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Conjugate Gradients
Diagonalization



Conjugate Gradients Diagonalization

For each band, given a trial eigenpair:

Minimize the single particle energy
E(|¢i)) = (¢i|Hx s|®;)
by (pre-conditioned) CG method

subject to the constraints

(0:|S|p;) = di5, Vg <1

Repeat for next band until completed

{165, 5}



Steepest Descent Minimization

f(x) = %a:Aa: — bx

r = X g():b—A[E()

Tit1 = Tk + AGk
Jk+1 = g — ANAgk
gk gk
A\ =
g Agr

subsequent minimizations
are orthogonal !

keep updating the same
directions !

g(x)

=—-Vf(x)=b— Ax




Conjugate Gradients Minimization

1
f(x) = 5:1314:1: — bx g(x) =-Vf(x)=b— Ax
a:::vo—I—Zozkhk go = b — Axg
k

1
f(ZL“) = f(CU()) + 5 ;ak hiAh; o — ;gohk Ol



Conjugate Gradients Minimization

1
f(x) = §ZEA$ — bx g(x) =-Vf(x)=b— Ax
a:::UO—I—Zozkhk go = b — Axg
k

1
f(ZL“) = f(ZC()) + 5 ;ak hiAh; o — ;gohk Ol

If conjugate directions are considered: hpAh; =0 for k #1

f(:l?) = f(:lf()) + % ZO&% hiAhy — Zgohk Ol
k k

each term add to the solution w/o spoiling previous steps.
after N steps the minimization terminates at the minimum.



Conjugate Gradients Minimization

1
f(x) = §xAx — bx g(x) = -V f(zr) =b— Ax
ZEZCIBO—I—Zakhk go = b — Axg
L

1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk



Conjugate Gradients Minimization

1
f(x) = §xAx — bx g(x) = -V f(zr) =b— Ax
ZEZCC()—I—Zakhk go = b — Axg

L
1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk

T0, go, ho = 9o ,
Thkt1 = T + ahi o = hg(;lll;
gk+1 = gk — apAhg kMR




Conjugate Gradients Minimization

1
f(x) = §xAx — bx g(x) = -V f(zr) =b— Ax
ZEZCC()—I—ZCMkhk go = b — Axg

L
1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk

T0, 9o, ho = go , .
Jk+1 = gk — o Ahyg ROk kMR

because hiAhy =0,

Vi < k



Conjugate Gradients Minimization

1
f(x) = §xAx — bx g(x) = -V f(zr) =b— Ax
ZEZCC()—I—ZCMkhk go = b — Axg
L

1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk

T0, go, ho = 9o , .
Thi1 = Tp + aphi a_gOk Gk ng

L = _
hir Ahyg hi Ahy
— gr — oAl
1 = Tk Ok Ak because hiAhr =0, Vi<k

hik4+1 = gr+1 + Brhe A
h
hes1Ahy =0 =— B =—— kil




Conjugate Gradients Minimization

1
f(x) = §xAx — bx g(x) = -V f(zr) =b— Ax
ZEZCC()—I—ZCMkhk go = b — Axg

L
1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk

0, 90, ho = go , ,
Tii1 = 11 + arh _ 9ok 9rk  _ 9kIk
e TR e T L AR hedhn  hpAhs

Jk+1 = gk — o Ahyg
because  grhr—1 =0
hixi1 = gr+1 + Brhi

hi. A
hrr1Ahy =0 = [r=— k2Tk 1




Conjugate Gradients Minimization

g(z) ==V f(z) =b— Az

f(z) = %an: — bx

$:x0+2akhk
L

go = b — Az

1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk

T0, go, ho = 9o
Th+1 = Tk + Qrhy
gk+1 = gk — apAhg

hk+1 = Gr+1 + Brhi
hiy1Ahy =0

goh grh 9k 9k

T Ah.  hiAh.  hpAhy

because  9gkhk—1 =0

_ heAgerr  gr1grta
hi Ahy, Gk gk

because 9k+19x =0



Conjugate Gradients Minimization

1
f(x) = 5:13Ax — bx g(x) = -V f(zr) =b— Ax
CE:(EO—I—ZO{khk go = b — Axg

L
1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk

o, 90, ho = 9o , .
golg gr g gk 9k
Tht+1 = Tk + Qrhy g = — —
hi. Ah hi.Ah hi. Ah
Jk+1 = gk — apAhg Rk Rk R

because  grhr—1 =0
hixi1 = gr+1 + Brhi

| hkAgktr |9rt19k41
Br =

hk_|_1Ahk =0 =

- hiAhy, 9k 9k




Conjugate Gradients Minimization

1
f(x) = §xAx — bx g(x) = -V f(zr) =b— Ax
ZEZCC()—I—Zakhk go = b — Axg
L

1
f(z) = f(xo) + 5 zkz:ak hiAhp o — zk:g()hk Qk

T0, go, ho = 9o gi gk

A —
Tii1 = Tk + aphy hi Ahy,
gk+1 = gk — apAhg
Jk+19k+1
B =

hii1 = gr+1 + Brhi Ik Ik




Conjugate Gradients Minimization (general)

f(x) ~ %ZIZASU — bx g(x) = =V f(x)
T = o+ Zakhk g0 = —V f(xo)

1
f(:E) ~/ f(:EO) + 5 zkl:ak hipAh; o — zk:gohk QL

T0, go, ho = 9o gk gL

A —
Tii1 = Tk + aphy hi Ahy,
gk+1 = gk — apAhg
Jk+19k+1
B =

hii1 = gr+1 + Brhi Ik Ik




Conjugate Gradients Minimization (general)

f(x) ~ %a:Ax — bx g(x) = -V f(x)
T = o+ Zakhk g0 = —V f(xo)

1
f(iE) ~/ f(:EO) + 5 zkl:ak hipAh; o — zk:gghk Qf

To, 90, o = 9o N g ced with 1 n
k :/ﬂ replaced with line minim
Tii1 = Tk + aphy hiAhy, P

gk+1 = gk — apAhg
Jk+19k+1
B =

hii1 = gr+1 + Brhi Ik Yk




Conjugate Gradients Minimization (general)

f(x) ~ %CEACIZ — bx g(x) = -V f(z)
r = To + Zakhk go = —Vf([lﬁ())

1
f($) ~/ f(:L’O) + § zkl:ak hipAh; o — zk:gghk QL

To, 90, o = 9o N g ced with 1 n
k :/ﬁ replaced with line minim.
Tii1 = Tk + aphy hieAhy, TP

Jht1 = Q——ogAln, = —Vf(a:k) gradient at the minimum
9k+19k+1
B =

hi+1 = gr+1 + Brhi Ik Ik




Conjugate Gradients Minimization (general)

f(x) ~ %CEACIZ — bx g(x) = -V f(z)
r = To + Zakhk go = —Vf([lf())

1
f($) ~/ f(:L’O) + 5 zkl:ak hipAh; o — zk:gghk QL

To, 90, o = 9o N g ced with 1 n
k :/ﬂ replaced with line minim.
Tii1 = Tk + aphy hieAhy, TP

ki1 = Qo—-ogAT, = —V [f(xy) gradient at the minimum
B = Jk+19k+1 _ (9k+1 — 9k)9k+1
hikt1 = gr+1 + Brhi 9k 9k 9k Gk
Fletcher- Polak-

Reeves Ribiere



Conjugate Gradients Diagonalization

For each band, given a trial eigenpair:

Minimize the single particle energy
E(|¢i)) = (¢i|Hx s|®;)
by (pre-conditioned) CG method

subject to the constraints

(0:|S|p;) = di5, Vg <1

Repeat for next band until completed

{165, 5}



Preconditioned Conjugate Gradients Minimization

1
f(x) = 5:1314:1: — bx g(x) =-Vf(x)=b— Ax
IZZIZO—I—ZO&khk go = b — Axg
k

1
f(ZL“) = f(ZC()) + 5 ;ak hiAh; o — ;gohk Ol

If conjugate directions are considered: hpAh; =0 for k #1

The method is guaranteed to converge after N steps.



Preconditioned Conjugate Gradients Minimization

1
f(x) = 5:1314:1: — bx g(x) =-Vf(x)=b— Ax
a:::co—l—Zozkhk go = b — Axg
k

1
f(:l?) = f(ZE()) + 5 ;Oék hiAh; o — ;gohk Ol

If conjugate directions are considered: hpAh; =0 for k #1

The method is guaranteed to converge after N steps.

Not very appealing if N is very large.



Preconditioned Conjugate Gradients Minimization

f(x) = %ZEA:B — bx g(x) =-Vf(x)=b— Ax

Define g = Py such that PAP =~ const

Apply the algorithm to the transformed problem



Preconditioned Conjugate Gradients Minimization

f(x) = %ZEAZB — bx g(x) =-Vf(x)=b— Ax

Define g = Py such that PAP =~ const

Apply the algorithm to the transformed problem
yo, Go=P(b— APyo), ho = o
_ YkYk

hiPAPhy

095

Yk+1 = Yk + Oékhk )
§k+1 = §k — CkkPAPhk
Jk+10k+1
By, = 2T
gk gk

iLk+1 = (k+1 + Bihi



Preconditioned Conjugate Gradients Minimization

f(x) = %ZEAZB — bx g(x) =-Vf(x)=b— Ax

Define g = Py such that PAP =~ const

vr, = Pyr, hi = Phy, gr= P
Apply the algorithm to the transformed problem

Lo, 4o — PQ(b—ACIfO)a ho = go

9P gk

kT T AR,
Tpa1 = T + aghg

Ght1 = gr — o P2 Ahy,

B, — 9k+1P_29k+1
g P2 gy,

hit1 = gr+1 + Brivk
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