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ABSTRACT. A Theorem of Lyapunov states that the range R(u) of a non—atomic vector
measure u is compact and convex. In this paper we give a condition to detect the dimension
of the extremal faces of R(u) in terms of the Radon—Nikodym derivative of u with respect
to its total variation |u|: namely R(u) has an extremal face of dimension less or equal to k
if and only if the set (z1,...,2k+1) such that f(z1),..., f(zg+1) are linear dependent has
positive |u|®(*+1) _measure. Decomposing the set X in a suitable way, we obtain R(u) as
vector sum of sets which are strictly convex. This result allows us to study the problem of the
description of the range of u if u has atoms, achieving an extension of Lyapunov’s Theorem.
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INTRODUCTION

A well known Theorem of Lyapunov states that the range R(u) of a non—atomic vector
measure 4 on a measurable space (X, M) with values in R™ is compact and convex. We
recall that by definition R(u) is the set {u(E): E € M}.

In [6] Halkin proved a Lyapunov’s type Theorem introducing the measurable sets DT (p) =
{reX: f(x) - p>0}, D°p)={x € X: f(x) -p=0} where p in a vector in R™\ {0},
f(+) is the Radon-Nikodym derivative of p with respect to its total variation |u| and ” -”
is the scalar product in R™. These sets were used in [3] to obtain the following Theorem:

Theorem A. The following equivalence holds:

1) R(p) is a n—dimensional strictly convex set;
2) For every p in R™\ {0} the set {x € X : f(x)-p =0} is negligible;
3) det[f(z1), -, f(xn)] #0 |u|®"—a.e. on X™.

Generalizing some results of [3] and [7], we extend the previous Theorem to the case of
extremal faces of dimension k, 1 < k < n — 1 (see section 1 for the definition of extremal
face). In fact we have:

Theorem B. These conditions are equivalent:

1) R(w) has an extremal face of dimension less than or equal to k, 1 <k <n—1;

2) There exists in R"™ a k—dimensional subspace Sy such that |u|(f~*(Sk)) > 0;

3) fl@x) A A f(xrer) is 0 on a set of |u|®*F+D) —positive measure in X**1, where
7" A7 denotes the external product in R™.

The last point means that the set (z1,...,7541) in X**! such that f(x1),..., f(zx41) are
linear dependent has positive |p|®*+1) -measure. This result is achieved in section 1.

In section 2 we present an application of these results to the decomposition of X into a
sum of measurable sets. It is well know that a zonoid, i.e. the range of a vector measure, is
decomposable. This means that it can be written as the vector sum of sets which are not
homothetic to itself: in fact, if {Y}}en is any measurable partition of X, X = Uj‘;l Y;, then
R(p) is the vector sum of R(uly;). We decompose the space X into a sum of measurable
sets,

X =Xx,u(lJ xi)u---u(lx),

i€l, 1 1€l

such that the range of y restricted to X} is a compact k-dimensional strictly convex set:
this means that its extremal faces are either points or the whole set R(u Xi ).
We recall that a set H € M is an atom of p if |u|(H) > 0 and for all A € M such that
A C H, |u|(A) is either 0 or |u|(H). We call a measure non—atomic if it has no atoms,
atomic if there is at least an atom, purely atomic if every non—negligible set E is a union
of atoms of p.
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In section 3 we study the range of an atomic real measure. It is well known that the set
{H € M : H is an atom of p} is countable. In the first part of this section we prove that
even for an atomic vector measure R(u) is compact. However, in general R(y) is not convex
if pu is atomic: it is sufficient to consider a purely atomic positive measure with just one atom
H;. In this case R(u) = {0, u(H1)}. Denoting with a; the measure of the atom H;, we show
that the range of a purely atomic real measure is the set K :{:c =2 aisi, s; €40, 1}},
and that the maximal gap in K is sup{|a;| — D las|<las) 193], T € N}. With these results
we obtain a first extension of Lyapunov’s Theorem to atomic real measures, simply filling
the gaps in K with the non-atomic part of the measure p, namely p|x\(m,):

Bl (UHD) Z sup(Jul(F) — 3 () (+).

J:lpl(Hy)<|p|(Hq)

In section 4 we apply the previous results to an atomic vector measure. We prove that
R(p) is convex if and only if R(u) contains the 1-dimensional extremal faces of its convex
envelope. Since we also prove that the decomposition of X given in section 2 is still valid,
even if u is atomic, we just need to check condition (x) on each set X?, achieving an
extension of Lyapunov’s Theorem.

1. EXTREMAL FACES OF THE RANGE OF A VECTOR MEASURE

We recall some properties of extremal faces of a convex set D C R™. These results can
be found in [10].
A subset D; C D is called extremal face if we have:

‘v’yEDl,yl,ygeDandy:M = 1, Y2 € Dy.
By a cone we mean a convex subset C of R™ such that if x € C implies Az € C for every
positive A; we call C' a generating cone if C U (—C) = R". Let lIc = C N (—=C). In the
following by cone we will mean a generating cone.
Any cone C' induces a pseudo-order relation in R™: we say « <¢ y if y —x € C. Note that
it is possible to have x and —x in C: this happens if and only if x € Il¢.
The following result is well known:

Proposition 1.1. Suppose that D is a convex and compact subset of R™. Then Dy C D
is an extremal face if and only if there exists a generating cone C' such that

Dy={ymeD:y >cyVyeD}

We say that D; is defined by the order relation induced by C. The properties of
extremal faces of convex sets were used by Olech in [7] to characterize extremal subsets of
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decomposable families of functions.

Let X be a set, M a o—algebra of subsets of X, v a positive non—atomic measure on
(X, M). A family K of functions in L'(X;R") is called decomposable if for each pair
u, v € K and any measurable x : X — {0,1} we have xu + (1 — x)v € K. We say that a
subset K7 of K is an extremal face in K if there exists a generating cone C' such that

={ue K :u(z)—v(z) e Crae YweK, zeX}.

As it is shown in [7], the set D = { [, u(x)dv : u € K} is convex and the following result
holds:

Proposition 1.2. K is an extremal face in K if and only if the set D1 = {fX x)dv :
u e K1} is extremal in D = { [ v(z)dv : v € K}. Moreover D is the extremal face ofD
defined by the order relation mduced by C.

In section 1 and 2 we consider a non—-atomic vector measure p on (X, M) with values
in R™ and let f = | be the density of p with respect to its total variation |u|; we will
denote by |u|®™ the n—product measure of |u| on X™. Unless the contrary is expressly
stated, for A, B in X by A C B we mean that B\ A is |u|-negligible. The application of
the previous results to the decomposable set K = {fxa : A € M} and v = |u| gives the
following result:

Proposition 1.3. Let M; a subset of./\/l The set F defined as F = {M(B) :BeM; C

/\/l} is an extremal face of R(u) = {u A€ ./\/l} if and only if there exists a cone C'
such that:
My = {E EM: fxg — fxa € C |u|-a.e. VAE M, on X}.

Moreover, F' is the extremal face of R(u) defined by the order relation induced by C.

We give now a new characterization of the above set M. By f~}(D) we denote the
inverse image through f of a subset D of R™.

Theorem 1.4. Let F be an extremal face for R(u) and C the corresponding cone so that
F = {y1 €R():y1 2c y, Yy € R(w)}. Then the following conditions are equivalent:

a) w(E) belongs to F;
b) E satisfies the condition:

“H(C\Ig) CEC f7H(0). (1)
Proof. Assume that u(E) € F for some E € M. By Proposition 1.3 for every A € M we

have fxg — fxa € C |u|-a.e.. If we choose A = ), then fyg € C so that E C f~1(C).
If A is the whole set X, then fxg — f = —fxx\g) € C. Thus X \ E C f~!(=C), or
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equivalently X\ f~1(=C) = f~1(C\Il¢) C E, since X = f~1(R") = f~1((-C)U(C\Ilp)).
Conversely assume that (1) holds and consider p(z) = f(z)xg(z) — f(z)xa(z) for A € M.
If z is in F, then ¢(z) may be 0 or f(x), thus ¢(z) € C. If x is not in E, then ¢(x) may
equal —f(z) or 0. But by definition f(z) is not in C \ Iz, implying that f(z) is in —C
because C' is generating. Thus in any case ¢(z) € C. O

Remark. With the notation of Proposition 1.3, Theorem 1.4 yields that
Mi={EeM: fHC\Ilg) CEC fTHO)}.

We denote by S C R"™ a linear subspace of dimension k and by 2 the family of these
subspaces. We say that an extremal face F' of a convex set K has dimension k if the
smallest affine set that contains it has linear dimension k: in particular the dimension of
a convex set K is the linear dimension of the smallest affine set containing it. It is easy to
see that if C' is the cone related to F' as in Theorem 1.4, then Il has at least dimension k.
We say that the cone C'r, corresponding to F', is minimal if I, has the same dimension

of F' and CF is generating. We recall that if C' is a generating cone and “” is the usual
scalar product in R™, then there exists an orthonormal family of vectors py, ..., pir such
that

C :{yER”:y-p1>O}U
U{yER”:y~p1:0,y-p2>0}U---U (2)
Uf{yeR" :y-p1=0,...,y pr—1 =0,y -pp >0} Ullg,

where Il is defined as before:
[lec=CnN(-C)= {yGR”:y-pi:O,izl,...,kj}.

Conversely if a cone is defined as in (2), it is clearly generating.
Lemma 1.5. The minimal cone Cp corresponding to an extremal face F' of K exists.

Proof. Let C be the cone corresponding to F' as in Proposition 1.1; we can assume that
C has the form (2). The only case to study is when the dimension of Il is greater than
the dimension of F: let us suppose that the dimension of F' is k and the dimension of I~
is k + ky for some k; > 0. Let Si(F) C Il be the minimal subspace of R™ such that its
translate contains F'. Consider an orthonormal base {qi}fél in the orthogonal complement

of Si(F') in Il¢, and define
Cr :{yER":y-p1>O}U---U
U{yeR":y-p1=0,...,5 Pnr—r, >0}U
U{yeR" :y-p1=0,...,9 Prt—t, =0,y q1 >0} U---U

U {yERn:y'plz()?"',y'pn—k—kl :an'QI:Ow"ay'le >O}UHCF7
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where

HCF :Cpﬂ(—CF)
={yeR":y-p;=0,y-¢;=0,i=1,....n—k—ky, j=1,.... k }.

It is obvious that Cr is generating and by construction
e, = Sk(F).

Finally it is easy to show that F = {y; € R(1) : y1 >cp v, Yy € R(n)}. O

In what follows a closed convex subset C' of R" is said to be strictly convex if it has
no non-trivial (e.g. different from a point and from R(u)) extremal faces, i.e. if its only
proper extremal faces are points.

Let kK € {1,...,n — 1}. The following corollary is an easy consequence of the previous
results.

Corollary 1.6. R(u) has a non—trivial extremal face of dimension less than or equal to k
if and only if there exists a k—dimensional subspace Sy in Qi such that |p|(f~1(Sk)) > 0.

Remark. By Lyapunov’s Theorem R () is compact and convex, so that it does have at
least an extreme point. However |u|(f~1(0)) = 0 since |f| = 1 and 0 is the linear dimension
of a point.

Proof. Assume that |u|(f~1(Sk)) = 0 for every k—dimensional subspace Sy, € Q.. Consider
an extremal face F' with dimension [, 0 < [ < k, and let C'r be its corresponding minimal
cone. Lemma 1.5 shows that Cr exists and 1I, has dimension less or equal than k. By
Theorem 1.4, u(E) belongs to F if and only if f~1(Cp \ Ilg,) € E C f~1(CF). Since
|,u|(f_1(HcF)) =0, it follows that E = f~}(CF), so that F is reduced to one point.
Conversely, if there exists an Sy € Qy such that |u|(f~1(Sk)) > 0, there are two subsets
Ay, Ay in f~1(Sg) such that u(A;) # u(Asz). Consider a orthonormal base {p;}7=" in S,
the orthogonal complement of S, and let C' be the generating cone defined by the family
{pi}i) as in (2):

C’:{yER":y-p1>O}U
U{yE]R”:y-pl:0,y-p2>0}U---U
U{yeR":y-p1=0,...,y - pr—1=0,y-pp >0} US,.

It is easy to show that the two sets
Ey=f1C\SUA, and FEy=f"1(C\ Sp)U A,

correspond to different points on the face determined by Cj,. U
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Remark. Corollary 1.6 is a generalization of Proposition 3.1 in [3], stating that R(u) is a
n—dimensional strictly convex set if and only if |u|({z : p-f(x) = 0}) = 0 for all p € (R™\0);
in fact the orthonormal space of a non—zero vector p is a (n — 1)—-dimensional subspace.

Notations. For uq, ..., u, in R™ we denote by <ug, ..., u, > the vector space spanned by
U1, ..., Uy and by <ui,...,um,>" its orthogonal space.

We denote by uj A+ -+ Auy, the external product on R™ and by |ug A« Ay, its norm,
i.e. the square root of the Gramian of wuy,...,u, (m < n); we recall that the latter is
the sum of the squares of the minors of order m of the matrix (e; - u;);; (where (e;); is
the standard basis in R™) and that uy,...,u,, are linearly dependent if and only if their
Gramian vanishes. We write {u1,..., %, ..., un}t ={u;: 1 <j<m, j#i}.

We introduce the subset Ay of X* defined by

A = {(xl,...,xk) Gin f(xl)/\/\f(a:k) :0}

Theorem 1.7. R(u) has a non—trivial extremal faces of dimension less than or equal to
k,1<k<(n-1),if and only if |p|®F+tD (A1) > 0.

Remark. Theorem 1.7 generalizes Theorem 3.2 of [3] stating that R(u) is a n—dimensional
strictly convex set if and only if |u|®"(A,) = 0.

Proof. If there exists a [-dimensional face F'on R(u), with ! € {1,..., k}, then by Corollary
1.6 we can find a k-dimensional subspace Sy in Qj such that f~1(Sy) is non-negligible;
since (f~1(Sk))¥*! C A1 then we obtain

|M|®(k+1)(Ak+1) = [\M\(f_l(sk))}

We will prove now the opposite implication. For each set S C X**1 and (z3,...,2541) in
X* we set S(xo,...,0541) = {21 € X : (21,...,2541) € S}. The measurability of the set

B={(x1,...,xp41) € X 1 fa1) €< f(m2),. ., fwrga) >}

k+1
> 0.

is shown in [3]. Fubini’s theorem gives

@D (Agpq) = /
P W INTE .

Assume that R(p) has no [-dimensional faces, with { € {1,...,k}; then Corollary 1.6
yields
[ul({z1 € X2 f(z1) €<f(z2),. .., flzrs1)>}) =0

so that if A}ﬁl is the subset of Ay defined by

Alchrl ={(z1,. -, Tk41) € Apyr: f(z1) €<f(22)s .-, [(Thy1) >}
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from the above formula we obtain
|M|®(k+1)(A) :/ {/ d|#|(¢1)}d(|ﬂ|(ﬂ32)®“'®|/~L|($k+1))-
Xk Ai+1($27...,$k+1)

The set A 41 being measurable, Tonelli’s Theorem yields
|H|®(k+1)(Ak:+1) = |M|®(k+1)(Allc+1)~
Similarly if for ¢ in {2,...,k + 1} we put

—

b = (@1, ) € Apgr s fla) €<f(@a), o f(@a) .o, flanga) >}

the same arguments give |pu|®*+D (A, ) = |,u]®(k+1)(A};+1). As a consequence we have

k+1
2D (Ag ) = |uf®F+D (ﬂ A@)'

i=1
k+1

Obviously the set ﬂ A} is empty; the conclusion follows. [
i=1

2. A DECOMPOSITION OF X

In [4] it is shown that a zonoid, i.e. the range of a vector measure, is decomposable. This
means that R(u) can be decomposed into the vector sum of convex sets D;, i = 1,2,...,
where D; is not homothetic to R(u) for all ¢; in [4] this criterion was used to decide whether
a convex set can be a zonoid or not. In this section we give a decomposition of X,

X = Xnu< U X;_1>u---u(U X{),

i€l i€l

that reflects the structure of the extremal faces of R(u). Actually we will decompose R (1)
as the sum of the ranges of the measure y restricted to the sets X! in such a way that
R (] Xzi) is a strictly convex set of dimension k. The following lemma is the base of our
construction.

Lemma 2.1. Suppose that there exists a k € {0,...,n — 1} such that |p|(f~'(Sk)) = 0
for all subspace Sy in Q. Then:

a) The set Nip1 = {Skt1 € Qugr : || (f71(Sk)) > 0} is at most countable;

b) If X**! is defined as

X=x\( U k)
Sk4+1€Nkt1

then R(M’Xk+1) has no extremal faces of dimensionl, 1 <[l <k+1;

c) R(M|f—1(sk+l)) 15 a strictly convex set of dimension k for all Sy11 in Ngi1.
8



Proof. If we consider two distinct (k + 1)-dimensional subspaces S; ,,, Si ., of R", the
dimension of S} 41N S2 41 1s strictly less than k + 1; it follows that

|| (f_l(S,iH) N f_l(Sl%H)) = |p| (f_l(Sli—i—l N SI%—H)) = 0.

The sets {f_1(5k+1)}sk+1gﬂk+1 are then disjoint |u|-a.e. and this implies that the num-

ber of different linear subspaces Syy1 with |u|(f~1(Sks+1)) > € is less than M As a
consequence the set Njyq is at most countable. By the o—additivity of M, the set

X =x\( U k)

Sk+1€NK11

is measurable and the application of Corollary 1.6 to u|xs+1 and p|s-1(g,,,), With Spy1 €
N1, completes the proof. [

Remark. We note that for k = 0 the fact that |u|(f~1(0)) = 0 is always true: it follows
that the number of one dimensional subspace S7 in R™ such that |u|(f~1(S1)) > 0 is at
most countable. Moreover we observe that we have used the fact that p is non-atomic
only in the application of Corollary 1.6. Thus part a) of Lemma 2.1 is valid even if y is
atomic.

Theorem 2.2. Suppose that (X, M) is a measurable space and p is a non—atomic vector
measure with values in R™. There exists a decomposition of the space X,

X =(Uxhu--u(lJxi) or

i€l iely

X =X,u( |J xi)u--u(lxd,

1€l 1 i€l

with | < n — 1, such that:
a) the sets Iy, are at most countable;
b) the sets Xi are disjoint and R(p|x:) is contained in a k—dimensional linear space
i
c) R(“lxi) is a strictly convex k—dimensional zonoid;
d) If |p|(X,) > 0, then R(p|x,,) is a strictly convex n—dimensional zonoid.

Proof. By Lemma 2.1 and the subsequent remark, the set Ny is at most countable. Let
us write N = {S{}ie[1 and define Xi = f~1(S}) for all 7 in [;. Lemma 2.1 ensures

that R(u|x;i) is a strictly convex 1-dimensional zonoid. Let X* = X \ (U,er, X7). If X°

is empty, then the Theorem is proved; otherwise Lemma 2.1 can be applied to X? with
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k=1, po = p|xz2. It is obvious that if f2(-) is the Radon-Nikodym derivative of ps with
respect to its total variation, then fo(z) = f(z) for all # € X2. Thus by construction for
all subspaces Sy in Q1 we have |ua|(f5 1 (S1)) = |u/(f~*(S1) N X32) = 0, and by Lemma
2.1 we obtain that the set Ny = {So € Qs : |ua|(f5 *(S2)) > 0} is at most countable: let
as denote this family by No = {S5}ier,- If X3 = X\ [(U;cr, X3) U (Ujer, Xi)] is empty,
then the theorem is proved. Otherwise we proceed with this construction until either we
stop at an index k =1 < n, so that

x = (Uxhueu( xi)

iel; i€l

or, if we define

X, = X\[( U X;'L_l)u---u(UX{)],

i€l, 1 i€l

we have the following decomposition of X:

X =x,u(lJ X )u---u(lxi).

i€l, 1 1€l

Lemma 2.1 ensures that each R(u| Xi ) is a strictly convex k—dimensional zonoid and that
R(p|x, ) is a strictly convex n—dimensional zonoid in R™, if |u|(X,) > 0. O

Remark. A consequence of the decomposition of Theorem 2.2 is that if F'is a k—dimensional
strictly convex extremal face of R(u), with k£ > 1, then F is the translate of some R (u Xi ).
In fact Theorem 1.4 shows that if C'r is the minimal cone corresponding to F', then

F=uCp\llec,)+ R(M|f—1(HcF))

and that |p|(f~'(Ilc,)) > 0. Since F is strictly convex, Corollary 1.6 implies that
wl(f*Mep)NX})=0forallie [;, | =1,...,k— 1. As a consequence f~(llg,) = X}
for some X}.

3. ON ATOMIC REAL MEASURES

In this section we study the range of an atomic real measure. We recall that a set
H € M is an atom of u if |u|(H) > 0 and for all A € M such that A C H, |u|(A) is either
0 or |u|(H). The main result of this section is an extension of Lyapunov’s Theorem to
atomic real measures.

As a preliminary step, consider a sequence of real vectors a = (a;);en, a; € R™, such that
10



Y ien lai| < oo, where |a;| is the Euclidean norm of the vector a;. To every sequence
a = (a;);en we associate the following map from the Cantor set {0, 1} in R™:

ha: {01} — R"™

s={sitien — h(s)= Z%Szw @
i=1

If the sequence a is finite, we suppose a; = 0 from an index onwards. Define K, =
ha({0,1}Y), i.e. the image through h, of the Cantor set. We prove the following Lemma.

Lemma 3.1. If Y,y lai| < oo, where |a;| is the Euclidean norm of the vector a;, then
K, is a compact set in R".

Proof. If {0,1}Y is equipped with the usual product topology, then {0,1}" is a compact
space. Since 221 la;| < oo, it is easy to prove that h, is continuous. As a conseguence,
ha({0,1}Y) is compact. [

In the following, we will use some result on atomic measures; these results can be found
in [1]. The first Theorem of this section is the application of Corollary 5.2.13 of [1] to |u|.

Theorem 3.2. Let y an atomic vector measure on M. Then we can write

oo N
X=|JHiorx=JH, (5)
1=0 1=0

for some N > 0 with the following properties:
a) the H; are pairwise disjoint;
b) H; is an atom of u for everyi > 1;
c) lH, 18 a non—atomic vector measure.

Now we can extend Theorem 11.4.4 of [1] to vector measures.
Theorem 3.3. Let yu any vector measure. Then R(u) is compact.

Proof. Consider the decomposition of X given in Theorem 3.2. Since p| g, is a non—atomic
vector measure, its range is compact by Lyapunov’s Theorem, and since the vector sum of
two compact sets in R" is compact, we just have to prove that R(u|x\m,) is compact.
Let a; = p(H;) for every H; with ¢ > 1, and consider the sequence a = (a;)ien. (If the
atoms H; are finite, we suppose a; = 0 from an index onwards.) Since

S laal = 3 lu(Ho)| = 3 |ul(Ha) = [1l(X \ Ho),

11



Lemma 3.1 assures that K, is compact. Thus we are left to prove that R(ux\ #,) is equal
to the set K. If s = {s; }sen is in {0, 1}, then

ha(s) = iaisi = i,u(HZ-)si = u( U Hi>

i:5;,=1

so that hq({0,1}Y) is contained in R(p|x\r,). Conversely, if A is a measurable set in
X \ Hyp, then by o—additivity

p(A) = ZM(A NH;) = Z p(Hi)si(A),

where s;(A) = 1 if and only if u(AN H;) = pu(H;). (We recall that (AN H;) can be either
0 or p(H;).) Thus, defining s(A) = (s;(A))ien € {0,1}Y, we have pu(A) = ho(s(4)). It
follows that Ko = he({0,1}") = R(u|x\m,). O

Let {a;}ien be a sequence of real numbers such that > ;- |a;| < oo. We wonder
what is the maximal gap in the set K, = hq({0,1}"), i.e. the number inf{d > 0 :
K, + [0, 9] is connected }. Lemma 3.1 shows that K, is compact. Let m be the minimum
of K, m =min{z: x € K,}. Consider the function §(x) on K, defined as

5(x) = 0 T=m
o inf{(a:—y),y<:1;,y€Ka} r>m

This function is upper semi-continuous, because if we consider the family of upper semi-
continuous functions ( )
20@—m) <y
dy (r) = { T —
Y x>y

then
§(x) = inf{d,(z),y € Ko}

We conclude that max{d(z),x € K,} exists and this value is the maximal gap in the set
K,. It is obvious that if §(z) is 0 on K, then K, is an interval.

Theorem 3.4. If §(x) and {a;};en are defined as above, then

max{é(az),xEKG}:max{mi]— 3 |aj|,i€N}

laj|<|a;]

if there exists an index i such that |ai| =), | <|a, 10| > 0; otherwise max{4(z),z € Ko} =
0.
12



Remark. This Theorem is a slight generalization of Exercise 131 in [9]. We note also that
in both cases

max{é(x),xGK}:sup{|ai|— Z |aj|,i€N}. (6)

laj[<lail

In fact, if the numbers |a;| = >_, < |4, la;] are negative for all 7 € N, then, by the conver-
gence of the series )\ |a;|, for all € > 0 there exists an index ig such that |a;,| < € and
Z\%K\aiol la;j| < €. For this index iy we have

—e < |ag,| — Z laj| <0,

laj|<lasq ]|

so that sup{|ai| - Z|aj|<|ai| la;l|,i € N} = 0. If there exists an index ig such that |a;,| —
Z\ag—K\a' la;| > 0, then (6) is a consequence of the statement of the Theorem.

20
Proof. For every real sequence a = (a;);en such that Y_:°, |a;| < 0o, we define the sequence
a = (|ai|)ien. We start showing that Kj is a translate of K,. If the series is positive, the

claim is trivial. Otherwise let m be the minimum of K,: m = Zai <0 @i- To every z in
Ko, x =32 a;s;(z), si(z) € {0,1}, we associate the point Z in K; defined as:

T = Z a;s;(z) — Z a;(1—s;(z))

a; >0 a; <0
o0

= E a;s;(x) — E a; =T —m.
=0 a; <0

Conversely, if § is in Kz, § = >0y |ailsi(9), si(g) € {0,1}, consider the point in Kj:

y=> lailsi(@) = Y lail(1 = 5:(7))

a; >0 a; <0
= Hadlsi(@) + > lalsi(@) = > lai| = 5 +m.
a; >0 a; <0 a; <0

These two formulae imply that Kz = K, — m, so that the maximal gap in these two
sets is the same. Without loss of generality, we can then suppose that the sequence is
strictly positive and, by the absolute convergence, decreasing. In this case the numbers
la;| — Z|aj|<|ai| la;| become a; — Zaj@i a; and j > 4, and since equation (6) is unaffected
by terms less than zero, we have

max{4(z),z € K} = sup{a; — Z a;,i € N} = sup{a; — Z aj,i € N}, (6)
aj<ai Jj=i+1
13



Define the series ¢; = a; — Z;’;Hl aj. If ¢; <0 for all 7 € N, then we can apply the result
of Exercise 131 in [9], obtaining §(z) = 0.

Suppose now that there exists at least one ¢; greater than 0. We begin showing that
max;cn ¢; exists: this follows from the fact that the series is convergent. If ¢; > 2¢ for

some 71, then there exists an index k such that a; < e, Z;’;Hl a; < € for all [ > k; then

o

af = ‘al - > g

j=1+1

< 2e.

Thus the maximum is taken over a finite set of ¢; ’s.

Now we have to prove that there exists a point = in K, such that §(z) is equal to ¢;, =
max;en ¢; > 0. Consider the point a;,: the nearest point y lower than a;, is obviously
Yy = Zai<ai0 a;, and then z —y = ¢;,. O

At this point we can prove the following extension of Lyapunov’s Theorem to atomic
real measures. We recall that a measure p is said to admit a Hahn set if there exists a set
D € M such that uy(AND) <0and p(AN (X \ D)) >0 forall Ae M.

Theorem 3.5. Let pu a real-valued measure on (X, M) such that |p|(X) < oo and let
{H;}i>0 be the decomposition of X as in (5). Then R(u) is convezr in R if and only if the
following condition holds:

(o) = sup(lul(H) = 2 [ul(Hy)). (7)
= G:l (HL )<l (L)

Moreover R(u) = [—p~ (X)), ™ (X)], where p = pu™ — p~ is the Jordan decomposition of
L.

Proof. 1f we define a; = u(H;), then we can apply Theorem 3.3 and the result is that the
maximal gap ¢o in R(u|x\#,) is equal to

co=swp(lul(H)— > |ulHy)).

izl il | (H )< || (L)

It is obvious that R(u) = R(u|m,) + R(¢|x\#,) and by Lyapunov’s Theorem R(u|#,) is
an interval of length |u|(Hp). Thus R(u) is an interval if and only if |u|(Hp) is greater of
the maximal gap in R(u|x\m,), i-e.

ul(Ho) > sup(|ul(H) — 30 |ul(y).
izl Jelpl (H ) <|p| (H?)
14



Since p admits a Hahn set, obviously choosing the set D = {z € X : f(x) < 0}, by
Proposition 11.4.6 of [1] we have

a=sup p(Ad) = p"(X) € R(n)
AeM

f= mf p(A)=-u"(X) € Rn),

and thus R(p) = [—p~ (X),pT(X)]. O

4. AN EXTENSION OF LYAPUNOV’S THEOREM

In this last section we study the range of an atomic vector measure p and we extend
Theorem 3.4 to vector measures. The first step is the following Lemma, that relates the
decomposition (3) of Theorem 2.2 with (5) of Theorem 3.2.

Lemma 4.1. Let p be an atomic vector measure. Then there exists a decomposition of

X,
X:(UXf)U---U(UXf) or
i€l iely (3/)
X =x,u( |J Xxi)u---u(lxD),
1€l _1 el

with | < n — 1, such that:

a) the sets Iy, are at most countable;
b) the sets X} are disjoint and R(Mxi) s contained in a k—dimensional linear space

Si.

Moreover if
00 N
X=JHjorXx=|]JH (5)
§=0 §=0

for some N > 0 is the decomposition of Theorem 3.2, then every atom H;, j > 1, s
contained in some X3}, ¢ > 0.

Proof. By the remark following Lemma 2.1, the set Ny = {S; € Q; : |u|(f~1(S1) > 0}
is at most countable. Let us write Ny = {S{}iel.1 and define X} = f~1(S%) for all i in
I. We note that if H; is an atom of p, then |u|(f~(< p(H;) >)) is greater or equal to
||(H;): then every atom of p is contained in some X;. (We recall that with < u > we
denote the span of the non-—zero vector u.) Let X? = X'\ (U,c;, X1). If X? is empty, then
the Lemma is proved: in fact R(u[x;) is contained in S7. Otherwise part a) of Lemma

2.1 can be applied to X2 with k = 1, us = u|x2. As in the proof of Theorem 2.2, we
15



obtain that the set Ny = {Sy € Qy : |ua|(f5 1(S2)) > 0} is at most countable: let as denote
this family by Ny = {Si}icr,. If X3 = X\ [(U;cr, X3) U (User, X1)] is empty, then the
Lemma is proved. Otherwise we proceed with this construction until either we stop at an

index k =1 < n, so that

X = (Uxnu-u(Ux,

iel; iely

or, if we define

X, = X\[( U xi)u--u(lY X{)],

i€l 1 i€l

we have the following decomposition of X:

X =x,u(lJ X )u--u(lYxi).

1€l _1 1€l

Since by construction X C f~1(S%) for some S}, the conclusion follows. [

Now we show that the convexity of R(u) follows form the convexity of R(u|x:), i € I1.
We recall that with X] we denote a measurable subset of X such that |u|(X]) > 0 and
Xt = f71(S%), St being a 1-dimensional space in R and f = %. By formula (3’) of
Lemma 4.1 these subsets are at most countable: let us denote them by {S} :i € I }.

Theorem 4.2. The range of a vector measure p is convex if and only if the range of the
restriction of u to the sets Xi is convex for all i € I.

Proof. 1f R(u) is convex, choose a convex cone C* such that f~1(Ils:) is the set X}, € I.
The face corresponding to C? is obviously a 1-dimensional strictly convex set, and, by the
remark following Theorem 2.2, if we define y = u(f~1(C*\ Ils:)), then x belongs to F if
and only if x = y + u(FE), E C X}. If F is convex, it is obvious that F —y = R(plxi) is
convex.

The converse follows immediately since the vector sum of convex sets is convex. Lemma
4.1 shows that every atom H;, i > 1, is contained in some X?, i € I;. As a consequence, if
we define, as in the proof of Lemma 4.1, X? = X \ (U;er, X}), Lyapunov’s Theorem yields
that R(u|xz2) is convex. Since

R(k) = Rlulx2) + Y Rlulx:),
ie€ly
and by assumption R(u|x:) are convex, the conclusion follows. [

At this point we can prove the main result.
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Theorem 4.3. Given a vector measure y on the measurable space (X, M), with values in
R", let {Xi}icr, be the family of subsets of X such that |u|(X?) > 0 and Xi = f~1(S%),
St being a 1-dimensional space in R"™ and f = %. Let {H;}jzo be the decomposition of
X? such that H;:, j > 1, are the atoms of “|X{ and ,uJ|H8 1S a mon—atomic vector measure.
The range of i is convex if and only if

) = swp(lul(E) = > |ul(H)
j>1 ; .
- k:|pl (H ) <|p|(HS)

forallie I.

Proof. Let us consider a generic vector measure on the space (X, M). By Theorem 4.2,
the measure has a convex range if and only if R(u| X{-) is convex for all 7 in I;. By Theorem

3.5, R(plx;) is convex if and only if

() = sup(|ul () = 30 (),
= kel (L) < |l (L)

where the H]Z are the decomposition of X? as in Theorem 3.2. The Theorem is proved. [
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