a polytropic gas, the
following relation holds: § = e(y —1)/R, R being the universal gas constant and 7 a constant specific of the
gas. Finally, v(p) > 0 and k(p) > 0 represent the viscosity and the heat conduction coefficients respectively.

After some manipulations (see [5] for details), one gets that the equation satisfied by the steady solutions
of the compressible Navier Stokes can be written in the form

dU 1
&=V
provided that U = (p,v,@,Z)T, ¢(U) =v and
Aglg/au
FU) = vz (2.9)

b1 |:A22U — AglAgl/a11:| zZ

The equation satisfied by the traveling waves of the compressible Navier Stokes equation in one space variable
is similar, the only difference being that the singular value is v = o, where o is the speed of the traveling
wave.

n @3,
1
AQl(pa v, 0) Z) = 5 ( pop > (210)

and At21 denotes its transpose, while zZ' = (vr, HI)t. The function ai; is real valued and strictly positive if p
is bounded away from 0, which we always assume in the following. The matrix b has dimension 2 x 2 and
all its eigenvalues have strictly positive real part (the exact expression is not important here). Finally,

a1 pv =V py Po
A22(p7 v, 67 z) - 5 ( o — er/ﬂ ,01169/9 _ k/pz/g . (211)

Note that any point U = (p,v = 0,6, Z = 0) satisfies F(U) = 0, ¢(U) = 0. Also, the matrix Az depends on
pe but, plugging p, = —AZL,Z/(a11v) into I), one gets that Assv evaluated at a point (p, v =0, 8, 7= 0)
is the null matrix. Thus, the Jacobian DF satisfies

0 —A;Fl/au
DF(5,0,0,0)=| 0 0, :
6 —bflAglAgl/au

where 0y denotes the 2 x 2 null matrix. Since A21A§1 /a1 admits only eigenvalues with non negative real
part, then DF admits only eigenvalues with non positive real part and hence Hypothesis Bl is satisfied.

Hypothesis Bl is satisfied since ((U) = v, while to verify that Hypotheses Bl ..., Bl are satisfied we first
point out that the center space of DF is

{(p,v,G,Z) : A;Fl(,a,o,é, 6) Z= O}



Hence, any center manifold M¢ has dimension 4 since Al is given by [ZI0) and p, > 0. Also, M¢ is
transversal to the singular hyperplane & = {v = 0} and hence the intersection S N M¢ has dimension 3.
Note that, by the Implicit Function Theorem, the set

{(p,v,@,é’) s v =0, AL (p,0,0,2) 7 = 0}

is locally a three-dimensional manifold included in & N M¢€. Since this manifold and & N M€ have the same
dimension, they must locally coincide and hence Hypothesis Bl is satisfied.
We can verify Hypothesis [l by defining

M ={(p,v,0,2): p=p, 0 =0, 226}.

Since V(¢(U) - F(U) = vz1, 21 being the first component of Z, then Hypothesis [ is satisfied. To verify
Hypothesis Bl we observe that by relying on [ZI) one deduces that when v = 0 the equilibria of F must
satisfy p%z1 = 0, which implies z; = 0.

In conclusion, we have that the analysis developed in the present paper applies to the study of the viscous
profiles with small total variation of the Navier Stokes equation written in Eulerian coordinates.

2.2 Examples
2.2.1 Example ZT2)

Example [ZI2) deals with a system which satisfies Hypotheses[OL Bl . .. B, but does not satisfy Hypothesis [1
We exhibit a solution of this system which has a blow up in the first derivative and hence it is not contin-
uously differentiable. The loss of regularity experienced in Example [ZI2) regards a solution U such that
ClU(0)] # 0, but ((U) reaches the value 0 for a finite value of ¢.

Consider the system

dul/dt = —’LL2/’LL1
{ dUQ/dt = —Uug, (212)

which can be written in the form () provided that U = (uy, uz)T, ¢(U) = uy and

6u(U) = ( s ) bus(U) = ( o )

In this case, the function F'(U) defined by @) is

_( w2
o= (7).
By direct check, one can verify that Hypotheses [ ... Bl and Hypothesis B are satisfied by ZIZ). On the
other side, Hypothesis [l is not verified in this case. Indeed, the singular hypersurface S defined by 4 is

in this case the line {u; = 0} and
VC . F = —Ug

is in general different from 0 on S.
The solution of [ZI2) can be explicitly computed and it is given by

u = u1(0 uz(0 et—1
10 \/ 1(0) + u2(0)( ) (2.13)

uz(t) = ug(0)e™"

Choosing u2(0) > u1(0) > 0, one has that the solution u;(¢) can reach the value 0 for a finite ¢t. Note that
at that point ¢ the first derivative duy/dt blows up: thus, the solution I3)) of [ZI2) is not C!.
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2.2.2 Example [ZT4)

Example [ZZ2) deals with system (Z4l), which is apparently very similar to [ZI2). However, in the case of
&I HypothesesM Bl. .. Bl are all verified. We show the solutions of {Il) are regular. Also, if ([U(0)] # 0
then C[U(t)] # 0 for all values of ¢.

Consider system

dul/dt = —U2
{ dUQ/dt = —uz/ul, (214)

which can be written in the form () provided U = (u, ug)T, C(U) = u; and

6:(U) = ( . ) Ons(U) = ( I )

Then the function F(U) defined by ZII) is

. —UU1
Py (),
By direct check, one can verify that Hypotheses[ ... B are all verified in this case.

To study system (ZI2) we can proceed as follows. From (14 we have

duy/dt
dor/di %2 _ gy at
U1 ul

In l“l(’f)l — us(t) — us(0).

and hence

ul(())

Eventually, we obtain

w1 (t) = uy (0)et2M—u2(0), (2.15)
Choose u1(0) > 0. To prove that uq(t) # 0 for all ¢ it is enough to show that us(¢) is well defined (and in
particular finite) for every ¢ > 0. In the following we also prove that us(t) is also C* for every ¢ > 0. This
guarantees that no loss of regularity occurs.

Plugging ([ZTH) into the second line of ZIdl) we get

U2 _
dug/dt = ———— e 2(O—u2(®), 2.16
/= e (216)
Note that ug = 0 is an equilibrium for I6). Also, if u3(0) < 0 then dus/dt > 0 and hence uz(0) < us(t) <0
for every t. Conversely, if uz(0) > 0 then dug/dt < 0 and hence 0 < ua(t) < uz(0) for every ¢t. In both cases,
we get that us(t) is well defined and regular for every ¢ > 0.

2.2.3 Example [ZT0)

With Example ZZ3) we discuss a system which satisfies Hypotheses [, Bl ... [ but does not satisfy
HypothesisBl As in Example [ZI2), we exhibit a solution for which ([U(0)] # 0, but ((U) reaches the value
0 for a finite value of . When this happens, a loss of regularity occurs.

We consider system

dul/dt = —Uus
dUQ/dt = —’LL2/’LL1 (217)
dU3/dt = —us,

T
which takes the form ([CIl) provided that we set U = (ul, Uz, ug) , C(U) = uy and

0 —Uus
¢s(U) = | —u2 Ons(U) = 0
0 —us
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The function F(U) defined by (7)) is then

—usul
F(U) = —Uu2
—usul

By direct check, one can verify that Hypotheses[. .. [are verified by I7). On the other side, Hypothesis
is not satisfied in this case. Indeed, the hypersurface S = {U : ((U) = 0} is the plane {u; = 0}. Thus,
the set of points such that ((U) =0 and F(U) =0 is {u1 = uz = 0} and

V(- DF - (vc)T = —uy

is in general different from zero on this line.
An explicit solution of ([ZI7) can be obtained as follows. From the third and the first equation we get
respectively

us(t) = uz(0)e™"
uy (t) = u1(0) — u3(0) + uz(0)e ™.

Assume that u3z(0) = Au;(0) for some constant A whose exact value is determined in the following. The
equation satisfied by us becomes

dUQ u9

dt  Aur(0)e=t +ug(0)(1 — A)

Thus, we obtain p . p
= [m (uz(t))] - TGO & [m (ul(O)(l — A)et + Aul(()))]

1
us(t) = B [(1 ~ A)et + A} (A = 1)u1(0)

and hence

for a suitable constant B. If (A — 1)uq(0) > 1, then the first derivative dus/dt blows up at t = In(A/A — 1).
Note that this is exactly the value of ¢ at which u;(¢) attains 0.

In general, for every u1(0) > 0 if 1/(A — 1)u1(0) is not a natural number, then the solution is not in
C™ for m = [1/(A — 1)u1(0)] + 1. Here [1/(A — 1)u1(0)] denotes the entire part. Thus, we have a loss of
regularity in higher derivatives.

3 Uniformly stable manifolds

In the present section we investigate the existence and the structure of suitably invariant manifolds for
system (Z2). The precise statement is given in Proposition Bl

This is the most technical section of the paper and its goal is furnishing the tools that are then applied
in Section Hl to the analysis of the singular ODE ([[l). From the technical point of view, the main result in
here is Theorem Bl which allows to prove Proposition Bl By relying on Proposition Bl in Section B we
extend to the general nonlinear case the results discussed in Section [l in the linear case.

In this section we rely on Hypotheses 2l and Bl but we do not use HypothesesO H...,B Conversely, in
Section Hl we use all the hypotheses introduced in Section 211
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3.1 Notations and preliminary results
3.1.1 Fréchet differentiability of the fixed point of a family of maps

In the following we rely on the Implicit Function Theorem to study the regularity of the fixed points of a
family of maps depending on a parameter. For the convenience of the reader we now discuss the abstract
framework we use in Section and we state in Lemma Bl the precise regularity result we need. For the
definition of Fréchet differential and for a discussion about differential calculus in infinite dimensional Banach
spaces, we refer to the book by Ambrosetti and Prodi [I].

In Section we are in the following situation: let X be a closed subset with non empty interior in a
Banach space X and let Y be an open subset of another Banach space Y. We are concerned with a given
mapT: X xY — X and we prove that, for every y € Y, T'(+, y) takes values in X and is a strict contraction,
namely there exists some constant £ < 1 such that

1T (1, y) — T(w2, y)ll g < kllzr — 225 Vi, 22 € X.

By relying on the Contraction Mapping Theorem, we define a function x : ¥ — X which maps y into the
fixed point of T'(-, y).

Lemma BTl deals with the regularity of the function z(y). Before stating it, we introduce some notations:
we assume that, for any point (Z, g) in the interior of X x Y, the function T'(-, g) is Fréchet differentiable
at 7 and we denote by T,.(Z, §) € £L(X, X) its differential. We also assume that the map T(Z, -) is Fréchet
differentiable at § and we denote by T}, (z, §) € L(Y, X) its differential.

We can now state the regularity result we need in the following.

Lemma 3.1. Assume that the map x(y) is Lipschitz continuous and that the point (Z, §) is in the interior
of X XY and satisfies T = xz(g). Also, assume that T(Z,-) is Fréchet differentiable at g, that the map
T(-, y) is Fréchet differentiable at x for (x,y) in a neighbourhood of (Z, y) and that the differential T, (x,y)
is continuous in there. Then the function x is Fréchet differentiable at y and the differential is

-1
[I - T, (z, g)} oTy(z, ), (3.1)
where I denotes the identity.
Note that the map {I — Ty [z(9), QH is invertible because T'(-, 3) is a strict contraction on X.

Remark 3.1. As a matter of fact, in the following we get the Lipschitz continuity of the map x as a
consequence of this condition: for every y1, y2 € Y,

T (z(y1), y1) — T(x(y1), v2)lIx < Lllyr — vally- (3.2)

This is enough to conclude because

(1) — 2(y2)|x = 1T (x(v1), y1) — T(x(y2), y2) |l x
<|IT(x(y1), y1) = T(2(y1), v2)llx + 11T (2(v1), y2) — T (2(y2), v2)llx
< Lllyr — yelly + Ellz(y1) — 2(y2)l x-

Since k < 1, we get that z(y) is Lipschitz continuous.

3.1.2 First change of variables

Consider system (ZZ). Let V= be the eigenspace of the Jacobian DF(0) associated to eigenvalues with
strictly negative real part. Also, let V9 be the eigenspace associated to the eigenvalues with 0 real part.
Also, fix V9, a center manifold of ([Z) around the equilibrium 0. Finally, let YV~ be the stable manifold.
The manifolds V° and V™ are tangent at the origin to V" and V~ respectively. Note that RN = V0 gV~
because DF(0) admits only eigenvalues with non positive real part. Due to the Local Invertibility Theorem,
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in a sufficiently small neighbourhood of the origin we can define a local diffeomorphism T in such that the
following conditions are satisfied. Let U = T(U), then U = (X, X°), where X has the same dimension as
VY and X~ has the same dimension as V. The stable manifold of [B3) is the subspace {X°® = 0}, while

the subspace {X~ = 0} is a center manifold. By construction,
v -
- =), (3.3)

where f(U) = DY (Y=YU))F(Y~Y(U)). In the following, we assume that the constant ¢ in ) is small
enough to have that the local diffeomorphism T is defined in the ball of radius 26 and center at the origin.
Also, to simplify the notations we do not write U, X~ and X°, but just U, X~ and X°.

3.1.3 A priori estimates

We rewrite system [B3) as
dX~/Jdr = f~(X—, XY) (3.4)
dX°/dr = f°(X—, XY) :

The subspaces {X~ = 0} and {X° = 0} are locally invariant for 83 since they represent respectively a
center and the stable manifold. Thus, f~(0, X°) = 0 for every X° and f°(X~, 0) = 0 for every X~ and

X, X)) =A(X—, XO)x~  fox—, x%=A4%x", x9x° (3.5)

for suitable matrices A~ and A°. By construction, A~ (0, 0) admits only eigenvalues with strictly negative
real part and A°(0, 0) has only eigenvalues with zero real part. As a consequence, the following holds. Let
n_ denote the dimension of X~ and fix a constant ¢ > 0 satisfying ReA < —c for every )\ eigenvalue of

A=(0, 0). Then there exists a constant C_ > 0 such that
VX eR™, |eA O0ix—| < e X (3.6)
Also, if § is small enough and | X ~(0)| < 4, then the solution of the Cauchy problem

{ dX~/dr = f~ (X, 0)
X (r=0)=X"(0)

satisfies
X~ (r)| < C_em2|X(0)],

where ¢ > 0 is as before a constant such that ReA < —c for every X eigenvalue of A~ (0, 0).

Plugging BH) in ) we get

{ dX~Jdr = A~ (X, X°)X~ 57

dX9/dr = A%(X~, X0)X0.

In view of the applications discussed in Section Hl it is convenient to take into account the following
situation. Assume that there exists a continuously differentiable manifold Zy containing the stable manifold
{X° = 0} and satisfying

fUX,X%=0 VX, X%ez. (3.8)

Actually, this assumption is not restrictive, in the sense explained in Remark B2 at the end of Section B3
Applying, if needed, a local diffeomorphism, we can assume that X° = (¢, uo) and that Z5 = {¢ = 0}.
Since the stable manifold is entirely contained in Zj, such a diffeomorphism does not produce any change
on X, but only on X°. In the following we assume that the constant § in Hypothesis B is small enough to
have that the local diffeomorphism is defined in the ball of radius 26 and center at the origin.
Consider the system restricted on the center manifold { X~ = 0}: since the subspace {¢ = 0} is entirely
made by equilibria, then we get that the equation

dX°/dr = A°(0, X°)x°
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becomes L
{ d(/dT:BKO,_)C, ug)C (3.9)
dug/dr = C(0, ¢, uo)C, '
where B and C' are suitable matrices. Note that, by construction, 3(6, 6, 6) admits only eigenvalues with
zero real part. Fix a constant € such that ReA < —e < 0 for any A eigenvalue of A’(ﬁ, 6): also, we impose
€ < ¢, where c is the same as in ). Assuming that the constant ¢ in Hypothesis Blis sufficiently small we

can assume that every solution ¢ of [BH) satisfies
<) < OW)e ()] (3.10)
for some suitable constant O(1). Since in (BJ) the matrix €' is uniformly bounded, we get that
[uo(7) — uo(0)] < O(1)e ¢ (0)] (3.11)

for a constant O(1) (possibly different from the one in ([FI0)). We introduce the following notation: given
a point X° = (¢, up) on the center manifold we call Y° the point

YO = (0, up). (3.12)

Clearly Y° depends on X°, but to simplify the notations we won’t express this dependence explicitly.
Combining (BI0) and ([BI) we then obtain

1 XO(r) = Y°(0)| < koesI™!1¢(0))] (3.13)

for a suitable constant kq.
Finally, note that, since both A~ and A are zero when |(X~, X°)| > 24, then any non constant solution
of BI) satisfies
IX%r)| <20 X (1) <26 VT (3.14)

Remark 3.2. The hypothesis that there exists a manifold of zeroes Zj is not restrictive. Indeed, assume
that the set of the zeroes of f© coincides with the stable manifold {X° = 0}. In this case, we can set ¢ = X©,
there is no component ug and, given X O, the element XO is just X Y jtself. This notation ensures that the
estimate ([BZ3) still holds. As it will be clear in the the following, the only fact about Zy we use in the proof
of Proposition Bl is estimate (B23). As a consequence, Proposition Bl can be extended to the case that Zy
is just the stable manifold.

In other words, the presence of a manifold of zeroes wider then the stable manifold is not strictly necessary
for the existence of the uniformly stable manifold introduced in Theorem Bl However, it allows to get a
sharper estimate in B22).

3.1.4 Linear change of variables

In the statement of the following lemma we denote by n. the dimension of X°, and hence we have that
N = n, + n_. The proof is standard, so we omit it.

Lemma 3.2. For every M > 0, there ezists a linear change of variables R™e — R™c such that the function
XO written by using the new coordinates satisfies

dX°/dr = A(X~, X°)X°, (3.15)
for a suitable matriz such that
A%(0, 0) = A° + N©, (3.16)
where A and N° enjoy the following properties:
eI X0 < |XO] Wt >0, X0 e R (3.17)
and 1
INOXO| < M|X0|, X0 ¢ R™. (3.18)
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We specify in the following how we chose the constant M.

Remark 3.3. If we apply the linear change of coordinates introduced in Lemma B2 then it is no more true
that X9 = (¢, ug) where {¢ = 0} is the manifold Z; of equilbria for f0. However, estimate (@I3) still holds,
provided that we change if needed the value of the constant ko and we take, instead of X°(7), Y, and ((0),
their images trough the linear change of variables.

3.2 Uniformly stable manifold of an orbit

We are now ready to state the main result of this section.

Theorem 3.1. Let HypothesesA and[d hold. If the constant § in Hypothesis[@ is sufficiently small, then the
following holds. .
Fiz an orbit YO(7) = (0, X°(7)) of
dX~/Jdr = A= (X—, X)X~ (3.19)
dX9/dr = AO(X—, X0) X0 '

that lies on the center manifold and satisfies | X°(0)| < 8. Then we can define a uniformly stable manifold
relative to Y°(7). This manifold is defined in the ball of radius § and center at the origin, is parameterized by
{X° =0} and is tangent to this subspace at the origin. Also, it is locally invariant for BI9), meaning that
if the initial datum lies on the manifold, then (X~ (7), X°(1)) belongs to the uniformly stable manifold for
|7| sufficiently small. Every orbit lying on the uniformly stable manifold relative to Y°(T) can be decomposed
as

X(r)=Y(r)+Y (1) + UP(7), (3.20)

where the components Y~ = (X (1), 6) and UP (1) satisfy respectively
X (7)] < k- | X (0)]e™ /2 (3.21)

and
UP(7)| < kplC(0)] | X (0)]e7/%. (3.22)

In BZT) and B2D), ¢, k- and k, are suitable constants. In particular, c is the same as in B.8).

In @22), ¢ is the component of X% = ({, ug) according to the decomposition introduced in Section B.T2

3.3 Proof of Theorem B.1]

This section is devoted to the proof of Theorem Bl which is divided in several steps: in Section B3]
we introduce the spaces of functions we use in the proof. In Section we are concerned with the
component Y (7) in B20). In Section B33 we deal with the “perturbation” term UP(7) in (B20). Both
the components Y~ (7) and UP(r) are obtained as fixed points of suitable contractions: in Section B34 we
study their regularity by relying on Lemma Bl Finally, in Section BZ338 we conclude the proof of Theorem
Bl by putting together all the considerations carried on in Sections B30 B3 and B34
We have to introduce some notations. Let (0, X°(7)) be a given orbit as in the statement of Theorem BZT]
then we denote by X° = X°(0) and by Y the corresponding projection, defined as in BI2). Also, if we
write X° = (¢(0), uo(0)) then we set
¢ = ¢(0). (3.23)

By definition, X°(7) is a solution of the Cauchy problem

{ dX°/dr = A°(0, X°) (3.24)

X°(0) = X°
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3.3.1 Definition of the functional spaces

Let n_ denote the dimension of X ™. Also, n. denotes the dimension of X°, as in the statement of Lemma
.2
In the following we use the following Banach spaces of functions:

V= {X* € ([0, +oof, R™ ) : [ X~|_ < +oo} (3.25)
and
o = {XO € C°([0, +oof, R™ ) : [|X°p < +oo}, (3.26)
where the norms || - ||~ and || - [|o are defined as follows:
X1 = sup e} X = sup {em X)) (327)

The constants ¢ and ¢ are the same as in (B0 and I3) respectively. Also, we consider the following closed
subsets of Y~ and Y{:

V5 = {X— € CO([0, oo, R™ )& | X~||- < k_d.} V0 = {XO € C°([0, +oof, R™ )1 [ X < /Ws.}

(3.28)
We specify in the following how to determine the exact value of the constant k_, while the constant kg is
the same as in [@I3). Also, note that the spaces V5 and ) are equipped with the same norms || - |- and

|- llo as Y~ and Y° respectively.
We will also need the space of functions defined as follows. Let ¢ be as [B8]) and let a € [0, ¢[. Consider
the space

Vo = {(U77 UO) € CO([Oa +o00], RMeFn- ) DX lpert < +OO} (3.29)

which depends on a because it is equipped with the norm
1 U lpere = sup {7/ [ (7)] + U°()D] }-
Also, we will use the closed subset
b, = {7, U") € ([0, +ool, R ) i (U7, U pere < kb, (3.30)

which is equipped with the same norm as YP. We specify in the following how to determine the values of
the constants k, and a.

3.3.2 Analysis of the stable component

This step is devoted to the definition of the component Y~ (7) = (X ~(7), 0) in 20). Fix a vector X~ € R"~
satisfying | X | < 0.
We define X ~(7) as the solution of the Cauchy problem

{ dX~Jdr = A~ (X, Y*) X~ (3.31)

X7(0)=X",
where Y is given by @I2). It is known that, for any fixed Y and X, X~ can be obtained as the fixed
point of the application

TV Yy
defined by
T (X )[r]=e "X

“ 4 /OT eAT(r=9) [A‘ (X~ (s), ¥°) — A—}X—(s)ds (3.32)
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where A~ = A~ (0, 0). The space Y; is defined in ([B28). More precisely, if the constant k_ in (E28) satisfies
k_ < C_ and the constant ¢ is (B2])) is sufficiently small, then the map 7'~ takes values in Y5 and is indeed
a contraction. Also, the fixed point satisfies

X~ ()| < k| X |em/? (3.33)

We are now interested in the differentiability of the fixed point with respect to Y° and X ~. To study it, we
recall that the set Zy € RY is given by Zy = {(X, 0, ug)}. We then regard T~ as an application

T_IZOXyg%y_

and we verify that the hypotheses of Lemma Bl are satisfied. The space Y~ is defined by @&ZH). The
Frechét differential of 7~ with respect to (X, Y°) is a linear map 7~ € £(Zy, Y~ ) which takes the value

T-(h™, hO)r] = "h + / e [Dyod™ (X~ (), YO) 0] X~ (s)ds
0

if evaluated at the point (h~, h°) € Zo. In the previous expression, DyoA~ (X~ (s), Y°)[h°] denotes the
differential with respect Y of the function A~ (X ~(s), Y°), the differential being applied to the vector h’.
If X~ =0 then, no matter what Y is, the differential 7~ maps (h~, h°) into the function eATThT.

The Frechét differential of T~ with respect to X~ is a linear map S~ € £L()~, Y~ ) which takes the value

S (h)r] = / e?“ﬁﬂ){ [A* (X~ (s), Y°) - fl’}h’(s) + {DK_A* (X~ (s), ZO)[h’(s)]}X’(s)}ds
0
if evaluated at the point A~ € Y~. In the previous expression, Dx- A~ (X~ (s), Y°)[h™(s)] denotes the
differential with respect X~ of the function A~ (X —(s), XO), the differential being applied to the vector
h™(s).

Both 7~ and 8~ are continuous if viewed as maps from Zy,x Vs to L(Zy, Y~ ) and L(Y ™, Y ~) respectively.
Thus, the hypotheses of Lemma Bl are verified and hence the application

20— Vs

=, Y the fixed point of [B32) is continuously differentiable (in the sense of Frechét).

which associates to (X,
=0 and XO = 0 the Frechét differential is the functional that maps (k™ QO) € Zy to the

When both X~ =0

function e Th™.
3.3.3 Analysis of the component of perturbation

This step is devoted to the definition the component U?(7) in (B.20). First, we apply the change of variables
introduced in Lemma and we get that the matrix A(X~, X°) in ([Z2) satisfies

-,

A(0, 0) = A° + N°,

where A° and N° enjoy [I7) and @IX) respectively. By relying on Remark B2 we can still use the

estimate [BI3).
We impose that X (1) = YO(7)+Y*!(7) 4+ UP(7) is a solution of [B). We then write UP(r) = (U~, U%)T

and, subtracting (B24]) and B30 from @), we get
AU~ Jdr = AU~ + [A*(X* +U™, X0+ U%) — A~ (0, 6)} U-
HAT(X U, X000 - A (X, YO X
dU° Jdr = A°U° + NOU® + [AO(X— YU, X0+ U0 — A, 6)} o
+ [AO(X* +U-, X0+ U0 — A%, XO)} X0,

(3.34)
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Here, A= = A=(0,0).
Let V2 be the metric space (B30) and consider the application T}, defined for (U~, U%) € V2 as follows:

THU, U] = / LA A (X (5) + U (5), XO(s) + UO(s)) — A (X (), X)) X (5
+[AT (X7 (5) + U (), X°(5) + U(s)) = A™ (0, 0)]U (s) s
TXU~, UO)r] = /+ T A [N 4 AO(X () 4 U (s), X°(s) + UP(s)) — 4°(0. 0)] (o)

+ [AO (X*(s) + U (s), XO(s) + U°(s)) — A0, XO(S))} Xo(s)}ds.

(3.35)

In the previous expression, X~ is the solution of ([B3) and X© is the solution of [(EZ). We want to show
that T}, maps ), into itself, provided that § is sufficiently small. We have

T U=, U]l < / S LU ()] + [0°(s)] + 1X0(s) - YOI X ()
+ LX)+ U ()] + [XO(s)] + [U°(s) ] |U (9)] s

< Cfeic‘r/ eSS [Qkp52678(0+a)/4 + kO|C|e€S} k,|xi|eics/2
0 >

+CO_e T / € L[| X o702 4 2k %A 1 26 5%+ A s
0

IN

[ ~CL L] g% T4 2 LO_kok_g2e T2/ [—4 LC_k_ky8|§2e—(Bera)/4
Cc— c+ 2¢ c—a
y

cC—a

+ [ LC,kp52}kp52e’T eta)/2 4 [%5} LO_kyo%e~m(e+a)/4,

(3.36)

In the previous expression, C_ is the same constant as in (B8] and L is a Lipschitz constant for A= (X ~, X0).
The estimate ([B30) is obtained by using (B13), BId), B33) and the fact that, since it belongs to V¥ , then
(U~, UY) satisfies

U= (1)), [U°(7)| < kpb2eTleTa)/4, (3.37)

Also, the term ¢ is the same as in ([B2Z3) and we rely on the fact that [X |, [(] <.
We then use estimates (17), BIX), B33), B3D) and BI) to get

2w vl < [

| INT )]+ LX)+ U6+ X0+ 00609l ds

+ LX)+ U (@) + [0°(5)]]1XO(s) s

—+o0

T 1 T
S / —|U0(s)|d8—|—L/ |:]€7|X7|e*08/2+2kp52678(c+a)/4+25:|kp52678(c+a)/4d8
+o0 M +o0

T

+ Lk_ | X |e*/?28ds + L / 2k, 02e T/ 495
—+o0 —+oo

4 4Lk_9 4 Lk,6?
< k 52 —7(c+a)/4 k 52 —T(Sc+a)/4
~ M(c+a)” ‘ +30—|—a PO ¢ c+a

16L6

k 52 -7 c+a)/2 8L kp52€_T(c+a)/4
c+a
+ %k7L52e—CT/2 k,‘ 52 —7(ct+a)/4
C

(3.38)

In the previous expression L denotes a Lipschitz constant of A°(X~, X°). By combining (338) and B3R)
we get the following. Assume that the constant k, in B30) is sufficiently large (namely, k, > 4Lk_/c).
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Then for every a < ¢ — 4¢ we can choose § and M in such a way that 7}, take values into yf;a. Also,
estimates similar to B34) and ([B38) ensure that one can choose the constants in such a way that T}, is a
strict contraction. As a remark, we point out that, the bigger is a, the smaller is §.

We set a = 12¢ and we choose § in such a way that T? is a contraction from Y%,,_ to itself. The constant
£ is the same as in (BI0). However, in the following we regard T? as a map Vi, — V5,, where V5, is the
space (B30) obtained setting ¢ = 0. In this way, we obtain that 77 is a contraction on Y%,, but, due to our
choice of §, the fixed point automatically satisfies the sharper estimate

U (7)], |U°(7)] < kpd?eTleF120)/4, (3.39)
Also, in the definition of the space Y5 one can take 6% = |¢||X ™| and hence
U ()], [U°(r)] < ke 7241 X, (3.40)

where X is defined by (B31]). Also, to simplify the notations in the previous expression we denote by ¢ the
point obtained applying the change of coordinates introduced in Lemma to the vector (¢, 6) defined by

B23).

3.3.4 Frechét differentiability of the component of perturbation

We are now concerned with the Frechét differentiability of the fixed point of the map 7}, defined by B3H).
Since T,(U~, U°) depends on X~ and XY, we regard T}, as a map

T:YV5 xY— V. (3.41)

In the previous expression, ) = Y~ x )V, where Y~ and ) are defined by Z3) and [EZ0) respectively.
Note that by construction they satisfy X~ € Y~ and X° € )°.

The proof of the differentiability relies on Lemma Bl (taking Y = Y and X = Yj;). We thus verify that
the hypotheses of Lemma Bl are satisfied.

To simplify the exposition, we write B35 as

TN U, UO)[r] = /O ’ eA*<f—S>{F(X—(s), U= (s), X(s), UO(S))X—(S)

+ G(X—(s) LU (s), X°(s) + Uo(s)) U—(s)}ds

T (3.42)
T2(U, U°)r] = / AN+ H (X () + U (), X°(5) + U°(s) ) [ U°(s)
+00
+ L(X—(s) LU (s), Xs), Uo(s))Xo(s)}ds,
where the functions F';, G, H and L satisfy
F(X‘(s), g, X(s), 6) =0 a(a, 6) =) H(a, 6) =} L(a, X0, 6) =} (3.43)

Note that X%(s) = Y is an equilibrium for (B24).

Relying on (B39), one can show that the condition B3) is verified here, so applying Remark Bl we get
that the fixed point (U~, U) is Lipschitz continuous with respect to (X%, X 7).

Concerning the Frechét differentiability of T}, with respect to (X%, X ™), we proceed as follows. Fix
an element (UY, U™, X% X~) € Vb x Y satisfying the estimates E13), BId), B33) and B3J). The
Frechét differential of T, with respect to (X, XY) computed at the point (U°, U™, X% X~) is a linear
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map 7 € L(Y, YP). The image of the element (h~, k%) € ¥ = Y~ x V9 is given by
T 0] = [ A (X (0, U6, X0, U)o
:DX_F(X’(S), U=(s), X°(s), U%(s )h* s }X*
:Dfo(X (s)+ U~ (s), X°(s) + U(s ) s}
DxoF (X7 (5), U™ (s), X(s), U°< >)h°( >]X (5)
DxoG(X7(s) + U (s), X
T2 (h™, hO)[r] = /+ Oo M={ Dy H(X U (), X°<s>+U0<s>)h*(s>} U°(s)
) X(s), U%(s)) 0 (5)| X°(s)
). X )

+ o+ o+ o+

+ :DX-L(X*( )+ U (s
+ :DXoH(X (s) + U (s
+L(X7(s) + U (s), X°(s), UO(s>)h°<s>

+ [ Dxo L(X () + U (5), X°(s), U"(5)) ()| X°(s) } .

In the previous expression, [Dyx-F (X (s), U~ (s), X°(s), U°(s))h~(s)] denotes the differential of the
matrix valued function F' with respect to the variable X—. The differential is computed at the point
(X~ (s), U(s), X°s), U°(s)) and is applied to the vector h~(s). To prove that indeed

(TH(h™, B, T*(h™, b)) € IF
one uses the estimate 39 and the identity L(0, X°, 0) = 0.

We now discuss the Frechét differentiability of T}, with respect to (UY, U~). Fix an element (U°, U~, X%, X~

The Frechét differential of T, with respect to (U°, U~), evaluated at the point (U°, U™, X9 X ™), is a linear
map S € L(YF, VI) and the image of the element (h~, h°) € V¥ is given by

S (h™, h)fr) = / ' A Dy F(X (), U (s), X°(s), U(s) )b ()] X~ (s)
+ G( () + U (5), X°(s) + U(s) ) (s)
+[Du-G(X(5) U (s), X(s) + U(5) )b ()] U (s)
X~ (s), U™ (s), X°(s), U(5) ) ()| X~ ()
X~ (s), U (5), X°(s) + U°(s) ) h(s) | U™ () }ds
S} U™, U] = /+ OO AT [Dy-H(X™ () + U (5), X°(s) + U°(s) )0 (5)| U°(s)
Dy-L(X™(s) + U (s), X°(s), U°(s) ) <s>] °(s)
N

+ [DyoF

+ —DUOG
i (3.45)

:DUOH(X*(S) LU (s), XOs) + UO(s)) (s)} UO(s)
+ :DUOL(X*(S) +U(s), XO(S), UO(S))hO(s)] Xo(s)}ds.

One can verify that, if (U%, U™, X% X7) € Y% x Y, then indeed S(h~, h?) € V. Also, S is continuous as
a map from X? x Y in L(VF, V5).
This shows that the hypotheses of Lemma Bl are all verified.
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3.3.5 Conclusion

Applying Lemma BTl we get that the map
y—V5 (3.46)
that associates to (X—, X) the fixed point of E34) is Frechét differentiable and that its differential
evaluated at the point X~ (7) = 0 and X%(7) = 0 is the functional that associates to (h—, h°) € Y the
functions U~ (7) = 0, U°(7) = 0. We then perform the linear change of variables which is the inverse of the
change of variables introduced in Lemma In this way, we go back to the original variables. To simplify
the notations, we still denote by (U -(n), U O(T)) the functions obtained applying the change of variables.
To define the map that parameterizes the uniformly stable manifold we proceed as follows: the orbit
XO(7) is fixed. For every X € R"-, there exists a unique solution of ([E31). Also, in Section B23A we showed
that the map
X— X" () (3.47)
is continuously differentiable in the sense of Frechét. As a consequence, the map obtained composing ([BZ71)
and ([@Z0) is Frechét differentiable. Note that such a map associates to X~ the functions (X—, U~, U?).
The function ¢ that parameterizes the uniformly stable manifold is then defined by setting

6(X) = (X(0). X°(0) + U°(0)).

Due to the previous considerations, ¢ is continuously differentiable and the manifold is tangent to the stable
space {(X~,0): X~ € R~} at the origin. Finally, estimate (82Z2) is a consequence of (BZ0).
This concludes the proof of Theorem Bl

3.4 Uniformly stable manifolds

Let V° be a given center manifold for ([ZZ2) and assume that Hypotheses Bland Blin Section B are satisfied. In
Theorem Bl we consider a fixed orbit lying on V° and we construct the uniformly stable manifold relative
to that orbit. In this section we discuss what happens if, instead of having a single orbit, we have a whole
invariant manifold.

More precisely, let Sp be an invariant manifold for [B7) and assume that Sy is entirely contained in the
center manifold { X~ = 6} Also, denote by SY the tangent space to Sy at the origin. Choosing a sufficiently
small constant in Hypothesis B we can assume that Sy is parameterized by S°. By construction, S° is
contained in {X~ = 0}. Also, as in Section assume that Zy = {(X~, 0, ug) : ¢ = 0} is a manifold of
zeroes for the function fo in (B).

As a consequence of Theorem Bl we get the following result:

Proposition 3.1. Let Hypotheses @ and @ hold. Let Sy be an invariant manifold for B) and assume that
it is entirely contained in the center manifold {X~ = 0}. If the constant § in Hypothesis @ is sufficiently
small, then the following holds.

There exists a continuously differentiable manifold M which is defined in the ball of radius § and center

at the origin. Also, Mg satisfies the following properties:

1. Mg is locally invariant for B), meaning that if the initial datum lies on the manifold, then the
solution ((X~ (), X°(7)) of @) lies on ME for |7| sufficiently small.

2. S is parameterized by S% x V'~ and it is tangent to this space at the origin. Here, S° is the tangent
space to SO at the origin and V=~ = {(X~, 0) : X° = 0}.

3. Any orbit Y () lying on M can be decomposed as
Y(r)=Y%r)+Y (1) + Y?(7), (3.48)

where YO(1) = (6, ¢O(7), uo(7)) is an orbit lying on Sy. The component Y (1) = (X~ (1), 0, 6) lies
on the stable manifold and the perturbation term YP (1) satisfies

YP(r)| < CISCO)] Y (0)]e/%, (3.49)
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for some positive constant C. The constant ¢ > 0 in BZD) is the same as in [B0).

In the following we call M the uniformly stable manifold relative to Sp.

Proof. Let (0, X°(7)) and (X~ (7), 0) be two orbits of (BI) lying on the center manifold {X~ = 0} and on
the stable manifold respectively. We then have X%(7) € Y9, X~ () € Y5 , where the metric spaces V9 and
Y5 are defined by B28). As in Section B3 we use the notation Y = Y5 x yg. Consider the map

Q:Y—YxVE

which associates to X ~(7) and X°(7) the function (X~ (7), X°(7), U~ (1), U°(7)), where (U~, U") is the
perturbation term constructed in Section B33 We recall that Vi is the set obtained setting a = 0 in B30).
As shown in Section B234 the map ® is continuously differentiable in the sense of Frechét. Also, let

X =0} x {X~ =0} - )5

be the map that associates to (X, ¢, u®) € Z the unique solution of the Cauchy problem [B3Z1]) (we recall
that Y, = (6, ug) in (EZ9)). The map f~ is continuously differentiable in the sense of Frechét, as it is shown
in Section Also, let

fO{XT =0} = 5
be the map that associates to (X°, 6) the unique solution of the Cauchy problem EZ4)). The map f° is also
continuously differentiable in the sense of Frechét. Finally, let

080 O

be a continuously differentiable parameterization of Sy. We define the map
P:S"x VO = Y x Vb

setting

WX’ X7) = @(f(x, g(x"), f° ogo(xo)) (3.50)

The map 1 is then continuously differentiable in the sense of Frechét. By construction, ¢ (X O X T)is an
element in the form (X~ (7), X°(7), U~ (7), U°(7)) and, setting

Y(r) = (X7 (1) + U (), X°() + U°()).

we get that Y(7) can be decomposed as in ([Z8). Also, the perturbation term (U°, U~) automatically
satisfies (B49). We then define the map

Po: 8" X VT — RMH"-

parameterizing Mg by setting
Yo(X°, X7) = (X7(0), X°(0) +U°(0)) = Y(0),

where X%(7), X (1) and U°(7) are given by (E50).
The map g is continuously differentiable, being the composition of maps that are continuously differen-

tiable in the sense of Frechét. Also, by construction the manifold M’ is invariant for [E1). To prove that

the manifold M’ is tangent to SY x V'~ at the origin it is enough to observe that the Frechét differential
of f=— at X~ = 0 is the functional h_ +— eA Th™, while the Frechét differential of f° at X% = 0 is the
functional by — eAOTﬁo. O
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4 Invariant manifolds for a singular ODE

In the present section we focus on the analysis of the singular ODE ([[TIl) and we use the tools introduced in
Section Bl to extend to the general nonlinear case the analysis done in Section [l in the linear case.

The exposition is organized as follows: we proceed by following Steps 1,...,4 that are outlined in the
second part of Section [l In Section Bl we introduce the same change of variables as in Step 1 and then
we introduce a further change of variables which allows to write system [Z2) in a nicer form. The details
concerning this change of variables are actually carried on in Section EE4l In Section we define the
manifolds of the slow and the fast dynamics and hence we follow Steps 3 and 4 respectively. Finally, in
Section B3 we focus on Step 4 and we extend to the general nonlinear case the definition of uniformly stable
space given in ([CId]). We also extend to the case of the singular ODE ([Il) the definition of center-stable
manifold.

4.1 Changes of variables

Let us introduce the change of variables 7(t) defined by the Cauchy problem (CH), which transforms sys-
tem ([I) into (LH). However, in the nonlinear case the change of variable is not a priori well defined since
the function ([U(t)] could in principle attain the value 0. Hence we proceed as follows: as in the linear
case we carry on the analysis by referring to system ([CH) and then we show that a posteriori the change of
variables () is well defined.

In this section we also introduce Proposition EEIl which loosely speaking states that in a small enough
neighborhood of 0 we can define a further change of variables which allows to write system &2 in a nicer
form. Before giving the precise statement we have to introduce some notations. Let N denote the dimension
of U. Also, n_ is the number of eigenvalues of DF(0) with strictly negative real part, while (ng + 1) is the
number of eigenvalues of DF (6) with zero real part. Each eigenvalue is counted according to its multiplicity.
Due to HypothesisBL N =n_ +ng + 1.

Proposition 4.1. Let Hypotheses[ ... @ hold. If the constant § in Hypothesis @A is sufficiently small, then
in the ball with radius 6 and center at the origin we can define a continuously differentiable diffeomorphism
T satisfying the following properties. Write Y(U) = U as a column vector:

U= () N

u_
where ( € R, ug € R™ and u_ € R"~. If U satisfies @3), then U satisfies

d¢/dr = G1o(¢, uo)uoC® + G- (¢, uo, u—)u—_¢
dUQ/dT = {GOI(C7 UO) + [GO,(C, Uo, u,) — GO,(C7 Uo, 6)] }CUQ (41)

du_/dT = G4(¢, ug, u—_)u_

In the previous expression, Gig is a row vector belonging to R, G1_ is a row vector in R"~, the matrices
Go1 and Go_ belong to M0 *™0 qnd the matrix G belongs to M"™=>"~.

A center manifold of system @) is the subspace {((, uo, 0) : u_ = 0}, the stable manifold is the
subspace {(0, 0, u_): ¢ =0, ug = 0}. Let MY be the uniformly stable manifold relative to the manifold
E ={(¢, 0, 0): up = 0, u_ = 6}, which is entirely constituted by equilibria. Then M = {(C, 0, u_): ug = 6}

In the statement of Proposition Bl by uniformly stable manifold relative to E we mean the manifold
defined by Proposition Bl Also, note that by construction all the eigenvalues of the matrix G4(0, 0, 0) have
strictly negative real part.
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4.2 Slow and fast dynamics
Let E denote, as before, the manifold of equilibria {(¢, 0, 6) Cug =0, u_ = 6}

Definition 4.1. A manifold of slow dynamics is a center manifold of {Il). In the following we fix the
manifold of the slow dynamics {u_ = 0} and we denote it by M.

The manifold of fast dynamics of system (EJJ) is the uniformly stable manifold relative to E, namely the
subspace {ug = 0}.

Note that both these manifolds are invariant for system Il). Also, for every point (¢, 0, u_) belonging
to the manifold of fast dynamics, denote by (¢(7), 0, u_(7)) the solution of @) such that

(¢0), 0, u—(0)) = (¢, 0, u).

Combining [B48) and BZd) we get that this solution decays exponentially fast to an equilibrium point.
Namely, there exists (., such that

lim e/ 4u_(r)]=0= lim e/*|¢(7) — Cool,
T—-+00 T——400

where the positive constant ¢ satisfies ReA < —c for every A eigenvalue of G(0, 0, 6)

We now consider system () restricted on the manifold of slow dynamics, namely

d¢/dr = (*Gro(C, uo)uo
dug/dT = Go1(¢, uo)uo (4.2)
u_ =0.

If one goes back to the original variable ¢ obtains

d¢/dt = (G1o(C, uo)uo
dUQ/dt = G01 (C, UO)U/O (43)
u_ =0,

namely an equation with no singularity. Note that @2) and [3) are equivalent. Indeed, by the uniqueness
of the solution of a Cauchy problem associated to {3), the following holds. If {(0) > 0 then ((¢) > 0 for
every t. Thus, the Cauchy problem (C8) admits a global solution 7 : [0, +00[— [0, +0o[ whose derivative is
always different from 0. Thus, 7(¢) defines a change of variables and [2) is equivalent to E3).

One of our original goals is to study the solutions of_’([l:[]) that lie on a center manifold. Let M be a

center manifold for @3) of the equilibrium point (0, 0, 0). Then M is a center manifold of

% = (G10(¢, uo)uo + G1-(¢, uo, u_)u_
% = {GOl(C7 ug) + [Go1(C7 ug, u—) — Go—(¢, wo, 6)} }uo (4.4)
ds—; = %GS(C, Uy, U )U_

We collect these results in the following theorem.

Theorem 4.1. Assume that Hypotheses [l ... @ are satisfied. There exists an invariant center manifold
MO of the equilibrium point (0, 0, 0) of system @A). The manifold MO0 is contained in the manifold of
the slow dynamics, equation ([EEQ) restricted to M0 is non singular and every solution satisfies the following
property: if ((0) > 0, then ((t) > 0 for every t.
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Remark 4.1. Hypothesis Bl ensures that the manifold {U : {(U) = 0} is invariant with respect to the slow
dynamics. This hypothesis is not necessary to define an invariant center manifold M% contained in the
manifold of the slow dynamics. However, it is necessary if we want that ([2) is equivalent to 3)), namely
that the change of variables defined by (LH) is well defined. To see this, we can proceed as follows.

Given equation ([Z2), we proceed as in the proof of Lemma B and we use Hypotheses[. .. [ but we do
not use Hypothesis B The system we eventually get, restricted on the subspace {u_ = 6}, is

d¢/dr = Cg1(C, uo, 0)
dug/dT = Go1(C, uo)uo (4.5)
u_=0

where g1 is the same function as in ([20) and satisfies
91(2,0,0)=0 Vz.
Going back to the original variable ¢, ({EH) becomes

d¢/dr = g1(¢, uo, 0)
duO/dT = GOI(C; UQ)UO (46)
u_ =0

Thus, even if we do not assume Hypothesis B, the ODE ([[T]) restricted on the manifold of the slow dynamics
{u_ = 0} is non singular. Also, one can define an invariant center manifold M% which contains only slow
dynamics.
Note, however, that if Hypothesis B is not satisfied it may happen that for a solution U lying on M
¢(U(0)) > 0 but ¢(U) touches 0 in finite time. An example is the following.
Consider the equation
dul/dt = —U3
dug/dt = u3(1 — uz)
du?,/dt = —U3/U1

and set
T
CU) =wuy FU) = < — uiuz, ulug(l — ug), —U3> .

Then Hypotheses[ Bl ... [ are satisfied, but Hypothesis Bl is violated. The manifold of slow dynamics is the
subspace {uz = 0} and it coincides with the center manifold M%. Restrict to this subspace and consider

the equation
duy/dt = us(1 — ug).

If 0 < u2(0) < 1, then 0 < wa(t) < 1 for every ¢. Also, dus/dt > 0 for every ¢t and hence u2(0) < ua(t) < 1
for every t. Since
dul/dt = —Usg,

then by a comparison argument uq(t) < u1(0) — uz(0)t for every ¢t > 0. In other words, if u1(0) > 0 then
u1(t) attains the value 0 for some t < u1(0)/u2(0).

4.3 Applications of the uniformly stable manifold to the analysis of a singular
ordinary differential equation

First, we recall a result we need in the following.

Lemma 4.1. Let {(7) be a real valued, continuous and bounded function satisfying ((t) > 0 for every
T € [0, +oo[. Let t(1) be the mazimal solution of the forward Cauchy problem

dt/dr = ((T
{ t(({) — 0. 7 (4.7)

Then t(7) is defined on the whole interval [0, +o0o[. Also, the following statements are equivalent:
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1. t(7) is a continuously differentiable diffeomorphism t : [0, +o00[— [0, +o0].

+oo
2. /0 ¢(r)dr = 4o0.

Condition 2 guarantees, in particular, that the inverse map 7(¢) is defined on the whole interval [0, +oo|
and that it is continuously differentiable there. Also, note that ¢(t) = ((7(t)) is automatically strictly bigger
than 0 for every ¢.

Before stating the main result in this section we introduce some notations. As before, ¢ > 0 denotes a
positive constant satisfying ReA < —c for any A which is either an eigenvalue of G,(0, 0, 6) or an eigenvalue

5,

with strictly negative real part of of Go1(0, 0). We denote by V%~ the subspace

VO~ ={(0, € 0)},

where 5 € R™ belongs to the eigenspace of G1¢(0, 6) associated to the eigenvalues with strictly negative real

part. Also, .
V™ ={(0,¢ 0)},

where £ € R™ belongs to the eigenspace of G10(0, 0) associated to the eigenvalues with non positive real
part. Clearly, V0~ C V%=, We denote by V'~ the stable manifold, namely

V=" ={(0,0,u_): u_ € R"},
Finally, as in Section 4 we denote by E the manifold of equilibria {(¢, 0, 0) : ¢ € R}.
We are now read to state our main result.

Theorem 4.2. Let Hypotheses[ ... [ hold. If the constant ¢ in Hypothesis @A is sufficiently small, then in
the ball with radius § and center at the origin one can define two manifolds, M?® and M®, satisfying the
following properties:

1. both M?® and M are locally invariant for @), namely, if the initial datum lies on the manifold,
then the solution (({(7), uo(7), u—(7)) of @) also lies on the manifold for |7| sufficiently small.

2. M?* is contained in M5,

3. M? is parameterized by E ® VO~ @ V=~ and it is tangent to this subspace at the origin. Also, M is
parameterized by E ® V%~ @V~ and it is tangent to this subspace at the origin.

4. Let U(1) = (C(T), uo(7), u_(T)) be an orbit lying either on M?® or on M® and satisfying (0) > 0.

Then the mazimal solution of the forward Cauchy problem

dt/dr = ((7)
[ "

defines a continuously differentiable diffeomorphism t : [0, +o00[— [0, +o0[. Let 7(t) denotes its inverse.
Then the function U(t) = U(7(t)) is a solution of [) and satisfies ((t) > 0 for every t > 0.

5. Any orbit lying on M?® can be decomposed as
U(r) =U" (1) + U*Y(1) + UP(7), (4.9)

where U~ (1) satisfies
U (1) < ke “™/2|U(0)] (4.10)

for a suitable constant k_. Conversely, the component U (1) = (¢*(7), ug! (1), 6) lies on the manifold
of the slow dynamics. Also, if we use the variable t defined as the mazimal solution of the Cauchy
problem X)), we have that there exists a point ((s, 0) such that

lim (|C(t) — Coo| + |uo(t)])e/? = 0. (4.11)

t——+o0
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Finally, the perturbation term is small in the sense that
UP(T)] < k| (0)|U (0)] e/ (4.12)
for a suitable constant k, > 0.

6. Any orbit U(T) lying on M®® can be decomposed as
U(r) =U" (1) + U (1) + UP(7), (4.13)

where U~ and UP satisfy |U~ (1) < k-0~ (0)] and [UP(1)] < kol QI (0)]e 7/ re-

spectively. Here k_ and k, denote the same constants as in EIW) and @IZ). The component

Usl(r) = (¢*'(r), u’l(7), 6) lies on the manifold of the slow dynamics. More precisely, the follow-
ing holds. Consider the maximal solution of the Cauchy problem

{ dt/dr = ¢\ ()
£(0) = 0

and set (U (t) = ¢*1(7(t)) and w*'(t) = us'(7(t)). Then (¢*'(t), u*(t)) is a solution lying on a center-
stable manifold of

d¢/dt = (G1o(¢, uo)uo

dUQ/dt = G()l (C, UO)’LLQ

u_ =0.

Note that, strictly speaking, in @3) and in @I3) the component U~ does not lie on the manifold of
the fast dynamics. Indeed, as we will see in the proof, U~ is a solution of [B3I) and hence does not lie
on {(0, 0, u_)}. However, loosely speaking it can be regarded as a fast dynamic because of its exponential
decay.

Proof. We first define M?.
Consider system () restricted on the manifold of the slow dynamics. Due to the analysis in Section
the variables t and 7 are then equivalent. Using the variable ¢, we get

d¢/dt = (G1o(C, uo)uo
dUQ/dt = G()l (C, UO)U/O (414)
u_ =0.

The manifold E = {(¢, 0, 0) : ¢ € R} is then entirely constituted by equilibria. Applying Proposition Bl
to system [LId)) with Sy = E, we then obtain M}, the uniformly stable manifold relative to E, which is
parameterized by E @ V%=, Note that so far we have used only the variable ¢: MY® is a uniformly stable
manifold for @A) with respect to the variable ¢ and by construction it is included in {u_ = 0}, a center
manifold for ) with respect to the variable 7. The manifold M? is then obtained by using the variable 7
and applying Proposition Bl to system ) with Sp = MEs. Also, the set

Zo={(0, up, u—) : up € R™, u_ € R"}

satisfies (B.8). Properties 1, 3 and estimates [@I0) and {I2) in the statement of Theorem are then
automatically satisfied, so we are left to prove estimate ([Il) and property 4.
To show that estimate ([EI]) holds we apply Lemma BTl By using X) we get

¢(r) =¢*(r) +¢P(7),

where U*() = (¢*(7), ug'(7), 0) lies on the manifold of the slow dynamics and (P is the first component
of the perturbation term UP. Let £ be defined as the maximal solution of

{ Ei{/dT = ¢*(T)
t(0) = 0,
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Then there exits (Cso, 0) such that
Jim (160 = Goel + [ (B2 = 0. (4.15)

Since |¢P(7)| < kp62e=¢7/4, then for every T

[t(r) — t(1)| < O(1)8?

where t(7) is defined by @X). Since also |ug () — ug(7)| < kpd2e¢7/4, we conclude that (EII) implies
ETD).

Concering the proof of property 4, we apply Lemma EIl Since U (7) = (¢*!(7), ug!(r), 0) lies on the
manifold of the slow dynamics, then by the analysis in Section it satisfies condition 1 in the statement
of Lemma EZT] and hence

“+o0
/ ¢SH(r)dr = 4-00.
0
Since |¢P(7)| < 6%2e~7/4, then
+oo
/ (¢ +¢7) (r)dr = +oc.
0

Applying again Lemma BTl we get property 4.

To define the manifold M we proceed as follows. Consider M, a center-stable manifold for ETZI).
This manifold is parameterized by E @ V%~ and it is tangent to this space at the origin. The manifold
M is defined by applying Proposition Bl to system EI) with Sy = M° and by using that the set
Zo ={(0, ug, u_) : up € R™, u_ € R"-} satisfies (BF). Proceeding as before one gets that properties 1, 3,
4 and 6 are satisfied.

To verify property 2, we first observe that MpE* C M. To obtain M?® and M*® we applied Proposition Bl
to So = Mp® and Sy = M respectively. Going back to the proof of Proposition Bl one can observe that the
way we constructed the uniformly stable manifold with respect to Sy is we associated to any orbit lying on
Sp the manifold constructed in Theorem Bl Thus from the inclusion MpE* C M we infer M® C M. 0O

4.4 Proof of Proposition Tl
4.4.1 A preliminary result

Before proving Proposition EET, we have to introduce a preliminary result, Lemma
Let T be a continuously differentiable local diffeomorphism. To simplify the exposition, we also assume
that T(0) =0. Let U := T(U) and

FU)=DY(YHU))F(Y1(U)) (4.16)

As pointed out in Section B2 if the function U(7) satisfies (£2), then U(7) is a solution of the ODE (B3).
Also, given a real valued function ((U), let

$0) = ¢4 (D)) (4.17)
By direct check, one can verify that the following holds true.

Lemma 4.2. Assume that Hypotheses, [ ... [{ are satisfied by F' and ¢. Also, assume that Hypothesis[@ is
satisfied for some 8. Then HypothesesT, @ ... B are verified by F and  and there exists 8, possibly smaller
than &, such that Hypothesis@ is as well satzsﬁed.
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4.4.2 Proof of Proposition ETt first part

We are now ready to prove Proposition EEIl The proof actually relies on standard techniques, but we give it
for completeness. We proceed in several steps.

o Step 1:let U = (uy ... un)T be the components of U. Due to Hypothesis Bl V¢(0) # 0. Just to fix the
ideas, we can assume

8—u1(6) # 0.

By a smooth local change of variables we can assume that ((U) = u;. By LemmalL2 Hypotheses[. ..
are satisfied by the ODE written using the new variable. To simplify the exposition, we write U and
¢ instead of U and (.

e Step 2: due to Hypothesis [l there exists a manifold M®? which is entirely constituted by equilibria
and which is transversal to the manifold S, namely to {u1 = 0}. Via a smooth local change of variables
we can assume that the one-dimensional subspace

E:Z{’[LQZ---:@NZO} (418)
is entirely contained in M. Hypotheses[l... Bl are satisfied in the new variables due to Lemma

e Step 3: let E be as in [{@IR) and denote by V¢ the eigenspace of DF(0) associated to eigenvalues
with O real part. Also, let V™~ be the eigenspace associated to eigenvalues with strictly negative
real part. The dimension of V¢ and of V~~ is ng + 1 and n_ respectively. Thanks to Hypothesis B
N =nop+1+n_. The vector (1, 0...0) belongs to V¢ because £ C V°. Also, we can assume, via a
linear change of variables, that

Vc:{unOJrg:...uN:O} VS:{CZO,U/Q:...UTLO+]_:0}.

Fix a center manifold M€ of the equilibrium point 0 of system (), then M€ is parameterized by
Ve and it is tangent to this space at the origin 0. Also, let M%7 be the uniformly stable manifold of
system ([Z2) relative to the manifold of equilibria F defined by [I8): this manifold is paramerized
by V* @ E and it is tangent to this space at the origin. By a local smooth change of variables we can
assume that actually

MC:{un0+2:...UN:0} %S:{UQZ...U/”O+]_:O}.
Note that the Hypotheses[l. .. Bl are satisfied because of Lemma

e Step 4: consider the decomposition

C fl(Ca Uo, u*)
U= Uug F(U) = FO(C, Uuop, u_) (419)
u— F—(C; Uo, U_),

where (, f1 € R, ug, Fop € R™ and u_, F. € R"-. In the new coordinates, the center manifold M*®
is the subspace {u_ = 0} and the uniformly stable manifold M%? is {ug = 0}.

The center manifold {u_ = 0} is invariant for the ODE (Z2) and hence F_ (¢, ug, 0) = 0 for every ¢
and ug. By regularity,
F*(Ca UQ, ’U/,) = GS(Ca Uo, U,)’U,,

for a suitable matrix G € M"-*"-. Also, the uniformly stable manifold is invariant and hence
proceeding as before we get that

FO(Ca uop, U,) = GC(Ca uop, ’U/,)UO
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for a suitable matrix G, € M0 *"0_ Finally, Hypothesis [ implies that
f1(0, up, u_) =0
and hence by regularity f1(¢, wo, u—) = g1(¢, uo, u—)¢. Consider the decomposition
Ge(C, o, u—) = Ge(C, uo, 0) + [Ge(C, uo, u) — Ge(C, ug, 0)].
Due to Hypothesis Bl the subspace {{ =0, u_ = 6} is entirely constituted by equilibria and hence
G(0, ug, 0) = 0.
By regularity, G.(C, ug, 0) = Go1(¢, uo)¢ for a suitable matrix Go; € M™*"0 | Putting all the previous
considerations together, we get that system [Z2) can be written as
d¢/dr = g1(C, uo, u-)¢
duo /d7 = {Gor (¢, u)C + [Ge(C, o, 1) = Ge(C, w0, 0)] buo (4.20)
du_/dT = G5(C, ug, u_)u_

Consider the decomposition
gl(c; Uo, U_) = gl(c; Uo, 6) + I:gl(Ca Uo, U_) - gl(<7 Uo, 6)]

By construction G (0, 0, 0) admits only eigenvalues with strictly negative real part, thus G (¢, uo, u—)u_ =0
implies u_ = 0. Thus, the set {U : ¢(U) = 0, F(U) = 0} is the subspace {¢ = 0, u_ = 0}. By
Hypothesis B we have _

gl(O, uo, 0) =0.

By regularity, we thus have
91(¢, w0, 0) = g11(C, u0)¢ [91(C, w0, u—) — g1(C, uo, 0)] = G1-(C, uo, u_)u_

for a suitable row vector G1_ (¢, ug, u_) € R"~. Also, since the manifold {ug = 0, u_ = 0} is entirely
constituted by equilibria, then g11(¢, 0) = 0 for every ¢ and hence

911(¢, uo) = G1o(C; uo)uo

for a suitable vector G1p € R™. In other words, [20) reduces to

d¢/dr = (*G1o(C, uo)uo + CG1— (¢, ug, u_)u_
dU,O/dT = {GOl(Cv UO)C + [GC(Cv Uo, U,_) - GC(C? Ug, 6)} }UO (421)
du_ /dr = Gs(C, uwo, u_)u—

Step 5: we introduce a refined change of variables. Consider system ([20) restricted on the invariant
subspace {¢ = 0}. One obtains

dug/dT = |G.(0, ug, u_) — G.(0, ug, (_)')} Ug
(4.22)
du_/dr = G4(0, up, u_)u_

The subspace {u_ = 6} is entirely constituted by equilibria. Also, given a point (ug, u—_) belonging to a
small enough neighbourhood of 0, then the solution of EZ2) starting at (ug, u—) decays exponentially
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fast to a point in the subspace {u_ = 0}. This is a consequence of the fact that G(0, 0, 0) admits
only eigenvalues with strictly negative real part.

We can define a change of variables U = T*(U) such that in the new variables U the following holds. For
every @p(0) € R™ and for every u_(0) € R"~, the solution of [{ZZ2) starting at the point (zo(0), a—(0))
converges exponentially fast to the point (i (0), 6) In other words, the set {zg = @(0)} is the stable
manifold of system @2Z) around the equilibrium point (@g(0), 6) Let F(U) be defined as in EIH),
with T = 7. Then

Because of the way we chose Y4, when ¢ = 0 then dig /dr = 0 and hence
(G (0, o, i—) — Ge(0, Tg, 0)] g = C.
By regularity,
[Ge(C, fio, G-) — Ge(C, o, 0)] = [Go—(C, i, 4—) — Go—(C, o, 0)]¢
for a suitable function Go_ € Mmoxno,

Step 6: to conclude the proof of Proposition LIl we define the local diffeomorphism T as the composition
of all the local diffeomorphisms defined at the previous steps.
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