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Introduction

1. Soliton lattices and the Whitham eouation.

The term soliton lattices is frequently used to denote solutions periodic (and

quasi-periodic) in χ and / of non-linear evolution partial differential equations
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φ* = Κ (φ, φ χ , . . ., φ(η))> where the function φ (χ, t) has the form

(1) φ (χ, ί) = Φ (kx + ωί + τ°, u\ . . ., uN);

here Φ(τ 1 ; ..., r m , Μ1, ..., uN) is a function which is 27r-periodic in all the
variables τ;· and depends on Ν parameters u1, ..., uN, and the m-vectors k and
ω are expressed in terms of u1, ..., uN. For each value of the parameters
u> = const, (1) represents the so-called "m-phase" exact solutions of the
original system φ4 = Κ (φ, φ χ , . . ., φ<η)), where

( 2 ) τ , = k } x + (ύμ + τ ? , u« = ug, 7 = 1 , . . ., m ,

? = 1 N.

In the theory of soliton systems integrable by the inverse scattering method,
vast families of solutions of the form (1) are known. These solutions,
discovered and studied in 1974-75 [48}, [30], [23], [35], [84] are called
"finite-zone", "periodic and quasi-periodic analogues of multi-soliton
solutions" in view of some of their remarkable mathematical connections
with the theory of finite-zone periodic operators and the fact that for some
values of the parameters uq they degenerate into soliton (m = 1) or multi-
soliton (m > 1) solutions. In soliton theory, general complex solutions of
the form (1) are called "algebraic-geometric" solutions, since they can be
expressed in terms of theta-functions of Riemann surfaces and can be
constructed using methods of algebraic geometry (see the survey papers [5],
[24], [26], [38], [70] and the monograph [57]). Of course, for m = 1,
solutions of the form (1) are found, as a rule, by elementary methods, and
some of them were known in the 19th century (for example, the cnoidal
periodic solutions of the Korteweg-de Vries (KdV) equation were obtained
in 1895, while for the Sine-Gordon equation φ ( 1 — qx̂  = sin φ they were
obtained even earlier, the moment they were first written down).

Let X = εχ, Τ = εί where ε is a small parameter.

Definition. A weakly deformed soliton lattice is a function of the form (1)
for any / = const, in which the quantities (k, ω, u1, ..., uN) are smooth
functions of the variable X, that is, they are "slowly varying" as χ varies.

In his 1965 papers [93], [94], Whitham formulated and, for certain
evolutionary systems, verified the following assertion in the case m = 1:

let a function of the form (1), in which the parameters are smooth
functions of X and T, be the principal term of the asymptotic expansion in
ε of the evolution equation <pt = Κ (φ, ΨΑ , · · -, φ ( η ) ). The phase of the
function (1) should be written in the form S (Χ, Τ)/ε = τ, where

(3) k} = dSj/dX, ω} = dSj/dT,

φ = Φ (5/ε, u 1 , it-v), S = ( 5 l t . . ., Sm).
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(Thus, the equations kjT = ω3·χ hold by definition.) It is claimed that the
parameters uq(X, T) satisfy the quasi-linear first order system (relations (3)
are a part of equations (4)):

- Q -. Ρ
l/\ u $ I \ " u

which resemble the equations of hydrodynamics of a compressible fluid.
These are Riemann type equations or "systems of hydrodynamic type" in
our terminology. We shall call equations (4) the Whitham equations, or
equations of hydrodynamics of weakly deformed soliton lattices. Sometimes
they are called equations of slow modulation of parameters.

Later, these problems were studied by Luke [89], Maslov [43], Ablowitz
and Benney [63], Hayes [80], Whitham [58], and Gurevich and Pitaevskii
[14], [15]. The aspects discussed include the sufficiency of equations (4)
for the construction of asymptotic solutions in the case m = 1, their explicit
form in some important particular cases, and generalizations to the multi-
phase case m > 1 (although at that time finite-zone solutions were not yet
known and the discussion was not sufficiently explicit). Applications to
physical problems in dispersive hydrodynamics were found in [14], [15].
Equations (4) for non-degenerate Lagrangian systems (all in the case m = 1)
were derived in [93].

The theory of multi-phase systems began to develop rapidly only after the
formulation in 1974-75 of the above-mentioned theory of finite-zone
(algebraic-geometric) solutions of integrable soliton systems, which actually
made it possible to consider multi-phase analogues of Whitham's equations
(4) in the case m > 1 (see the papers [ 19], [73]). In [73], [75], [76]
Flaschka, McLaughlin and others derived equations (4) from the theory of
Riemann surfaces used in the construction of finite-zone solutions and
obtained a number of useful generalizations of Whitham's results for the case
m > 1 which are applicable to the well known integrable soliton systems
(KdV, SG), where

KdV: <pt = 6φφΛ. - φ τ τ χ ,

NS+ : iff; = —φ,^ ^ 1 ψ |2q-,

SG: φ ( ί — <pxx — sin ψ (or = sinh φ).

In particular, these authors showed that for KdV and SG, the Whitham
equation (4) for any m > 1 has so-called "Riemann invariants". For NS, an
analogous calculation was performed later in [51].

Definition. Riemann invariants for systems of hydrodynamic type (4) are
coordinates in the w-space in which (4) is diagonal, that is, the matrix v^,(u)
is diagonal for all u1, ..., uN. Note that under changes of coordinates
u = u{w), the matrix v%(u) transforms as a tensor.
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By classical 19th century results, for TV = 2 Riemann invariants always exist,
while for Ν > 3 this is no longer so: their existence for Λ7 > 3 is an
indication of a substantial degeneracy of the system.

For the non-degenerate Lagrangian integrable system SG, in which
Ν = 2m, these authors also obtained an analogue of results of Whitham and
Hayes concerning the existence of special variables of Clebsch type /,·, τ;·,
where Α·;· = ^jx'; in the (Jj, kj) variables the equations (4) have the explicitly
Hamiltonian form

(u) =

dT

d

OX

bH
bJ' oT

d

aX

Jm),
bH
bk.

(or a Lagrangian form in the variables (/;·, τ,)). However, this derivation for
m > 1 is based on special properties of integrable systems and on the theory
of Riemann surfaces, which define finite-zone solutions, unlike the more
general method of derivation used by Whitham and Hayes [80], [93] for
m = 1. An algebraic-geometric theory of the action variables /,• of finite-
zone Hamiltonian systems defining finite-zone solutions that are of importance
in this context was developed in [9], [10], [27], [45], [74]. As indicated
in [27], [45], phenomena of particular interest arise in the attempt to
single out conditions of reality in the SG equation. We also note that
Novikov and Veselov developed a theory of algebraic-geometric Poisson
brackets for finite-dimensional systems integrable by the methods of
Riemann surfaces; this theory clarifies which Hamiltonian properties the
celebrated integrable systems of classical mechanics and geometry, such as
those of Jacobi, Clebsch, Kovalevskaya, von Neumann, and others, have in
common with present-day integrable systems arising in the theory of solitons
in the process of determining finite-zone solutions [27], [45]. We shall not
give details of this theory in this survey.

II. A general survey of the authors' results of 1982-88.
We shall now review the results, due to the authors and to their colleagues
in Moscow, concerning the general theory of Hamiltonian systems of
hydrodynamic type and the hydrodynamics of weakly deformed soliton
lattices, that were obtained in 1982-1988. As already mentioned, systems
of hydrodynamic type have, by definition, the form (4). This form is
invariant under local changes of coordinates in the «-space,

(5) u = u (w),

vl (u) ̂  vq

p (u (w)) ^ζ. Jg- = <' («0·

Riemann invariants (if they exist) are coordinates u1, ..., uN, such that the
matrix u£(«) is diagonal:

(6) 4 (it) = Φ (u)6q

p.
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A functional of hydrodynamic type I[u(x)] is a quantity whose density is
independent of derivatives,

(7) I [u] = $/ (u)dx.

Definition. Poisson brackets of hydrodynamic type are local Poisson
brackets of the form

(8) {a* (jr), up (y)} = g«> (u (χ)) δ' (x-y) + br (u (*)) us

x6 (x - y).

Here g9" and fe'p are smooth functions in local coordinates on the w-space,
which is a finite-dimensional manifold M. For the moment, the expression
(8) is to be interpreted formally. With brackets of hydronamic type,
Hamiltonians of hydrodynamic type generate equations of hydrodynamic type
of the form (4).

More precisely, this means that the Poisson bracket of any two functionals

A["], ^[u] n a s the form

(9) {Λ, /,} = jj dxf- δ / ι *qp ό / 2

\ bug (χ) δΐί7' (χ)

where

(10) Α = μ 9 " ) = (g9P (u) -L· + b«p (it) ι4) ,

and c?/c/x represents the total derivative with respect to x. Hamiltonian
systems with Hamiltonian Η have the form

il l) du — Λ9Ρ ^

However, formula (8) is more convenient. Boundary conditions in this
problem are not taken into account. The Poisson bracket must be skew-
symmetric and must satisfy the Leibniz and Jacobi identities:

(12) {uv, w} = u {v, w) + ν {it, w} (Leibniz),

(12') {{u, v), w} + {{w, u), v} + {{v, w), u) = 0 (Jacobi).

The form (8) of the bracket is invariant under local changes of coordinates (5).

Theorem [28]. Let det g^" (u) Φ 0 and bq* (u) = — fl (u) Γβ (u). The
formula (8) defines a Poisson bracket with all the necessary properties if and
only if: a) the quantity g97' (».) transforms as a tensor under local coordinate
changes u(w), while the quantities Γβ (u) transform as connection components
{Christoffel symbols); b) the tensor g9'1 (u) is symmetric and defines a
pseudo-Riemannian metric on the u-space M; c) the curvature and torsion
of the connection (Tf's (u)) are equal to zero and it is compatible with the
metric g9P (u).
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Corollary. There exist local coordinates in the u-space, such that the tensor
^p(u) is constant, g9" (u) = glP . and Tfs (u) — 0. The only local invariant
of the Poisson bracket is the signature of the metric ^ρ(ιι) (see the authors'
paper [28]).

Example. Let TV = 2m. The Hamiltonian equations (4) in Clebsch variables
correspond to a metric of signature (m, m),

J) b? 0(13) g = g 8 = ( J J),

Other examples will be given in the body of the paper.
If the Hamiltonian is a quantity of hydrodynamic type, then the

corresponding Hamiltonian system of hydrodynamic type has the form

•——- — A p — VP W «x>
"* 6u (x)

where

(14) υ% (u) = g«'V,VpA (u), Η = J h (it) dx.

In particular, taking into account the fact that curvature and torsion are
zero, the matrix vsp (u) = gsqv% (u) is symmetric.

Let the original evolutionary system tpt = Κ (φ, φ .̂, . . ., φ ( η )) be
Hamiltonian with a local Hamiltonian and with respect to some local
translation-invariant Poisson bracket {φ (χ), φ {y)}0. It is only in this case
that the authors can justify Whitham's assertion (see above) and construct
the equations of hydrodynamics of soliton lattices (see §6). In this case,
the authors stated and proved in 1983 [28] a "principle of conservation of
Hamiltonian structure" under averaging, that is, under the passage from the
original system to the system (4). We require the existence of Ν independent
integrals Iq with local densities in involution with respect to the original
bracket:

(15) I i = )p<! (Φ' Φ*. · · · ) d x ' I1 ν 7Ρ>Ο = °>

such that the parameters uq in solutions (1) can be chosen as values of
integrals on these solutions (where a bar denotes the average over a torus),

(16) Iq = uq=: Pq.

The principle of conservation of Hamiltonian structure states that system
(4) is well defined for the parameters (16) and is Hamiltonian with respect
to the new Poisson bracket of hydrodynamic type, where from the original
bracket {·, ·}„ and the integrals Ip we can explicitly compute a matrix
•f" (u) such that

(17) ^ ρ ( ΐ 4 ) = γ β Ρ + γΜ, flP = d y

{Ue (x), up (y)} = {γ*ρ (u (y)) + γρ<! (u (x))) 6' (x - y).



Hydrodynamics of weakly deformed soliton lattices 41

Definition [28]. A Poisson bracket of hydrodynamic type defined by (17)
is said to be Liouville, and the corresponding coordinates (uq) are said to be
Liouville (since they come from averaged densities of local field integrals of
the original system that are in involution).

Liouville brackets of hydrodynamic type were studied in [3], [60]. In
particular, all brackets that are linear in the fields and lead to infinite-
dimensional Lie algebras, the analogues of the Virasoro algebra, are Liouville
[60]. Recently, the authors noticed that from our method of derivation
there follows a stronger property of brackets of hydrodynamic type obtained
under averaging for equations of hydrodynamics of soliton lattices, which
was missed in previous studies. The properties given below (especially for
integrable systems) should serve, we conjecture, as a basis for a simple
classification of the Poisson brackets thus arising.

Definition. A Liouville bracket of hydrodynamic type in coordinates (uq) is
called strongly Liouville if this property is preserved under the following
operations:

a) affine changes of variables u* = A)U3 + a1 (this is always true);
b) restriction of the tensor ylJ to any subspace {«'>, . . ., «'*} linearly

spanned by some of the coordinates after any affine change of coordinates.
Condition b) is a very severe restriction in the case Λ' > 3.

Theorem. The Poisson bracket obtained by the principle of conservation of
Hamiltonian structure in coordinates (uq) for the system (4) is strongly
Liouville in these coordinates.

It is of interest that the Poisson bracket of hydrodynamics of a compressible
fluid in (p, p, i)-coordinates is also strongly Liouville (see §2).

In the averaging of integrable systems (KdV, SG, NS), the situation is as
follows: there are infinitely many quantities (u'o), the averaged densities of
local basis involutive integrals. If system (4) has Λ' components, then any Λ'
independent quantities of the form

u j = 4 4 , 7 = 1 , . . . , 7 V , ul = hk(u\...,uN)

give rise to a system of coordinates in which the bracket is strongly Liouville,
while u% = hk{ul, ..., uN) are densities of involutive integrals of hydrodynamic
type. Densities of the Hamiltonian (and of local integrals in general) of the
averaged system are always obtained by the trivial operation of averaging the
densities of the original integrals. Only the Poisson bracket arises in a non-
trivial way from averaging (see [28], [47] and §6 below). These results are
new even for the simplest KdV equation and in the case m = 1, that is, in
the classical Whitham case. Here Ν = 3 and the signature of the metric is
(2, 1). Thus, equations (4) of hydrodynamics of soliton lattices have the
following two properties: a) they are Hamiltonian (a 1983 result of the
authors); b) they have Riemann invariants (Whitham, 1974, for m = 1,
Flaschka and McLaughlin, 1979, for m > 1). In 1983 Novikov conjectured
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that Hamiltonian systems of hydrodynamic type having Riemann invariants
are integrable. This conjecture was soon proved by Tsarev in his Ph.D. thesis
(see [61], [62] and the survey paper [47]). He constructed a differential-
geometric theory of diagonal Hamiltonian systems of hydrodynamic type
and some natural "semi-Hamiltonian" generalizations. These results are
described in §4. Here we state the main result of Tsarev's dissertation [62].

1. Let i'l = vqbq

p and / = \j / (u)dx be an integral of hydrodynamic type

of a Hamiltonian system of hydrodynamic type with Hamiltonian

Η = ^ h (u)dx. Then the metric gq" is diagonal, ^ρ = gQtfp, though it is not

constant, and the Hamiltonian system generated by the integral / is also
diagonal with matrix wq

p = wq6l = g*'v"/Vp/ (u). Let us construct equations
(18) for the functions up{x, t):

(18) w" (u) = vq (u)t + x.

Theorem. 1) The solution uq{x, t) of the equations (18) satisfies the
original system (4):

(4') uq

t=v0(u)uq

x, q = \ ,N.

(no summation).
2) For any germ of smooth functions {uq (x, 0)}, there exists a density

j(u) (locally) such that, by the recipe (18), the density j(u) generates a
solution u(x, t) of the system (4'). The determination of the densities j(u)
is reduced to solving a system of Pfaffian type.

3) On the set of monotone functions uq(x), the Hamiltonian system (4')
is integrable in the sense of Liouville.

In a certain sense, these theorems complete the local differential geometry
of one-dimensional systems of hydrodynamic type that are simultaneously
Hamiltonian and diagonal. An incisive study of some particular systems was
performed by Pavlov [49], [50]. Differential geometry of more general
one- and multi-dimensional Poisson brackets is an interesting field for further
inquiry, some results in which can be found in the present paper (see §2, 3).
The theory of difference analogues of brackets of hydrodynamic type was
constructed by Dubrovin in [22] (see §3).

However, the general differential-geometric integrability theorems of
Tsarev do not help much in the study of particular systems of hydrodynamic
type, such as KdV, which generate hydrodynamics of soliton lattices.
Actually, we can effectively construct only very special integrals of
hydrodynamic type generated by averaging over finite-zone tori of the well-
known Kruskal integrals /„ and of linear combinations of them:

7 1 = 1 .

J $ ( < P . Φ ι ' · · ·) <*·*"·
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Averaged densities/(w) generate, by Tsarev's procedure (see above), some
solutions of (4). Following Novikov, these are called "averaged finite-zone"
solutions (see [47]). What solutions are there for the special Kruskal
integrals /„? The answer was found by Krichever [39] : the integrals /„
generate special self-similar solutions of the Whitham system (4) in the case
of KdV. For the most important case m = 1, the Whitham system (4) for
KdV in the Riemann invariants ul = r,(x, t) has the form (see §7)

drjdt = vt (r l t r2, r3) dr^dx.

the original KdV equation is written in the form cpf -}- ψρχ + ψχχχ = 0, and
its solution has the form

(19) φ (x,t) = 2as"2 dn2 [(j^J'2 (x - ut). s^ - δ ,

where

(19') a=r.2-rlr s«- = - | ^ - , δ = r2 - r, - r,.

Here r 3 > r2 ^ rx, v3 > v2 5s vx. If r3 = r2 > r 1 ; then (19) degenerates into a
soliton; if r 3 > r 2 = / Ί , then (19) becomes a constant. Self-similar solutions
of (19) for all γ are:

r; (ζ, ί) =

Self-similar solutions with 7 = 0 and 7 = 1 / 2 first arose in the work of
Gurevich and Pitaevskii [14], [15] in the description of asymptotics as
/ -»• °° in the two following problems:

1. decomposition of a step function (7 = 0); here r3 = 1, rx = 0;
2. the dispersive analogue of a shock-wave (7 = 1/2). (See the monograph

[57], p. 261; a rigorous justification for 7 = 0 in the framework of KdV
theory was later discussed in [67]. For a discussion of these questions see
§8 of this survey.) While in the case 7 = 0 the Gurevich-Pitaevskii (GP)
solution is easily found, in the case 7 = 1/2 this is a non-trivial and quite
special self-similar solution, whose existence these authors established
numerically. For functions /?,-(z) (in [57] they were denoted by lt(z)) it has
the form shown in Fig. 1. Outside Δ = [ζ_, z j the functions ra (x, t) =
= u (.rt-" - _> z+) and r3 (x, t) = u {xtr*!·- < z j are cubic solutions of the
equation ut + uux = 0 of the form χ = ut ~ u3. Inside Δ, the triple (ru r2, r3)
is a one-phase self-similar solution of the Whitham equations with 7 = 1/2.
The inverse function z{R) is single-valued and C'-smooth. At the point z_ we
have C2-smoothness, while at z+ the smoothness does not exceed C2"e for
ε > 0. By the construction in [ 14], there arises another possible singularity at
the point z* e Δ, where r2iz) = 0. It was computed numerically in [14] that
Ζ_ΛΪ —1.41, z+?tr 0.117, z*^r —1.11. Refinements of numerical computations
made plausible the suggestion that z_ = -y/2 (see [ 1 ] , where it was
conjectured that the GP self-similar solution with 7 = 1 / 2 can be determined
analytically).
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The general setting and a numerical study of the evolution of multi-valued
functions with graph as in Fig. 1 and with special asymptotics at singular
points, where Δ = Δ (t) for KdV and m = 1, is provided in [1] and in [2]
under the additional condition of small viscosity (see § §8, 9).

^ + ">ΰ. 117

γ-1/2

Λ
z=zt'z/2

Fig. I

For zero viscosity, the numerical conclusion of [ I ] is that the evolution
of multi-valued functions with special asymptotics near singular edges
I/2 - ^3] a n d ΙΑ = r2] is locally well defined. For initial conditions that
are C'-close to the GP solution with y — 1/2, this evolution is defined for
infinite time and the solution converges asymptotically to the GP solution as
t -*• °°. However, if the initial condition is not sufficiently C'-close to the
GP solution, the development of singularities in finite t is possible. In this
case one must pass to the Whitham equation for m > 1, increasing the
degree of multi-valuedness. This process has not been studied.

For non-zero viscosity, the numerical conclusion of [2] is that if for a
given initial profile the evolution is defined for t -*• °°, the solution converges
asymptotically to the stationary solution obtained in [2], [16]. Of course
at present there are no rigorous proofs of all these numerical results.
According to the ideological framework of the authors of [ 1 ] , [2], the entire
evolution, including the growth in the degree of multi-valuedness, must be
described in terms of the theory of first-order systems, that is, of systems of
hydrodynamic type, which is not the approach of the series of papers of Lax
and others [83], [85]-[87], [91], [92], where a solution of the initial
KdV with small dispersion is assumed given for t > 0, while equations (4)
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serve only as the limiting description of this solution; evolution in the
framework of theory of systems of hydrodynamic type has not been studied
at all.

Recently, Krichever found an algebraic geometric method of constructing
exact solutions of the Whitham systems for integrable systems, and Potemin
implemented Krichever's algorithm to determine the GP self-similar solution
for γ = 1/2 (see [39], [53]). It turned out that this solution is analytic
outside z-, z+ and that, moreover, we have the exact equality

z_ = -ΥΊ, 2V = ΐ/Ίθ/27.

In addition, the paper of Krichever [39] contains a number of results
concerning the construction of Whitham systems for spatially two-dimensional
KdV (that is, for KP), for which there are no local integrals. These results
are discussed in §7.

CHAPTER I

HAMILTONIAN THEORY OF SYSTEMS OF HYDRODYNAMIC TYPE

§ 1 . General properties of Poisson brackets

Let us first review the definition of the usual (finite-dimensional) Poisson
bracket (more detailed information is to be found in [25], [46], [71]).
Let Μ be an A'-dimensional manifold, which we shall call the phase space.
A Poisson bracket is an operation on the space of smooth functions on M,
^ g !->-{/, g} , which has the following properties (together with the usual
multiplication of functions):

1) bilinearity

{λ/ + μι-, h} = λ {/, g) + μ {*,&},

{/. λ^ + Vh) = λ {/, g) + μ {/, ft}, λ, μ = const;

2) skew-symmetry

{*,/} = - {/ , i)\

3) Jacobi identity

{{/, *}, h) + {{h, /}, g) + {{g, h), /} = 0;

4) Leibniz identity

{fg, h} = f{glh) + g {f, h ) .

Hence, in particular, it follows that the Poisson bracket {/, g) as a function
of each of the arguments /, g is defined by a linear first-order differential
operator.
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In (local) coordinates y1, ..., yN on M, a Poisson bracket is defined by a
skew-symmetric tensor of type (2, 0),

(l) >*ij (y) = {y\ A i,/ = i, . . . , t f .

is a tensor, as follows from the Leibniz identity, from which it can
also be seen that for all smooth functions f(y), g(y) the Poisson bracket is
calculated from the formula

(2) {/.*}*%) M T
dy1 Oy1

(here and in what follows, summation with respect to repeated indices is
assumed). The Jacobi identity imposes the following restrictions on the
tensor hi} (y):

(3) {{y\ yjh y*} + {{y\ y% yj} + {{yK y*), yl) = -^ζ- hs* +
dy

+ ^ ^ + ^ / l o, i,j,k i,...,N.
dy dy

(The left hand sides of this system of relations form a tensor of third rank,
which is called the Schouten bracket [h, h], see [12].)

In the non-degenerate case det (/iij) ·ψ 0, conditions (3) are equivalent to
the following: the inverse matrix (hi}) = (h^)'1 defines on Μ a symplectic
structure, that is, the 2-form Ω = hjjdy* /\ dyj is non-degenerate and closed,
c/Ω = 0. A manifold with a non-degenerate bracket is called symplectic.

A Poisson bracket allows us to define Hamiltonian equations on M; these
have the form

(4) - ± - y { = {y\ Η (y)), i = i,...,N,

where H(y) is called the Hamiltonian of the system (4). The integrals
F = F(y) of the system (4) are defined by the condition

{F, H) = 0.

If F(y) is an integral of the system (4), then the Hamiltonian system

commutes with the system (4), -^--jjj

Example 1. Constant brackets, in which feij is any constant skew-symmetric
matrix, arose from Lagrangian systems. The Jacobi identity obviously holds.
In the non-degenerate case det (hij) Φ 0, Ν = 2n, it is convenient to choose
canonical coordinates (y1, ..., yN) = (x\ ..., χ", px, ..., pn) so that

(5) {x\ pj) = 6j, {x\ x'} = {ph pj) = 0, i, ; = 1, , . ., n.
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The Euler-Lagrange equations

(6) δ J L (t, x, x,x,.. ., xW) dt = 0

of one-dimensional variational problems can be written in the form (4) with
constant brackets (5) if we set

dL

dx(.n)

(it is assumed that the Lagrangian is such that from equations (7) the
numbers x1, x2, . . ., a<2n~1'> can be expressed in terms of x1, pv ..., x", pn)
(see [31]). The Hamiltonian has the form

(7') Η (χ, ρ) = ΣΡίχ^ — L.

By the classical Darboux lemma, non-degenerate Poisson brackets can be
reduced to constant ones locally by smooth changes of coordinates. In the
degenerate case, when det (hl}) = 0 and the rank of hli is constant, there
exists (at least locally) a full set of functions f(y) such that {/, g) — 0 for
any function g(y). Such functions comprise the annihilator of the Poisson
bracket. On their common level surface the Poisson bracket is no longer
degenerate. Globally, a fibration arises here.

Brackets of the form (5) arise globally on cotangent bundles to manifolds,
Μ = T*(Q), where pt are the momenta and x' are the coordinates on Q.

A Poisson bracket in a "magnetic field" is determined by a closed 2-form
Ω on β via the equations

(8) {x\ p}} = 6J, {x\ x) = 0, {pt, Pi) = Q y (x).

Let Ω = dA (a vector-potential). Locally we can introduce canonical
coordinates

(9) Pt = Pt—At(x), T* = X\

The global obstruction is the cohomology class of the form Ω.
Systems that are Hamiltonian with respect to the bracket (8) in a

magnetic field are often reduced by an inverse Legendre transformation to
Lagrangian systems on the manifold Q with multi-valued action potential
([46])

(10) 5[x]= J L(x,x)dt + J



48 B.A. Dubrovin and S.P. Novikov

Though the formula (10) is not well defined globally (since Ω = dA is not
an exact form), the quantity bS is nonetheless a well defined closed /-form
on the space of curves x(t). The Dirac monopole is of this type and so are
some systems of classical mechanics (the spinning top and others) after the
exclusion of "cyclic variables". Field-theoretic analogues of Lagrangians of
the form (10) are also important. The relevant references can be found in
[46].

Example 2. The linear brackets

(11) ftufo) = c i V . 4 · = const.

In this case, the linear functions on Μ form a Lie algebra relative to the
operation {·, ·}. Therefore L = M* (the dual space) is a Lie algebra with
structure constants cj/. The bracket (11) on the space dual to the Lie
algebra is called a Lie-Poisson bracket. In general this bracket is degenerate.
It becomes non-degenerate on the orbits of the co-adjoint representation
Ad* of the corresponding Lie group.

In the linear non-degenerate case

(12) hi'(y) = ct}ylt + ct c^ = const, ctf = const,

the quantities c'0
} — —cj l form a (two-dimensional) cocycle on the Lie

algebra L with structure constants c,,.". This means that

(13) cjV0* + cfcsj + c*$ = 0.

Functions of the form f(y) — aty' + b then form a one-dimensional central
extension of the Lie algebra L by the cocycle cj. The cocycle cj is
cohomologous to zero if it has the form

for some collection yl

0, ..., y%. For such cocycles the bracket (12) reduces
to a linear homogeneous one by the translation y *-*• y + y0.

Example 3. The linearized Yang-Baxter equation and quadratic Poisson
brackets. Let r = (r]?t) be the so-called classical /--matrix that satisfies the
linearized Yang-Baxter equation

(14) [r12, r13] -f lr12, r23] -f [r13, r23] = 0

as well as the unitarity condition

(15) r& = - ; # .

Here the matrices r12, r13, r2 3 have the form

^ & ^ M and so on.
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Corresponding to such an /--matrix on the space of matrices with coordinates
/', there are quadratic Poisson brackets:

(16) {ti, t\} = & ? Ulf

that arise as the quasi-classical limit of commutativity relations in quantum
groups [21]. The brackets (16) are frequently written in the following
symbolic form:

(17) {Τ (χ), Τ) = [r,T® T],

where Τ = (ή). The quadratic Poisson brackets

(18) {T®,T}R = rT(3T, {T0,T)L=T0Tr.

are also defined. For each of the brackets (18), skew-symmetry together
with the Jacobi identity is equivalent to the linearized Yang-Baxter equation
and the unitarity condition for the matrix r. The algebraic nature of the
brackets (18) was elucidated by Drinfel'd [20]: the brackets (18) are,
respectively, right- and left-invariant Poisson brackets on the full linear
group, while the bracket (17) defines on the full linear group a Lie-Poisson
group structure (see [20] and §3 of this paper). If the r-matrix is contained
in g (x) 9, where g is the Lie algebra of some Lie group G, then (17), (18)
define Poisson brackets on the Lie group G.

Let us move on now to infinite-dimensional examples of phase spaces and
to field-theoretic Poisson brackets. The phase space now consists of smooth
vector-functions u = (ul(x), ..., uN(x)), and χ = (x\ ..., xd) is one of the

indices in the formulae. By definition, the integral ^ (. . .)'ddxoi a full

derivative (divergence) is equal to zero in the formal theory of field-theoretic
Poisson brackets. We may assume, for example, that χ runs through a closed
manifold or that the functions are simple.

A Poisson bracket is defined for a class of functionals on the fields u'(x).
It is convenient to define it on "point" functionals concentrated on one of
the local fields u, v, w at a point and on their derivatives when these are
defined. The class of local fields is defined as follows. Let v(x) = f(u) be
any function on M. Then/(w(x)), dxf(u(x)), dlf(u(x)), ..., d£/(w(;c)) and
any rational or even analytic function of a finite number of these symbols is
a local field. The Leibniz and bilinearity identities in the continuous case,
with the sum being replaced by an integral, have the form

(19) {u1 (x), u* (y)} = ti> (x, j/), i, / = 1, . . ., N,

(20) {u (χ) ν (y), w (z)} = u (x) {v (y), w (z)} + ν (y) {u (x), w (z)},

(21) {$ υ (x) ddx, w (y)} = J {v (x). w (y)} ddx,
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where the "tensor" }jj (x, y) has, in addition to the usual indices i, /, the
continuous indices x, y. The bracket (19) is extended to general functionals
I[u],J[u], ... b y

(22) {/, 7} = \ -¥— - * £ — /*« (x, y) d*x d*y,
J δα1 (χ) du3 (y)

which is similar to (2). Here the variational derivatives . ., , are defined by
,. ouHx)

the equality
(23) / [u + 6u] - I [w] = [ δΙ &u' (x) ddx + ο (δα).

J bur (i)

We refer to [31] for a derivation of (23) for local field functionals of the
form

(24) I[u] = \P (x, «(*), »(1) (ι), · · ·, «(lt) (a)) ddx,

where by u^i (x), . . ., «.<*> (x) we denote collections of partial derivatives of
vector-functions or orders 1, ..., k, and where Ρ is a polynomial (or an
analytic function) of the variables u, ua). . . . , u<-}:\ called the density of the
functional I[u] (see [34]). We remind the reader that the variational
derivative of local functionals is written down as an Euler-Lagrange operator

f>5) 61 _ dP d ΘΡ t 3* dP

bur (x) Su dxa du'a ' dxa difj du^

where

i du*

dxa

It is natural to single out a class of local field-theoretic brackets having
the form

(26) {u1 («),«*(?))= Σ #y (x,u(x),uW(x),...,uln*) (x))d*x8(x-y),

where it = (kv .... A:d) is a multi-index, dl =

+ ... + kd, and ΛΓ is some number (the order of the bracket). In this
formula, δ(χ — y) is the delta function; its derivatives are the formal symbols
defined by

(27) l

A bracket is called translation invariant if none of the 5jc is explicitly
dependent on x. If B)l is independent of u, u^, . . ., «.<*>, then it is a
constant bracket on the space of fields.
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Let us introduce the operator

(28) Ai3= 2 ΒΪ(χ)δ*χ,

(For brevity, we shall denote B]? (a:, u (a-), u™ (a-), . . .) by B$ (x).) Then
formula (22) for the Poisson bracket of smooth functional I[u], J[u] has
the form

(29)

The skew-symmetry condition has the form

(30) (Α*3)* = - Α ' \ i,j

where

(31) (Α")* S

The Jacobi identity has the form

(32) { { u H x ^ H ^

- z)) + . . . = 0, Ϊ, /, A- =

The dots on the right-hand side stand for terms obtained by the cyclic
permutation i -*• j -*• k, χ -* y -*• z. The equality (32) is to be understood in
the sense of generalized functions of x, y, ζ being zero. Since the generalized
function on the right-hand side of (32) has finite order and support on the
diagonal χ = y = z, (32) is equivalent to a finite system of quadratic
relations involving the coefficients B{- and their derivatives with respect to χ

and us<". We shall not give here the explicit form of this system (see below
for systems of hydrodynamic type and also [11], [ 12], [65]). Let us
observe that a sufficient collection of relations is obtained if the Jacobi
identity is verified only for linear functionals of the form

/ [it] = J at (x) u{ (x) ddx

for arbitrary functions a^x), ..., a
Hamiltonian systems corresponding to the Poisson brackets (26) have, by

definition, the form

(33) u] (x) = {u* (x), H) == Ai} -$r— , i - 1, . . · , Λ',
t)U] (X)

where Η = H[u] is a Hamiltonian and the operator A1' is of the form (28).
If the Hamiltonian is a local field functional of the form (24), then the
Hamiltonian system (33) is an evolutionary system of partial differential
equations.
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Example 4. For multi-dimensional variational problems, the Euler-Lagrange
equations

(34) δ j j dt ddx L (u, ut, ux)= 0

are written in Hamiltonian form (33) in the space of fields ι/* (x) = if (x),
yn+i (x) _ p. ( ^ / = 1, ..., n, where

(35) Pi = -^r , H = \ddx (Piu* - L),
du( J

(35') {ui(x),pj(y)} = 6(x-y)bi

h or

Example 5. If Μ is an iV-dimensional phase space with the bracket {«', u3} =
= ti(u) then for any d-dimensional manifold X in the space of fields
u'(x) Ε Μ, χ £ X there arises the ultra-local Poisson bracket

(36) {α* (χ), νί (y)} = ^ (« (χ)) δ (χ- y).

In order that the bracket (36) be well defined under changes of coordinates
in X, the fields u\x) must transform as <i-forms. A choice of canonical
coordinates on Μ (if this is possible) brings the bracket (36) into the
Lagrangian form (35').

Example 6. Let us give another example (due to Gardner, Zakharov, and
Faddeev) of constant Poisson brackets. Let Ν = d = 1 (one spatial and one
field variable). Let us set

(37) {u (x), u (y)} = 6'(x — y ) .

The skew-symmetry and the Jacobi identity are obvious. Hamiltonian
systems have the form

(38) Μ χ )

In particular, for

(39) Η = J ( i £ - + «») dx

we obtain the Korteweg-de Vries (KdV) equation

ut = 6uu' — u".

Let us note that the bracket (37) is degenerate. Its annihilator has the form

(40) /„ lu) = ξ u (x) dx.

A more general bracket of this type is given by the formula

(41) Κ (χ), u> (y)} = gjj6' (x - y),
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where gtf is a constant non-degenerate symmetric matrix. If

(«) «?-(? ί).
then the coordinates w', / = 1, ..., n, n+ 1, ..., 2« (Λ7 = 2n) can be divided
into two parts. Let ul = q\ un+< = dpjdx, i — 1, ..., «. Then we have

Therefore variables of the form (43) are called Clebsch-type variables. If the
rank of gj is odd, or if the signature of the matrix gtf does not have the
form (n, n), the Clebsch variables do not exist. Clebsch type variables arose
in the 19th century in the context of bringing equations into Lagrangian
form.

Example 7. The simplest case of linear field-theoretic Poisson brackets is
related to the algebra of currents. Let the fields ul{x), ..., uN(x) be d-forms
in χ ε I , where d — dim X, and let them take values in the space L* dual
to the Lie algebra L with structure constants (e[-). Thus the phase space is
formally dual to the infinite-dimensional Lie algebra Lx of the group of
currents Gx, where G is a Lie group with Lie algebra L, X is the space of
variables xl, ..., xd, and Gx denotes the group of smooth mappings X -*• G.
The Poisson bracket has the form

(44) {it* (x), u> (y)} = $υ} (χ)β (x-y).

Let us assume that the Lie algebra L has an invariant scalar product g*' = g j i,
that is,

(45) c jy* = - cJV', l,J,k=l,...,N.

Then in the spatially one-dimensional case (d = 1) there is a central one-
dimensional extension of the Lie algebra of currents that corresponds to the
following non-homogeneous Poisson bracket:

(46) {u* (x), u j (j,)}, = g%' (x — y)+ c t V (χ) δ (χ - y).

This extension of the current algebra plays an important role in conformal
field theories. The Lie algebra corresponding to the linear brackets (46) is
called the Kac-Moody algebra [81].

Example 8. Corresponding to the Lie algebra L(d) of vector fields in a
d-dimensional space there is a linear Poisson bracket of the form

(47) {Pi (x), Pj (y)} = Pj (X) d^ (x — y)+ Pi (y) dfi (x — y),

i, 7 = 1 , . . . , d,

where the pt{x) are densities of covectors (having the structure of a 1-form
multiplied by a volume element). Indeed, if α, δ € L(d) are two linear
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functional on the fields p((x) defined by vector fields a'(x), b'(x),

i ( x ) p . { x

then their Poisson bracket (47) is again a linear functional,

{a, b) = c = I c< (x) p, (x) ddx,

where the vector field c is the commutator of the fields a and b,

In the one-dimensional case, where

(48) {ρ (χ), ρ (ζ/)} = \ρ (χ) + ρ (y)] δ' (.τ - y),

this bracket is reduced to a constant one (37) by the change of variables
ρ = u2/2. The well-known one-dimensional central extension of the Lie
algebra Z,(l), defined by the Gel'fand-Fuks cocycle (the Virasoro algebra for
the case χ £ S1), corresponds to the following non-homogeneous bracket:

(49) {ρ (χ), ρ (y)}, = ebm (x - y) + \p (χ) + ρ (y)) 6' (x - y),

where c is a constant. In the theory of integrable systems, this bracket is
called the Leonard-Magri bracket [90]. The KdV equation pt = 6pp' — p"
turns out to be Hamiltonian with respect to the bracket (49) as well. For
c = 1/2 the Hamiltonian has the form

(50) # , = ξ dx P

2/2.

Let L0(d) C L{d) be the Lie subalgebra of divergence-free vector fields
a = (a'), 3,-a1 = 0. The conjugate space L0(d)* is realized as the factor space
modulo the gradients ρ,· = 8,·φ,

Lo {d)* = L (<*)·/(3,φ).

Hamiltonian systems on L0(d)* are conveniently written on L(d)* in the
form

(51) pif (x) = [pt (χ), Η) + 3,φ, i = 1 , d.

For Η = \ ddxE/)f/2p, equations (51) are just the Euler equations of an ideal

incompressible fluid [46].
The Lie algebra L(d) of vector fields in a <i-dimensional space has natural

extensions that are necessary for the description of different types of
compressible fluids with "frozen-in" tensor fields. It is convenient to
describe this extension using the language of fields. In addition to the fields
Pt(x) that are dual to vector spaces, let us introduce some other fields Τ^)(χ)
that are tensors of weight j s on the x-space. For the usual compressible fluid it
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is necessary to introduce p(x), the density of mass (a c?-form) and s(x), the
entropy density (also a d-iorm) (and in magnetohydrodynamics, the magnetic
feld). The Poisson bracket of all the fields 7\s) is identically zero,

{7V, (χ), 7>) (y)} = 0.

The Poisson bracket {pt (x), T(!) (y)} must be such that for every vector field

X the Hamiltonian Η = § Xipid
dx generates a one-parameter group of

diffeomorphisms defined by the vector field X'(x). This means that the
Poisson bracket {7\s) (χ), Η} must coincide with the Lie derivative of the
field T(s) along X. Examples are discussed in the survey paper [46]. The
case of superfluids, where the bracket is more complicated, is also of interest.

§2. Hamiltonian formalism of systems of hydrodynamic type and
Riemannian geometry

Definition 1. A (homogeneous) system of hydrodynamic type is an equation
of the form

(1) u?t = vf (u)ul, i = 1 ,N, a = 1, . . ., d,

where u'a = du' /dxa. (At this stage we do not impose a hyperbolicity
condition on the system (1).)

It was Riemann who noticed that the theory of systems of the form (1)
is the theory of tensors. Indeed, under invertible smooth changes of field
variables of the form u'^w1, where

(2) ι/ - u' ("•' , κΛ), i = i,...,N,

the coefficients v* in (1) transform for each a according to the tensor law

/Q\ ,*0t / \ POL / \ OW i(x, / / \\ dli
\*j) i'i \^)i—*"^o \UJ) = —Vj \U [IV)/ ·

dii1 dw*

Let us denote by MN the space (or the manifold) in which the fields
u1(x, t), ..., uN(x, t) take their values for each x, t. Then (2) can be
regarded as a change of coordinates on MN; by (3), the coefficients νψ of
(1) form for each a a tensor of the type (1, 1) (an affinor) on MN.

Let us review the simplest facts from the theory of affinors. Let all the
eigenvalues ν1 = λ1, ..., vN = \N of the matrix (v]) (we are considering the
spatially one-dimensional case) of (1) be real and distinct (that is, (1) is
hyperbolic). Is it possible to reduce (1), using the transformations (2), to
the diagonal form

(4) w) = vi (w) wx, i = 1, . . ., Ν

(no summation over /!)? If it is, then the variables w1, ..., wN are called the
Riemann invariants for (1), while the coefficients v1(w), ..., vN(w) are called
the corresponding characteristic velocities. For Λ' = 2 it is always possible
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locally to reduce to Riemann invariants, while for Ν ^ 3 this is not so in
general. This is also true in the case of complex eigenvalues, if complex
changes of coordinates (2) are allowed.

In the course of studying Hamiltonian systems of hydrodynamic type,
which we shall presently define, there arises a richer geometry, first
discovered in the authors' paper [28].

Definition 2. a) A Poisson bracket of hydrodynamic type is defined by the
formula

(5) {u* (x), u i (j,)} = gU* (u (χ)) δα {x-y) + ft* (u) ul

a8 (x - y),

where g^0- (u), bl3a (u) are certain functions, i, j , k = 1, ..., N, at = \, ..., d.

b) Functionals of hydrodynamic type have the form

(6) Η lu] = J ft (u) ddx,

where the density h(u) is independent of the derivatives ua, uap.

c) Hamiltonian systems of hydrodynamic type have the form

(7) u\ <*) = Κ <z), H) s {ft* (a) | i £ L + br (a) »$>-) „», f -

where {·, ·} is a bracket of hydrodynamic type (5), while the Hamiltonian
Η = H[u] is a functional'of hydrodynamic type (6).

Let us consider first the spatially one-dimensional case d = 1, omitting the
index a. The following simple but important proposition holds.

Proposition 1. a) The class (5) of Poisson brackets of hydrodynamic type is
invariant with respect to changes of the field variables of the form (2):
uW(u).

b) Under these changes of variables, the coefficients gij (u) transform as
tensors of type (0, 2), that is,

( 8 ) grq(v) = -?£rl£rg*i(u(v)), p,q = i , . . . , N .

c) Let us assume that the matrix (gij (u)) is non-degenerate and define the
quantities Γ]* (u) by the equality

(9) $ (») = -gis (u) Γί» («), i, /, A = 1, . . ., N.

Under the changes of variables (2), the quantities Τ}* (u) transform as the
components of the differential-geometric connection {Christoffel symbols),
that is,

(10) I- (i.) « ·£• -j£ f ^TJ^
du dv* dv du dv'dv

Proof. Let us use the Leibniz identity. We obtain

{p" (u (χ)), ι* (u (j,))} = -g-(x) -g- (j,) {u1 (x), «i (y)).
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Hence, it follows from the obvious identity

(11) / (y) b'(x-y) = 1 (χ) δ' (χ - y) + f (χ) δ (* - y)

that formulae (8), (10) hold. The assertion is proved.
Poisson brackets of hydrodynamic type for which det(g'!) Φ 0 are called

non-degenerate. By the above, the condition of non-degeneracy is invariant
under changes of variables (2). In what follows we shall only consider non-
degenerate brackets.

Theorem 1. In the non-degenerate case det(g'7) Φ 0, (5) defines a Poisson
bracket if and only if the tensor g y is symmetric, that is, if it defines a
pseudo-Riemannian metric {with upper indices) on the space MN, and the
connection T}n of the form (9) is compatible with the metric gi} and has
zero curvature and torsion. Therefore, there exist local coordinates
v' = v\ul, ..., uN), i = 1, ..., Ν such that gij = const, btf = 0. In these
coordinates the Poisson bracket (5) is constant:

(12) {υ* (χ), υ> (y)} = gfa' (χ - y), gtf = ά* = const.

A complete local invariant of the Poisson bracket (5) is the signature of the
pseudo-Euclidean metric gli.

Proof. The symmetry condition for the metric, giJ = gil, together with the
compatibility conditions of the connection (9) with the metric, that is,

g is s i £ . - bV - bii = o,.

follow immediately from the skew-symmetry of the Poisson bracket because
of the relations S'(y-x) = S'(x-y), 8(y-x) = 8(x-y) and (11). To
prove that the curvature and torsion are zero, we shall use the Jacobi
identity. Let

(13) J** (x, y, z) = {{ul (x), u> (y)}, uk (z)> + . . .

be the left-hand side of the Jacobi identity (compare with ( 1 . 3 ) ^ above).
A generalized function being zero for all i, j , k is equivalent to

(14) ]]] dx dy dz P i (x) q} (y) rH (ζ) Γ* (*, y, z) = 0

for any "good" vector functions p, q, r. This integral can be reduced to a
single integral

2

- Σ
α, τ=ο

and in what follows, a reference of the form (1.3) means formula (3) of §1.
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where the coefficients A^ are independent of p, q, r. We thus obtain a
system of relations which is equivalent to the Jacobi identity:

(15) A'£ = 0, l < i < / < * < # , 0 < r r , τ < 2.

Let us write down the explicit form of these relations. In order to simplify
them, we shall use the compatibility condition of the connection with the
metric, written in the following form:

(16) O^bH + bl';

here and in what follows we use abbreviated notation such as

We have:

(17) A$ = bi}gsls~-b*Jgsi = 0.

This is the symmetry condition for the connection (9). Moreover,

Aw ΞΞ Bt (u) uxx -f Cst (u) uxux = 0,

where

(18) Bf = $f, - bt) gsi + b?b? - *>:%«' = - l

Therefore, the curvature is zero. This proves the necessity of the conditions
of the theorem.

To prove sufficiency, there is no need to write down explicitly the
remaining equations (15). Indeed, by a change of coordinates u' -+vl — v'(u)
the Poisson bracket can be reduced to a constant one. For that bracket the
Jacobi identity is obvious. This completes the proof.

Remark 1. In the case when det (gi}) == 0 and gi} has locally constant rank
r < N, we can choose local coordinates in such a way that g*' = 0 for i > r
or / > r. This follows from (15). We shall not consider here the classification
of degenerate Poisson brackets [13].

Remark 2. The coordinates in which the Poisson bracket (5) can be reduced
to the constant form (12) do not, as a rule, have a physical meaning. In a
number of problems, other natural classes of coordinates arise. In particular,
coordinates u1, ..., uN are called Liouville if the metric gi} and the connection
b\l have the form

(19) g ' j («) = Y i j(«) + Y11("), bi>(u)= dy}

g

lJu) ,

where yl} (u) is some matrix. In these coordinates the Poisson bracket (5)
has the form

(20) {u* (x), u' (y)} = [γ« (u (y)) + / (u (*))] δ' {χ - y)
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(see Examples 1, 2 below and also Chapter II). For Liouville coordinates
the functionals

(21) W = J tfdx, i = 1, . . ., N,

commute pairwise, {U1, U'} = 0.
A Liouville bracket of hydrodynamic type in coordinates ul, ..., uN is

called strongly Liouville if the property of being Liouville is preserved under
the following operations:

a) affine changes of coordinates til = Α\ΐύ -f a1 (this is always true);
b) restrictions of the tensor y11 to any subspace {a11, . . ., uK} spanned by

a subset of the coordinates after any affine change.

Example 1. The Hamiltonian formalism of one-dimensional classical
hydrodynamics is provided by Poisson brackets of the form (20) with Ν = 3
in coordinates u1 = ρ (momentum density), u2 = ρ (mass density), and
u3 = s (entropy density). Here

(P 0 0\ (2P ρ s \
(22) T « = ρ 0 0 , g « = ρ 0 0 .

\s 0 0/ \s 0 0/

The Hamiltonian has the form

(23) H

where ε (ρ, s) is the energy density. It is not hard to verify that the bracket
(22) is strongly Liouville.

In the barotropic case the entropy drops out, s = const; in the variables
ρ, ρ the metric gfi is non-degenerate. It is interesting to observe that in
physical coordinates p, p, s the Poisson bracket of one-dimensional
hydrodynamics is strongly Liouville.

Example 2. A one-dimensional relativistic fluid. Here Ν = 2, as we have
only two fields, ux = ρ (momentum density), u2 — ε (energy density). The
equations of motion have the form

(24) j£-

(let the speed of light c = 1), where Tl} is the energy momentum tensor

where 2q = Ε — £P is the trace of this tensor in the Minkowski metric, Sy> is
the pressure and % is the energy density in the travelling coordinate frame,
in which the tensor Tj is diagonal and has the form

(26) rJ
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The equat ions of m o t i o n (24) are made into a closed system by a state
equat ion, which is a relation between c o m p o n e n t s of the tensor T**. Since
we require Lorentzian invariance, this relation involves only the invariants of
the tensor Tij, Φ (g, ff>) = 0. The Poisson bracket has a Liouville form,
where

(27)

The Hamil tonian has the form Η — § ε dx. The corresponding metric gi} has

signature ( + , - ) .

Example 3. The Benney equat ions (in the case of finitely many layers, see
[ 3 2 ] , [ 6 6 ] ) have the form

(28) «i + u^+iJiVL-o i = 1, . . .,«,.

The Poisson bracket in the variables u1, ..., u", η 1 , ..., η" is constant,

<29>
«< (χ), η5 (y)} = 6%' (x-y),

{η4 (*), η5 (y)} = Κ (x), u j (y)} - 0.

The Hamiltonian has the form

(30)

In the case of infinitely many layers (n — °°) the system of Benney
equations can also be written in terms of "moments" [41], [66]

An(x)=^(ui)(x)nr\i(^
(31)

An,t + An+1, x + nAn-i.AOtX = 0, n > 0.

In the variables An(x) the bracket (29) is linear [42]:

( 3 1 ' ) {An (x), Am (y)} = lnAn+m^ {x) + mAn+m^ (y)] δ' (χ — y).

The Hamiltonian has the form Η = (A2 + Ao)/2.
Let us now derive in a more explicit form the conditions under which a

system of hydrodynamic type is Hamiltonian with respect to a non-
degenerate Poisson bracket [62]. Let us make the preliminary observation

that the system uj (x) = {υ} (χ), Η} with Hamiltonian Η = ^ h (u) dx and

brackets of the form (5), can be written in the form

(32) ui = yj(u)4, ν)(α) = νιν^(ιι).
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Here V;· is the covariant differentiation operator, and the operator V1 is
obtained by raising indices, V* = gisVs. The operators V*, Vj commute by
Theorem 1.

Proposition 2. The system u\ = v)(u)u'x is Hamiltonian if and only if there
exists a non-degenerate metric gij (u) of zero curvature, such that

(33) gi}iv} = gikvl

(34) ViV* = Vft

where Vt is the covariant differentiation generated by the metric giJ.

The proof follows at once from the formulae (32) and Theorem 1.
Let us discuss the question of uniquely reconstructing the metric gv from

the coefficients v)(u) of a Hamiltonian system of hydrodynamic type for
Ν > 3. Let us denote by Xa(w), a = 1, ..., Λ' the (possibly complex)
eigenvalues of the matrix v)(u). (In hydrodynamic systems these quantities
have the meaning of velocities. Therefore when we move on to applications
we shall denote them by υ.) Let us assume that they are all distinct. We
denote the corresponding basis of eigenvectors by ea = ea(u). Let us define
the coefficient ĉ p (u) by

(35) [ea, <?p] = 4 p e Y .

Let us assume further that all the coefficients cj^ with unequal α, β, γ are
different from zero. We shall call the matrix v)(u) of the Hamiltonian
system (1) for which the two previous propositions hold a Hamiltonian
matrix in general position.

Proposition 3 [62]. For Ν > 3, given a Hamiltonian matrix v){u) in general
position, we can reconstruct the corresponding non-degenerate metric g>(u)
with zero curvature uniquely up to multiplication by constants.

Proof. It follows from (33) that in the basis ea the metric g1' is diagonal.
Let us normalize the (complex) eigenvectors ea in such a way that in this
basis the metric has the form gaP = δ°Ψ. In this basis, the relation (34) is
rewritten in the form

(36) δαλ$1 - δρλαδϊ + (Γ2Ρ - Γ£ο) λΥ + Via. (λρ - λα) = 0

(for the duration of this proof, there is no summation over repeated
indices!). Here da is the operator of differentiation in the direction of ea,
and the connection coefficients Γαρ are defined by the equalities

e

(see [31], Part 1, §30). Since Γ^β — Γρα = Cap(ibid), for pairwise distinct
α, β, y we obtain

Cpa — — 1 p



62 B.A. Dubrovin and S.P. Novikov

For γ = β Φ a it follows from (36), (37) that

The compatibility condition of the connection with the metric in our basis
takes the form TpY = —Γ£Υ. Therefore from (37) we obtain

. — λ_ \ 2

The expression (39) is only true in a normalized basis of eigenvectors ea. Let
us prove that, without normalization, knowing the eigenvectors ea(u) and the
eigenvalues ^ ( M ) , we can find normalizing coefficients ka(u) uniquely up to
multiplication by units such that

ea = Kaea,

that is, the metric can be reconstructed from the coefficients of the original
system. Indeed, let

Then for pairwise distinct α, β, y we have

ν γ '

Formula (39) takes the form

(4U) c i p , • = — c Y p ——
ftY A (

whence

* Y '

~λρ Υ
From these relations for different choices of α, β, y we obtain

kl = cp\ (λρ — λγ)2 Α-αργ.

(42) ^ ρ = ^ α ( λ Υ - λ α ) 2 / τ α β Υ ,

Α·Υ = Cap (λα — λβ)2 Α·αργ,

where kagy = ka^y (u) is a coefficient that depends on the choice of the
triplet of indices α, β, y. From (38) we obtain

(43) cSp = h y^T~ = C"P*P - IT" ^ '
β oc ct

where ^ = 5 e p, whence we have the following expression for the derivatives
of In Ααργ in the direction of ββ:

(44) 5p In * a p v = - λ ^ ° + cSp + ^p In («&
Λ ρ Λ α
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If Ν = 3, then the statement of the proposition follows from (42) and (44).
In the case of dimension Ν > 3, all the coefficients Λα'ρν have to be
expressed in terms of one of these coefficients /capY by comparing the
expressions for k\ for different triples oc', β', y. From this and (44) we
obtain all the derivatives of In ka&y and therefore determine all the k\ up to
multiplication by a single constant. The proposition is proved.

It is clear that the method of proof allows us to obtain effective conditions
for a system to be a Hamiltonian system of hydrodynamic type.

Let us state another interesting property of one-dimensional Hamiltonian
systems of hydrodynamic type [59].

Proposition 4. For any admissible changes of the independent variables

(45) £—»-*' = α ο ο ί + a01x, χ -+• χ' = α 1 0ί 4- alxx, det (α*,·) Φ 0,

a one-dimensional Hamiltonian system of hydrodynamic type (with a non-
degenerate bracket) is transformed into a Hamiltonian system of
hydrodynamic type.

Explanation: a change of variables (45) is called admissible if it transforms
a system of the form (1) into another system of the same form (soluble
with respect to u't). For a proof see [59].

Before we move on to multi-dimensional brackets, let us consider
specifically the case of one-dimensional Poisson brackets of hydrodynamic
type, which are linear in the field variables [3] :

(46) gii{u) = giju)s-rgt

where b]}, g'J — ϋ£ -f b{', g'o
3 are constants, and

(47) {u< (x), u} (y)} = (glV (x) + d*) δ' (χ - y) + b$u*x (,r) δ(χ- y).

In this case the coordinates uk are Liouville and

(48) Vij = 6iV + 6?, where ^ = $ + &£'.

The theory of such brackets is the same as the theory of local translation
invariant Lie algebras, which are a generalization of Lie algebras of vector
fields on the real line and on a circle. For their parametrization, it is
convenient to introduce an A'-dimensional algebra Β with basis e1, ..., eN and
structure constants b)- :

(49) eV = j

On the algebra Β we define a symmetric scalar product ( · , ·)ο by setting

(50) (e\e\ = gl
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Proposition 5 [3], [47]. 1) The expression (47) defines a Poisson bracket
if and only if the algebra Β satisfies the identities

(51) (ab) c — a (be) = (ba) c — b (ac),

(52) (ab) c = (ac) b,

where the right multiplication operators are symmetric with respect to the
scalar product ( · , · ) 0 :

(53) (ab, c)0 = (ac, b)0.

2) In the space LB of vector functions in χ with values in the algebra B,
the operation

( 5 4 ) fP* ?] = <7> - P'g, ' = 1 Γ »

(taking products of vector functions in the sense of multiplication in B)
defines a Lie algebra structure.

3) The Lie algebra of linear functionals on the fields u' with respect to
the bracket (47) for g\? — 0 coincides with LB; for g'o

3 Φ Ο it is a one-
dimensional central extension of the algebra LB by the cocycle

(55) <j>, g> = I (p, q')0 ax.

The proof follows from the relations (18), (17).
The relation (53) holds also for the scalar product defined by the matrix

g*' (u) = g)?uk + gj' for all uk. The Lie algebra LB is called non-degenerate
if the scalar product gij (u) is non-degenerate for almost all uk. In this case,
the finite-dimensional algebra Β with scalar product g^(u) is called quasi-
Frobenius. If Β is a commutative algebra with identity, then we have a
classical Frobenius algebra. As shown in [34], every finite-dimensional
algebra Β with the properties (51), (52) has a non-trivial ideal with zero
multiplication. Therefore all such algebras Β are constructed by successive
extensions of associative commutative algebras determined by the generalized
cocycles of [ 3 ]. Extensions of the Lie algebras LB in this class are given by
extensions of the algebra Β in the class of algebras satisfying (51), (52). If
0 -*• I -*• A - ^ 5 - ^ O i s a n exact sequence in the class of such algebras and
multiplication in the ideal / is trivial (/2 = 0), then the extension A is
defined by a 2-cochain a on the algebra Β with values in / such that

a) d ~ d + 6h, 8h (6 l t 6,) = h (bx, b2) + bxh (b2) - h (bj bt,
b) 6d (bu b2, b3)- 6d (b2, blt b3) = 0,

Μ (&!, b2, b3) — bd (bu b3, b2) — d (btb2 — b2bx, b3) —

- Id (6XI b2) - d (6 l t 6,)I b3 = 0,

where

6d (b,, b2, b3) = d (6 l f b2b3) - d (bJs, b3) + bjd (b2, b,) - d (bt, b2) b3.
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Central R-extensions of the Lie algebra LB are defined by cocycles of the

form

χ (ρ, q) = jj v&) Piq\m) dx,

where χ G S\ m < 3, and yl(L) = (-l)" 1 " 1 ^,,, is a constant matrix. According
to a conjecture of the present authors, for a wide class of algebras Β there
are no other cocycles. If γ'^ = γ ^ is a non-degenerate form on 5, then the
algebra Β is commutative and Frobenius. For other examples of cocycles,
see [3].

Let us move on now to the spatially multi-dimensional case. Here we
have a linear bundle of metrics and of connections that are compatible with
them: for any changes of the spatial variables xa i->- c";rP, a. = 1, ..., d,
det(c") = 1, the metrics g'ia and the connections b^a transform as components
of a vector. We call the bundle of metrics gija (and the corresponding
bracket (5)) strongly non-degenerate if for some collection of constants ca,
the metric cag'ia is non-degenerate.

Theorem 2. A strongly non-degenerate multi-dimensional Poisson bracket of
hydrodynamic type (5) can be reduced to constant form for Ν = 1 and to
linear form

(56) g*i« (u) = giru* +gT, a = 1 , d,

for Ν > 2, where the coefficients g[3a = bT + Ka, gi5a, δ|/α are constant.

The proof is similar to the proof of Theorem 1, but more technical.
We see that all the multi-dimensional Poisson brackets of hydrodynamic

type are defined by some local translation-invariant Lie algebras of vector
functions of m variables by analogy with Proposition 5. We shall not discuss
the properties of. bundles of quasi-Frobenius algebras that arise here.

Example 1 [44]. For Ν = d = 2. the Poisson bracket (5) is reducible either
to constant form or to the form (1.47) (with d = 2), that is, it is generated
by the Lie algebra of vector fields on the plane.

Example 2. In the two-dimensional Λ'-component case (d = 2), in coordinates
in which the metric g1'1 is constant, the connection b{?2 is also constant and
the corresponding metric gij2 (u) is linear: gih (u) = g'^u" + gj2. The
structure constants b^2 define an iV-dimensional quasi-Frobenius algebra Β
with invariant scalar products (e*, ei)1 = gijl and (e\ ej)2 = gl

o

i2, which satisfy
(53) as well as the additional relation

(57) (ab, e)x + (ca, b)x + (be, a\ = 0.

If the metric gin is positive definite, then this is a zero algebra and the
Poisson bracket is constant in these coordinates (the same is true for all
d > 2). This is easily proved by simultaneously reducing all commuting self-
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adjoint (in the metric ( · , ·)ι) operators W = (fr*52) to diagonal form. There
are non-trivial examples for indefinite metrics g1^1 [44].

Remark 1. Let us denote by Μ the algebra generated by functionals of
hydrodynamic type with respect to the bracket (5). The following question
is of interest: under what conditions on the metrics gija and on the
connections bx£a will 3t be a Lie algebra? This question is non-trivial starting
with the case Ν = 2, d > 2, since in the case Λ' = 1 we always have
{Ηχ, H2} — 0 for any functionals of hydrodynamic type. It turns out that
in all the cases TV Φ 2 it follows from the Jacobi identity on the subalgebra
Μ that (5) is a Poisson bracket. The conditions on the metric and the
connection that arise in the case Ν = 2 are less restrictive, and the Poisson
brackets on the subalgebra Μ depend on functional parameters (in [29] it
was erroneously claimed that from the fact that the Jacobi identity holds on
the subalgebra Μ it always follows that (5) defines a Poisson bracket on all
local functionals; this mistake was pointed out by Mokhov, who in [44]
also refined the formulation of Theorem 2). For the explicit form of the
parametrization of such brackets in the first non-trivial case Ν = d = 2,
see [29].

Remark 2. Multi-dimensional brackets of hydrodynamic type that arise in
the theory of averaging (see §6 below) for d > 1 do not, as a rule, have the
property of strong non-degeneracy. However, the property of weak non-
degeneracy holds in that case: the intersection of the kernels of all the
metrics gijl, . . ., gliJ is zero, while the images of all these matrices generate
the whole /^-dimensional space. The question of the structure of weakly
non-degenerate multi-dimensional Poisson brackets is not yet resolved.

§3. Generalizations: differential-geometric Poisson brackets of higher
orders, differential-geometric Poisson brackets on a lattice,

and the Yang-Baxter equation

Here we shall consider the case of one spatial variable.

Definition. 1) A homogeneous differential-geometric Poisson bracket of
order η has the form

(1) {u{ (x), vfi (y)) = S m (u (x), ux (x), uxx (x), . . .) 6<»-*> (x - y),

where the coefficients B^ are of degree k, and by definition

* ^ i s , β = 1,2,...
dx

in other words,

(2) B^ = gij (a), B? = fclJ (u) u'x, Bl} =-- c? (») u L + ctf, (u) u'xu
f

x,...
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2) A non-homogeneous bracket is a sum of homogeneous brackets of
different orders.

The class of differential-geometric Poisson brackets is invariant under local
changes of field variables 1/ ·-*• vi (u), with homogeneous components
transforming independently. In particular, from a constant bracket of
order n,

(3) {j (x), J (y)} = BU6M (x - y),

where Bn = (—I)"-1]?',? is a constant matrix, we obtain after the change of
variables u' -*• v'(u) a homogeneous bracket of order n.

For arbitrary homogeneous brackets of order n, the condition of
reducibility to constant form is a problem of differential geometry, which is
non-trivial even under the condition of the principal term being non-
degenerate: det fij #= 0, where g' j = BU, gij = (—l)"-y\

Example 1 [54]. Homogeneous second-order brackets. Let us assume that
the skew-symmetric tensor g*i = —gyi is non-degenerate: det gli Φ 0, where
the coefficients g'7, as well as the coefficients b'J, d3, dl{ that determine the
homogeneous second order bracket, are defined by (2).

Proposition 1. The connection r*i = gijcV is symmetric, has zero curvature,

and coincides with the symmetric part of the connection T* = gi}bV, that

is, tli + fiS = 2T%. The torsion tensor Tl

ti = Γ* — T%.of the connection has
the following properties:

a) T^si is skew-symmetric in all the indices.
b) d (gijdu* Λ du>) = const T^du* /\ dus f\ du\

Moreover, the form Ω = T^^dii* /\ dus /\du' satisfies certain differential
identities (see [54]).

From Proposition 1 it follows, in particular, that a homogeneous second-
order bracket with det gij Φ 0 reduces to the constant form g10b" (x — y) if
and only if d {gijdu* f\ duj) — 0. [54] gives a classification of homogeneous
second-order brackets with a "non-degenerate" metric g'1.

Example 2. Non-homogeneous differential-geometric brackets that are sums
of brackets of first and zeroth orders have the form

(4) Κ (χ), u> (y)) = g« (u (x)) 6' (x-y) + lb? (u) u% +

+ hi}(u)) 6(x-y).

Let us assume that the metric gli is non-degenerate.

Proposition 2 [29]. In the coordinates vl, ..., vN, where g^ = const and
b%s = 0, the bracket (4) has the following form:

(5) {„* (χ), j (y)} = jr«6' (x-y) + [£ν° + c?] δ (χ - y),



68 B.A. Dubrovin and S.P. Novikov

where cl1 are the structure constants of some finite-dimensional Lie algebra L
with invariant scalar product gx\ that is, c'ig^ — — c*g*}, and c^ is a
cocycle on L.

Therefore differential-geometric Poisson brackets of order 1 + 0 are
generated by some Lie algebra of currents (see Example 1.7 above). Let us
observe that Poisson brackets of hydrodynamic type with variable coefficients
(depending on x) reduce to non-homogeneous brackets of the form (5) if
changes of variable that mix dependent and independent variables u1, ..., uN

and χ are allowed.

Let us consider now, following [22], the discrete analogue of differential-
geometric Poisson brackets (only in the spatially one-dimensional case). The
fields u', i = 1, ..., N, are defined on a one-dimensional lattice: u' = (u'n),
η ΕΞ Ζ. Differential-geometric Poisson brackets of order no have the form

(6) {u'n, uln) = hZ-n (un, um), tik

} = 0 when | k | > n0.

Under local changes of coordinates at the nodes of the lattice of the form

(7) u ' n ~i/ n '= / > * , . . . , « * ) , ί = 1,...,Λ\ «6ΞΖ,

the matrices /ij/ (u, v) transform according to the rule

(8) $(u, ν)~$'(W, ν1) = - ^ - ^ ζ - Ρ - h?(u,v), \k| < n 0 .
an av

When « 0 = 0 the bracket (6) is ultra-local, that is, it reduces to a finite-
dimensional Poisson bracket h'J on the w-space. In the rest of the cases we
can assume that n0 = 1. (When n0 > 1 we introduce new field variables
v%, a - 1, ..., n0N, by setting

i = l,...,N, ρ = 0 , 1 , . . .,n0— 1.

After this change of variables we obtain a first order differential-geometric
bracket in the variables v%.)

Thus, we shall consider only first order brackets:

(9) {u'n, ul} = hl

0

3 (un), {un, u}

n+1} = h{3 (un, un+1),

{un, Um) — 0 when | η — m|> 1.

It turns out that under the condition of non-degeneracy of the matrix
}ii (u, u) (this condition is invariant under local changes of variables (7)), the
bracket (9) is parametrized by Hamilton-Lie groups of a certain kind. Let
us review the basic facts of Hamilton-Lie group theory, following the paper
of Drinfel'd [20]. A Lie group G is called a Hamilton-Lie group if a
Poisson bracket {,}„ is defined on it in such a way that multiplication
G x G -*• G is a mapping of Poisson manifolds. If L = L(G) is the Lie
algebra of the group G, then (locally) the Hamilton-Lie structures are
uniquely determined by Lie algebra structures on the dual space L*. Here
we require the Lie algebras L and L * to be compatible in the following
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sense: if CoP and /™ρ are the structure constants for the Lie algebras L and
L*, respectively, then we must have the identity

(that is, /γβ is a 1-cocycle on L with values in L ® L). A pair of compatible
Lie algebra structures on L and L* is called a Lie bi-algebra in [20]. Given
a Hamilton-Lie group, a bi-algebra is constructed as follows: the commutator
in the Lie algebra L* has the form

(11) [ a , &]* = {φ, Tp}e |«, a = d ( f \ e ( ^ L * , b = d1p\ee=L*,

where φ, ψ are smooth functions on G, and e G G is the identity. The
structure constants /γΡ of the algebra L* are defined by the formula

where the 9 7 are left-invariant vector fields on G, and the Poisson bracket is
given in the form

(13) {φ, ψ} 0 = i\?da<pdfft.

The bracket (13) can be uniquely reconstructed (if G is connected and
simply-connected) from the bi-algebra via the following differential equations:

(14)

with initial conditions

(15) ηο

μν |. = 0.

The relation (10) is the compatibility condition for the system (14).

Let us describe now the construction of Poisson brackets of the form (9).
Let G be a Hamilton-Lie group, (L, c«p; L*, /?p) its Lie bi-algebra, and

ha& a skew-symmetric matrix such that the cohomologous cocycle

(16) /ν α β =/? β + ^ β + 4 γ / ^

also defines a Lie algebra structure o n i * (it will be automatically compatible
with L). We require the following relation to hold:

(17) [h, A]i«* = fTh^ + fYh^ + ffhw,

where [h, h] is the left hand side of the classical Yang-Baxter equation
(1.14) for the r-matrix /ιαΡ in the Lie algebra L. Finally, there must exist a
Lie algebra homomorphism

(18) r: (L*, ff) ->- (L, dp), r = (r«P),

such that the adjoint mapping r*p = rP" defines a homomorphism of these
Lie algebras:

(19) TV (L*, tf13)-^ (L,
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A Hamilton-Lie group G for which there exist a homomorphism r and a
matrix h satisfying the above conditions is called admissible.

Theorem 1. An admissible Hamilton-Lie group together with corresponding
matrices r, h defines a Poisson bracket of the form (9), where un G G for all
—oo < η < oo according to the following formulae:

(20) {φ (un), ψ (um)> =0 for \ η - m | > 1,

(20') {φ (un), ψ (un+J)} == Γ°Ρ5βφ (ΐ/η) 5P> (un + 1),

where da, d'e are left- and right-invariant vector fields on G,

(20") {φ (un), ψ (un)} = η«Ρ(Μη) 5αφ (un) dtf (un),

where the bracket rf®(u) on G has the form

(21) ηαΡ (u) = η?ρ («) + ^^-Λ=Ρ,

a«c? η™β (u) w determined from (14), (15). //ere φ a«c/ ψ are arbitrary
smooth functions on G. All brackets of the form (9) are obtained in this
way under the non-degeneracy condition det (hi') Φ 0.

Remark 1. The non-degeneracy condition det (h\·) Φ 0 is equivalent to the
non-degeneracy of the matrix raP, that is, (18) is an isomorphism. In this
case, compatibility conditions reduce to conditions on the Lie algebra L and
the scalar product ra?· (on L*).

Remark 2. To an admissible Hamilton-Lie group there corresponds a whole
family of matrices raP, ha^ satisfying the required conditions, which depend
on the point of the group. In particular, the matrix raP can be replaced by
Λ?ρ (μ, u) for any fixed u Ε G. The structure constants /™p and the matrix
Λαβ will change accordingly. The bracket (20)-(20") will remain the same.

Let us indicate an important class of differential geometric Poisson
brackets on the lattice which correspond to triangular Hamilton-Lie groups
(in the sense of [21]). The matrix r"P here is skew-symmetric and satisfies
the classical Yang-Baxter equation on the Lie algebra of the group G. In
this case, formulae (20') and (20") that define the bracket assume the
following form:

(22) {φ (ι*.), ψ (un+1)} = r*3dacp (un) d'& (un + 1),

(23) {φ(«η). Ψ («η)} = - / ^ « φ («„) %ψ («„) + 4<P (un)

This bracket satisfies the non-degeneracy condition if the matrix r"P is non-
degenerate. The Lie algebra L is quasi-Frobenius in this case.

Example (Cherkashin). For the simplest two-dimensional non-Abelian group
G we can take as the matrix r an arbitrary non-degenerate matrix. We thus
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obtain the following family of brackets:

0 ^

u = (x, y), ν = (a;', y'), a = ± 1 , hl

0

3 (u) — h\3 (u, u) — h[l (u, u).

When Γ Λ = (σ A we obtain a second Hamiltonian structure for the Toda

chain [56], [64].

§4. Riemann invariants and the Hamiltonian formalism of diagonal
systems of hydrodynamic type. Novikov's conjecture.
Tsarev's theorem. The generalized hodograph method

It is well known that a one-dimensional system of hydrodynamic type
with two field variables u = (u1, u2) can be linearized by the "hodograph
transform" χ = x(ux, u2), t = t(ul, u2). Then the system

| u] == v\ (u) u\ -i- v\ (u) u%,

( li? = v\ (u) u\ f v\ (u) u\

becomes the linear system

( Xui = — v{ (u) tut -f v\ (u) tui,
(2)

{ Xui = V{ (u) tut — Vz (u) tut.

Following Tsarev, let us present a new exposition of the theory of integration
of two-component systems, which is methodologically well suited for
generalizations. Let us assume that the system (1) is strictly hyperbolic in
some region of the space of coordinates (u1, u2), that is, the matrix (v){u))
has two distinct real eigenvalues vx{u) and v2(u). Then, by a smooth change
of variables, (1) can be locally reduced to diagonal form. In the following
we assume that (1) is already diagonal in the variables «\ u2,

| u\ = vx (u) a\,

\ u\ = v2(u)u2

x.

We shall use the abbreviated notation 3,- = d/du', i = 1, 2.

Proposition 1. Let wx(u), w2(u) be the solution of the system

Then: 1) the functions u1 = ul(x, t), u2 = u2(x, t) defined by the system

ινχ (u\ u2) = vx (u1, u2) t + x,

w2 (u1, u2) = v2 (u1, u2) t + xr
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are solutions of (3), and every smooth solution of system (3) is locally
obtainable in this way; 2) the system of hydrodynamic type

u\ = wx (u) ul,

u* = ws(u)u%

defines the "symmetry" of the system (3), that is, u)x = u\t, and all
symmetries in the class of systems of hydrodynamic type are obtainable in
this way.

Proof. The system obtained from (3) by the hodograph transformation has
the form

' ' ί , ΐ τ ν2 (u) djt = 0.

Let us write it in the following way:

d2 (b\t + x) — td2uv

dx (v2t + x) = tdji'z.

Introducing the quantities w,- = Vjt + x, i = 1,2, we obtain

J 1 u/% ^

substituting into (8), we obtain (4). Conversely, differentiating implicit
functions ul(x, t), u\x, t) of the form (5) and using (4), we obtain (3).
The first half of the proposition is proved.

Now let a symmetry

(9) z4 = w) (u) ul, i = 1, 2,

of (3) be given. From ν\τ = u'x! it follows, first of all, that the matrix w)
commutes with the diagonal matrix ι̂ -δ}. Therefore w) — wfi). The
remainder of the conditions u^ = u\t coincides with (4). The proposition is
proved.

If the system (3) is Hamiltonian, then all its symmetries are generated by
integrals of hydrodynamic type. Thus, the proposition proved above clarifies
the connection between the classical hodograph method and integrals of two-
component systems. Several authors (see [55]) have shown that the number
of integrals of hydrodynamic type in this case is infinite without introducing
these concepts explicitly.

Example 1. Taking the "trivial" solution of (4), which has the form
w,· = aVj + β, where oc, β are constants, we obtain the so-called "simple
Riemann wave" for the system (3):
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Let us note that the hodograph method cannot be used formally in this case
since the mapping (x, t)—*- (u1, u2)is degenerate.

Let us now consider multi-component systems. It turns out that the
combination of the following two properties: the reducibility of (1) to
diagonal form, and the conservative (Hamiltonian) nature of the system,
generate increased integrability of systems of hydrodynamic type. This
integrability was conjectured by Novikov and proved by Tsarev [61], [62],
who proposed a generalization of the hodograph method to integrate these
systems. We now move on to an exposition of these ideas.

Suppose we are given a diagonal Hamiltonian system of hydrodynamic
type

"J = ΐΊ(α)ηί, i = 1, . . ., N,

such that all the diagonal elements are pairwise distinct (in this section
there is no summation over repeated indices!). Let us denote by gij (u) the
corresponding metric (which we assume non-degenerate) that defines the
Hamiltonian structure of the system (11).

Lemma 1. In the variables u1, ..., uN, in which a Hamiltonian system of
hydrodynamic type is diagonal, the corresponding metric g{i{u) is also
diagonal.

Proof. This follows from the relation (2.33).
From the differential-geometric point of view, defining a diagonal metric

of zero curvature is equivalent to defining a curvilinear orthogonal system of
coordinates in a flat, Euclidean or pseudo-Euclidean, space. It is known
[37] that such systems are uniquely determined by N(N~ l)/2 functions of
two variables. Conversely, if an arbitrary orthogonal system of coordinates
is chosen, then corresponding to it there will be a family of diagonal
Hamiltonian systems, the explicit form of which is given by the following
assertion.

Lemma 2. Let ul, ..., uN be orthogonal curvilinear coordinates, gijiu) — gi(u)8jj
the corresponding metric, and Υ\} (u) its Christoffel symbols. Then all
diagonal systems of hydrodynamic type

(12) u{ = 111, (u)uU i = l, . . ., N,

that are Hamiltonian with respect to the bracket

(13) {u{ (x), u> (y)} = g i (u (τ))-* [ 6 % (x-yy-% rlku*x6(x - y)],
n*

are determined by the equations

Μ (Wi - !/>„), i Φ k.

All these systems commute pairwise. They are parametrized locally by
functions of one variable.
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Proof. Let us introduce the notation w) = νν,δ). By Proposition 2.2, the
condition for (12) to be Hamiltonian is written in the form

iV

(15) 0 = ViW) - VjU;? = diW) - drf + S (TWj - i V ? - Tf}w\+ Γ^·4

(condition (2.33) is satisfied automatically). For pairwise distinct values of
the indices /, /, k the relation (15) becomes an identity, since Γ,*· = 0. Thus,
only relations corresponding to the case j = k Φ i remain. These have the
form (14). The lemma is proved.

Let us remind the reader (see (2.32) above) that the Hamiltonian h{u) of
(11) can be obtained from the equations

(16) V*V,A (it) = wt (w), i = l, · • ·, N.

It must be said that the metric that defines the Poisson bracket of a
diagonalizable system is not uniquely determined (unlike Hamiltonian
systems in general position: see Proposition 2.3 above). Examples will be
given in §7.

Using the known differential-geometric identities Γ Η = dt In )/ | gk |,
which hold for an arbitrary diagonal metric gu = gt (>{j, the following
relations satisfied by the coefficients of diagonal systems of hydrodynamic
type can be derived from (14):

Definition 1. A diagonal system of hydrodynamic type u\ = Wi(u)ul

x,
i — I, ..., N, is called semi-Hamiltonian if its coefficients satisfy the relations
(17).

For Ν = 2 there are no relations (17), so that every diagonal system is
semi-Hamiltonian. Diagonal Hamiltonian systems are also semi-Hamiltonian
by the above arguments, but the converse is not true (examples are given in
[50]). It turns out that the property of being semi-Hamiltonian is sufficient
for the integrability (or, more precisely, the linearizability) of systems of
hydrodynamic type. Let us produce the corresponding construction.

Theorem 1. Let

(18) u\ = ν, (u) «i, i = 1, . . ., N,

be a diagonal semi-Hamiltonian system of hydrodynamic type, and
WI(M), ..., wN{u) an arbitrary solution of the linear system
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Then the functions ul{x, t), ..., uN(x, t) determined by the system of
equations

(20) Wi (u) = vt(u)t + x, i = l , . . . , N,

satisfy (18); moreover, every smooth solution of this system is locally
obtainable in this way.

Proof. Let u'(x, t), / = 1, ..., N, be a smooth solution of the equations (18).
Differentiating both sides of (20) with respect to t and x, we obtain

or

(21)

Let us show that the matrix

(22)

diagonal for u = u(x. t), is a solution of (18). Indeed, by (19) with i Φ k
we have

* v - v . Κ i Κ ,)]

But on solutions u = u{x, t) of (18) for i Φ k we have

Wk — Wi = t {VK — Vt),

whence Mm = 0. Therefore, (21) can be written in the form

Μit («) u] = vt, Μα(ύ)ηί = 1, i = 1, . . ., .V,

whence u\ = Vi(u)u'x, / = 1, ..., N, that is, we have obtained a solution of
the original system (18). Let us observe also that it follows from the second
equation that u'x Φ 0 for any smooth solution of (18).

Conversely, if we have a solution u = u(x, t) of (18), and in a
neighbourhood of a point (x0, t0) the derivatives ux are not zero, we can
construct a solution wt{u) of (19) for which u'(x, t) is the only solution of
(20) in some neighbourhood of the point («' = u'(x0, t0), x0, t0). Taking
u'0(x) = u'(x, t0), i = 1, ..., TV, to be the initial conditions in the Cauchy
problem for the original system (18), we obtain from (20) the values of the
original functions w,(w) on the curve u'0(x):

(23) Wi Κ (*)) = vt (u0 (x)) t0 + x, i = i, . . ., N.
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Since by assumption u\x (z) =/=• 0 for the indicated initial data, which are the
values of the functions wt{u) on the curve u = uo(x), there is a unique
solution of (19) with initial conditions (23) in a neighbourhood of that
curve. Let us show that for the functions w{{u) defined in this manner
(20) has a single-valued smooth solution in a neighbourhood of the point
(u'o, xQ, t0). Indeed, the system of equations

(24) Φ (u1, . . ., u", x, t) = wt (u) — Vi (u)t — x = 0,

i = 1, . . ., N,

(with respect to the unknowns u1, ..., uN) is satisfied by the values (u'Q, x0, t0)
by construction, and at that point the Jacobian matrix (δΦ,/δί^) is non-
degenerate:

3Φ{/0α* = dkWi — todkVi = Mil(, Mik = 0 for ϊψ k.
Μn = diWi — tfpiVj φ 0.

Only the last inequality has to be justified. To this end, let us differentiate
(24) with respect to x: at the point (w0, x0, t0) we shall have
MH (u) ulx — 1 = 0 , whence δΦίΙδυ,ί = Mn φ 0. Thus, by the implicit
function theorem, (20) has a unique solution u_(x, t) in a neighbourhood of
the point (u'Q, x0, t0), and this is a smooth function of x, t. By construction,
M(X, /O) = u(x, t0), and since we have shown above that w(x, t) is a solution
of the original system (18), it coincides with the given solution u(x, t) in a
neighbourhood of the point (x0, t0) by the uniqueness of the solution of the
Cauchy problem for the system (18). The theorem is proved.

As in the case Ν — 2, it can be shown that any solution w,(w) of (19)
defines a symmetry

(25) u\ — u-t (u) ul, i — i, . . ., N,

of the original semi-Hamiltonian system (18), that is, (18) and (25) commute:
utx = i4f· Moreover, every first-order symmetry, that is, every system of
hydrodynamic type that commutes with the original one, can be obtained in
this manner.

The construction of the theorem reduces the integration of the original
quasi-linear system (18) to solving the linear system (19) and computing the
functions ul(x, t), ..., uN(x, t) defined implicitly by (20). Thus, it is a
generalization of the hodograph method to the case Ν > 2 (see Proposition 1
above). Therefore it is natural to call it the generalized hodograph method.

Let us make some observations on integrals of hydrodynamic type,

(26) I[u] = \P (u) dx,

of diagonal systems of hydrodynamic type (omitting the proofs [62]).
A semi-Hamiltonian system of the form (18) has continuously many
independent integrals, parametrized locally by Ν functions of one variable.
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The densities of these integrals are sought as solutions of the following
system of simultaneous equations:

(27) didjP £ i - <9;P -^— d,P =0, i=±j.
v ' 1 J v. — ν. υ. — υ • * ' '

For Hamiltonian systems (18), these integrals correspond to commuting
systems of the form (25) and constitute a complete family on the set of
monotone functions [62]. At this stage, the relation of these integrals with
commuting systems of hydrodynamic type in the general non-Hamiltonian
(semi-Hamiltonian) case is not clear. A general theory of semi-Hamiltonian
systems analogous to the theory of Hamiltonian systems has not been
constructed yet. So far, they can only be defined in diagonal (Riemann)
form in terms of differential-geometric relations (17). Therefore the
problem of semi-Hamiltonian systems is not completely solved. Let us
remind the reader that in introducing the class of semi-Hamiltonian systems
Tsarev [61] was motivated by the fact that even in the case Ν = 2, d = 1
not all systems of hydrodynamic type are Hamiltonian, even though they are
integrable by the hodograph method and diagonalizable. In some problems
of chemical kinetics (see [49], [50]) there arise examples of diagonal semi-
Hamiltonian non-Hamiltonian systems. Thus, it is even more important to
understand what is the class of non-diagonalizable semi-Hamiltonian systems.

It can also be shown that for A ' > 3 a Hamiltonian system of the form
(18) in general position (in particular, a non-diagonalizable one) has only an
(N+ 2)-dimensional family of integrals of hydrodynamic type. This family
is generated by the Hamiltonian, by the momentum, and by the Λ'-dimensional
annihilator of the bracket (integrals of flat coordinates in which the metric
that defines the Poisson bracket (10) is constant).

Example 2. The Benney equations (see Example 2.3 above). In order to
reduce this system to diagonal form, let us consider, following [32], [78],
the algebraic curve defined by the equation

It

(28) F (λ, μ) = - μ + λ + V - 3 — .

Let (λρ, μρ), ρ = 1, ..., 2η, be the branch points of this curve (relative to the
projection on the λ-plane), that is, λρ are the roots of the equation

-Λ =0

(we shall assume that all the roots are real: this defines the region of
hyperbolicity of the Benney equations). In the variables μ1, ..., μ2η the
Benney equations are written in the form

(30) μρ( = λρ ( μ ι , . . ., μ2η) μρχ, ρ = 1, . . ., 2η.
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The corresponding diagonal elements of the metric gp, ρ - 1, ..., 2n, are the
residues of the meromorphic differential

dF/dl

on the curve (28), computed at the branch points (an observation due to
Tsarev).

CHAPTER II

EQUATIONS OF HYDRODYNAMICS OF SOLITON LATTICES

§5. The Bogolyubov-Whitham averaging method for field-theoretic
systems and solition lattices.

The results ot Whitham and Hayes for Lagrangian systems

It is well known that the so-called averaging method of Bogolyubov and
others has proved effective in many problems in the theory of non-linear
oscillations. This method is used in the case when the unperturbed system
has a certain number of cycles, exactly periodic solutions (the one-phase
case), or of invariant tori, quasi-periodic solutions (the multi-phase case),
that depend on several parameters. A particle in phase space close to this
family of solutions will oscillate "rapidly" along the tori of this family and
will drift "slowly" with the parameters; thus arises an averaged (over rapid
oscillations) system of equations of drift with respect to the set of parameters
on which these tori depend.

A number of classical works (see [6] for references) are devoted to the
study of the first approximation to the slow drift, to estimates of the
subsequent terms of the series expansion with respect to the small parameter,
the ratio between the fast and the slow time scales, and the analysis of the
resonant case.

In principle, various field-theoretic analogues of the averaging method are
possible. The version we are discussing is not only a field-theoretic analogue
of a Bogolyubov et al type averaging method, but also a non-linear analogue
of the WKB method in quantum mechanics (or the eikonal method in
optics). In this version the system itself is not perturbed; it has a family of
exact solutions ("soliton lattices") of the form

(1) φ (χ, t) = Φ (kx + at + τ°, u\ . . ., u»),

where k = k{u), ω = ω(«) are w-vectors, Φ(τ 1 ; ..., rm, u1, ..., uN) is a
27r-periodic function in each of the variables τ 1 ; ..., r m that depends on
parameters u1, ..., uN, and the vector r° = (r?, ..., τ%) is arbitrary. Solutions
are sought of the original system that have the form (1) in the first
approximation with respect to a natural small parameter ε equal to the ratio
of the "fast" and "slow" spatio-temporal scales. Here the parameters of the
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solution are no longer constants, but slowly varying functions of the
variables x, t, ul == u ! (εχ, et). Under certain conditions on the family (1)
of solutions of the original system, we obtain in the first approximation the
so-called Whitham equations of slow modulation (equations of hydrodynamics
of soliton lattices)

(2) UT = v\ (u) uj

x, i = 1, . . ., Ν, Τ = εί, Χ = εχ,

where the matrix v)(u) depends both on the original system and on the
family of solutions (1). This theory originated with Whitham in the sixties
(see [58], [93], [94]) and then its development was continued by Maslov
(see [43]), Luke [89], Hayes [80], Ablowitz and Benney [63], Gurevich
and Pitaevskii [14], [15], Flaschka, McLaughlin, and Forest (see [73]), and
Dobrokhotov and Maslov [19], [69].

There are different procedures for deriving slow modulation equations,
the equivalence of which has been rigorously established only in the one-
phase spatially one-dimensional case. Let us describe these procedures
briefly in the spatially one-dimensional case. Let an evolution system having
a family of solutions of the type (1) have the form

(3) <r* = Κ (φ, Φ, φΐ»>)

(φ and K are vectors).

Α. The non-linear analogue of the WKB method.
We look for formally asymptotic solutions of (3) in the form

(4) φ = Φο+ecTi-f ε2Φ2+ · · ·,

where ε is a small parameter, the principal term φ0 has the form (1) with
slowly varying parameters u1, ..., uN, that is,

(5) Φ0 (x, t) = Φ (S (Χ, Τ)/ε, u (X, T)),

X = εχ, Τ=εί are the "slow" coordinates and time, and S(X, T) =
= (Si(X, T), ..., Sm(X, T)) is an auxiliary smooth vector function; subsequent
terms of the series (4) have the same form as (5), that is,

(6) φ , (x, t) = Φ * (S ( Χ , Τ)/ε, Χ, Τ), k = l , 2

where Φ!ί(τι, ..., rm, X, T) are certain functions 27r-periodic in r 1 ; ..., rm,
smoothly dependent on the parameters X and T. Substituting the series (4)
into the system (3), we obtain the following relations:

(7) Sx = k(u (X, T)), ST= ω (u (X, T))

(which are obviously equivalent to weak convergence as ε—»- 0 of the
principal term q>0(x, t) to the exact solution of (1) ( 1 ) in the domain | t \ < ε"1)

his is in the one-phase case; in the multi-phase case a more thorough analysis of
resonant cases is required; see [68].
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and a chain of linear equations

(8) £Φκ- = ̂ , ft = l, 2, . . .

(here <i>fc = Φ^(τ, Χ, 71)), where the operator

(9) Z=todT—^-~^-kdT--^-(kdxV-...

is the linearization of equation (3) on the solution (1), in which differentiation
with respect to t, χ is replaced by ωδ τ, kdT; the residuals Fk are certain
functions of u1, ..., uN, cp0, . . ., φ ^ and of their derivatives. The operator
L acts in the space of 27r-periodic functions of the variables τ 1 ; ..., rm. τ and
Χ, Τ enter its coefficients as parameters. Let us write down the explicit
form of the first residual F1 (we shall need it soon):

(10) F1 = {-dT + -?£-dx-{- - ^ - [2 (kdx) dx+(kxdj] -f · . ] Φ (τ, α (Χ, Τ)).

In (9), (10) the function Κ and its derivatives are calculated from the exact
solution (1), that is, we replace φ, φχ, ... by Φ(τ, u(X, Τ)), &3τΦ(τ, u{X, Τ))
and so on, k = k(u(X, T)).

Let us observe that (7) implies the compatibility relations

(«) *τ = ωΑ·,

where k = k(u(X, Τ)), ω = ω(ιι(Χ, Τ)) are m-vectors. These form a
part of the slow modulation equations. The remaining equations for the
functions u(X, T) arise as solubility conditions for equation (8) with k = 1
in the space of 27r-periodic functions of the variables r 1 ; ..., r m . For the
equation to be soluble, orthogonality must hold between the first
residual Fl and the kernel of the adjoint operator Z*:

2π 2π

(12) ξ . . . ξ ! / α / ν Τ τ = 0, α = 1 , . . . , π ,
Ό Ό

Here ya — γα(τ) are the zero modes of the operator L* acting in the space
of vector functions on an m-torus. For m = 1, L* is an ordinary differential
operator, so that the number of its zero modes is a priori finite (for several
important examples we shall obtain these zero modes explicitly). For m > 1,
the problem of determining the zero modes of the operator L* is more
complicated: their number changes as we pass through a resonance, see
[17], [18].

Returning to the relations (11), (12), we note that they comprise a
system of linear homogeneous equations with respect to the derivatives
u'T, u'x (see the explicit form of the first residual Fx) with coefficients
depending on u. This system can be solved with respect to u\, ..., w ,̂ that
is, it can be written down in the form of a system (2) of equations of
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hydrodynamic type, if the non-degeneracy condition

(13) rk (dkjdu*) + rk^ dnhya -g-j - Ν

is satisfied. Thus, under this condition, the system of equations (11), (12)
uniquely defines the slow modulation of the parameters u1, ..., uN.

Strictly speaking, the reasoning above is only applicable to the one-phase
case, though the result, that is, the equations of slow modulation, is used in
the multi-phase case as well (at least in the most important classes of
examples). Concerning the precise formulations of the multi-phase non-
linear WKB method, see [18], [69].

B. Lagrangian formulation of the averaging method (see [58]) .

Let the original system have Lagrangian form

(14) -A

and let

(15) q = Q (kx + tat + τ°, u\ . . ., u2Tn)

be its family of invariant tori, Q (τλ, . . ., t m , u1, . . ., u2m) a function on
the m-torus depending on 2m parameters u1, . . ., u2m, and r° an arbitrary
point on this torus. Let us define the averaged Lagrangian by setting

(16) X (k, ω, u) = (2n)-m ξ L (Q (τ, u), kQx (τ, u), ω^ τ (τ,, u)) dmx

(the variables k, ω, u are considered here to be independent), where the
integral is taken over the torus 0 < r,· < 2π, i = 1, ..., m. Then the
equations of slow modulation of the parameters u = u(X, T) are obtained as
the equations of extremals of the functional

(17) 8 (k, ω, u)=jJ£(ft, ω, u) dX dT

with the relation

(18) kT = co.v

(see (11)). The explicit form of these equations is

(19) dxXk + 6ΤΖω = 0,

(20) dSS = 0.

These last equations (20) give us the "dispersion relations" k = k(u),
ω = GJ(W) that hold for the solutions (15) (this is true under the condition
of non-degeneracy of the Hessian %v\j). Thus, the slow modulation
equations for the functions u>{X, T), . . ., u2m (X, T) have the form (18),
(19), where we have made the substitutions k = k(u), ω = co(w). It is clear
that this is a system of hydrodynamic type.
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Following Hayes [80] and Whitham [58], we shall transform these
equations to Hamiltonian form in Clebsch variables. For that we shall
consider equations (18), (19) as equations for the vector functions
k = k(X, Τ), ω = ω(Χ, Τ). These equations can be written in Lagrangian
form by introducing the potential S(X, T), where Sx = k(u(X, T))
ST = ω(ιι(Χ, Τ)) (in view of (18)) and by considering the Lagrangian
X = Z(S.x, ST), where

(21) Χ (Α, ω) = X (k, ω, u (k, ω)),

and u = u(k, ω) by the "dispersion relations" (20). Performing the
Legendre transformation

(22) {S,sT)-

(23) M = M(SXyJ)=,JST-X(Sx,ST), ST = ST(J,SX),

we obtain the Hamiltonian form of the slow modulation equations with
Hamiltonian Μ and canonical Poisson brackets

(24) {Sa (X), Jb (Υ)} = δο66 (X - Υ), a, b = 1, . . . . m.

In the variables k = Sx, J, the canonical Poisson brackets assume the form

(25) {ka (X), Jb (Y)} = 6ab6' (X - Y).

In these variables the slow modulation equations (18), (19) are again in
Hamiltonian form with the same Hamiltonian 3C = Μ (k, J):

(26) kT = dx&Cj,

(26') JT = dx3ev

Let us direct the reader's attention to the fact that these are Hamiltonian
equations with Hamiltonian Μ of hydrodynamic type. The derivation of the
Hamiltonian structure of the averaged equations given above is tied up with
special Clebsch type variables that are characteristic of systems arising from
non-degenerate Lagrangian equations, the Hamiltonian formalism of which is
defined by the Lagrangian one in a unique way and admits a representation
in canonical variables (here in order to change to these variables, half of
them must be integrated with respect to X).

Let us clarify the meaning of the variables /, restricting ourselves for
simplicity to the one-phase case {m — 1). We have

( 2 7 ) 7 = (2π)~ι θω φ L (Q, kQx, ω ρ τ ) άτ = ( 2 π ) " ^ ρτ-^άτ = (2π)~1 φ ρ dq,

where we put ρ = dL/dqt. Thus, / is the action variable canonically
conjugate to the angle variable r.

Let us also note that equations (19) can be obtained by the procedure of
section A as conditions of orthogonality of the first residual F a to functions
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in the kernel of the operator L* adjoint to the linearization (9), if we take
the following functions in the kernel of £*: QXl, . . ., Qxiu-

C. The method of averaging conservation laws (see [94]).
Let the evolutionary systems (3) have Λ' local field integrals

(28) I, = \ Pt (φ, φ χ, ψχχ, . . .) dx, i = 1, . . ., Ν.

Let Qi = Q,-(V) Ψχ> Ψχχ> ···) be the corresponding flux densities, that is, on
solutions of the system (3) we have the relations

dP. dO.

(29) ^ r = " i L ' i - 1 . · . · , * .
Let us consider the averaged quantities

(30) Ft (u) = ( 2 π ) - \ Ρ, (Φ (τ, u), . . .) dmx = It,

(31) Qt (u) = (2n)-· J Q, (Φ (τ, Μ), . . .) dmx.

Then the equations of slow modulation of the parameters u1, .... uN have the
form

dP. dO.

If det(dPt/du') Φ 0, we again obtain a system of hydrodynamic type.
How can this recipe for obtaining averaged equations be compared with

the previous ones? ( 1 ) It can be shown that the gradients δΙί/δψ(χ) of the
conservation laws are zero modes of the operator L*\ moreover, conditions
of the form (12) of orthogonality to these gradients coincide with the
averaged conservation laws (32). From this it is not hard to conclude that
the averaged equations are independent of the choice of the averaged
conservation laws. It is clear that the form of the averaged equations is
conserved under reduction of the Ar-dimensional family of invariant tori (1)
to a smaller, (Ar-g)-dimensional family determined in (1) by fixing part of
the integrals lu, . . ., Ijg.

In a similar way we can formulate a recipe for deriving slow modulation
equations that correspond to a small perturbation of equation (3) of the form

(33) <ft = K (ψ, φ», · · ·, Φ(η)) + 6KX (φ, φ,, . . .)·

In this case the quantities /,· are only approximately conserved, and for their
densities we have the relations

(34) ^ L = ^ L + E i ? . , i = i,...,Nl

following general result was obtained in this direction in [19]: if the integrals
(28) are such that the difference dPj/dt- δβ,/θχ "is a multiple" of the original system,
that is, if it has the form Zfy>t-KQp, ψχ, φχχ, ...)), where Ζ(· = Z f(9 f, bx) is a differential
operator, then the relations(32)follow from the existence of the formal asymptotics(4),(5).
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where Rt = Λ,·(φ, φ*, . . .) are functions easily computable from P( and K\.
Let us introduce the averaged quantities

(35) B, (u) = (2n)--* Jfl, (Φ (τ, u), . . .) <T%.

The slow modulation equations assume the form

(36) _ ^ L = . | ^ + /?., f = 1 iV.

They are obviously equivalent to a non-homogeneous system of
hydrodynamic type

(37) u\ = v\ (u) iJx + b* (u), i = 1, . . ., N.

For an example, see §9 below.

§6. The Whitham equations of hydrodynamics of weakly deformed
soliton lattices for Hamiltonian field-theoretic systems.

The principle of conservation of the Hamiltonian structure
under averaging

Let the original evolutionary system

(1) φ ( (χ) = Κ (φ, φ χ , . . .) = {φ (*), Η [φ]},

φ = (φ«), be Hamiltonian with respect to local translation-invariant field-
theoretic Poisson brackets

Μ

(2) {φ« (χ), φΡ (y)) = S Bf (φ (χ), φ' (χ), . . ., Φ

ι"*> (χ)) δ<*) (χ - y)

(we are considering now only the spatially one-dimensional case), where the
Hamiltonian ΗΙψ] is a local field functional

(3) Η [φ] - $Λ (φ (Χ), φ'(ϊ), . . .) dx.

Moreover, let an Λ^-parameter family of exact quasi-periodic solutions of
equations (1) be given, having the form

(4) φ (χ, t) — Φ (kx + ωί -f- τ°, ul, . . ., uN), k = A (u), ω = ω (u),

Φ(τ 1 ; ..., Tm, Μ1, ..., uN) being 27T-periodic in r1} ..., rm. Let us assume that
the non-degeneracy condition

(5) rk (dkjdu*) = m

holds. It turns out that under some additional assumptions, system (1)
averaged according to (4), that is, the equations of slow modulation of
u1, ..., uN, inherits the Hamiltonian structure. This means that this system is
also Hamiltonian with respect to the so-called averaged Poisson brackets,
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vvhich are uniquely defined by (2), (4); moreover, the averaged brackets are
always of hydrodynamic type.

Let us proceed now to precise formulations. Let us assume that the
system (1) has Ν pairwise commuting local integrals

(6) U [φ] = ξ />, (φ (χ), φ' (χ), . . .) dx, i = 1, . . ., Ν,

(6') {/,, Ij) = 0.

One of these is the Hamiltonian, say /x = H. Let us assume also that on
solutions (4) the following relations hold:

(7) ^ [Φ] = u\ i = l, . . ., JV

(these are conditions for the choice of parameters ul, ..., uN). Let us also

assume that the coefficients B^ of the bracket and the densities Pt of the
integrals are polynomials (or analytic functions) of φ. φ', . . ., q>L for some L.
Let us describe the procedure of constructing an averaged bracket. Let us
consider pairwise brackets of densities of the integrals (6):

(8) {P ; (φ (χ), φ' (χ), . . .), Pj (φ (y), φ' (y), · . . )> =

= %ΑΪ (φ (χ), φ' (χ), . . .) δ<*> (χ - y), i, j = 1, . . ., Ν.
If

By commutation relations (6') we have

(9) ^ Aodx Ξ 0 ^ 4 (φ (χ), φ' (χ), . . .) = dxQ
ij (φ (χ), φ' (χ), . . .)·

Let us introduce a metric g^ (u) and connection bl! (u) (see §2 above), by
setting

(10) g^(u) = (2π)~™ J Α'ί (Φ, Φ'. - ..) dmx,

(H) b[? (u) = -A- (2n)-"> C (?' j(O, Φ', · . -)dmx
Oil* J

(here Φ = Φ (τ, u), Φ' = ft (κ) θτΦ (τ, α) and so on).

Theorem 1. 1) Under the above assumptions

(12) {u* (Χ), η* (Y)} = g* (u (Χ)) δ' (Χ - Υ) +

+ bH (u (X)) ul6 (X - Y), i, ; = 1, . . ., TV

defines an "averaged" Poisson bracket {of hydrodynamic type).
2) In the coordinates u1, ..., uN the metric gji (u) is strongly Liouville,

(13) g*i (u) = v

i J (u) + Vji
 (M), ^ («) = - ^ r Vij (u).

(13') V

i j (") = (2n)-m J ^ i j (Φ, Φ', · . .) dmx + γ'3,

where y0 is a constant skew-symmetric matrix.
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3) The equations of slow modulation of the parameters u1, ..., uN

constructed according to section C of § 5 are Hamiltonian with respect to
the bracket (12) with Hamiltonian

(14) #

Proof. Let us define a bracket, depending on a parameter ε, on a larger
space of fields φ(χ, Χ) according to the following rule: in all the formulae
(2), (8), ... we substitute

φ (χ) -* φ (χ, Χ),

(15) -dx-+dx + edx,

b(x-y)->b(x-y)6(X-Y).

In particular, we obtain
Μ

(16) {φ« (χ, Χ), φβ (y, 7)}e = Σ #? Ρ (φ (*, * ) . φ, (*, Χ) +

+ εφ* {χ, Χ),.. .)[δ(Κ) (x-y)6 (Χ -Υ) + βΑδ1*"" (χ - */) δ' (Χ - Υ) + ...

The right hand side is a polynomial (or a convergent series) in ε. The
operation {·, ·} ε can be extended by linearity to polynomials (or convergent
power series) in ε with coefficients that are functionals of φ.

Lemma 1. The operation {·, ·} ε defines a Poisson bracket that depends on
the parameter ε.

Proof. Let us consider a different bracket {·, · }0 on the space of fields
ψ(χ, Χ) by setting

Μ

{φ« (χ, Χ), φΡ (y, Y)}0 = Σ Bf (φ (χ, Χ), ψχ (.τ, Χ), . . .) δ ( κ ) (x-y)8(X- Υ)
κ-=ο

(a "direct sum" of brackets (2)). It is clear that it has all the properties of a
Poisson bracket. But {·, ·} ε is obtained from {·, ·}„ by a linear change of
variables x, X,

(χ, Χ)-+(χ, εχ + Χ).

The lemma is proved.
In particular, for densities of integrals (6) the bracket (16) has the form

(17) {Pi (φ(χ, Χ), φχ(χ, Χ) + βφ χ ( ΐ ,Χ), . . . ) , Ρ}(ψ(ν, F). Φ» (». Υ) +

+ εφ^ (y, Υ), • · ·)>β = Σ A{j (φ (χ, Χ), Ψχ (χ, Χ), ...) 6<k) (χ-ν)δ(Χ-Υ) +
η

+ ε [Σ 4 j (φ, φ,, φΑ-, · · ·) δ()Ε) (x-y)6(X-Y) +

+ Σ ft4* (Φ- Φχ. · · •) δ(ΪΓ"1} (* - y) δ' (Χ - 7)] + Ο (ε3),

where
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Let us observe that from the relations A'J = dxQ^ (see (9)) it follows that

(18) ^ = 5 Α · ^ ( φ , φ ΐ , φ , Λ , . . . ) .

Let us consider the Lie subalgebra of functionals in φ (χ, X) generated by
the densities of the integrals P { (φ, φ χ + εφλ-, . . .) relative to the bracket
{., .}j = ε"1 {·, ·} ε. By (17), (18), we shall have for functionals

(19) ul (X) = JP, (φ (χ, Χ), Ψχ (χ, Χ) + εφ.ν (χ, Χ) ) dx,

ί = 1, . . ., Ν,

in this subalgebra:

(20) {4 (Χ), u{ (Υ)h = dxQ
ij (φ, φ,, φ,.,, . . .) δ (Χ - Υ) +

+ Α[> (φ, ψχ, Φ.,ν, · · ·) δ'(Χ -Υ)-+Ο (ε),

where the bar stands for an integral with respect to x. From skew-symmetry
and the Jacobi identity for the bracket {·, · }1 we obtain skew-symmetry and
the Jacobi identity for the principal term δχρ

1ιδ (X — Υ) + Α['δ' (Χ — Υ)
in (20). It remains only to observe that on functions ψ(χ, Χ) of the form

(21) φ (χ, Χ) = Φ (kx + ωί + τ°, u (Χ))., k = k (u (Z))

(t is fixed) we have

ul (X) = u1 (X) + Ο (ε),

dxQij = 6? (u (X)) uk

x,

A? = gi} (u (X))

(we have replaced averages over χ by averages over the torus, using the non-
degeneracy condition (5)). Therefore, passing in (20) to the limit ε -ν 0, we
obtain the bracket (12). Therefore (12) is a Poisson bracket.

The fact that the metric is Liouville in the coordinates u1, ..., uN is
obvious from (11). Let us prove that it is strongly Liouville. First of all,
to linear changes of the parameters u' -> u' = c)u' there correspond identical
linear transformations of the densities Pt. The matrix 7i;(w) then transforms
as a tensor. Therefore, the whole construction is invariant with respect to
linear changes of coordinates. Now let /1; ..., ip, j l t .... j q , p + q — N, be a
subdivision of the set 1, ..., Ν into two disjoint subsets. Let us use the
procedure of averaging the bracket (2) over a p-dimensional family of
m-dimensional tori, identified in (4) by the equations

(22) u}i = const, . . ., u]i = const.

For the fields u'·, . . ., UP we obtain a Liouville-Poisson bracket of
hydrodynamic type defined by the matrix

(23) γ ν * = yVl («{. ιΛ, u.i. = const,. . . , uq =const).

But that is exactly what being strongly Liouville means.



88 B.A. Dubrovin and S.P. Novikov

Furthermore, integrating (8) with/ = 1 with respect to y, we obtain

δΡ.(φ(χ), . . .) Λθη(φ(ϊ), · · ·)

(24) ' , ; ' - = {Pi (φ (*),. · .), h) = OQ J -, * = 1, · . . ΛΓ.

Therefore the averaged equations have the following form:

(25) uT (X) ^-^rPi = - ^ - = K1 (u (X)) u"x = {a1 (X), J «i (7) d r

The theorem is proved.

Remark 1. The solutions (4) form general invariant tori for the family of
pairwise-commuting Hamiltonian systems with Hamiltonians /1( ..., IN:

(26) -\f- = { Φ (χ),

(when k = 1 we have the original system (1)). The equations of slow
modulation of the parameters u\ ..., uN for these systems have the form

(27) UTk = 6"(u)u5c, i = 1 Λ', 7\ = εί».

All these equations are Hamiltonian with respect to the bracket (2) with

Hamiltonian \. u^dX, and commute in pairs.

If the original Hamiltonian system (1) is equivalent to a Lagrangian
system, then from the Whitham-Hayes theorem (see §5, section C above) it
follows that the averaged bracket is non-degenerate and, in the coordinates
klt ..., km, Jlt ..., Jm, where the Ja are action variables canonically conjugate
to the angles ra on the tori (4), can be reduced to the constant form

(28) {ka (X), Jb (Y)> = δ α 6 δ' (Ζ - Υ).

The authors have analysed a number of examples, enabling them to conjecture
in a more general case that if Λ' = 2m + k, and among the integrals Iv ..., IN

exactly k integrals form the annihilator of the bracket (2), and if moreover
the invariant manifold (4) is divided by the level surfaces of the annihilators

(29) /;, = const, . . ., Ij = const

and of the "wave numbers"

(30) kx = const, . . ., km = const

into a family of completely integrable Hamiltonian systems, then in the
variables Φ , . . ., ιΑ', kx, . . ., km, Jx, . . ., Jm the averaged bracket is
constant.

Example 1. Let us consider the non-linear wave equation

(31) g» - qxx + V (g) = 0.
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It is Hamiltonian in the variables q, ρ — qt with brackets

(32) {q (χ), ρ (ζ/)} = δ (χ - y),

the rest of the brackets being zero, and with Hamiltonian

(33) Η = jj [ 4 - (Ρ2 + gl) + V (g)] dx.

In addition to the energy integral Ix = H, there is also the momentum
integral

(34) J2 = Ρ =

(the generator of translations). The family of one-phase (periodic) solutions
has the form

(35) q (x, t) = Q(kx+ ωί + τ°), Q (τ + 2π) = Q (τ),

(35') (ω2 - A-2)1/, dQ = [2(E - V (0)]"> άτ,

where the constant Ε of integration is related to the wave number k and the
frequency ω (arbitrary parameters) by the dispersion relation

(36) (ω2 - Λ»)1/· φ dQ/ γ 2(E - V (<?)) == 2n

(integration is performed over the entire domain of oscillation V(Q) < E).
From (33), (34), together with (36), the quantities k, ω can be expressed in
terms of u1 = Ix = H, u2 = I2 = P. Let us compute the averaged Poisson
bracket. Setting

(37) 1\ (a-)= -L (ρ* r gl) + V (q), P2 (x) = ρ (χ) q' (χ),

we have

{^i(*), Pi (y)} = {P* W, ^2 (y)) = (g'pY δ (χ - y) + 2ς'Ρδ' (χ - y),

{Pi (χ), Ρ* (y)) = ( Ρ 2 + q'2) δ' (χ - y) + HP2 + q'^2 + F ( g)]' δ (χ - „),

{P2 (χ), P x (y)} = (p2 + ?'2) δ' (x-y) + [(p2 + ? '
2)/2 - V (q)Y δ (χ - y).

In these expressions ρ = p(x), <? = q(x). Therefore the matrix (y''(u)) that
defines the bracket in Liouville coordinates ul = H, u2 = Ρ has the form

(39) Δ = Δ (it», u2) = T ( 0 .

The averaged equations are

(40) u\ = u\, u\ = (ul - 2Δ)Α·.
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They are equivalent to the equations of one-dimensional relativistic
hydrodynamics

in two-dimensional space-time (c = 1), where the energy-momentum tensor
has the form

[ ]
It is obtained by averaging from the energy-momentum tensor of the original
system (31):

Averaging the conservation law

X =

(using the procedure of section C of §5) we immediately obtain (41).
The quantity 2Δ = S — £P is the metric trace of the energy-momentum

tensor in the Minkowski metric, SP is the pressure and '£ is the energy
density in the travelling coordinate frame, in which the tensor Tf is diagonal
and has the form

=[o -V]· T*=$-
The state equation that completes (39) and connects the components of
(Γ/) is determined from (39). By Lorentz-invariance, these relations apply
only to the invariants &', 3d of the tensor Tj. Flat coordinates that reduce
the bracket (36) to a constant form are k, J (by Hayes' construction; see
above), where

(44) / = (2π)"! j>pdq = uVk.

Their brackets have the form

(45) {k (X), J (¥)) = δ' (X - Υ),

fO 1 \
all the rest being zero. The metric gX} (u) = I , u I is indefinite.

Remark. The symmetry conditions gisbl* = g*sbl* on the connection $ =*
= dyt'/du* give rise to a non-trivial relation for the function Δ = Δ (ι*1, u2):
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This defines the implicit state equation

(46) Δ = / ((u1 - Δ)2 - (u2)2), 2Δ = ff - ff>,

where the function / is determined by the potential V of the original
equation.

The Hamiltonian structure of the Whitham equations (41) in this particular
case in Clebsch type variables k, J was established for the first time in [58],
[80] (using the Lagrangian structure of equation (31) and the methods of
§5, part B), while the inherent isomorphism with relativistic hydrodynamics
was found in [43].

Example 2. KdV type systems have the form

(47) φ( = θχ -J^L. , Η = jj [φ|/2 + V (φ)] dx

with the Gardner-Zakharov-Faddeev bracket

(48) {φ (χ), φ (y)} = δ' (χ - y).

There are three integrals in involution:

(49) Ia = \ φ dx, the annihilator of the bracket,

(50) Ix — Jj φ2/2άχ, the momentum, and

(51) / 2 = Η = \ [q£/2 + V (ψ)]άχ, the Hamiltonian.

The family of one-phase exact solutions is given in the form φ = <&{kx ι- ωί),
Φ(τ+2π) = Φ(τ) and depends on three parameters, where

(52) kd(S = y 2ν(Φ) — -^Φ2 + αΦ+bdx,

the constants k, ω, a, b being connected by one relation

(53) k φάφ/γ 2V (Φ) — -|- Φ2 + αΦ + b = 2π

(the integral is taken over a whole cycle of oscillation). These three
parameters can be expressed in terms of u° = /0, w1 = 71; u2 = /2. The
Poisson bracket in Liouville coordinates un, u1, u2 is defined by the matrix

H
Λ\2

(54) ( γ « ί ) = Ο

\ 0 ι*2 — cii2 — 6r-f α2/2/

where c = —ω/k. The calculations are similar to those in the previous
example.

Let us introduce the quantities

(55) p+ = q>2/2 = u1, p_ = (φ — φ)2/2 = u1 — (u°)2/2.
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By (54), their Poisson brackets have the form

(56) {P+, pj = 0, {p± (X), P± (Y)} = 2P± (X) 6' (X - Y) +

+ ρ'±δ (X - Υ).

This shows that both variables are similar to momentum ("transport
momentum" p+ and "fluctuation momentum" p_); thus an averaged KdV
type system represents an interesting example of "two fluid" hydrodynamics.

It can be shown that the flat coordinates that reduce the bracket to
constant form are k, J, u° = φ, where

(57) / = = - / „ + f«lfh, / = / (o, b, c) =-- J L (J5 y 2V (Φ) + οΦ* + αΦ+bdG>.

The corresponding matrix (gy) in these coordinates has the form

(58) (? f I J=l · 0 0 .
\0 0 1/

Other examples will be considered in the next section.
The principle of conservation of Hamiltonian structure under averaging,

which we discussed in detail for the simplest problem of modulation of
initial conditions, holds also in some problems in which not only the initial
conditions but also the system itself is perturbed:

(59) q>t (X) = Κ (φ, φ χ , . . .) + ΕΚΧ (φ, ψχ, . . .),

if the perturbation is "conservative". In this case we shall obtain non-
homogeneous systems of hydrodynamic type that are Hamiltonian with
respect to non-homogeneous brackets of hydrodynamic type (see §3 above).
Let us make more precise what we mean by a conservative perturbation.

We shall consider conservative perturbations of a particular type generated
by infinitesimal deformations of the Poisson bracket (2):

(60) {φ" (χ),, φΡ (y)h = {φ<* (χ),, φβ (y)} + ε {φ" (χ), φΡ (y))v

where {·, ·} is the unperturbed Poisson bracket, and {·, - ^ is the cocycle
defining the deformation. Here, by definition, we require the operation (60)
to be skew-symmetric and satisfy the Jacobi identity in the linear
approximation in ε. The cocycle {·, · }1 is also required to be local, that is,

of the form

(61) {φ*(χ h<p*(y)}

The perturbed system is of

(62) Φί (*) == κ (Ψ,

ι —

the

ψχ,

Μ

Κ=0

form

• · ·;

β(φ(χ), Φ'

(Φ

(*).

, Φ:

I • ·

{Φ

•) φ

· · )

{χ),

<V(

Η) + ε {φ

υ)·

mi.
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For finite-dimentional brackets, perturbations of this type were studied in
[36], [88]. A particular case is that of deformations generated by
infinitesimal Backlund transformations

(63) φ» (χ) -* <ρ« (χ) + ε/* (φ (χ), φ' (χ), . . .).

Then the cocycle {•, · }1 is cohomologous to zero. ( 1 ) The corresponding
perturbations (59) are obtained by substituting (63) into the unperturbed
equations. In this case the construction of asymptotic solutions of the
perturbed equation is reduced to the unperturbed case.

Let all the conditions of Theorem 1 hold for the unperturbed system (1),
its family of solutions (4), and the integrals (6). Let the perturbation be
generated by an infinitesimal deformation of a Poisson bracket, that is, it is
of the form (60). Let us define the corresponding averaged (non-
homogeneous) Poisson bracket. Let

(64) {Pi (φ (*), φ' (χ),.. .), Ρ} (φ (!/), φ' (y),.. .))ι =

Let us set

(65) tis (u) - (2π)-™ J D\j (Φ,. Φ ' , . . . ) dmx,

where Φ = Φ (τ, «), Φ ' = k (u) <?τΦ (τ, u) and so on, and the quantities
gi} (u), £# (u) are determined from the unperturbed bracket by means of
(10), (11).

Theorem 2. Under the above assumptions, the operation

(66) {u< (Χ), υ? (Υ)} = gi} (u (Χ)) δ' (X - Υ) + tf (u (X)) u\ 6 (X -

— Y) + ti> (u) δ(Χ-Υ)

defines a non-homogeneous Poisson bracket of hydrodynamic type. The
equations of slow modulation of the parameters u1, ..., uN are Hamiltonian,
with Hamiltonian 3f = \ u}dX = H.

The proof is similar to that of Theorem 1.
Since the equations kT = ωχ are preserved in form under an arbitrary

Hamiltonian and an arbitrary perturbation, the variables klt ..., km lie in the
annihilator of the finite-dimensional bracket h"'. Therefore the Lie algebra
that defines a non-homogeneous Poisson bracket of hydrodynamic type in
flat coordinates (see §3 above) has an m-dimensional centre. In a number
of cases this is already sufficient for the conclusion that the bracket (66)
can be reduced to a constant one.

('•'The study of the corresponding cohomology theory was initiated in [8]. It appears
that in the one-component case, the two-dimensional cohomology is zero, that is, every
deformation of a bracket is generated by an infinitesimal Backlund transformation.
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Let us now consider briefly the spatially multi-dimensional case,
χ - (xa), a — 1, ..., d. Let an evolutionary system

(67) φ, (χ) = Κ (φ, φ,, . . .) = {φ (χ), Η),

be given, and let it have a family of invariant tori, that is, periodic or quasi-
periodic solutions of the form

(68) φ {χ, ί) = Φ (kax
a + ωί + τ°, it1, . , ., uN),

where the w-vectors ka have the form ka(ux, ..., uN) and the rest of the
notation is as in (2)-(4). Furthermore, let pairwise commuting integrals of
the system (67),

/; [φ] = ^Pi (φ (χ), φ' (χ), . . .) ddx, i = 1, . . . , # ,

be given and assume in addition that the relations (7) hold for the family
(68). In order to construct the averaged equations and determine their
Hamiltonian structure, let us consider Poisson brackets for pairs of densities
of these integrals:

(69) {Pt (φ (χ), . . .), P} (φ (y), . . .)>i =

= A'o
} (φ (χ), . . .) δ (χ - y) + AT (φ (χ), . . .) δ α (χ — y) +

where the dots denote terms containing higher derivatives of the delta
function. In view of pairwise commutativity, we have

(70) 4 J (Φ (*),···) = - ^ C i i e (Φ (*).···)·

Let us define averaged brackets in the space of fields ul(X), ..., uN(X),
X = (X«), Xa = εχα, by setting

(71) {j (X), u} (Y)} - gV« (u (Χ)) δα {X-Y) + Via (u (Χ)) Μ*δ (Χ - 7),

where u\ = duk/dXa and

(72) g^"- (u) = AT, b'T (u) = —jp Ql'ia.
du

As above, it is proved that (71) is a Poisson bracket. Equations (67)
averaged over the tori (68) are Hamiltonian with Hamiltonian Η =\Η ά?Χ.

Let us emphasize that the local nature of conservation laws is essential in
constructing the Hamiltonian formalism of averaged equations. Therefore,
our approach to the description of the Hamiltonian formalism of spatially
multi-dimensional system is as yet inapplicable to integrable systems of
Kadomtsev-Petviashvili type, for which conservation laws are non-local. In
this case, equations averaged over algebraic-geometric solutions were first
obtained by Krichever in [39].
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If (67) is equivalent to a Lagrangian system, then, as in the spatially one-
dimensional case in the variables kal. . . ., kam, Jx, ..., Jm, a = 1, ..., d, the
averaged bracket reduces to constant form:

{ k a a (X), J b (Υ)} = δ α 6 δ α (X — Υ), α = 1 , . . ., d, a , b = l , . . . m ,

all the other brackets being zero. In other words, the matrices g1^ (of order
m(d+ 1)) are degenerate for each a if d > 1 and have rank 2m (and this
property is invariant with respect to linear changes of spatial variables).
However, a weak non-degeneracy condition holds (see §2 above): the
intersection of the kernels of all the matrices g''ia is empty and their images
generate the whole m(d+ 1 )-dimensional space.

Example 3. Let us consider the multi-dimensional non-linear wave equation

(73) q t t - Ag + V' (q) = 0,

where Δ = 2 (d«)2 is the Laplacian in the spatial variables (xa), a = 1, ..., d.
The energy integrals /,-, / = 0, 1, ..., d, have the form

(74) /„ = Η ~ J Pod
dx = J [p»/2 + (V<7)2/2 + V (q)] ddx,

(75) Ia-^P^x^^pq^x,

where

( 7 6) Ρ = it, {q (χ), ρ (y)} = δ (χ — y),

the rest of the brackets being zero. The one-phase solutions have the form

(77) q {x, t) = Q {kax* + (at), Q (τ + 2π) = Q (τ),

where the function Q is as in (35') with k2 — S^l» while the parameters
ω, ky, ..., ka, Ε are related by one dispersion relation that is the same as
(36). The averaged brackets have the (multi-dimensional) Liouville form:

(78) Κ (X), ui (Y)} = [ γ * (u (Y)) + r i a (u <X))] δα (X - Υ),

i, j = 0, 1, . . ., d,

where u° = /„ = H, ua = Ia,

(79) γ 0 0 α = ua, γ°Ρα = u°6aP,

(79') γβοα = _ α 0 δ «Ρ + Δ α β ( w ) ; γ Ρ Υ α = αβδΥ« + α ν δ β « )

where the indices a, (3, 7 = 1,2, ..., <i, and the matrix Δαβ (u) is of the form

(80) · Δαρ (u) = p2 + qaqp.

The averaged equations are

(81) ~T=^ X° = T=et, Χα=εχ«,

where the energy-momentum tensor Ti} = Tij (u) is obtained by averaging
the energy-momentum tensor of (73) as in Example 1 above.
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Let us introduce the function F(E) by setting

(82) F (E) = -L· §[2(E- V (0))]V. dQ

(the integral is taken over a whole cycle of oscillations). Then the "dispersion
relation" (36) is written as

(83) ω 2 — k2 = F~£.

The explicit formulae for the coordinates u°, ..., ud are

(84) u° = Ε + k2FFE, ua = akaFFE.

The energy-momentum tensor is

(85) Γ°° = u° = Ε + k*FFE, Toa = — ua=— akaFFE = 7"10,

(86) Γ α β = (F^E1 - E) 6 a p +

Therefore the tensor T1 is reduced to diagonal form T00 = 8, T^ = — $>&<*&
by passing to the travelling coordinate frame, where the vector (ω, k) ^ ( ω ' , Ο),
ω 2 - k2 ι-*- ω'2. We obtain the form of the state equations:

(87) & = E, & = E — F(E) F'E (E).

Conclusion. The multi-dimensional wave equation (73) averaged over one-
phase solutions (73) coincides with the equation of multi-dimensional
relativistic hydrodynamics (compare with [43]) with state equation (87).
The averaged bracket (78) is the Poisson bracket of relativistic hydrodynamics:

{«« (X), u» (Y)} = - [T«* (u (Y)) + T«« (u (X))) 6a (X - Y),

{u*(X), u» (Υ)} = Γ»0 (u (Υ)) δρ (X - Υ) + Τ^ (u (Υ)) δα (Χ - Υ),

{«Ρ (Χ), «ν (Υ)} = φ (Υ) δ γ (Χ - Υ) + ν? (Χ) δρ (Χ — Υ),

Μ° = Τ00, Ua = —Tm.

§7. Modulations of soliton lattices of completely integrable
evolutionary systems. Krichever's method.

The analytic solution of the Gurevich-Pitaevskii
problem on the dispersive analogue of a shock wave

Completely integrable evolutionary systems such as KdV have a vast
number of families of exact periodic and quasi-periodic solutions of the form
(6.4) with any number of phases m = 1, 2, ...; these are the so-called finite-
zone or algebraic-geometric solutions. These solutions are expressed in terms
of theta functions of Riemann surfaces well known in classical algebraic
geometry. ; It turns out that methods of algebraic geometry are quite well
suited to the description of the hydrodynamics of small deformations of
these solition lattices. Here we shall illustrate the main principles involved
in applying the methods of algebraic geometry to the study of the
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hydrodynamics of slow deformations of soliton lattices, using KdV as an
example. (For other spatially one-dimensional integrable systems, the
situation is in general similar; the study of modulations of finite-zone
solutions of spatially two-dimensional integrable systems was initiated by
Krichever [39], [40].)

First we provide the necessary information concerning finite-zone solutions
of the KdV equation (see, for example, [26]).

As is well known, the integrability of the KdV equation

(1) φ, = 6φφκ —

is based on its (Lax) commutation representation

(2) .Lt = lA,L]<+lL,dt—A] = 0,

where

(3) L = —d2

x + φ, Α = 45χ — 6cpdx — 3φχ.

Finite-zone (m-zone or m-phase) solutions of the KdV equation are defined
by the condition for the existence of a common eigenfunction φ = φ(χ, t, λ)
of the commuting operators

(4) Ζ,ψ = λψ, (dt — Λ)ψ = 0,

which is meromorphic (in λ) on a hyperelliptic Riemann surface Γ of genus
m having the form

2ΠΗ1

(5) μ2 = 7?(λ)= Π ( λ - Γ , ) ,

which covers the λ-plane with a two-sheeted covering. For smooth real
solutions φ(χ, t), the numbers ru . . ., r2m+l are real and distinct. (Let
ri^> r2^> • • • ̂ > r2m+i-) The functions φ(χ, t) corresponding to the surface
Γ turn out to be periodic or quasi-periodic (we shall give explicit formulae
later). The intervals [r2m+1, r 2 m ] , [r2ro_·^ r,m_ 2], . . ., [r l t oo) on the real axis
are resolved zones (stability zones) in the spectrum of the operator L, while
the remaining portion of the real axis forms gaps in the spectrum. If the
function ψ(χ, t) is periodic in χ with period Tx, then the corresponding
eigenfunction ψ is Bloch (in x), that is,

(6) ψ (χ + Tx, t, λ) = exp (ip (λ) Τχ) ψ (χ, t, λ),

where the quantity p = ρ(λ) is called the quasi-momentum. Similarly, in the
case of periodicity in t with period Tt the function φ is Bloch in t, that is,

(7) ψ (*, t + Tu λ) = exp (iq (λ) Tt) ψ (χ, t, λ),

where q = q(\) is the quasi-energy. For any finite-zone quasi-periodic
solution, the quasi-momentum and quasi-energy are defined by the averaging
operation

(8) ρ (λ) = - i ~ ( l n ~ # ; q (λ) = -i (ΕΓψ);.
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The analytic properties of the functions p(X) and q(X) are as follows: they
are Abelian integrals (that is, dp(k) and dq(X) are Abelian differentials) on
the Riemann surface Γ with poles only at the point at infinity, λ = °°, and
asymptotics of the form

(9)

(11) Q (λ) = bol
m +

The coefficients αλ, ..., am, blt ..., bm are expressed uniquely in terms of
fi» · · ·» rim+1 by using the normalization conditions

(12) I dp(X)=

(As Krichever observed, the following normalization condition is more
general, that is, applicable to any integrable system: all the periods of the
differentials dp(X) and dq(k) are real.)

Finally, let us write down the explicit theta-function formulae for the
family of finite-zone (wi-zone) solutions of the KdV equation defined by the
parameters r l 5 . . ., rtm+1 (that is, by the Riemann surface (5)). Let us
choose a canonical basis for the cycles a 1 ; ..., am, β1, ..., βη on the surface Γ
such that the cycles au ..., am lie in Γ above the gaps [r2, r j , . . ., [r2 m, r2Tri_i].
Let Ω ΐ 5 ..., Ω,Η be a basis of holomorphic differentials on Γ normalized by

(13) φ ο. = 2πβΛ, /, A- = 1,...,m, Q, = 2 c^dk/YR (λ).

The matrix of periods of the Riemann surface Γ has the form

(14) ΐΒχ

The matrix BiH is symmetric, real, and positive definite. The (Riemann)
theta-function is defined by its Fourier series

(15) Q(x\B)= £ exp(
< j , u

where τ = (τ ΐ 5 ..., r m ) . The function 9(rl5) is periodic of period 2π in each
of the variables r l s ..., rm. Then the finite-zone solutions φ(χ, t) of the KdV
equation defined by the parameters r1, . . ., r2 t n +i have the form

(16) φ {χ, t) = —2dl In θ (kx + ωί + τ | Β) + c,
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where τ = (r 1 ; ..., r m ) is an arbitrary real vector. The vectors of wave
numbers k = (kx, ..., km) and of frequencies ω = ( ω 1 ; ..., com) are

and the constant c — c (r l5 . . ., r2m+i) is of the form

m

c = 2r,-2 2
9=1

Thus, the branch points r1? . . ., r2 m +i of the Riemann surface Γ of the form
(5) can serve to parametrize the invariant tori (16) of the KdV equation.
Another set of parameters is provided by the Kruskal integrals /0, / x , . . ., / 2 m .
It is well known that a generating function for the Kruskal integrals is the
quasi-momentum ρ(λ), that is,

f=0

Lemma. The densities of the Kruskal integrals,

(19) Λ - Ps (χ), s = 0. 1. . . . ,

are obtained as the coefficients of the expansion as λ ->· °° of the function
cc

(20) _ / ( 1 η ψ ) χ = 1 Α λ + ^ _ ^ 1 _ ;

the densities of the fluxes are obtained from the expansion of the function

(21) — j (In \|>)t = — ιΛψ/ψ = 4 ( | / T ) 3 +

e=o

(22) dtPs = 5 Κ Ο 8 , s = 0, 1, . . .

(modulo total derivatives)

(23) P o = φ, Ρ, = φ«/2, Ρ 2 = φ|/2 - φ3

ζ>0 = ο φ ζ , Q/ĵ  = Ζψ3 -j—κ- φ χ ,

η 9 1 2 2

Λ Ό Ο / (Krichever). This follows from the equality of the mixed derivatives

Expanding both sides of (24) in powers of (y/λ)"1, we obtain (22). The
lemma is proved.
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Let us consider now a weakly deformed lattice of the form (16) in which
the parameters r l t . . ., r2fn+i (or, equivalently, the parameters u' = I,,
i — 0, 1, ..., 2m) are slowly varying functions of x, t:

(25) if = ij (Χ, Τ), Χ = εχ, Τ = εί, i = 0, 1, . . ., 2m.

Following the procedure of the previous section, the equations of slow
modulation can be written in Hamiltonian form:

(26) 4 (X) = {ul (X), M],

where the averaged Hamiltonian Μ is

(27) Έ = \χάΧ=\ u2dX.

The form of the bracket {·, ·} for m = 1 obtained by averaging the
Gardner-Zakharov-Faddeev bracket was given in the previous section
(where we set ¥(φ) — φ3).

It is well known that the KdV equation is also Hamiltonian with respect
to the Magri-Leonard bracket [90]

(28) {φ (χ), φ (y)}ML — -i-δ '" i*-y) + (Φ (χ) + φ (ν))δ' (* - ν)*

(28') φ, = 6φφχ — ψχχχ = {φ (χ), IJML, where I1 =

This gives a new Hamiltonian structure of the averaged equations

(29) 4 (X) = {u} (X), Tj» Tj, = ξ uHX.

The coordinates u°, . . ., u 2 m of the averaged Magri bracket are also Liouville
(and even strongly Liouville). Setting c = —ω/k, the rest of the notation
being as in the previous section, for m = 1 the corresponding matrix yl} (u)
has the form

( 2u° — cua — a/2

2» 1 + 2b

Theorem 1 (Flaschka and McLaughlin [73]). The equations of slow
modulation of m-zone solutions of the KdV equation have the form

(31) dTdp == dxdq,

where dp(\), dq(k) are Abelian differentials of the form (9)-(12).

Proof (Krichever; the original proof of Flaschka and McLaughlin is much
more involved). Let us use the procedure of averaging integrals (see § 5
above) for their generating functions, that is", let us "average" the relation

(32) Kin*),], -

2u2 — cu* — be+ a2/4 —
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We obtain

that is, dTp(\) = dxq(\). Differentiation with respect to λ yields (31). The
theorem is proved.

By expanding the relation (31) (or (33)) into a series of powers of (χ/λ)"1

in [73], we obtain the slow modulation equations in the form

(34) dTu
s = dxQt, s = 0, 1, . . ., 2m,

where Qs can be expressed in the form Qs = Qs (u°, . . ., u2m). Let us also
note the following important corollary.

Corollary. The branch points rx, . . ., r2m+1are Riemann invariants for the
slow modulation equations (34), that is,

(35) dTrt = vt (r,, . . ., r2m+1) dxrt, i = 1, . . ., 2m + 1,

where the characteristic velocities have the form

(36) Vi (rv . . . , r 2 m + 1 ) =

Proof. We multiply equation (31) by (λ — Γ,·)'/' and pass to the limit as
Kt-*-rt. The corollary is proved.

In particular, for modulations of the one-phase solution of the KdV
equation (cnoidal wave), the slow modulation equations assume the form
already found by Whitham [94] and used by Gurevich and Pitaevskii [14],
[15]:

(37) dTrt = vt (r lt r2, r,) dxru i = 1, 2, 3,

while the characteristic velocities v1 < v2 < v3 are expressed in terms of
complete elliptic integrals by

(38) r,)/3—j-fr.-rj E

{iy*5)K,

rs)/3 + 4( r 3-'- 1 )

where Κ = K(s), Ε = E(s) are complete elliptic integrals (see [4]), and
s - = ( r 2 — Γ ! ) / ( Γ 3 — r a ) , v 3 > f 2 > v l t r 3 ^ r 2 ^ r ± .

Following Krichever, let us show how to obtain an effective procedure for
integrating the equations (35). Let us consider first the averaged finite-zone
solutions of these equations (see the Introduction). The origin of these
solutions is as follows. Any linear combination of Kruskal integrals defines
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a Hamiltonian evolutionary system of the form
η

δ V~1 .

2 CJ J'dy Ox όφ (ι)
1=1

which commutes with the dynamics of KdV and has invariant tori (16) in
common with KdV. All such systems admit Lax representations of the form

(40) Ly = [ | CiAj, L],

where the A] = x} (d,.)2''1 + . . . are ordinary differential operators, and the
v.) are constants. An eigenfunction φ — φ(χ, t, y, λ) satisfies the following
equation in y:

η

(41) tyv = ( 2J cjAj) ·ψ·

The quantity

(42) 5(λ) = - ί

is an Abelian integral in Γ with a pole only at the point at infinity, λ = °°,
having the form

(43) s(λ) = S ( - l)i-ic^,(YTfi-i + Ο (1).

The unique normalization of the differential ds(K) is defined by equations
similar to (12):

'•2.-1

(44) J ds(X) = 0, i= i,...,m.
hi

The y-dynamics on invariant tori are linear:

(45) t w t + i/v,

where the vector ν = (yu ..., vm) is the vector of /3-periods of the differential
ds(k). "Averaging" the system (1) over the tori (16), we obtain a system of
hydrodynamic type

(46) u ^ i j r d e , ^ ) , Y = Byx

where the quantities Qli are defined by the formulae

(47) d x Q * = { P i ( φ (χ), . . . ) , I } )

(see the previous section). This system commutes with the averaged KdV

equation and has the same Hamiltonian structure with Hamiltonian
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By analogy with Theorem 1, it is proved that the system (47) can be written
in the following equivalent form:

(48) dydp = dxds,

where the differentials dp, ds on the surface Γ are defined by (9), (12), (43),
(44). A consequence of this is the reducibility of" the system (47) to
diagonal form in the same variables rx, . . ., r2 m+i,

(49) dYrt = wt (rx, . . ., r2m+1) 5Ar ;. i = 1, . . ., 2m -f 1.

The characteristic velocities have the form

/ = 1,. . . ,2m-i-1.(50) ^ ( r r . . . , r 2 m 4 ] ) - d i ( > 0

Thus, (35) and (49) are commuting diagonal Hamiltonian systems. By the
scheme of §4, they generate an exact solution rt = rt{X, T) of the averaged
KdV equation (35), having the form

(51) wt {ru . . ., r,m+1) = y, (r l f . . ., r l t n + 1) 71 + X,
i = 1, . . ., 2m + 1.

Using the explicit formulae (36), (50) for the characteristic velocities vit w,·,
we can rewrite the relations (51) in the form

(52) (Xdp (λ) + Tdq (λ) - . ds (λ))λ=Γί = 0 , i = 1, . . ., 2m + 1.

This is the most convenient analytic form for the averaged finite-zone
solutions.

The relations (52) can be generalized in such a way that all the solutions
of the averaged KdV are obtained. To explain the idea of this generalization,
we shall give a direct proof of the fact that the quantities r,· = rt(X, T)
defined by (52) satisfy the averaged KdV. Let us consider the differential

(53) Ω = X dp + Τ dq — ds,

and let us differentiate it with respect to X and T. We obtain

(54) Ωχ = dp + (X dxdp + Τ dxdq — dxds),

(55) Ω τ = dq + (X dTdp + Τ dTdq - dTds).

The expressions in the brackets in (54), (55) are Abelian integrals on the
Riemann surface Γ; they are holomorphic in Γ except, possibly, at the
branch points r l t . . ., r2 m + 1 and the point at infinity λ = °°. There is no
pole at the point at infinity, since the principal parts of the differentials dp,
ds, dq are independent of X and T. On the other hand, poles at the branch
points λ = r,· do not occur in view of (52). Thus, the differentials in the
brackets in (54), (55) are holomorphic on Γ. By the normalization
conditions (12), (44), their periods over α-cycles are all zero. Thus, these
holomorphic differentials are themselves equal to zero. We obtain

(56) ΩΑ- = dp, Ωτ = dq.
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The compatibility condition for these relations is just the averaged KdV
equation in the form (31).

It is clear that these arguments also work in the case of more complex
analytic properties of the differential ds(X). In particular, if we consider a
suitable class of piecewise analytic differentials ds(X), we obtain from the
relations (52) the general solution of the averaged KdV (see [39]).

Let us return to averaged finite-zone solutions. Let us consider such a
solution corresponding to one, say the i t h , of the Kruskal integrals, that is,
the one that is obtained from the averaged flux of the form

(57) dtp _ d 6 j
dy dx όφ (χ) L'

The corresponding averaged finite-zone solution then has the form (52),
where the differential ds = dsL(k) with zero α-periods has a unique simple
pole at λ = ο» of the form

(58) dsL (λ) = const d ( λ ^ ι + Ο (1)).

The system (57) averaged over the tori (16) in the variables r l t . . ., r 2 m + 1

will have the form

(59) dyrt = wit L fa, . . ., r2 m + 1) θχΓ{, i = 1, . . ., 2m + 1,

where

(60) Wi f,fa,...,r2m+1) * t W

while the corresponding averaged finite-zone solutions of the system (1) have
the form

(61) witL fa, . . ., r s m + 1) = vt fa, . . ., r2 m + 1) Τ + X,
i = 1 2m + 1.

Lemma [39]. The averaged finite-zone solution (60), (61) is a self-similar
solution, that is,

(62) rj (X, T) = TyRt (ΧΓ-1-ν),

with self-similarity exponent

(63) γ = 1/(L - 2).

Proof. Under expansions λ -*• &2λ, the quantities ru dp(\), dq(k), dsL(X)
transform in the following way:

dq-*h?dq,
ds^kiL-lds.

This means precisely that (62), (63) are true. The lemma is proved.
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Let us consider an important example. We shall obtain analytic formulae
for the Gurevich-Pitaevskii solution that describes the dynamics of a
collisionless shock wave after the "moment of toppling". After the toppling,
the evolution of this dispersion analogue of a shock wave is defined in the
oscillatory zone by a multi-valued (three-valued) function r,· = r,(x, t),
i = 1, 2, 3, that satisfies the averaged equations (37). Outside the oscillatory
zone x~(t) < χ < x+{t), the multi-valued solution must become the usual
Riemann solution defined by the equation

(65) χ + Gut = u3.

This requirement leads to the following boundary conditions for the
solutions of (37):

(66) {r'̂ -'r'io Γ^ϊϋίίί'
For large t, the required solution converges to a self-similar solution with
self-similarity exponent 7 = 1/2.

In order to construct such a solution, let us take an averaged finite-zone
solution of the form (61) with L = 4, defined by the relations

(67) x + v,t = wt, i = l , 2 , 3 ,

where the wt = wj{r1, r2, r3) are computed from

(68) Wi = -^L.[(3F. -a)fi + /], / = 5a3 - i2ab + c,

a = rx + r2 + r3, b = rj2 -f /y3 + r2r3, c = r{rzrs, ft = df/dr,.

The following assertion is proved in [53].

Theorem 2. The system of equations (67), (68) is non-degenerate in the
domain z~ < z < z + , where ζ = xt~''' is the self-similar variable, and defines
there a smooth {and even analytic) solution with self-similarity exponent
7 = 1/2. On the boundary of the domain the solutions satisfy the boundary
conditions (66). The boundary values of the self-similar variable have the
form z" = -y/2, z+ =y/10/27.

It can also be shown that the behaviour of the solutions (67) near the
boundary of the oscillatory zone is described by the formulae derived in
[14] (taking into account the improvements of [16]).

§8. Evolution of the oscillatory zone in the KdV theory.
Multi-valued functions in the hydrodynamics of

soliton lattices. Numerical studies

Applications of hydrodynamical equations of weakly deformed soliton
lattices (or of the Whitham equations of slow modulation of lattice
parameters) to concrete problems of the physics of dispersive media were
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discussed in the work of Gurevich and Pitaevskii in 1973 in the framework
of special self-similar solutions. Later, this program of investigation was
developed in the work of Avilov; Novikov, and Krichever [1], [2] . They
provided the mathematical statement and a numerical realization of the
problem of evolution of multi-valued functions having the property that the
number of solutions is different in different regions of the (x, 0-plane. In
addition to the GP self-similar regimes, the need to study the evolution of
multi-valued functions is indicated by the Lax-Levermore-Venakides
theorems [83], [85]-[87], [91], [92] on weak limits of the KdV theory
with small dispersion:

(1) ut + uux + euxxx = 0, ε ->- 0.

According to their theorems, there corresponds to the solution ue (x, t) as
ε ->- 0 a decomposition of the (x, i)-plane into a number of domains (which
is assumed to be finite), and in each domain the principal term of the
asymptotics is described by a k-zone Whitham equation, where k is a number
that depends on the domain, that is, by a (2k + l)-component system. In
these papers, global restrictions on ue(x, t) are imposed: either rapid decay
as Ι Λ: I -*• oo or periodicity in x. These restrictions make it possible to use the
results of the inverse scattering method for rigorous proofs, though many
facts are doubtless independent of global restrictions and have a local
character, as long as time is not too large. We shall not introduce the small
parameter ε multiplying the dispersion term explicitly, but will assume as
usual that the solutions of the KdV equation oscillate rapidly, that is, that
the parameter ε arises in the solutions. Unlike Lax and others, the problem
of evolution of multi-valued functions must be posed and solved in our
framework independently of the KdV equation theory, on the basis of the
theory of systems of hydrodynamic type (that is, of first order in the
derivatives). It appears to us that this set-up by itself can be of more
universal value than the description as ε -*• 0 of the solutions of one high-
order equation (in this case, the KdV).

The real need to consider the evolution of multi-valued functions in
physical problems of dispersive hydrodynamics is what contrasts it sharply
with the usual hydrodynamics, in which only jumps (shock waves) had to
be introduced. As was noted in the recent paper [82], when the trivial
equation ut + uux = 0 is made discrete (that is, into a dispersive equation),
the difference analogue of the KdV appears (see [57], Ch. 1, §7). This
simple circumstance shows that the case of the GP problem 1 (see below)
also occurs in the discretized equations, and that the oscillatory zone that
arises here appears in hydrodynamics in the numerical computation of shock
waves, since the properties of the discrete analogue of the KdV are quite
similar to the properties of the continuous KdV studied here. This connection
between these "numerical" oscillations with dispersion was not noticed before.
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Let us consider the following two problems, following GP ([57], §4 of
Chapter 4).

Problem 1. The decomposition of a step in KdV theory. What is the
asymptotic behaviour for t ^> 1 |of solutions of the KdV with initial datum a
step function, or, more generally, with initial data (say, smooth and
monotone in x) of the form indicated in Fig. 2? The case u(—°°) > u(+°°) is
of more interest here (see [57], §4, Chapter 4). Let u(-°°) = 1, u(+°°) = 0.

Fig. 2

Problem 2. The dispersive analogue of a shock wave. What is the asymptotic
behaviour for t ^> 1 of solutions of KdV with initial datum u{x) of the
form χ = ut — u3 for large 1x1-»·°°? The physical motivation for Problem 2
is as follows. Let us assume that initially the dispersion term u ^ is
sufficiently small and does not influence the evolution, which is described
by the truncated equation ut + uux = 0. Its general solution of the form
χ = ut + P(u) with an arbitrary function Ρ is such that in a large class of
cases it "topples over" at some moment of time t = 0, that is, ux -»· °° as
t -*• 0 - χ = x0. In the generic case, the solution in a neighbourhood of the
point (0, x0) is approximately described (up to shifts and scaling
transformations) by the cubic function

ut — u3.(2) :

In this neighbourhood, the dispersion term u , ^ in the KdV equation can no
longer be neglected: it cannot be small in this domain. Taking this term
into consideration changes the solution in a small neighbourhood of the
point (0, x 0) drastically (there is no "toppling over" in the KdV theory).
An oscillatory zone appears; GP consider it to be approximately described
by a one-zone Whitham equation in a small region A(t). Outside the region
Δ(ί) this oscillatory zone changes into a smooth solution of the form
χ = ut— u3, and outside the zone the dispersive term is of no importance.
Thus, Problem 2 describes a situation which is local in x, t. The scales in χ
and t on which the GP regime establishes itself in this small region must be
small in comparison with the scales on which global asymptotics in x, t
operate, as in Problem 1 for example, or in any other problem.



108 B.A. Dubrovin and S.P. Novikov

Therefore Problem 2 describes a universal local situation, which is called the
"dispersive analogue of a shock wave". Locally the application of this
structure is not entirely rigorous, since the domain of interest will contain only
a finite number of oscillations, and this approximate structure will be
observable only for a finite time. Used in this fashion, it constitutes
intermediate time asymptotics. "Large t" in Problem 2 is much smaller than
the times encountered in Problem 1.

Asymptotic states for t ^> 1 in Problems 1 and 2 are described, according
to GP, by self-similar solutions of one-zone Whitham equations:

(3) rH + vt (r) rix = 0, i = 4, 2, 3, ν (%r) = λν (r).

It follows from the homogeneity of u,(r) that these equations admit self-
similar solutions of the form

(4)

where γ is arbitrary, and

(5)

rt (x, t) =

= r, — ri> — r3 .

The average u over a cycle of oscillations is

(6) ΰ = δ + 2aE (s) s ' 1 (s).

Problem 1. Here we must take γ = 0, r = x/t. We have solutions of the
form

(7) rx == 0, r 8 = = l , vt == τ = x/t 0, s2 = r2 — a.

The function r2(j) is determined by the relation V2(s2) = τ.
The oscillatory interval has the form shown in Fig. 3,

(8) -r = - i , τ + = 2 / 3 , [τ", τ+] = Δ = {0 < s2 < 1}.

1

0

\UCt)

i *

Fig. 4

The question of the rigorous justification of this asymptotic behaviour was
studied in [67] using the inverse scattering method. By the scaling
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transformation u -> Au, χ -*- A1'2!, t -*• A^H, we obtain another solution of
the same problem, where u ->· A as χ ->• -°° and Μ -*• 0 as χ -> +°°. The
graph of the quantity « is of the form resembling the usual shock wave (see
Fig. 4). Here we have ύ(τ) « 4/ln( Ir+ - τ~ I) as τ -* τ + - 0.

Problem 2. The situation here is more complicated. For correct matching
with the boundary condition we have to consider a self-similar solution with
exponent y = 1/2,

(9) rt (x, t) = ζ = at*'*,

since outside the oscillatory interval Δ we must have the solution χ — ut~u3

of the equation ut + uux = 0. On the boundaries of the interval Δ the
function r{x, t) is continuous:

(10) r (x, t) = u outside Δ, r (x, t) = {rx, r2, r3} e Δ,

(11) r~ = r3 (χ') = u {x~), ΓΪ = r^,

(11') r + = rx (x+) = u (x+), r\ - r+

s.

In both Problems 1 and 2, the oscillatory zone covers the entire region
between the two singular Whitham equations: at the left endpoint x~ we
must have r2 = ru that is, the one-zone solution of the KdV becomes a
constant, while at the right endpoint x+ we must have r2 — r3, that is, the
one-zone solution of the KdV becomes a soliton. The oscillatory interval
Δ = [ζ", ζ + ] must be constant in the self-similar variable z. The whole
graph must be C'-smooth, including the ends of the oscillatory zone. Let us
denote u(x, t) by r. We have the unique C^-smooth function r(x, t) of the
form shown in Fig. 5.

-3

J

)

0 Ζ

-1

Fig. 5. Evolution of the multi-valued function R (z, t) = r ' V (z, t) (z — it"1·1) of
Problem 2. The initial condition (t = 1) in the oscillatory zone corresponds to a
perturbation of the self-similar solution. For t = 2 this, distortion is significantly smaller.
The self-similar solution is indicated by dots.
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The existence of such a solution is a non-trivial fact. It was found
approximately in [14]. The exact analytic form of this solution in the
interval Δ was discovered only recently (see §7 above). In particular, it is
analytic inside the interval Δ, where

(12) z- = - γ2, z+ = γΤθ/27, R3 > 0, R1 < 0.

The function z{r) is C2-smooth in a neighbourhood of the point (z~, r])
(s2 = 0) and 0-e-smooth in a neighbourhood of the point (z+, rj) (s2 = 1),
where ε > 0 is arbitrary and ζ depends asymptotically only on s2 as s -*• 1:

(13) c (z+ - z) = cz" ̂  (1 — s ^ l n -j^-r + 1/2)

c = const < 0, z" < 0.

Without entering into details (see [57], §4 of Ch. 4), we see that here also
the quantity u(z) has a form that resembles the usual shock wave (see
Fig. 6). The dotted line is the function Q(z), that is, the solution χ = ut-u3

as u (z) f-V. = θ (ζ), ζ = **-'/..

± I

z~
(

|Z +

Fig. 6

Such are the self-similar regimes that describe the asymptotic behaviour
of the oscillation zone for *^>1 in Problems 1 and 2 according to the
hypothesis of GP. Are these regimes stable? Do they really occur
asymptotically in the framework of the theory of hydrodynamic type or as
asymptotics of a wide class of sufficiently general initial conditions?

The work of Avilov and Novikov [ 1 ] is devoted to the numerical solution
of this problem. What is the exact mathematical setting of the problem of
evolution of the multi-valued functions r(x, f)?
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The paper [ 1 ] deals with this question numerically in the case when the
multi-valued function r(x, t) is single-valued in a domain IR \ Δ (where
r(x, t) is denoted by u(x, t)) and three-valued in a domain Δ c R that
depends on the time t. If Δ is an interval, then at its left endpoint x~ we
must have f\ = r\ = f < r3(x~), while at its right endpoint x+ we must have
r+ = r% — r% > rj(x+). The graph of the function r(x, t) must be C'-smooth
everywhere. More precisely, we require the following to hold asymptotically
(near the points x+, r+ and x~, r~):

.(14) as" = [a+ + b+ (r - r+)] / (1 - s2) + Ο (r - r+)\

(15) χ" = χ - x+ < 0, / (y) = y* [ In -*- + 1/2] ,

(16) x' = [o_ + b_ (r - r)](r - r")2 + ο (r — r")3,

(17) x' =z — z->0.

It is exactly the asymptotic behaviour which, as a simple analysis shows, is
compatible with singularities of the coefficients of a one-zone Whitham
equation (3). The velocities vt have limits as χ -*• x±, denoted by vf. For all
t, the following formulae for the evolution of the ends of the boundaries of
the oscillatory zone Δ are derived from the asymptotics (14)—(17):

(18) dxVdt = v\ = v3, dr+/dt = - | r+

s - rj |/12e+t

(19) dx'/dt = v\ = t-;, dr-/dt = —l/2a_.

We see from (18), (19) that the coefficients b± in (14), (15) above are not
necessary for the determination of the evolution of the interval Δ. A certain
extra smoothness in (14), (16) should not confuse anyone; the parameters
b±(t) are very convenient in interpolation. The numerical computation uses
the method of characteristics inside the zone [x~ + ε, x+ — e],ltaking into
consideration the diagonal structure of the Whitham equations (3). In a
neighbourhood of the points x* we use the asymptotics (14), (16), matching
them with the remaining part. At every step in time (or every several steps;
this is a technical question) the new values of the coefficients a±(t), b±(t) are
determined by matching them with the groups of points in the interval Δ
(obtained by the method of characteristics) that are nearest to them.

The conclusions are as follows: locally in t, the evolution of multi-valued
smooth functions with asymptotics (14), (16) is well defined. If the initial
condition is a C^-small perturbation of the GP regimes, then the solution is
defined for all /, and as / -»• °° it converges to GP regimes in both Problems 1
and 2.

It would be desirable to prove a precise mathematical theorem about the
local evolution. What smoothness away from the boundary is really needed?
When the method of characteristics is used, the answer to this question
cannot be gleaned from numerical experiments.
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For large perturbations of the initial conditions, a new "toppling over of
the front" can occur in the equations of hydrodynamics of soliton lattices
themselves. This necessitates increasing the degree of multi-valuedness of the
function r(x, t). Evolutionary processes of this kind have not yet been
studied. Precise analogues of the asymptotics (14), (16) near the boundary
of the new zone have to be found. In order that no toppling occurs, it is
necessary (but apparently not sufficient) that the graph of r{x, t) with
asymptotics (14), (16) be monotone in χ in every interval of single-valuedness
if Δ is an interval (that is, ux = rx

< 0, χ e. Δ).
< 0 for * £ R \ A , rSx > 0, r^ > 0,

ο " - ο
ο Β u Β 8 ο ο-ο-ο-ο-ο-ο-ο-

/ = /

Fig. 7. Evolution of the multi-valued function ήζ, t) (z = jei"1) of Problem 1. The
initial condition [t = 1) inside the oscillatory zone corresponds to the self-similar solution
of Problem 2, and outside that zone it converges to' constants.

0 ζ 1

Fig. 8. Evolution of the infinite oscillatory zone in Problem 3. The functions r,-(z, i)
(z = xt'1), i = 1,2, 3,-at the initial time t = 1 are indicated by dots; solid lines
correspond to t = 11.
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In the simpler Problem 3, where Δ = IR and r, -* rf as \x l-> ±°°, for the
evolution to be well defined for all t > 0 it is apparently necessary and
sufficient that r i x > 0 for all x, t = 0. If r7 = r~2 < rl and r j = rt > rj",
then the GP asymptotic behaviour of Problem 1 is established in Problem 3
in the domain between r+ and r^, assuming that rt > r\ for Δ = IR (see [ 1 ]).
This is shown by numerical experiment. This last question could possibly
be resolved by methods of the recent paper [67].

§9. Influence of small viscosity on the evolution of the oscillatory zone

Let us consider the Korteweg-de Vries-Burgers (KdVB) equation with
small viscosity μ > 0,

(1) ut + uux + uxxx + \mxx = 0.

Let us use the Bogolyubov-Whitham averaging method, using the same
family of cnoidal waves (0.19) of the KdV equation. The averaging of the
viscous term leads after some calculations to additional terms in the right-
hand sides(1) of the equations of hydrodynamics of soliton lattices

(2) rit + Vi (r) rix + pgt (r) = 0, i = i, 2, 3,

where

(3) gt (r) = - 4 (r, - r,Y Q (β)/3Φ(, i = 1, 2, 3,

0 < Q = -±- [{E - K)/s* -(-E + 3K/2)/s* +E~ Jf/2],

s2 — {r2~rl)l(ri-rl), and Κ = K(s), Ε = E(s) are complete elliptic integrals.
Let us note the properties

(4) g1 > 0, g2 < 0, £ 8 < 0, g, (λτ) = λ»*, (r).

Let us study the question of the behaviour of the oscillatory zone in the
process of decomposing a step function, as in Problem 1 of § 8 above. Let
u -*• A±, χ -»• ±°°, where A+ > 0, A_ < 0. As in §8, let us use the one-zone
three-component Whitham equation in the region Δ = [χ' (ί), χ+ (t)], and the
trivial equation ut + uux = 0 outside Δ. Thus, according to our hypothesis,
viscosity is important only in the region Δ, where we use equation (2)
instead of (8.3). As in §8, we shall describe the process by a multi-valued
function r(x, t), which is three-valued inside Δ and single-valued outside Δ
(where r = u), and C^-smooth everywhere.

To find solutions in the form u(x— Vt) when μ Φ 0, we write the
stationary KdVB equation in the form

(5) u" = —ua/2 + Vu + C— μα',

algebraic-geometric representation of equations of type (2) was first discussed in
[75].
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where the constant C = A+A-/2 of integration is such that for μ - 0 the
critical points of equation (5) in the (u, u) phase plane have the form

(6) u' =0, ιι = Α±=>νψ]

A+<0, 4_>0, 2V =

When μ = 0 the phase portrait is as in Fig. 9.

Fig. 9

Remembering the definitions of the quantities /·,·, we obtain

(7) 3A_A+ = 4/y, - (r, - r2 - r j 2 ,

(8) = 2V = r3)·

As is clear from Fig. 9, for constant A+,A- and small μ > 0 there is a unique
solution u(x ~ Vt, μ) of the stationary KdVB equation such that

(9) u •

In Fig. 9 it is denoted by a broken line going from the critical point A +
to A- for small μ > 0. Therefore the averaged Whitham equation also has
a stationary solution on which the quantities (7), (8) are constant. By (7),
(8), such a solution can be determined by one quadrature. Its graph is given
in Figure 10. In this solution the oscillatory zone Δ continues infinitely to the
left. If A± = +1, then V = 0, and the forward front rt = r j is at a finite point
x+, where rt = rt = 1/2, while f\ = rl - -1/2, where x~ - -°°. We can reduce
the problem to this situation by scaling and Galilean transformations

(10) χ + Ct, rt-*- rt + D, vt ->• vt + C.

The stationary solution (see above) and the averaged equation (2) were
found in [2], [16].

In [2] the evolution of multi-valued functions r(x, t) in the presence of
small viscosity was investigated numerically. This class of functions coincides
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with (8.18), (8.19) at every given moment t of time, but for the quantities

r± it), ±± (t) we obtain

(11) r+ = - ( r + - Γί)·[(12α+)Γι + 16/45],

(12) x+ = i;+ == (rt + 2r+)/3,

(13) r" = -l/2a_, x~ = 2r" —

We see that equations (11), (12) for x+, r+ are not the same as (8.18).
Moreover, if there are terms on the right-hand side, the values of r, are not
conserved along characteristics. This leads to certain numerical complications,
but the numerical scheme remains in principle the same.

-20 -10

11.9 0.3

-1
\

Fig. 10. Evolution of the multi-valued function r(x, t) for μ = 0, 1. The broken line
denotes the stationary solution. Here and in Figs. 11, 13, the numbers next to the curves
indicate the time.

In the computation the initial condition is taken to be the GP self-similar
solution of Problem 2 in some small region Δ (t0) at time tQ > 0, and it
converges to a constant as Ix'l -*• °°. Let us discuss now the applicability of
our scheme at the level of rough physical estimates.

Stage 1. Let there be no oscillatory zone for t < 0. In order to apply the
trivial equation ut + uux = 0, it is necessary that the conditions

(14) I < C I UUX |,
\<^\uux\

hold. Let the solution χ = ut + P(u) be such that P(u) changes on a
characteristic scale A in the variable u, we denote the characteristic scale of
changes in χ by B. It follows from (14) that

(15)
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Stage 2. When t a* 0 an oscillatory zone is formed close to the region of
"toppling". By time t0 it has already developed into a GP self-similar
solution of Problem 2. Here, in the region Δ (<), 0 < t < t0, we can neglect
the viscous term μιιχχ:

(16) Ι μηχχ | •< | uxxx |, | \nuxx | <C I uux \

(ϊηΔ(ί);). It follows from (16) that

(17) μ (ΔΓ)(Δ:Τ)-2 < (Ar)(Ax)-*, μ (ΔΓ)(ΔΧ)"2 < (ΔΓ) 2 (ΔΖ)"\

where Δζ ~ Δ (ί0), ΔΓ ~ r~3 (t0) — r^ (ί0).

The end of stage 2 (beginning of stage 3). When t ^ t0 the time derivative
inside Δ (t0) must be mostly determined by the non-viscous part, that is,

(18) ( Δ Γ ) / ί ο > μ | ^ ( Γ ) | ~ μ ( Δ ^ ,

since g,(Xr) = X2g,(r). Moreover, it is necessary that Δ (ί0) and ΔΓ (ί0) be
small:

(19) Ar^A.

Finally, many periods of oscillation must be accommodated in the zone

Δ'(ί0), where

and Τ (λτ) = λ~ιΐ>Τ (r). Therefore (19) takes the form

(21) (ΔΓ)-'/, <ζ Δ (t0).

Let us introduce "dimensionless variables"

(22) χ = Bx', u = Au', t = BA'H', μ = B'Y.

In these dimensionless variables we have in the GP regime

(23) Δ'(<ό) « (<οΓ·, (ΔΓ') α ( # / . ,

where ΔΓ = .4ΔΓ', ί̂  = ZL4"1*,,, Δ = 5 Δ ' . Comparing inequalities
(21)-(23), we obtain

(24) ίο<1,

(25) (μ

Conditions (24), (25) are clearly compatible. Thus, the process we have
described could occur. In the new variables x', u', μ, t' we have A+ = +1.
The quantities A and Β fall out from the Whitham equations. They have to
do only with the fact that the system comes from KdVB. The quantity μ
does not have to be small in dimensionless variables. According to (24) we
had to have μ = Β~χμ small and AB2 large. Keeping this in mind, we omit
the primes in what follows.
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In the numerical experiment we took the function χ = ta + 3(M-tanh J u)
outside Δ. When t - t0 the GP solution and the interval Δ have the form

(26)

(27)

ri (x, t0) = (t, - tj)'/. Rt (z) + r.,
z~ < 2 < z+> ζ = λ (a; — χ χ )(ί 0 — ίχ)-

by performing scaling and Galilean transformations on the original GP
solution. The parameters {tu X, r0, x{) must be chosen in such a way that
the function r(x, t0) be (^-smooth; this is the condition for matching it
with Μ(Χ*), u'fx*) at the ends of the (as yet unknown) oscillatory zone Δ (ϊβ).
Thus, the numbers of parameters and of conditions are both four, so the
oscillatory zone Δ is uniquely determined locally by the outer function
u(x, t0). The results of numerical experiments are shown in Figs. 10-13 for
μ — 1 and μ = 0.1. The quantities V(r) — G4 + + A-)/2 and A+A^(r) are
taken as indicators of how close the solution is to the stationary one, where
A+ = -l,A- = + 1 .

- 2

1Λ5
0.5Λ O.OZ

x

— 1

Fig. 11. Evolution of rtx, t) when μ = 1.

V

-1

-0.5

μχ

Fig. 12. Quantities that measure closeness to the stationary solution: curve 1 is V(x),
curve 2 is (-A+A^) as functions of μχ for μ = 0.1 and t = 11.9. The broken curves
are the corresponding curves for μ = 1 and t — 1.45.
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-2

Its

v/t

--1

Fig. 13. Evolution of V2(x, t) for μ - 0.1. The time corresponds to the maximum of
r+{t) (see Fig. 10).

Conclusions. For μ = 0.1 and ί = 2.7 we see that the GP regime of

Problem 1 is realized as intermediate asymptotics with v2 — xt'1. For μ =

this regime is never realized as an intermediate step in the dynamics. Its

time of occurrence competes with the viscous term.

For all μ as t -*• °° we see that the solution converges asymptotically to

the stationary solution determined above. We remind the reader that at the

end we changed the notation used for the variables by removing primes (see

above). Therefore the new μ is what was earlier denoted by μ'. It does not

have to be small.

1
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