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I n t r o d u c t i o n  

The goa l  of the  p r e s e n t  p a p e r  is  to e n u m e r a t e  a l l  s m o o t h  r e a l  s o l u t i o n s  of  the  s i n e - G o r d o n  equat ion Uxy = 
s i n u ,  e x p r e s s e d  in t e r m s  of t h e t a - f u n c t i o n s  of two v a r i a b l e s .  The a p p e a r a n c e  of th is  p a p e r  is  due to S. P.  Nov i -  
kov,  who t u r n e d  the  a t t en t ion  of the  a u t h o r s  to the s e r i o u s  i n c o m p l e t e n e s s  of the  i n v e s t i g a t i o n s  [1, 2] on the 
" f i n i t e - z o n e  i n t e g r a t i o n "  of th is  n o n l i n e a r  equa t ion ,  i m p o r t a n t  in g e o m e t r i c  and p h y s i c a l  a p p l i c a t i o n s  (cf. [3]). 
(As Novikov  i n f o r m e d  the  a u t h o r s ,  r e s u l t s  s i m i l a r  to t h o s e  of [1] w e r e  a l so  ob ta ined  by McKean  in [14].) The 
main problem remained finding effective conditions for the reality of the "finite-zone" solutions constructed. 
This problem is completely solved in the present paper.* 

The smooth real solutions constructed of the sine-Gordon equation are expressed in terms of theta-func- 
tions of real hyperelliptic curves (cf. below Secs. 1-3). Specially important is the case of curves of genus 2 
(and the corresponding theta-functions of two variables), since here any theta-funetion (of general type) corre- 
sponds to some Riemann surface. Applying the method developed by one of the authors (cf. [4, 5]), one can 
eliminate Riemann surfaces from the calculations and express all the quantities appearing in the formulas for 
two-zone solutions only in terms of theta-functions. Thanks to this the formulas indicated acquire a specially 
simple and analytic effectiveness (ef. below Sec. 4). 

1 .  D e s c r i p t i o n  o f  G e n e r a l  C o m p l e x  A l g e b r o - G e o m e t r i c  

( " F i n i t e - Z o n e " )  S o l u t i o n s  o f  t h e  S i n e - G o r d o n  E q u a t i o n t  

L e t  F be a h y p e r e l l i p t i c  R i e m a n n  s u r f a c e  of genus  g, the  af f ine  p a r t  of w h i c h  is g iven  in C 2 by the equa -  

t ion  
2g-~1 

w ~ : P2g+z (z) = ] - [  (z - -  zl); (1.1) 

the  v a r i a b l e s  z l ,  . . . ,  Z2g+ 1 a r e  p a i r w i s e  d i s t i n c t .  The h o l o m o r p h i c  d i f f e r e n t i a l s  on th is  s u r f a c e  have the f o r m  

z,~._l ~: (i .2) 
k = ~  . . . .  ,g .  

weo ooso   s,so, cyc o o, . . . . .  . . . . .  

c o r r e s p o n d s  a n o r m a l i z e d  b a s i s  of h o l o m o r p h i c  d i f f e r e n t i a l s  a: 1 . . . .  , Wg, w h e r e  

g (1.3) 
oj  • ~i c~]~, ] - ~  f . . . . .  g; 

k = l  

the normalization condition has the form 

(1 i 4 ) 

a k 

*The f i r s t  d i s c u s s i o n  on this  q u e s t i o n  wi th  the  p a r t i c i p a t i o n  of S. P.  Novikov ,  Yu. T r u b o v i t s ,  and I. V. C h e r e d n i k  
a r o s e  a t  the  S o v i e t - A m e r i c a n  S y m p o s i u m  on the  T h e o r y o f  So l i tons  (Kiev,  1979). A n a l y s i s  of the  r e s u l t s  of [1,2] 
c a r r i e d  out l a t e r  r e v e a l e d  the  f o r m u l a t i o n  of the  p r o b l e m s  s o l v e d  in ou r  p a p e r .  
t T h e  goa l  of th is  s e c t i o n  is to d e r i v e  in the  s h o r t e s t  way  the  f o r m u l a s  fo r  (complex)  s o l u t i o n s  in t e r m s  of t h e t a -  
func t ions .  Hence  we l e a v e  to the  s i d e  a s e r i e s  of p rofound  i d e a s  ( L - A - p a i r s ,  B a k e r - A k h i e z e r  func t ions ,  e t c . ,  
cf .  [3, 5, 8]), c o n s t i t u t i n g  the  b a s i s  of the  me thod  of a l g e b r o - g e o m e t r i c  i n t e g r a t i o n  (or " f i n i t e - z o n e  i n t e g r a t i o n " )  
of nonlinear equations. 
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27 -43 ,  J a n u a r y - M a r c h ,  1982. O r i g i n a l  a r t i c l e  s u b m i t t e d  June  10, 1981. 
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The ma t r ix  (Cjk) is ca lcula ted  thus: 

(cj~) ~- (~ ~l~) -~ • (1.5) 
$ 

We define the ma t r ix  of per iods  (Bjk) of the Riemann s u r f a c e  F: 

Bj~ = f co~, ], k----- l . . . . .  g. (1.6) 
b k 

I t  is well  known (cf. [9]) that  (Bjk) is a s y m m e t r i c  ma t r ix  with pos i t ive-def in i te  imag ina ry  par t ,  i .e . ,  (Bjk) 
is a Riemann ma t r ix .  We define in the s p a c e  C g = 1~ 2g the in tegra l  la t t ice  of per iods ,  cons is t ing  of vec to rs  
of the f o r m  

M + BN, M, N ~ Z g. (1.7) 

The quotient  of the space  C g by this la t t ice  is a 2g-d imens iona l  torus  and is cal led the Jacobi  manifold (or 
Jacohian)  of the su r f ace  F; we denote it  by J(F) .  

With r e s p e c t  to the ma t r ix  of per iods  B = (Bjk) we cons t ruc t  the theta-funct ion with c h a r a c t e r i s t i c s  [c¢] 
In'; a"] ~ R~g: 

O In'; a"] (z) --~ 0 [¢¢'; a"] (z I B) ~--- ~ exp {hi <B (k + a')i k + a'> + 2ai <k ~ a', z + cz">}. (1.8) 
k ~ g  g 

H e r e  z = (z, . . . . .  ze) ~ Cg; the summat ion  is c a r r i e d  out ove r  the in tegra l  la t t ice  zg ;  the angular  b racke t s  de-  
note the Eucl idean s c a l a r  product .  Specia l ly  impor tan t  is the function 0(z) = 0[0; 0] (z). C h a r a c t e r i s t i c s  for  
which all coord ina tes  of the vec to r  [a] a r e  equal to 0 or  1 / 2  a r e  cal led s emipe r iods .  The s e m i p e r i o d  [oz'; a " ]  
is even if 4 < ~ ' ,  tx" ) - 0 (mod 2), and odd o therwise .  To even pe r i ods  c o r r e s p o n d  even the ta- funct ions ,  to odd, 
odd. Upon t rans la t ion  by vec to r s  of the la t t ice  of per iods  (1.7), the theta-funct ions  t r a n s f o r m  accord ing  to the 
law 

0 [¢t'; ~"] (z + M + BN) =exp{- -~<BN,  N ) - - 2 ~ < N ,  z )+2~i  (<~', M)--<¢¢ ~, N))} 0 [a';  cd](z). (1.9) 

F o r  the cons t ruc t ion  of solut ions of the s ine -G0rdon  equation we use  the following identity (cf. [ i0,  (39)]; 
this identi ty can a lso  be der ived  in the r e a l m s  of the theory of nonl inear  equations,  cf. [5]), valid for  any Rie-  
mann s u r f a c e  F and any pa i r  of its points P,  Q: 

He re  z ~ C g is an a r b i t r a r y  vec to r ,  

O (z + A) e (z - A) ~_ c, + 2 UtVj o~ In 0 (z) (1.10) 
~2 ( p ,  Q)  0 2 (z)  . . ozioz j 

P 

o Q 

the vec to r s  U = (UI, • • • ,  Ug), V = (VI . . . . .  Vg) have the f o r m  

• % (Q) 

where  p, q a r e  local  p a r a m e t e r s  in neighborhoods of the points P,  Q, r e spec t ive ly ;  

(1.11) 

(1.12) 

• O 2 [v] (a) (1.13) 
e 2 ( P ' Q ) = ~ v ~  oz. 2 v  _ _  ............. ' 

2 ezj  

whe re  [v] is any odd nondegenera te  (i .e. ,  g rad  0[v](0) ~ 0) semiper iod ;  the explici t  f o r m  of the quantity a = 
a (P, Q) is inessen t ia l  for  us. The identity (1.10) is a genera l iza t ion  of the "addition t h e o r e m "  for  W e i e r s t r a s s  
a - func t ions  

z(~+v)z (~--v) 
~ = ~ ( v ) - - ~ ( . )  (1.14) 

(ef. [11]). 
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L E M M A  1. Le t  P and Q be b r a n c h  poin ts  of  the  R i e m a n n  s u r f a c e  (1.1). Then the v e c t o r  A of the  f o r m  

(1.11) is  a s e m i p e r i o d ,  

P r o o f .  L e t  l be a pa th  j o in ing  the  poin ts  Q and P.  We c o n s i d e r  a s e c o n d  copy  ~of  this  pa th ,  going f r o m  P 
to Q on a n o t h e r  s h e e t  of  the  R i e m a n n  s u r f a c e .  We have  

Aj-----f(oj=fcO j, j~--~l . . . . .  g, (1.16) 

But the  i n t e g r a l s  of c01, . . . ,  COg a long  the  c l o s e d  c y c l e  7 ---- l U ~ g ive  s o m e  v e c t o r  of the l a t t i c e  of p e r i o d s  of 
the  f o r m  M + BN. By v i r t u e  of  (1.16) th i s  p r o v e s  the  a s s e r t i o n  of the  l e m m a .  

In wha t  fo l lows  i t  w i l l  be a s s u m e d  tha t  the  l o c a l  p a r a m e t e r s  p = c~Cz - z i ,  q = e24"~ - z j  (e~, c2 a r e  c o n -  
s t a n t s )  in n e i g h b o r h o o d s  of t h e s e  b r a n c h  poin ts  P = {z = z i} ,  Q = {z = z j}  a r e  c o m p a t i b l e  so  tha t  e2(P, Q) = 1. 

T H E O R E M  1. The func t ion  

1 [In O(zU+yV-]-OA-]-~)O(xu ÷yv-t-~--A) 
u (x, g) = - -V (zu  + ~v + ~) + at <N, A>~ (1.17) 

i s ,  u n d e r  the  h y p o t h e s e s  l i s t e d  above ,  a so lu t i on  of the  equa t ion  

Uxy ~ - - /4~  Sill  U, 

w h e r e  

× = exp ( - - h i  <iV', A>). 

(1.18) 

(1.18') 

The  p r o o f  c o n s i s t s  of d i r e c t  s u b s t i t u t i o n ,  us ing  (1.10) and the t r a n s f o r m a t i o n  law (1.9). 

Def in i t ion .  So lu t ions  of the  f o r m  (1.17) of  Eq. (1.18), c o n s t r u c t e d  f r o m  a h y p e r e l l i p t i c  R i e m a n n  s u r f a c e  
F of  genus  g and i t s  p a i r  of b r a n c h  poin ts  P ,  Q, wi l l  be c a l l e d  g - z o n e  so lu t i ons  of the  s i n e - G o r d o n  equat ion.  

2 .  R e a l  A l g e b r a i c  C u r v e s  o f  G e n u s  2 a n d  T h e i r  T h e t a - F u n c t i o n s  

L e t  Eq. (1.1) of the  R i e m a n n  s u r f a c e  F have  r e a l  c o e f f i c i e n t s .  Then on F t h e r e  ac t s  the  a n t i - i n v o l u t i o n  

{ a n t i - h o l o m o r p h i c  a u t o m o r p h i s  m) 

x (z, w) = (~, D), T ~ = 1. (2.1) 

The  t o p o l o g i c a l  p r o p e r t i e s  of s u c h  " p a i r s : '  a R i e m a n n  s u r f a c e  (1.1) t o g e t h e r  wi th  an a n t i - i n v o l u t i o n  (2.1) g iven  
on i t ,  a r e  d e t e r m i n e d  in the  h y p e r e l l i p t i c  c a s e  by the  c o l l e c t i o n  of  r e a l  r o o t s  o f t h e  p o l y n o m i a l  P2g÷l(z) [cf. (1.1)]. 
F i r s t  we  a n a l y z e  the  e x a m p l e  of  a s u r f a c e  of  genus  2 w h i c h  is  b a s i c  fo r  us 

5 

. ~  = p ,  (z) = 1].  ( z - -  z~) (2 .2)  

Type I. A l l  r o o t s  z ,  < . . .  < z 5 of  t h e  polynomial Ps(z)  a r e  r e a l .  In t h i s  c a s e  t h e  a n t i - i n v o l u t i o n  r h a s  on  

the  s u r f a c e  (2.2) t h r e e  f ixed  ova l s  [ th ree  r e a l  c o m p o n e n t s  of  the  c u r v e  (2.2)]: 

AI: {zl ~ z < z,, w = i V p~ (z)},  
An: {z~ -<~ z • z , ,  u, = + V P z  (z)}, (2.3) 

An: {z~ < z ~ oc, w = 4- V P-~ (z)}. 

We no te  tha t  the  union of the r e a l  o v a l s  d i v i d e s  the  R i e m a n n  s u r f a c e  F into  two d i s j o i n t  c o m p o n e n t s .  A b a s i s  of 
c y c l e s  on such  a R i e m a n n  s u r f a c e  is  r e p r e s e n t e d  in F ig .  1. The  a n t i - i n v o h i t i o n  ac t s  on t h e s e  c y c l e s  thus:  

Tal = al, ~a~ = a 2 ,  xbl = ~ b l ,  xb~ = - -b  2 (2.4) 

[equa l i ty  in the  h o m o l o g y  g roup  H~(F; Z)].  The n o r m a l i z e d  h o l o m o r p h i c  d i f f e r e n t i a l s  

C21 ~-L C22 Z 
o h -  cn+cr,.:  dz, o ) , - -  dz (2.5) 

V ~ )  - 1/ P~ (~) 

on F have  hence  r e a l  c o e f f i c i e n t s .  In o t h e r  w o r d s ,  unde r  the ac t ion  of the  a n t i - i n v o l u t i o n  y t h e s e  d i f f e r e n t i a l s  
a r e  t r a n s f o r m e d  a c c o r d i n g  to the  law (here  r*[f (z)dz]  = f ( r (z ) )d r (z ) )  
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~*0)~ = ~ ,  k = t ,  2. (2.6) 

The  m a t r i x  of  p e r i o d s  is  p u r e l y  i m a g i n a r y :  

~ = ~ j = ~ * c o j =  . ~ c o j = - - - B ~ .  (2.7) 
b k b k '~b k 

C o n s e q u e n t l y ,  the  l a t t i c e  of  p e r i o d s  (1.7) in C 2 = R 4 i s  i n v a r i a n t  w i th  r e s p e c t  to c o m p l e x  con juga t ion  

(z,, z2) ~ (~,, ~) .  (2.8) 

Thus t h e r e  is  de f ined  an a n t i - i n v o l u t i o n  on the  J a c o b i a n  J ( F ) .  We s h a l l  f ind i t s  r e a l  

~ z (2.9) 

and i m a g i n a r y  

z =__ --z  (2.10) 

c o m p o n e n t s  on the  J a c o b i a n  J ( F ) .  (The s i gn  - h e r e  and l a t e r  w i l l  be u s e d  to deno te  the  e q u a l i t y  of v e c t o r s  f r o m  
c g  modu lo  the  p e r i o d  l a t t i c e . )  To f ind t h e s e  c o m p o n e n t s  w e  expand  any v e c t o r  z = (zl ,  z2) in  t e r m s  of a b a s i s  
f o r  t he  p e r i o d  l a t t i c e :  

z = (z~, z~) ~ Bc~ -? [~, (2.11) 

w h e r e  f o r  the  r e a l  v e c t o r s  a = @1, a2),  fl = (~1, /32) a l l  c o o r d i n a t e s  l i e  be tw e e n  z e r o  and one.  Then the r e a l i t y  
c o n d i t i o n  has  the  f o r m  

B~ -4- ~ = - - B a  + [5 4- m -~ Bn,  (2.12) 

w h e r e  m, n ~ Z 2. We ge t  f o u r  r e a l  c o m p o n e n t s  (of the  r e a l  t w o - d i m e n s i o n a l  t o ru s )  

z ~ [~ + (1/2) Bn, (2.13) 

w h e r e  fi ~ R", n = (0, 0), (1, 0), (0, 1), ( t ,  t) .  A n a l o g o u s l y  the  i m a g i n a r y  c o m p o n e n t s  have  the f o r m  

z ---~ ia + (t/2) n, (2.14) 

w h e r e  a g a i n  a ~ R 2, t h e v e c t o r  n a s s u m e s  the  s a m e  fou r  v a l u e s .  This  is  aga in  fou r  t w o - d i m e n s i o n a l  r e a l  t o r i .  

Type  II. The  r o o t s  z 1 < z 2 < z 3 a r e  r e a l ,  and z 4 = z 5 a r e  c o m p l e x .  The  a n t i - i n v o l u t i o n  T has  only two 

f ixed  o v a l s  

A1 : {Zt ~ z~<z2, w = --~VP5 (z)}, A 2 : {z3.~<z ~ c¢~, w = -~] /Ps(z)} ,  (2.15) 

w h i l e  t h e i r  union no l o n g e r  d i v i d e s  the  s u r f a c e  F into two c o m p o n e n t s .  A b a s i s  of c y c l e s  is  r e p r e s e n t e d  in F i g .  
2. The  a c t i o n  of the  a n t i ' i n v o l u t i o n  "r on t h e s e  c y c l e s  is  as  fo l lows :  

"ral = al, ~a~ = am, ~bl = a1-t- a 2 - -  bl, "rb2= a t @ a 2 - -  b~. (2.16) 

The  law of  t r a n s f o r m a t i o n  of h o t o m o r p h i e  d i f f e r e n t i a l s  aga in  has  the  f o r m  (2.6). But  fo r  the  p e r i o d  m a t r i x  B 

one has  the  fo l lowing  r e l a t i o n ,  w h i c h  fo l lows  f r o m  (2.6) and (2.16): 

As b e f o r e  the  p e r i o d  l a t t i c e  in C 2 is  i n v a r i a n t  w i th  r e s p e c t  to c o m p l e x  con juga t i on  (zl,  z2) ~ (z1,  z2 ) ,  w h i c h  d e -  
f ines  an a n t i - i n v o l u t i o n  on the  J a c o b i a n  J ( F ) .  But th i s  a n t i - i n v o l u t i o n  has  only  two r e a l  and two i m a g i n a r y  c o m -  
ponen ts  on J ( F ) ,  e a c h  of w h i c h  i s  a t w o - d i m e n s i o n a l  t o r u s .  The  r e a l  c o m p o n e n t s  have  the  f o r m  

t z = ~ @ . ~ - B n ;  [ ~ R  ~, n ---=- (0, 0) , (t, t). (2.18) 

The  i m a g i n a r y  c o m p o n e n t s  have  the f o r m  

t z=---ia+--~-n, c ¢ ~ R  ~, n - - ( 0 , 0 ) ,  ( t ,0 ) .  (2.19) 

Type  IH. The  r o o t  z 5 is  r e a l  and the r e s t  a r e  c o m p l e x :  zl  = z2, z3 = z4. T h e r e  i s  only  one r e a l  oval :  

A1 : {za ~< z ~< oo, tv = =i=]/'P-~,~ (z)}; (2.20) 
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- L." J 

gl +U2 

F ig .  2 F ig .  1 F ig .  3 

F ig .  1. B a s i s  of c y c l e s  on a R i e m a n n  s u r f a c e  of type  I. Dashed  l ines  r e p r e s e n t  p a r t s  of c y c l e s  ly ing  on the 

" l o w e r "  s h e e t  of the  R i e m a n n  s u r f a c e .  

F ig .  2. C y c l e s  on a R i e m a n n  s u r f a c e  of type  II.  

F ig .  3. C y c l e s  on a R i e m a n n  s u r f a c e  of type  III. 

it does not separate the Riemann surface F. A basis of cycles is represented in Fig. 3. The real anti-involu- 

tion on these cycles is as follows: 

Ta I ~ al~ TG 2 ----- a2~ 

• bz = az + a2 - -  bz ,  ( 2 . 2 1 )  

xb2 = az -~ 2a~ - -  b2. 

The  h o l o m o r p h i c  d i f f e r e n t i a l s  s a t i s f y  (2.6); f o r  the  p e r i o d  m a t r i x  B one has  the  r e l a t i o n  

The  a n t i - i n v o l u t i o n  on the  J a c o b i a n  J (F )  has  one r e a l  

z ~ ~, ~ ~_ R 2, (2.23) 

and one i m a g i n a r y  

z ~ ~a, a ~ R 2, (2.24) 

c o m p o n e n t  (each  of t h e m  is  a t w o - d i m e n s i o n a l  t o r u s ) .  

Rea l  a l g e b r a i c  c u r v e s  of genus  2,  w h i c h  a r e  not of t ypes  I - I I I ,  have  the f o r m  w 2 = P6(z), w h e r e  P6(z) is  a 
p o l y n o m i a l  w i th  n o n r e a l  z e r o s .  Such  c u r v e s  e i t h e r  have  no r e a l  poin ts  ( type IV), o r  have  e x a c t l y  one s e p a r a t i n g  
ova l  ( type V). T h e s e  c u r v e s  a r e  not  s u i t a b l e  f o r  i n t e g r a t i o n  of the  s i n e - G o r d o n  equa t ion ,  and we s h a l l  not con -  
s i d e r  t h e m .  We note  only  tha t  a s u i t a b l e  b a s i s  of c y c l e s  a l ,  a2, b l ,  b2 on such  R i e m a n n  s u r f a c e s  t r a n s f o r m s  
u n d e r  the  ac t i on  of the a n t i - i n v o l u t i o n  a c c o r d i n g  to the  law 

Taz--~a~, Ta2-~az, T b l ~ - - b ~ ,  ~ b 2 ~ - - b z .  (2.25) 

The  J a c o b i a n  J (F )  wi th  the  a n t i - i n v o l u t i o n  (zl,  z2) - -  (z2, zl) has  one r e a l  and one i m a g i n a r y  componen t .  

Now we c l a r i f y  the  q u e s t i o n  about  the  s y m m e t r y  of the t h e t a - f u n c t i o n s  of R i e m a n n  s u r f a c e s  of  types  I - I I L  

L E M M A  2. T h e t a - f u n c t i o n s  of R i e m a n n  s u r f a c e s  of t ypes  I - I I I  wi th  the b a s i s  of c y c l e s  i n d i c a t e d  above  

have  the fo l lowing  s y m m e t r i e s :  

0 (z) = 0 (~ + }~), (2.26) 

w h e r e  k is  a r e a l  s e m i p e r i o d  of  the  f o r m  k=  0 fo r  type  I, k = ( 1 / 2 ,  1 / 2 )  fo r  t ype  II,  k = ( 1 / 2 ,  0) fo r  type  HI. 

The  p roo f  fo l lows  qu i ck ly  f r o m  the de f in i t i on  of the  funct ion 0(z) and the s y m m e t r i e s  (2.7), (2.17), and 
(2.22) fo r  the  p e r i o d  m a t r i c e s  of  the  e n u m e r a t e d  R i e m a n n  s u r f a c e s .  

To c o n c l u d e  th is  s e c t i o n  we  g ive  s o m e  g e n e r a l  i n f o r m a t i o n  about  R iemann  s u r f a c e s  of genus  g -> 2 wi th  
an anti-involution T. Let the anti-involution T on F have n fixed ovals (0 -< n -< g + i). Two cases are possible: 
a) the union of the real ovals separates F into two components; b) the union of ovals does not separate F. The 
properties of "separating" Riemann surfaces [case a)] and their theta-functions are well studied; see, e.g., 
[10, Chap. 6]. Theta-functions of nonseparating surfaces did not arise in applications (as far as is known to 
the authors). Hence we give here information about theta-functions of nonseparating surfaces. On such a 
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(01) 
s u r f a c e  one can  a lways  choose  a bas i s  of cyc le s  a D . . . ,  ag, bl ,  • • . ,  bg wi th  i n t e r s e c t i o n  m a t r i x  - 1  0 ' 
t r a n s f o r m i n g  unde r  the ac t i on  of the a n t i - i n v o l u t i o n  a c c o r d i n g  to the law 

a - - b  i, t ~ i ~ n ,  
xa i -~  a i, i ~-= i . . . . .  g, ~b i--- (2.27) 

a + a l - - b  i, n . + 1 ~ i . ~ g ,  
g 

w h e r e a ~ - - - ~ , a  i (cf. [6]). F o r g : 2  such  a bas i s  was produced  for  types  II ( n = 2 )  and III ( n = l ) .  The per iod  

m a t r i x  of h o l o m o r p h i c  d i f f e r e n t i a l s ,  c a l cu l a t ed  in this  b a s i s ,  has the fol lowing s y m m e t r y :  

l 

l 

. . .  , 7 ,  .--.-.- --B, 
12 

. . .  i l . . . 2 /  

(2.28) 

where on the right side the square blocks have sizes n x n and (g -  n) x ( g -  n). The theta-function 0(z) = 0(zJ B) 
has the symmetry 

0 (z) = 0 (z + X), (2.29) 

w h e r e  the s e m i p e r i o d  X has the f o r m  

)~ = (i/2) (l . . . . .  l ,  0 . . . . .  0) (2.30) 

(ones in the f i r s t  n p laces) .  It is  easy  to v e r i f y  that the a n t i - i n v o l u t i o n  z - -  z on the J a c o b i a n  J(F)  has 2 n-1 p a i r -  
w i s e  d i s j o i n t  r e a l  c o m p o n e n t s  and 2 n-1 i m a g i n a r y  componen t s  for  n > 0, each of which  is a r e a l  g - d i m e n s i o n a l  
t o r u s .  F o r  n = 0 t he r e  is one c o m p o n e n t  if g is even and two if g is odd. The func t ion  0(z) is r e a l  on the r ea l  

t o r i  of the  f o r m  

l 1 z ----- ia + -V (el . . . . .  en-,, 0 . . . . .  0) + -~- )~, a ~ R g, 

z ~ i a  for n~-O,  g ~ 2 p ~  t;  
• t 

z -~ ta-~ T (el, 0 . . . . .  0) for n ----- 0, g ----- 2p, 

n ~ 0 ;  
(2.31) 

w h e r e  e~, . . . ,  en - t  a s s u m e  the va lues  0, 1. (It is easy  to see  that  the condi t ion  of r e a l i t y  of the funct ion 0(z) 
depends  only  on the c l a s s  of the v e c t o r  z modulo  the per iod  la t t ice . )  We note that  on al l  t hese  r ea l  to r i  the 
func t ion  0(z) has z e r o s  (see the S u p p l e m e n t  below),  so  n o n s e p a r a t i n g  R i e m a n n  s u r f a c e s ,  as a r u l e ,  cannot  
be used  for  the c o n s t r u c t i o n  of s m o o t h  " f i n i t e - z o n e "  so lu t ions  of n o n l i n e a r  equa t ions ,  i n t e g r a b l e  by the method 
of the i n v e r s e  p r o b l e m . *  However  the s i n e - G o r d o n  equat ion  is an except ion t o  this ru le :  in the fol lowing s e c -  
t ion  we sha l l  show that  any r e a l  h y p e r e l l i p t i c  c u r v e  wi th  at  l e a s t  one r e a l  b r a n c h  point  g ives  a smoo th  r ea l  s o -  
lu t ion of the s i n e - G o r d i n  equat ion.  With the except ion  of the s i m p l e s t  c a se ,  where  a l l  b r a n c h  points a r e  r e a l ,  

such  R i e m a n n  s u r f a c e s  a r e  a lways  n o n s e p a r a t i n g .  

3. S e l e c t i o n  of R e a l  S o l u t i o n s  of the  S i n e - G o r d o n  E q u a t i o n  

In this section we shall show that for the reality and smoothness of the finite-zone solutions constructed 
in Sec. ] of the sine-Gordon equation it is necessary and sufficient that the following conditions on the Riemann 
surface F of the form (1.1) and its branch points P, Q hold: 

i) the hyperelliptic curve (1.1) must be real (i.e., a Riemann surface with anti-involution); 

2) the branch points P, Q must lie on one real oval of the curve (1.1). 

For the case of genus 2 the surface F must be of one of the types I-III, listed in the previous section. 
Moreover, it is also necessary to impose a restriction on the parameter ~, determining the solution [cf. (1.17)]; 
we shall do this a little later. The condition on the branch points P, Q means that A is a real vector in cg, 

~ A ~ + M ,  J [ ~ Z  g. (3.1) 

*Using the technique developed here, one of the authors (Dubrovin) proved that the nonlinear Schr~dinger equa- 
tion let = Cxx - ]¢ j2¢ (case of repulsion) has no smooth finite-zone solutions. 
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For definiteness one can assume that the points P, Q lie on the cycle a I. Then M = (I, 0 . . . . .  0). Hence (1.17) 
and (1.18) can be simplified and we get: the function 

is  a s o l u t i o n  of the  equa t ion  

[ +Vr-TM+;)] u(x, y).-~-+ln O(zU l ' 
o 7O--+~ -S- ~ ] 

(3.2) 

uxv = - - 4  s in  u.  (3 .3 )  

Making  the s u b s t i t u t i o n  x ,  y --~ i x / 2 ,  i y / 2 ,  one can  r e d u c e  this  equa t ion  to the  s t a n d a r d  f o r m  Uxy = s i n u .  We 
c o n s i d e r  the  func t ion  

(3.4) 0 ~ (z t - T M)  
(~) ----- o~ (~) 

By virtue of the transformation law (1.9), this is a single-valued meromorphic function on the torus J(F). Now 
we impose the restriction on the vector ~: 

(3.5) 
t ~----TM+X--~, 

w h e r e  )~ = 0 fo r  t ype  I, ~ = ( 1 / 2 ,  1 / 2 )  fo r  type  II,  and k = ( 1 / 2 ,  O) fo r  type  IIL It is  c l e a r  tha t  such  v e c t o r s  
a r e  in o n e - t o - o n e  c o r r e s p o n d e n c e  wi th  i m a g i n a r y  poin ts  of the J a c o b i a n :  

~------- M + T ) ~ + z ,  where ~-.-~-~z. (3.6) 

LEMMA 3. The  equa t ion  [ ~0(~)12 = 1 is  va l id  if  and only if  (3.5) ho lds .  

P r o o f .  Suppose  f o r  the  v e c t o r  ~, (3.5) ho lds .  Then 

- T  M +  = i (3.7) 
0 ~' (~ + ~) ~ (~) - -0~ -j --- 

Conversely, if (fl(~)tfl(~) = 1, then by (3.7), 

~ L----- +-(~ i _ - -=yM) .  (3.8) 

The plus sign in this equation is impossible, since the vector ~ -  ~ is purely imaginary, and the vector k + 
(i/2)M is real. The lemma is proved. 

We choose local parameters p, q in neighborhoods of the branch points P, Q so that ~'(p) = p, T(q) =~i. 
Then the vectors U, V are real: U = U, V = V. This is obvious from their definition (1.12) and the form of the 
holomorphic differentials (2.6). Hence if (3.5) holds for the vector ~, then the relation 

holds for the vector 

1 t . l ~----TiXU.- T ~ Y V _ T M - - '  ; 

, I 
u÷-9-; v - - T M +  ~. u(x, g ) - - ~ + l n  o(~f- T 

_ 5 ~ T V  + T M + T ~  

(3.9) 

(3.10) 

for r e a l  x ,  y .  

THEOREM 2. The function 

is a smooth real solution of the sine-Gordon equation Uxy = sinu under the conditions listed above on the Rie- 
mann surface F, its branch points P, Q, and the local parameters p, q, while the vector z must lie on some 
imaginary component of the Jacobian J(F). If the Riemann surface F has only one pair of real branch points, 
then there is another component of smooth real solutions of the equation Uxy = sinu 

27 



z Y + ( + ,  0)-~ ]2, (3.11) O ("~-U-- -~-" V z) 

where  the vector  z is purely real.  The formulas  listed exhaust all smooth real  f ini te-zone solutions of the 
equation Uxy = sin u. 

P roof  for Genus g = 2. The smoothness  and real i ty  of the solutions (3.10) follows direct ly  f rom Lemma3 .  
The smoothness  and real i ty  of solutions of the fo rm (3.11) is verified just as in Lemma 3. We give the proof 
of necess i ty  of the real i ty  conditions listed in the theorem.  The necess i ty  of the real i ty  of the curve  F and its 
branch points P, Q follows f rom the theory of L - A - p a i r s  and is actually proved in [1]. The necess i ty  of the 
condition ~ + ~ - A + ;~ follows f rom L e m m a  3. This equation has on J(F) nontrivial solutions if and only if 
the vec tor  A is real .  This means that the points P and Q lie on one oval of the anti-involution T. This uniquely 
fixes the anti-involution on the Riemann sur face  for types I and II; for type III another involution T' also s e rves ,  
where  T'(Z, W) = (Z,--W). This leads prec ise ly  to the formulas  listed above and only to them. The theorem is 
proved. 

• The proof of this theorem for  the case  of higher genus is ca r r i ed  out pract ical ly  unchanged. 

This theorem allows one easily to calculate  the collection of components of smooth real  solutions of the 
s ine-Gordon equation constructed f rom a real  hyperell iptic surface  F of genus g with a fixed pair  of real  branch 
points, lying on one ova[, where  F has n real  ovals (1 ~< n -< g + 1). It is only neces sa ry  to exclude "tr ivial" 
components ,  for  which the solutions differ only in sign. We get 2 n-2 components of real  solutions for n -> 2 and 
two components for n = 1. A complete l ist  of smooth  real  solutions for genus g = 2 is given in the following sec -  
tion. The reason for  the appearance of two components for curves  with one oval is c lea r  f rom the proof of 
Theorem 2: actually these two components cor respond  to two different real  curves  w 2 = Ps(z) and w 2 = -  Ps(Z), 
i somorphic  as complex Riemann sur faces .  

Before moving to the effectivization of the formulas  in genus 2, we mention the problem of the density of 
the f ini te-zone solutions of the s ine-Gordon equation constructed in the space of all periodic (modulo 2 ~) solu-  
tions of this equation. As Novikov indicated to the authors ,  up to now there are  no approaches to this problem. 
This is connected,  in par t icu lar ,  with the non-sel f -adjointness  of the corresponding L - A - p a i r  (cf. [3]). 

4 .  E f f e c t i v i z a t i o n  o f  t h e  F o r m u l a s  O b t a i n e d  f o r  T w o - Z o n e  

S o l u t i o n s  o f  t h e  S i n e - G o r d o n  E q u a t i o n  

In this section we shall  show that f rom the construct ion of the two-zone solutions one can completely 
d i scard  the Riemann sur face ,  and we get formulas  in closed fo rm for real  smooth solutions in t e rms  of theta-  
functions of two var iables .  The basic possibil i ty of real iz ing such a p rog ram is c lear  in advance, since any 

Riemann 2 x 2 -mat r ix  B = (B~I Bj2 ) (i.e., s y m m e t r i c  matrix with posit ive-definite imaginary part) in general  
\BI 2 ]322 

position is the period matr ix  of some Riemann surface  (see, e.g.,  [5, Chap. 4)). 

We introduce the notation needed. We cons ider  the four l inearly independent functions 

' ( 4 . 1 )  

where n ~ (Z~) 2, i .e . ,  the coordinates of the vector  n = (nl, n2) are equal to 0 or  1. One has the fo l lowing iden- 

t i t y  ("addit ion theorem" fo r  theta- funct ions,  cf. [5]): 

O(z + u)O(z--u)• ~ {}[n](2z)(}[n] (2u). (4.2) 
n~(Zz)-" 

The values of the functions 0[n](z) and their  derivat ives at ze ro  are  called the theta-constants .  The the ta-con-  
stants a re  functions of the Riemann matrix B. Let us agree to omit the argument  zero  f rom the theta-constants :  
0[n] = 0[n](0), 0ij[n] = 0ij[n](0). We impose on the Riemann 2 × 2 -mat r ix  B the following nondegeneracy condi- 

tion: 
~1 [0, 0] ~12 [0, 0] ~2.. [0, 0] ~ [0, 0] ] 

D = d e t  0~[t, 0] 6~[t, 0] 6.0.,[1,0] 81t, 0][ve 0 (4.3) 
[0,1] ~1~[0, t] O~[o,i]  ~[o, 1] 
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(this condition eliminates Riemann matrices, reducing an integral-valued symplectic transformation to diago- 
nal form). 

THEOREM 3. Let B = (BI~ BI2 ) be an arbitrary Riemann matrix with the nondegeneracy condition (4.3), 
B12 B22 / 

s a t i s f y i n g  one  of  the  t h r e e  r e a l i t y  c o n d i t i o n s :  

Type I: B = - -  B, (4.4) 

Then the function 

/ i (z --  xo) i (g --  Yo) ]2 
0 [0, O; p~, p.,] ~ - - - ' ~ " ~  U + 2 V) 

u (x, y) = __t in ] (4.7) 
i 0[0, 0; q,, q~] ( ~  U-}- ~ V) 

i s  a s m o o t h  r e a l  s o l u t i o n  of  t h e  e q u a t i o n  Uxy = s i n  u,  w h e r e  the  c h a r a c t e r i s t i c s  p l ,  P2, q l ,  q2 f o r  the  t y p e s  I - I I I  

h a v e  the  f o r m  

Type I 

Pl 

P~ 

ql 

q~ 

~/~ 

0 

~/~ 

0 

I Type II [Type III 

~/~ 0 0 

1/2 1/4 0 

1/4 1/2 1/2 

1/.o 1/,~ 0 

, ( 4 . 8 )  

t h e  v e c t o r s  U = (Ut, U2), V = (V~, V 2) h a v e  the  f o r m  

U1--~ I, U, ,~-  qlz -]- ]/'q~2-Sqliq~z V l = q ~ ,  V2 ql~ - Vq~2-4qnq~2 (4.9) 
- 2qu ' -~  2 , 

and  the  q u a n t i t i e s  q i j  = q i j  (B) a r e  c a l c u l a t e d  a c c o r d i n g  to the  f o l l o w i n g  f o r m u l a s  [ the  d e t e r m i n a n t  D is  d e f i n e d  

by  (4.3)]: 

[0, Ol ~1~ [0, 0] ~ [0, 0] 

q l l = D _ l d e t  ^ 0 ~i2[1,01 0~2[t, 0] 
0[~,11 012[0,11 02~[0,1] 

8~[1, t] 8._,~[1, t] 

~n [0, 01 6[o, 01 ~ [o, 0l 
ql~ ~ D -1 det [ On [t, 0] 0 0-22 [1, 0] 

[~n[0, t] ~[0, i] ~2[0, t1 

0 i l  
6[1, 0] 

0 ' ^ 
e l i ,  

o l~20l 

~ [1 ,111  

(4.1o) 

(4.11) 

~n[0,0] 01~[0,0] ~[0,0] 0 
. ~ - 1 "  -I§11[I,0] 012[i, 0] 0 §[I, 01 t/22 ~ / J  GeL ^ 

e11[0, t] ~,~[0, 1] 6[0, i] o 
0~1 [ l ,  1] ~ , [ t ,  l ]  o ~ [~, l ]  

F o r  R i e m a n n  m a t r i c e s  of  t y p e  I I I  t h e r e  i s  a n o t h e r  f a m i l y  of  r e a l  s o l u t i o n s  of  the  f o r m  

(4.12) 

' o . ±  o l f X - = ° u  ~ - ~ " v ~ l  ~ 
' 0 [o, , ± : _ ,  ~ _ _ L 2 _ - - _ 2  /I  (4.13) 

u ( x , y ) - - - - - T l n  0{ x - = °  u y--~0 v~ l "  
\ 2 - -  9 / 3 

P r o o f .  F i r s t  w e  c h o o s e  an  a r b i t r a r y  P d e m a n n  m a t r i x  (wi thout  r e a l i t y  c o n d i t i o n s ) ,  w e  c o n s t r u c t  f r o m  i t  
t he  c o r r e s p o n d i n g  f u n c t i o n  0(z) = 0(z] B) and w e  s h a l l  s e e k  a s o l u t i o n  of  (1.18) in the  f o r m  (1.17),  w h e r e  ~ i s  an  
a r b i t r a r y  v e c t o r ,  & h a s  t h e  f o r m  

i ] ,  , .ir_BN, 3 / ,A ,  CEZ~, (4.14) A =  . - -y - . , - -  z 
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and the vectors  U, V are  as yet  unknown. To find these vec tors ,  we use (1.10). Under the condition e 2 = 1 we 
have 

0 (z + A)0 (z --  A) -- cz02 (z) + OuOvO (z):0 (z) --  0v0 (Z)OvO' (z). (4.15) 

We t r a n s f o r m  this equation, using the addition theorem (4.2) (cf. [5]). We get a s y s t e m  of 2g r e l a t ions  

2 ~ . U i V A j [ n  ] + a(}[n]--~0[n](2A), n~(Z~) g. (4.16) 

F o r  g > 2 the compatibi l i ty conditions for  this sys t em give nontrivial  relat ions on the Riemann matrix B, neces-  
s a ry  (and apparently sufficient;  cf. [5]) for  the matr ix B to be the period matrix of a hyperell iptic Riemann 
surface.  But for  g = 2 these equations a re  easy to solve. We choose as A the vec tor  A = ( 1 / 2 ,  0). Then the 
sys t em (4.16) can be rewri t ten  in the fo rm 

2u1gx01, In] + 2 (U, V2 + U2V~I~ [n] q- 2U~V2622 [n] + a0 [n] = (--I)~,(} [n], (4.17) 

where  n = (nl, n 2) assumes  the values (0, 0), (1, 0), (0, 1), (1, 1). Solving it by C r a m e r ' s  rule,  we get 

UxVI = qxx, U1V~ + U~V~ = q12, U2V2 = q2~, (4.18) 

where  the quantities qij have the form (4.10)-(4.12). Whence, obviously (4.9) follows. Thus, we have verified 
that the formulas  listed in the theorem give solutions of the s ine-Gordon equation. We ver i fy  that these solu-  
tions a re  smooth and real  under the conditions (4.4)-(4.6) on the matr ix  B. For  this it suffices to prove the 
rea l i ty  of the vec tors  U and V, defined by (4.9). We divide the proof of real i ty  into a se r ies  of lemmas.  

LEMMA 4. For  Riemann matr ices  B, sat isfying one of the real i ty  conditions (4.4)-(4.6), the quantities 
qij = qij(B), defined by (4.10)-(4.12), a re  real .  

Proof.  For  the theta-constants  f r o m  (4.4)-(4.6) we get these relat ions:  

~" [n] = exp (--2z~i (n, ~2)~ [n], 0~1 [n] ---- exp (--2z~i (n,)~)2)(~i [n], (4.19) 

where  X = 0, ( 1 / 2 ,  1 / 2 )  or  ( 1 / 2 ,  0) for  types I, II, III, respect ive ly .  For  type I we get thus that all theta- 
constants  a re  real .  For  types II, III the theta-constants  0[0, 0], 0[1, 0], 0[0, 1], 011, 1] under complex conjuga- 
tion are  multiplied, respec t ive ly ,  b y  1, - i ,  - i ,  1, or  by 1, - i ,  1, - i  (the same  thing holds for the constants 
0jk[n]). In all three  cases  the real i ty  of the quantities qij follows f rom this. The l emma is proved. 

By vir tue  of the l emma proved it suffices t o  verify the positivity of the d iscr iminant  

6 .~ q~ - -  4qllq~2. (4.20) 

LEMMA 5. The d i sc r iminant  6 = 5(B) does not vanish for any Riemann matrix B, sat isfying the nonde- 
generacy  condition (4.3). 

Proof .  We note f i rs t  of all that the vec tors  U, V are determined f rom the sys t em (4.17) uniquely up to 
t ransposi t ion  and to t ransformat ions  U ~ kU, V ~ k-iV. Fur the r ,  any Riemann 2 × 2 -mat r ix  with condition 
(4.3) de termines  a Riemann sur face  F of genus 2. F o r  this Riemann sur face  F and a suitable pair  of its branch 
points, the vectors  U and V hence necessa r i ly  have the fo rm (1.12). It is well known that these vectors  a re  
different (cf., e.g.,  [5]). The l emma is proved. 

Now we cons ider  the determinants  C111, (]12, (]22 standing in the numera tors  of (4.].0)-(4.12) (i.e., qij = 
D-lqij).  They a re  now defined for all Riemann mat r ices  B [without the res t r ic t ion  (4.3)]. We shall  show that 
even if the determinant  D vanishes,  the quantity 6 = C1~2 - 4Ct11~22 can become zero  only on cer ta in  curves  in the 
th ree-d imens iona l  space of Riemann mat r ices .  In fact,  if the determinant  D is zero ,  this means that the Rie- 

mann matr ix B has,  in some basis of the latt ice,  diagonal fo rm B = ( T1 0 ). The corresponding  theta-functions 
0 ~'2 

of two var iables  then split  into the product of two one 'd imens iona l  theta-functions.  Hence qll = q22 --- 0, ql2 ~ 0 
for a lmost  all T1, ~'2. It is easy to v e r i f y t h a t  under a change of bas is  of the period lattice given by an integral  
symplect ic  t ransformat ion ,  the quantity 6 can only be multiplied by a nonzero factor .  This means that for al-  
most  all Riemann mat r ices  lying on the level D = 0, the quantity 6 ~ 0. 

Fur the r ,  if B is the period matr ix of  a real  Riemann surface  of types I - I I I ,  then B sat isf ies the real i ty  
conditions (4.4)-(4.6), respect ively .  For  such a Riemann matrix the d iscr iminant  6 is positive. F r o m  the pre-  
ceding arguments  it follows that 5 cannot change sign. This completes  the proof of the theorem. 

3O 



5. C o n c l u d i n g  R e m a r k s  

1. The t w o - z o n e  so lu t ions  of  the s i n e - G o r d o n  equat ion c o n s t r u c t e d  above f r o m  the Riemann ma t r ix  B 
a r e  such  that the funct ion expiu(x ,  y) is a l m o s t  pe r iod ic  in x and y with the pa i r  of per iods  T~, T~2 and T~, T y,  
r e s p e c t i v e l y .  These  pe r iods  a r e  d e t e r m i n e d  up to a Loren tz  t r a n s f o r m a t i o n  

and up to t r a n s f o r m a t i o n s  of the f o r m  

~ k T ? ,  r f  k-~TY (5.1) T~ "~ T~, T~ 

(r~' v)-1 ~ ~ mo (r~' u)-~ (5.2) 
j = l  

w h e r e  (mij) is an in t eg ra l  un imodu la r  m a t r i x ,  gene ra t ed  by a change of bas is  of the per iod l a t t i ce .  The expl ic i t  
f o r m  of these  per iods  is 

w h e r e  the mat r ix  B has fo r  types  I - I I I  the fol lowing fo rm:  

Type I: ~ ~ B; 
Type If: ~ ~ {Bn -- Bt.~ -- 1 q- Blx -l- BI~ . 

\B12 - -  B2 2 - -  1 .@ BI2 -~ B2~] ' 

Type ili: ~ = (--1 + 2 B x t -  i + 2B,,~ 
q-2B,2 ~2+2B2~}" 

(5.4) 

(5.5) 

(5.6) 

The solutions periodic in x (or in y) are singled out by the condition of commensurability 

n~T~-{- n,T~ ~- 0 or n~T[ -}- n~T~ = O, (5.7) 

w h e r e  nl, n2 a r e  i n t ege r s .  If all  per iods  in x and in t a r e  equal to infini ty,  then the two-zone  solut ions  con-  
s t r u c t u r e d  b e c o m e  t wo- so l i t on  so lu t ions  of the s i n e - G o r d o n  equation (cf. [3]). 

2. In conc lus ion  we give a f ami ly  of  two-zone  so lu t ions ,  e x p r e s s e d  in t e r m s  of el l ipt ic funct ions .  We 
take the R iemann  ma t r ix :  

B t {x+~ ~--~ ---- -~- \x -- ~ x + ~ ) '  I m x ~ 0 ,  I m ~ 0 ,  (5.8) 

w h e r e  type h R e r  = Re~- = 0, type Ih R e r  = 2, ReT = 0, type HI: R e r  = ReT = 1 [the per iod m a t r i c e s  of  Rie-  
mann s u r f a c e s  of the f o r m  w 2 P3(z2)*]. Making the subs t i tu t ion  t = x + y,  ~ = x - y ,  we r e w r i t e  the s ine -  
Gordon  equation in the f o r m  

uu -- u~ = sin u. (5.9) 

We se t  

0..(,)= o [2'--; 0] 03(,) =0( l (5.10) 

(for the s t a n d a r d  notat ion for  the ta - func t ions  of  J acob i ,  cf. [11]); the notat ion 02(z) and 03(z) (where r -  ~-) has 
ana logous  meaning.  Then solu t ions  of  (5.9), e l l ipt ic  in t and in } (it is c l e a r  that  expiu  wil l  be an el l ipt ic func-  
tion), have the f o r m  

u(t, ln[ (5.11) 
o~ (~) ~ (~) + o~ (~) O~ (w~--)] ' 

w h e r e  

z ~ i c o ( t - - t o )  + n,+n2 - - V - *  w = iu (~ - -  ~o) + r.L - n~ 
2 ' 

(5.12) 

*It would be interesting to study properties of solutions of other nonlinear equations, integrable by the method 
of the inverse scattering problem, corresponding to Riemann surfaces with rich symmetry. In connection with 
the classification of such surfaces, cf. [7]. 
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the vector  (n~, n 2) a s sumes  the values (0, 0), (1, 0) for  type I and (1, 1) for types II and III. The "dispers ion 
re la t ions"  for the wave vec tor  @, 4) have the fo rm 

+ y;f ] - [i0 ; + I#; ]  = (r0 0 + 

l - ~ - a  f 7 

(the var iable  ~ can be eliminated f rom the system).  Here we have introduced the functions fk(z) = 0[k/4; 0] x 
(z 12T), k = 0, 1, 2; the functions fk(z) (where 7 ~ )  have analogous meaning. As usual, the absence of an 
argument  f rom these functions (or f rom their  derivatives)  means that this argument  is equal to zero .  One 
should note that in the special  case  where the periods in ~ a re  infinite, solutions of type (5.11) were  found 
Gribkov [13] with the help of the B~icklund t ransformat ion.  

S u p p l e m e n t .  On t h e  Z e r o s  o f  T h e t a - F u n c t i o n s  o f  R e a l  

N o n s e p a r a t i n g  C u r v e s  

Let F be a Riemann sur face  of genus g with anti-involution T, having n fixed ovals (0 -< n -< g), which 
al together  do not separa te  F. Let, fur ther ,  0(z) be the theta-function of this Riemann sur face ,  constructed 
with respec t  to a basis of cycles  of the fo rm (2.27). It assumes  real  values on g-dimensional  tor i  of the fo rm 
(2.31). 

THEOREM. On all tor i  of the fo rm (2.31) the function 0(z) has zeros .  

Proof.  We pa rame t r i ze  the points of the Jacob ian  J(F) by divisors  D of degree g: 

D 

z =  I ¢° + KQ" (S.1) 
zq 

Here w = (wj, . . . ,  ~g) are  normal ized holomorphic different ials ,  Q is a fixed point of F, KQ is the c o r r e -  
sponding vector  of Riemannian constants (cf. [10]). 

LEMMA. A vec tor  z of the fo rm (S.1) sat isf ies  (2.31) if and only if one can find a meromorph ic  dif fer-  
ential with ze ros  at D + ~-(D) and poles at Q and T(Q), i .e. ,  D + T(D) ~ K F + Q + T(Q) (KF is the canonical class) .  

Proof .  Let  (2.31) hold. Then the differential  sought,  ~2(P), has the fo rm 

P P 

1 
(P) ---- ~(Q) s (P, Q) e (P. ,~ (Q)) dp (S.2) 

(p is a local pa rame te r  at the point P, the quantity e(P, Q) has the fo rm (1.13); cf. [10, Chap. 2]). The zeros  
of the numera to r  are  situated at points of the divisors  D (first factor) and T(D) [second fac tor  by vir tue of 
(2.29)]. Fur the r ,  (S.2) is the general  fo rm of differentials  with poles at Q and ~(Q); whence and f rom (2.29) it 
follows that z + z -= h. The Iemma is proved. 

We note that 0(z) = 0, if and only if the differential  ~(P) of the form (S.2) is holomorphic.  The divisor  D 
in this c a s e  contains the point Q. 

Now we verify the asser t ion  of the theorem for  hyperel l ipt ic  curves  w 2 + P2g+2(z) = 0, where P2g+2(z) is a 
polynomial of degree  2g + 2 with rea l  coefficients.  On such a curve  there  is a pair  of anti-involutions T, T', 
where 7-(z, w) = (z, w), Tt(z, W) = (z, --W), and also the involution T(Z, w) = (z, - w ) .  Let the anti-involution ~- 
be nonseparat ing.  We take Q = {z = ~}; then T'Q = Q. The differentials ~2(P), f iguring in the [emma,  have the 
fo rm 

g~ (P)--~ Rg (z) dz (s.3) 

where the polynomial Rg(z) of degree g has real  coefficients.  Its ze ros  are  symmet r i c  with respec t  to 7. Thus, 
the points of in teres t  to us of the Jacob[an [of the fo rm (2.31)] are  paramet r ized  by divisors  D such that D + 
~-(D) is invariant  with respec t  to T. The divisors  D, sat isfying this condition, have the form 

D = + 2 (P; + + E(P; + 
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, ! 

where  r ' P i  = Pi. We denote by At, . . . .  Am all ovals of the involution r ' ,  not containing Q. Here m = n - 1 for 
n > 0, m = 0 for n = 0 and g= 2p, m = 1 for n = 0 and g= 2p + 1. The "number"  (~,, . . . .  em) of a component of the form (2.31) 
is defined thus: a k is the collection of points modulo 2 of the divisor  D, lying on the oval A~. In each such com-  
ponent there are  divisors  D, containing the point Q [we recal l  that in this ease the differential (8.3) is holo- 
morphie].  Then 0(z) = 0, where z has the form (S.1) (el. [10]). 

Now we proceed to the general  case  of a Riemann sur face  F with nonseparat ing anti-involution r. Each 
such surface  can be obtained by a deformation f rom a real  hyperell iptic one in the class of real  curves (el. [6]). 
For  the hypereil iptie case  we have found in each component of the form (2.31) a divisor  D such that D + r(D) is 

the divisor  of a holomorphie differential  0.---~ ~ ~i0)i. This differential is symmet r i c  with respec t  to r: r*fa = 
i=l  

~ ,  the coefficients oe i are  real .  Under a continuous deformation the basis differentials vary continuously (el. 
[12]). Thus the holomorphic s y m m e t r i c  differential  ~2 is defined on all curves  of the deformation. It also de- 
te rmines  for us the zero  of the theta-function lying on the corresponding component. The theorem is proved. 
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