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h 2012 - Entran
e Examination: Condensed MatterSolve at least one of the following problems. Write out solutions 
learly and 
on
isely.State ea
h approximation used. Diagrams wel
ome. Number page, problem, and question
learly. Do not write your name on the problem sheet, but use extra envelope.Problem 1: A simple model for the Born-OppenheimerapproximationConsider the Hamiltonian for two 
oupled one-dimensional os
illators:
H =

P 2

2M
+

p2

2m
+

1

2
mω2x2 +

1

2
MΩ2X2 + gXx,where (x, p) and (X,P ) are 
onjugate variables that represent an ele
tron and an ionposition and momentum, respe
tively ([x, p] = i, [R,P ] = i, [x,X] = [p, P ] = [x, P ] =

[X, p] = 0).1. Find the exa
t eigenvalues of H in terms of two quantum numbers n1 and n2.2. Expand the eigenvalues in the limit of m/M ≪ 1 and write their expression upto �rst order in m/M . Draw the stru
ture of the energy levels. (Consider that
ω2 = k1/m and Ω2 = k2/M where k1 and k2 are given 
onstants).Consider now the Born-Oppenheimer approximation M → ∞. In this limit the ele
-tron Hamiltonian is:

Hel =
p2

2m
+

1

2
mω2x2 + gXx+

1

2
k2X

2.3. Solve the ele
troni
 problem and �nd the eigenvalues E(X) of Hel as a fun
tion of
X.4. Reintrodu
e the kineti
 energy of the ions and solve the ioni
 problem with theele
tron in its ground state. (Hint: E(X) a
ts as the potential energy for the ions)5. Compare the Born-Oppenheimer solution with the exa
t results and dis
uss thevalidity of the approximation.
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Problem 2: Long-range intera
tion between a hydrogenand an anti-hydrogenConsider a system formed by a hydrogen (a proton and an ele
tron) and an anti-hydrogen (an anti-proton and a positron) at a large distan
e R.Assume the proton 
oordinates (position and momentum) are RA, PA; the anti-proton
oordinates are RB, PB; the ele
tron 
oordinates are ra, pa; and the positron 
oordinatesare rb, pb. Ea
h atom (or anti atom) is neutral and has no net dipole in its ground state,what is the intera
tion energy between the two atoms at large separation?Apply the adiabati
 approximation to the heavy parti
les and fo
us on the (ele
tron-positron) system at �xed proton/anti-proton positions.1. Write the Hamiltonian of the (ele
tron-positron) system in terms of the above 
o-ordinates.2. Introdu
e relative 
oordinates xa = ra − RA, xb = rb − RB, and R = RA − RB.Rewrite the Hamiltonian of the system in the above 
oordinates.3. Show that for |R| −→ ∞ the Hamiltonian redu
es to the one of two isolated atoms.Give the value of the ground state energy.4. Expand the Hamiltonian in powers of 1/|R| stopping at the �rst non vanishing term.5. Cal
ulate the 
orre
tion to the energy 
omputed at point 3. by applying �rst-orderperturbation theory and show that it vanishes.6. Evaluate formally the se
ond-order perturbation theory 
ontribution and show thatit does not vanish.7. What is the leading power law in the intera
tion between the two neutral atoms?Is the intera
tion always attra
tive, always repulsive or not de�ned?Hint: the following expansion may be useful
1

|x + R|
=

1

|R|
−

R · x

|R|3
+

3(R · x)2 − (x · x)(R · R)

2|R|5
+ O(1/|R|4)
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Problem 3: Rashba splittingThe ele
troni
 states of the surfa
es of some nonmagneti
 metals 
an be spin polarizeddue to spin-orbit 
oupling. In this problem we study some properties of these ele
troni
states. Let us 
onsider a two dimensional gas of independent ele
trons whi
h move in asquare box of edge L (L is very large) with periodi
 boundary 
onditions. The ele
tronshave spin and intera
t through spin-orbit 
oupling with an external potential. Theirbehavior 
an be des
ribed by the Hamiltonian:
H =

p2
x + p2

y

2m
+ b (pxσy − pyσx)where σ are the Pauli matri
es:

σx =

(

0, 1
1, 0

)

, σy =

(

0, −i
i, 0

)

,

p = −i~
(

∂
∂x
, ∂

∂y

) is the ele
tron momentum, m is the ele
tron e�e
tive mass and b apositive parameter.1. Find the band stru
ture of this system, sear
hing the eigenfun
tions of the Hamil-tonian in the form of two dimensional plane waves multiplied by two-
omponentspinors:
ψk(x, y) = Aeikxx+ikyy

(

α
β

)

.Plot the eigenvalues ǫk along the three lines k = (k, 0), k = (0, k), and k = 1√
2
(k, k)as a fun
tion of k. You 
an take ~ = 1, m = 1 and b positive.2. At the point k = (k, 0) �nd the 
oe�
ients α and β of the eigenve
tors of H su
hthat |α|2 + |β|2 = 1. For the two eigenve
tors 
al
ulate the expe
tation values ofthe spin angular momentum S = ~

2
σ. In whi
h dire
tion is the spin pointing?3. Repeat point 2.) at the generi
 point k = (k cos θ, k sin θ). In whi
h dire
tion is thespin pointing?4. Consider now the energy E = −b2/4 (with the same units used at point 1.). In theplane (kx, ky) �nd the 
urves ǫk = E. In a few k points along these 
urves indi
atewith an arrow the dire
tion of the expe
tation value of the spin on the eigenstateof H at that point. Do a similar plot for E = b2/4.
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Problem 4: One-dimensional s
attering o� a lo
alizedmagneti
 �eldConsider spin-1/2 ele
trons moving in one dimension with the Hamiltonian (~ = 1):
H = −

1

2m

d2

dx2

(

1 0
0 1

)

− B δ(x)

(

0 1
1 0

)

, (1)where x is the 
oordinate, B the strength of a magneti
 �eld in the x dire
tion lo
alizedat the origin, and the matri
es a
t on the spin up and down 
omponents of the wavefun
tion
ψ(x) =

(

ψ↑(x)
ψ↓(x)

)

.Imagine an ele
tron that s
atters o� the magneti
 potential moving from x ≪ 0, whi
his prepared in the state
ψ0(x≪ 0) = eikx

(

α
β

)

, (2)with |α|2 + |β|2 = 1. Without loss of generality, you may take a real α.1. Demonstrate that the s
attered wave fun
tion will generally be of the form
ψ(x < 0) = eikx

(

α
β

)

+ e−ikx

(r↑r↓) , (3)
ψ(x > 0) = eikx

(t↑t↓) . (4)in terms of the re�e
tion, rσ, and transmission, tσ, 
oe�
ients for ea
h spin proje
-tion.2. Write down the equations, without solving them, that rσ and tσ have to satisfy forthe wave fun
tion Eqs. (3) and (4) to be an eigenstate of (1).3. Solve those equations to determine α and β su
h that the transmitted ele
tron hasonly spin down 
omponent, i.e. t↑ = 0.4. Interpret the result by 
omputing the expe
tation value of the spin operator S = σ
2on the initial state.
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