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Integrability of the systemof PDE for dependenceon coupling parametersof the (tree-level)
primary partition function in massivetopologicalfield theories,beingimposedby the associativ-
ity of the perturbedprimary chiral algebra,is proved. In the conformalcaseit is shownthat all
the topological field theoriesare classifiedas solutionsof a universalhigh-orderPainlevé-type
equation.Another integrablehierarchy(of systemsof hydrodynamictype) is shownto describe
coupling to gravity of the matter sectorof any topological field theory. Different multicritical
modelswith the given structureof primary correlatorsare identified with particularself-similar
solutionsof the hierarchy. The partition function of any of the models is calculatedas the
correspondingz-function of the hierarchy.

1. Introduction

The recent progressin low-dimensionalQFT essentiallywas related with the
application[1] of the machineryof integrablesystemsof KdV-type to the studyof
matrix models.An alternativeapproachto two-dimensionalgravity was suggested
by Witten [2] basingon the ideasof topologicalfield theory.

Topological field theoriesare solvablemodelswithout local, propagatingde-
greesof freedom[3]. After the identification [2] of one-matrixmodelswith the
topological theoryof two dimensionalgravity a lot of remarkablelinks of two-di-
mensionalgravity andtopologicalfield theorieswere found [4—6].It was shown [5]
that the multi-matrix modelscanbe identified with some mattersystemscoupled
to topological gravity.Thesemattersystemsprovedto be [71twistedversionsof the
N = 2 minimal superconformalmodels [81. Deep relations of these models to
catastrophetheory were studied in ref. [9]. Correlation functions in minimal
topological field theorieswere calculatedby Dijkgraaf et al. [10] usingthe Lan-

dau—Ginzburg(LG) potentialsmachinery[11]. (This calculationwasanalyzedfrom
the point of view of catastrophetheory in ref. [12].) The observationof ref. [10]
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concerning the relation of topological A~ minimal models to the generalized
KdV-hierarchy(or the Gelfand—Dikii (GD) hierarchy)waselucidatedby Krichever
[13]. He showedthat the calculationof ref. [101hasa natural interpretationas a

part of the theory of the so-called dispersionlessLax hierarchy(the genus-zero
semi-classicallimit of the Gelfand—Dikii hierarchy). He introducedalso T-func-
tions of the dispersionlesshierarchy and showed that the tree-level partition
function of the minimal model (before coupling to gravity) coincideswith the
T-function of a particularsolution of a part of the dispersionlessLax hierarchy.So
topological string theoriescanbe consideredas a semi-classicalapproximationof
ordinary string theories.The indicationsof refs. [2,4,5,10]about equivalence(at
tree-level)of topological stringtheory andordinarystring theory(in d < 1) canbe
interpreted therefore like statementsabout exactness(in some sense)of the
semi-classicalapproximationof the KdV hierarchy.

The constructionof ref. [13] wasgeneralizedin ref. [14] and, independently,in
refs. [15,16] using the genus-g semiclassicalapproximationof the GD hierarchy
(so-calledWhitham-averagedGD hierarchy[17—20]).This gives [14] a multicut
solution of the loop equations[21]. Also the corresponding“partition function”
wasproved[141to satisfy a truncatedversion of theVirasoroconstraintsthat were
obtainedin [22] for the partition function of two-dimensionalgravity. The genus-g
variantof the LG model of ref. [10] (hereg is the “genus” of the LG superpoten-
tial) was constructedin ref. [16] using the differential geometryof moduli space
[15] andthe hamiltonianformulation [20,23] of the Whitham-averagingprocedure.
The tree-levelprimary chiralalgebraandthe partitionfunction of this modelwere
also calculatedin refs. [15,16].In sect.5 (see below)I arguethat thesemodelscan
be obtainedfrom minimal modelsas a result of “phasetransition”.

The main aim of this paperis to constructan “inverse spectraltransform” for
any 2D topological OFT (at tree-level). It is shown that two types of integrable
systemsare hidden in a topological field theory. The first one coincideswith the
equationsof associativityof the primary chiral algebra(beforecoupling to gravity).
The secondintegrablesystemdeterminesthe dependenceof correlatorson the
coupling parameters(including all the descendantcouplings).

An outline of the resultsof the paperis asfollows. I will be considering(only at
tree-level)a general 2D topological field theory [2,3,10] with N primary fields

çb.,~,.The symbol K~l~a
2•..) will denote the genus-zerocorrelationfunc-

tions.Thesedo notdependon positionsof operators~ 4~,... The double-point
correlators

(1.1)

determinea non-degeneratescalarproducton the spaceof primaries.The triple
correlators

c~ = (1.2)
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determinesthe structureof the operatoralgebra(or primarychiral algebra)of the
model,

= ~ ~ = ~ (~~)= ~ (1.3)

~ ~ (1.4)

This is a commutativeassociativealgebraA of dimensionN with a unity 4.~

~ c1’~=~. (1.5)

The symmetryof the tensorca~is equivalentto invarianceof the scalarproduct
(1.1) on A:

(ab, c) = (a, bc), for a, b, CE A. (1.6)

I recall that suchalgebrasA are calledFröbeniusalgebras.
In fact onehasto consideran N-parametricfamily of primary operatoralgebras

A = A(t), t = (t’, . .. , tN), of the form

Ca0y=Ca07(t), ?lapC0115t~ (1.7)

satisfying all the previousconditions. As was shown in ref. [10], the perturbed
correlators(1.2) canbe representedin the form

c~~(t)=da8~8yF(t), (1.8)

= 3/3t~,where the function F(t) is the primary free-energy.The conditionsof
associativityof the perturbedprimary chiral algebragive a systemof non-linear
PDE for the free energy F(t). I will call this systemthe Witten—Dijkgraaf—E.
Verlinde—H. Verlinde (WDVV) equationssince the idea to classify topological
theoriessolving differential equationsof associativityof primary operatoralgebra
seemsto belongto Witten [2] (generaltopologicalmodelswith two primarieswere
studiedin ref. [2] usingthis approach).

Formal integrability of the WDVV equationsfollows from the “commutation
representations”:the compatibility condition of the linear systemfor the vector
function ~

~ ~ (1.9a)

with the constraintof symmetryof the tensor

~ = ~ (1.9b)
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andthe normalization

(1.9c)

are equivalentto the WDVV equations.Here z is a spectralparameter.In this
paperan inverse spectraltransformfor the WDVV system is constructedwith a
genericity assumptionfor the perturbedFröbenius algebraA(t). I assumethat
(locally) A(t) has no nilpotents* (or, equivalently, it can be decomposedinto a

direct sumof 1-dimensionalFröbeniusalgebras).Identically indecomposablede-
formationsof Fröbeniusalgebraswill be consideredin next publications(notethat
in topological sigma-models[2,5] where A(t) is the “quantized” cohomologyring
of the targetspace,the deformationA(t) is indecomposable— seesect.5, example
2). Under this decomposabilityassumptionthe WDVV equationsproved to be

gaugeequivalent(in the senseof ref. [24]) to the integrablesystem

akYEJ(u)= Y~k(u)YkJ(u) i, j, k distinct,

N

E 3ky~I(u)= 0,
k=1

y11(u) = y,1(u) definedonly for i *j. (1.10)

Here u = (u
1,.. . , uN) are new coordinateson the coupling space,u = u(t), d~=

3/0u’. Theyaredefinedby the following representationof the perturbedstructure
constants

N at~ au’ au’
Cat.~’(t) = ~ ~ (1.11)

(proofof the existenceof such coordinatesis the crucial stepin the constructionof
gaugeequivalence).

The functions y
11(u) are expressedvia componentsof the metric s~in the

coordinatesu
1,. . . ,

at” at’3
g

11(u) = ~ -~-—~~~g~(u)~1, (1.12a)

3 /g(u)
y~1(u)= ____ = y1~(u), i ±j. (1.12b)

~u)

* Thesetopologicaltheoriescan be calledmassiveones.I am thankful to S. Cecotti for explanationof

this point.
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The system(1.10) is nothingbut the conditionsof vanishingof the curvatureof the
metric (1.12).

The system(1.12) is familiar in soliton theory [26—29].It is equivalentto the
(1 + 1)-evolutionarysystemof N(N — 1)/2 PDEs(and dependenceon ut,. . . , a”
is determinedby some particular isospectralsymmetriesof the system) being
equivalent[26] to the so-calledpureimaginaryreductionof the N-waveinteraction
system (for N> 3; for N = 2 (1.10) is a linear system). The inverse spectral
transformfor (1.10) canbe constructedin a standardway [26,28,29].The corre-
spondingsolution of the WDVV is determinedby a solution of (1.10) with an
N-dimensionalambiguity (by solving the linear problem giving the commutation
representationfor (1.10)). Theseresultsare representedin sect. 2. Interpretation
of the linear operators (1.9) as an affine connection on the coupling space
(dependingon z) wasvery useful in the proofs and calculationsof sects.2 and 3.

In fact self-similarsolutionsof the WDVV equationsareof specialimportance
sincethey describeperturbedchiral ring of topologicalconformal field theories.In
the decomposablecasethey are classifiedby solutionsof the similarity reductionof
the system(1.10)

y~1(cu)=C’y~1(U). (1.12)

This reductionis a systemof ODEs of order N(N — 1)/2 (nonlinearfor N> 2).

For N = 3 this systemwas provedto be equivalent[30] to a particularcaseof the
Painlevé-VIequation.For any N> 3 the isomonodromicdeformationmethod[31]

is developedin sect. 4 for (1.10), (1.12).The scaling dimensionsof the model are
shown to coincide with the monodromyindices in z = 0 of the corresponding
linear ODE in z (with rational coefficients). All the primary correlators are
expressedin quadraturesvia these“high-order Painlevétranscendents”.

Let us considernow coupling of themodel to gravity [2,3,5,10].Hereonehasan

infinite numberof fields uq(~~), q = 0, 1 where the fields o-~~(4~)can be
identifiedwith the primaries ~ and oq(4~)for q> 1 are called the gravitational
descendantsof ~. The operatoro-~(~~)usually is denotedby ga andis called as
the punctureoperatorof the model. The tree-level correlatorsof theseoperators
dependon an infinite family of coupling parametersT”” (“descendantcouplings”)
in such a way that

a a
= aT””~’~ . . .log Z(T). (1.13)

Here Z(T) is the partition function of the topological model. The N-dimensional
subspaceT”’~’= 0, ~> 1 (the couplingsT”’° arearbitrary) in the phasespaceof all
couplingsis called the small phasespace.For the correlatorson the small phase
spaceoneshouldhave

= = rj~13t’3= s1~13T’3°, (1.15)
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(1.16)

Correlatorson the completephasespaceare determinedby the recursionrelations

<UP(4)~)4)A4~B> = ~ (1.17)

for any operators4’A = uq(4~),4~B= 0r(41) of themodel,andtheir dependenceon
T is determinedby the stringequation

~ T”’~3T~.P-13T*,oF(T)+ = ç /L = 1,...,N. (1.18)
p ~l,a

The main observation of sect. 3 is that this procedure of “switching on
topological gravity” has a natural interpretationin the theory of an integrable
hierarchyof PDEsof the form

3T~,nt~=c(~,P)~’3(t)3xt’3 (1.19)

(systemof hydrodynamictype) being constructedby the primaryoperatoralgebra.
The idea of describing(at tree-level) coupling to topological gravity of sigma
models usinga hamiltonianhierarchyof the form (1.19), (1.21), wasproposedby
Witten [34]. I show in sect.3 how onecaneffectively constructsuch a hierarchyfor
any solution of the WDVV equations.This providesan additional argumentfor
WDVV equationsbeing the fundamentalequationsof 2D TFT. Here

C(~
0)~”3=c~~13(t), (1.20)

X is the “cosmologicalconstant”,the eqs.(1.19)for p> 1 are constructedusingan
appropriaterecursionoperator.The systems(1.19) arehamiltoniansystemson the
loop space~“M (whereM is the coupling space)w.r.t. the Poissonbracket

{t”(x), t’3(Y)}=s7”’36’(X—Y). (1.21)

Their hamiltonians~ havetheform

~ dX. (1.22)

The densitiesof the hamiltonians(as functions of t) are determinedfrom the
linear system(1.9) in the form

x~(t,z) = ~ (<9~o~(4~))z’~,313x~=~13obeys(1.9), x~(t,0) =t,~. (1.23)
p=o
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The double correlators(againas functionsof t) havethe form

(z + w) ~ = (Vx~(t,z), Vx13(t,w)) — s~ (1.24)

(here V = (s~”’3313)is the gradient;the scalarproduct of gradientsvia the scalar
product ?7~~).The recursion relations(1.17) provedto be a consequenceof the
recursionprocedureof constructingthe hierarchy(1.19).

The last step is in determining the dependenceof the special amplitudes
= ~ on the coupling parametersT”’~”. This dependenceis given as a

particular solution of the hierarchy(1.19). This solution can be specifiedas the
uniquesolutionof (1.19)being definedfor any T” for sufficiently small T”” (for
(a, p) ~ (1, 1)). The T-function of this particularsolution provedto coincidewith
the partition function of the topological field theory. The “generalizedhodograph
transform” [25] for solving integrablesystemsof hydrodynamictype (being repre-
sentedin variationalform [26]) immediatelygives the string equations(1.18).

In the conformal case the dependencet = t(T) is given also by a particular
self-similarsolution of the hierarchy(1.19). For the solution o~(~)is themarginal
operator(addingof it to theaction doesnot changethe scalingdimensions).Other
self-similar solutions of (1.19) (with other o-~(cb~)as marginals), that can be
constructedusingthe idea of refs. [5,10]also areof importancein the theory. They
give dependenceof the correlators on the coupling parametersin different
multi-critical models[5,10]. Note that the importanceof self-similarsolutions of
the Whitham hierarchyin dispersivehydrodynamics* wasrealizedmany yearsago
[321 (see also refs. [20,281).Generic solution of the hierarchy (1.19) can be
considered,therefore,asan interpolationbetweendifferent multicritical models.

I hopealso that the hydrodynamicnatureof the hierarchy(1.19) (togetherwith
someideasof dispersivehydrodynamics[20,28,32])might be instructive in studying
of global propertiesof correlatorsin topologicalconformal field theories(see the
end of sect. 5 for the discussionof a sort of “phase transitions” in multicritical
models).

So the hierarchy(1.19) in topological field theoryplays a role similar to therole
of KdV-type hierarchiesdo in QFT basingon matrix models.It is interestingto
find conditions (in terms of the primary operator algebra) providing that the
hierarchy(1.19) canbe obtainedas a semiclassicallimit (or canbe obtainedby the
averagingprocedure)of some integrablesystemof KdV-type. A variant of such
specificationsusingso-called“strong Liouvillean property” [20]of the hamiltonian
formalism of the averagedsystemsis conjecturedin sect. 3.

In this paper I did not consider the recursion relations determining the
high-genuscorrelators.Also it seemsveryinterestingto find an appropriatevariant

* It is interestingthat the numerical solution of the string equationsin the matrix model with the

criticality k = 3 hasan amazingsimilarity to the dispersionlessshock-wave[20,28,32].I amgrateful to
S.P. Novikov for payingmy attention to this point.
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of the “truncated Virasoro constraints”of ref. [14] in generaltopological field
theory. I hopeto do it in forthcomingpublications.

2. Geometryof primary operator algebra in topological field theory

Let A bean N-dimensionalcommutativeassociativealgebraoverC with a unity
e. It is called Fröbeniusalgebra if a non-degenerateC-bilinear invariant scalar
product( , > on A exists:

(ab,C)=(a,bC> a,b,cEA. (2.1)

Remark. Let usdefine a linear functional on A by the formula

w~(a)= (e, a>. (2.2)

Then the invariantscalarproduct K , > canbe written in the form

(a, b>=w,.(ab). (2.3)

And for any linear functional w E A* the scalarproduct

(a, b>~=w(ab) (2.4)

is invariant. It is non-degeneratefor genericw. Any invariantC-bilinearform on A
can be representedin the form (2.4).

Let e~,a = 1, . .., N be any basisin A suchthat e1 = e. Let

(eu, e13) = ~ (2.5a)

e~e13= C~

7

13e~ (2.5b)

(summationover repeatedindicesis assumed).
The matrix and the structureconstantsC~’13 satisfy the following condi-

tions:

= ~ det(ij~13)‘�‘ 0, (2.6a)

Ca*pC~y= Ca

3~C’3Ey (2.6b)

(associativity),

c
1”13=6~ (2.6c)
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(normalization e1 = e),

= C,~1377~,= C13~y= Cayp (2.6d)

(commutativityandinvarianceof the scalarproduct).
The operatorsT~,

=

of (left) multiplication form an exact N-dimensional representationof A. The
Fröbeniusalgebrais called decomposable(semisimple)if the operator

T = x “

has simple eigenvaluesfor genericx’,. . •, xN A decomposableFröbeniusalgebra
A is isomorphicto a direct sum of one-dimensionalFröbeniusalgebras

f~f1= ~ (f,, f1> = ~ (2.7)

Decomposabilityof a Fröbeniusalgebrais an openproperty.
Deformation of a Fröbeniusalgebra is a k-parametricfamily c~~’13(t),s~~13(t),

t = (t’ tk), satisfyingeqs.(2.6).

Definition 2.1. An N-parametricdeformationof an N-dimensionalFröbenius

algebraA is called potentialdeformationif
3y11~~3_O, (2.8a)

= 3/3t~,

C
1”13~~, (2.8b)

anda potential function F(t) existssuch that

c~13~(t)=a~a13a~F(t). (2.8c)

Note that

31a~a13F(t)=17~,3 (2.8d)

(this follows from eqs.(2.8c), (2.6c)).

The problems of classification of potential deformations of Fröbenius algebras
is equivalentto a complicatedsystemof non-linearPDEsfor thepotential function
F(t) (the primary free-energy)beingobtainedby substitution(2.8c), (2.8d) to (2.6)
(in fact, only equations(2.6b) of associativityare non-trivial). This systemwas
discussedfirst for N = 2 by Witten [2], and the conditions(2.8) were obtainedby
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Dijkgraaf, E. Verlinde and H. Verlinde, so I’ll call it the Witten—Dijkgraaf—
E. Verlinde—H. Verlinde (WDVV) equations.The aim of this section is to
construct“inversespectraltransform” for this system.

Let us construct a representationof the WDVV equationsin a form of

compatibility conditionsof a over-determnedlinear system.

Proposition 2.1. Let c~1’13(t)be a family of functionsof t = (tt,..., t’~)satisfy-
ing eqs.(2.6c) and(2.6d) for someconstant(?7~~).Then(c~~13(t),~ is apotential
deformationof a Fröbeniusalgebraiff the following linear systemdependingon a
spectralparameterz is compatible.

a, /3=1,...,N. (2.9)

Proof. The compatibility ~ = 3,3, of the system(1.9) is equivalentto the
equations

c/13c,,~ = c~’13c,~, (2.lOa)

3~,,c,’13=3~,c,,’13. (2.lOb)

The first onetogetherwith thesymmetry(2.6d) implies the associativity.The same
symmetry and the secondequation provide existence of a potential F(t). The
propositionis thusproved.

UnfortunatelyI do not know how onecan usethe commutativerepresentation
(2.9) for integrationof the WDVV equations.What I’m going to do is to construct
a gaugeequivalenceof the linear problem(2.9) to a more familiar in the theoryof
integrablesystems“commutativerepresentation”(i.e. to constructa gaugeequiva-
lence [24] of the WDVV equationsto a morefamiliar integrablesystem).

It turns out that a geometricinterpretationof the linear system(2.9) will be very
useful in constructingsucha gaugeequivalence(it alsowill be very useful in sect.3
in calculation of all the correlatorsin the topological field theory with given
primary chiral algebra).

Let M be the space of (complex) parameterst = (t
1,. .., t”’) (the coupling

space)of a deformation(c~1’
13(t),~ Let us introduce a multiplication on the

fibers of the tangentbundleTM by the formula

a~~a13I,=c~~13(t)a5. (2.11)

= 3/3t”. This provides in the spaceof all vector fields on M a structureof a
commutativeassociativealgebraover the ring .9(M) of functionson M. The unity
vectorfield 3 = a~is specifiedon M. Also a metric

ds
2 = dt” dt’3 (2.12)
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is determinedon M. In other words,a structureof a Fröbenius .~(M)-algebrais
specifiedon the spaceof vector fields Vect (M).

This point of view is instructiveto give a coordinatefree reformulation of the
main problem.

Let M be an N-dimensional Riemann * manifold M with a metric ds2 and with
a structurealgebrawith unity a over .~(M)in the spaceof vectorfields

(X~ Y ~)k = c~~(t)X’(t)Y~(t), (2.13)

such that the scalar product ds2 is invariant (see (2.1)) with respect to this
multiplication. Let V~Ybe the Levi-Civita covariantderivativefor the metric ds2.
Let V be a new covariantderivativedependingon aparameterz of the form

V~Y V~Y+zX~Y (2.14a)

or, equivalently,on 1-forms w

= V~w(Y)—zw(X Y). (2.14b)

Definition 2.2. M is a Fröbeniusmanifold if: (1) theconnectionV is symmetric
and has zero curvature for any z; (2) the unity vector field a is constantwith
respectto V (i.e. V~a= 0 for any X).

Proposition 2.2. Any solution of the WDVV equationsdeterminesa Fröbenius
manifold via the formulae(2.10), (2.11). Conversely,the metric ds2on a Fröbenius
manifold is flat. In the correspondingflat coordinates t” the metric and the
multiplication have the form (2.12), (2.11) where (c~~’

13(t),~ is a potential
deformationof a Fröbeniusalgebra(i.e. it determinesa solution of the WDVV
equations). -

Proof. Symmetryof V is equivalentto commutativity of the multiplication of
vectorfields. The metric ds

2 is flat sincevanishingof thecurvatureof V = V z-O~

In the flat coordinatest” for ds2 vanishingof the curvatureof V needsas (2.10).

The proposition is proved.

Let us explain the differential-geometricsenseof the “free energy” F(t). The

family (2.14) of the flat symmetric connectionsV dependingon the parameterz
generatesa deformationof the N-dimensionalspacewith the metric ds2. It turns
out that the displacementvectorof the deformationcoincideswith the gradientof
the function F(t). So the strain tensor of the deformation coincideswith the

hessianof F(t).

* I mean that ds2 is a non-degeneratequadratic form on TM (not necessarypositive definite). For

complexmanifold M ds2 is a complexquadraticform.
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More precisely, let

Xa =x”(t, z) = t” +zv”(t) + 0(z2) (2.15)

be flat coordinatesfor the connectionV. They are specified by the condition of
vanishingof the covarianthessianV~V~x= 0, or, equivalently, by the system

3~3
13x~= ZC~~133~X’. (2.16)

The (infinitesimal) displacementvector v”(t) is determineduniquely up to a
transformationof the form

—s v”(t) + T”13t’3

for any constant matrix (T”13).

Proposition 2.3. The gradient of the “free energy” F(t) coincideswith the
displacementvector

“~3~F(t)=v”(t). (2.17)

Proof The equation (2.16) for the vector v reads

3~3131]Y=

This proves(2.17). D

The flat coordinatesx”(t, z) will be useful also in sect. 3. Note that gradients
= a13x” of theseflat coordinatesobey the system(2.9).
Let usreturn to investigationof the WDVV equation.The main idea of it is in

choosing a special coordinate systemon Fröbenius manifold M in which the
multiplication (2.13)of vector fields is determinedby constantstructureconstants
(but the metric tensoris not constant).This I cando underadditionalassumptions
on the deformedFröbeniusalgebra.From here on in this section I will consider
only deformationsof decomposableFröbeniusalgebras(it is sufficient to assume
decomposabilityof c~

1’
13(t)for somefixed t).

We now arrive at our first main lemma
Lemma 2.1. For any potential deformation of a decomposable Fröbenius

algebracanonicallocal coordinatesu’ = u’(t), i = 1 N exist suchthat

(2.18a)

31=3/3u~. (2.18b)
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Proof Due to openness of the decomposabilityproperty locally N linearly
independentsmoothvectorfields a, 3N exist satisfyingeq.(2.18a)(the idempo-
tentsof the algebra).Let the commutatorsof the fields havethe form

[a,,~]=f,~~k

for some functions fj on M. The Christoffel symbols for the connection V are
determined by the formula

I = r,Jak.

Vanishing of the Riemanncurvaturetensorfor the connectionV gives

+ r’J~’i~kJ— — F~J~ki=f/~~. (2.19)

For 1 = k this gives f/~= 0. Lemma 2.1 is proved. U

Now let us pay attention at the invariant scalar product ds2. What are the

features of it in the canonical coordinates ut,. . . ,UN?

To explain these properties of ds2 I have to give some not well-known
constructions of classical theory of curvilinear orthogonalcoordinates.I recall that
a diagonal metric

ds2 = E g~~(u)(du~)2 (2.20)

determinescurvilinear orthogonal co-ordinatesin some euclidean space iff the
curvatureof it vanishes.The metric (2.20) is called Egoroffmetric [30] (see also
refs. [251,[26]) if the rotation coefficients

a.~/g.(u)
y~

1(u)= J__~f-~ ~~i, (2.21)
~

1~
11(u)

satisfy the symmetrycondition

y11(u) =y1~(u). (2.22)

Equivalently, a potential V= V(u) exists such that

g,,(u)=a,V(u) i=1 N. (2.23)



640 B. DubroL’in / Integrablesystems

Vanishing of the curvature of the Egoroff metric (2.20) is equivalent to the
following system

= YkYkJ for distinct i, j, k, (2.24a)

ay,~=0 i*j, (2.24b)

where

N

3= ta,. (2.25)
i~=1

It is easyto see that (2.24) can be reducedto a (1 + 1)-PDE, i.e. a solution
y,1(u) = y~,(u)is specified uniquely by fixation of N(N — 1)/2 functions of one
variable.

It was shown in ref. [26] that (2.24) is an integrable system (without the
symmetry y11 = it was studied in [27]). It is equivalent to the compatibility
conditionsof the system

af~IJi=y,i~fJji~f=j, (2.26a)

(2.26b)

z is a spectralparameter.The relation of (2.24) to the N-waves interaction system
is explainedin ref. [26].

The Egoroff zero-curvaturemetric (2.20) is called3-invariant if

3g,,(U)=0 i=1,...,N. (2.27)

It can be specified uniquely by its rotation coefficients and by N arbitrary
constants via solving the linear system (2.26) for z = 0. The same is true for the
correspondingflat coordinates.More precisely,let us considerthe linear system

= i “=1~ (2.28a)

(2.28b)

for some solution y,~(u)= y11(u) of eqs. (2.24). It is easy to see that (2.28) is
equivalentto a linear systemof N linear ODEsof first order.

As follows from (2.21) and (2.27) cli. = i/g,, is a solution of (2.28). Conversely,
any solution ~/ii~ of (2.28) determinesa 3-invariantEgoroff metric with the same
rotation coefficientsby the formula

= (cl’11)

2. (2.29)
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Let cli,1(u),. . . , cl’,~(’~)be a basis in the space of solutions of (2.28). Note that the
scalar product

= E~~~(u)~113(u) (2.30)

is non-degenerateanddoesnot dependon u. Then the flat coordinates t
1 tN

aredeterminedby quadraturesfrom the system

a,t” = cl’~
1cl’1” v~~

1~•” (2.31a)

where

= ~7tJfj’3~ (~“‘3)= ~ (2.31b)

Note that

t
1=r11~t”=V (2.32)

is the potential (2.23) of the metric.

Lemma 2.2. The invariant metric ds
2 on a Fröbenius manifold M in the

canonicalcoordinatesU1,. . . , U’s’ is a a-invariantEgoroff metric of zerocurvature.
Proof Let cv be a 1-form on M of theform

cv(X) = (a, X>. (2.33)

Here a is the unity vectorfield. It hasthe form (2.25)in the canonicalcoordinates.
From (2.3) and (2.18) one has

ds2 = ~cv(3~)(du1)2.

This metric has zero curvature since it is constant in the coordinates t”. The
potential (2.23) for the metric g,(u) = w(3,) exists sincethe 1-form

cv = w(3,) du’ = ~ dt”

is closed.From the covariantconstancyof thevectorfield a it follows that

N

1k=0 foranyi,j.
k=1

From this andfrom identity V~g,J 0 the 3-invariance(2.27)follows. The lemmais
proved.
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Theorem 2.1. Any solution of the WDVV equations(in the decomposable
case)is determinedby a solution y,3.(u)= y31(u) of the integrablesystem(2.24)and
by N arbitraryconstantsby the formulae(2.29)—(2.31)and

c~135(t)= ~ (2.34)

Proof Almost everythingwas provedin the two lemmas.Oneneedsto verify
eq. (2.19)(for f/~ = 0) for anyEgoroff metric. This canbe donestraightforward.To
provethe formula (2.34)one canuse that, by definition (2.18),

N 3u’ 3u’ 3t~’
c~~~(t)= E ~-~---~. (2.35)

The orthogonalityconditions

3t~’ 3u
1

(2.36)

togetherwith (2.31) and(2.35)give (2.34).The theoremis proved. U

Corollary. Any solution of the WDVV equation dependson N(N — 1)/2
arbitrary functionsof onevariable and also on N arbitraryconstants.

The following statementexplains in what sensethe system (2.24) is gauge
equivalentto theWDVV equations(cf. ref. [24]).

Proposition2.4. The transformation

= ~ _~I~ (2.37a)

or, equivalently,

ata

cl’~=g/2~__~~, (2.37b)

transformsany solution cl’
1 of (2.26)to a solution ~ of eq.(2.9) andviceversa.The

proof is straightforward.

Remark2.1. Existenceof the canonicaldiagonalcoordinatesu’,. . . , uN canbe
provedevenwithout the normalization(2.8b). The metric g,1(u) is specifiedin the
form (2.29) by the rotation coefficients and by a solution ~J’~(u)of the system
(2.26a). General solution of (2.26a) dependson N arbitrary functions of one
variable.If a globalassumption_onthebehaviourof the functionsg,,(u) is imposed
then one can represent~/g~~(u) as a linear combinationof eigenfunctionsof the



B. Dubrovin / Integrablesystems 643

spectralproblem(2.26). For the deformationsof Fröbeniusalgebrashaving been
constructedin the appendixof ref. [15] (for the caseof a decomposableFröbenius
algebra) all the rotation coefficients y,, vanish identically. The normalization
condition(2.8b) in this exampleis not fulfilled.

I endthis sectionwith a discussionof potentialdeformationsof indecomposable
Fröbeniusalgebras.Onecanconsidera particularcaseof deformationsfor whicha
coordinatesystemu’,. . ., u”~’in the coupling spaceM existssuch that the multipli-
cation (2.11)in thesecoordinateshasconstantstructurecoefficients

3. .~.= cJ3~, (2.38a)

a,=a/au’, (2.38b)

= const. (2.38c)

(Probably, this is the generalcase.But this still shouldbe proved.)Here c~/are
the structureconstantsof a fixed Fröbenius algebra A0. The invariant scalar

product(2.12) of the deformationin thesecoordinateshasthe form

ds
2= c.J’~cvk(u)du~dud. (2.39)

This follows from (2.3). The 1-form

w—cvk(U) duk (2.40a)

is definedas

Wk(U) = (3, 3k>, (2.40b)

where 3 is the unity of the deformation(cf. the proofof lemma2.2). The 1-form cv
is closed

dw=0. (2.40c)

Vanishingof thecurvatureof the metric(2.39), (2.40) readsas a systemof PDEfor
thefunctions cvk(u). It dependson the FröbeniusalgebraA

0 ason the parameter.
For the decomposablealgebraA0 this systemis equivalentto (2.24).

It would be interestingto construct1ST for this zero curvaturesystemfor any
FröbeniusalgebraA~.Another interestingproblem is to prove that vanishingof

the curvatureof (2.39), (2.40)providesexistenceof a potential F for the deforma-
tion (suchthat clIk = clJPc~k~’cv0(u)= V,VJ.VkF(u)).This will give an extensionof the
theorem 2.1 to deformations of arbitrary Fröbenius algebras (i.e. identically
indecomposable).As wasnoted in sect. 1, this might be of usefor classificationof
topologicalsigmamodels.I hopeto do this in forthcomingpublications.
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3. Integrable hamiltonian hierarchies of hydrodynamic type, their solutions,
T-functions and topologicalamplitudes

Let us fix a solution of the WDVV equations.In otherwords, let usassumethat
the dependenceof all the (tree-level)primary correlatorson the specialamplitudes

t~=(3i~4~>a=1,...,N,

is given on the “small phasespace”T”” = 0, p > 0 (i.e. on the coupling spaceM)

of a model of topological field theory (I recall that t~= ~j~4T’3’°for T”” = 0,
p > 0). How can one calculate all the tree-levelcorrelatorsof the model on the
whole phasespacewith arbitrarycouplingsT””~’? Here I’ll show that the depen-

dence of the specialcorrelators(.~°4~>on the coupling constantsT’3” is deter-
mined by a hierarchyof integrablehamiltonianPDEsystemswith M as the targets
space.Following the ideaof ref. [13] I define the T-functionof the hierarchy.The
particular solution of the hierarchy is specified for which T coincideswith the
tree-level partition function of the model of the topological field theory. The
genus-zerorecursion relationsof ref. [21 for the correlatorsof the model are
identified with the recursionoperator of the hierarchy.And “generalizedhodo-
graphtransform”of ref. [25] (beingrepresentedin thevariational form of ref. [26])
for solving the hierarchy proves to coincidewith the string equations[2,10] (or
“pre-string” equationsin the terminologyof ref. [2]).

As will be shown in sect. 5 for the topological A~minimal model [101my

hierarchycoincideswith the dispersionlessLax—Gelfand—Dikii hierarchy(essen-
tially it follows from ref. [13]). And for the model of ref. [16] it coincideswith the
Whitham-typehierarchybeing obtainedby averagingover g-gapsolutions of the
Lax—Gelfand—Dikii hierarchy.

I startwith recallingsomeideasfrom the hamiltoniantheory [20,231of systems
of hydrodynamictype.

Let M be any manifold and v
1,. . ,vN any local coordinateson M. I recall that

the formula

(va(X), vb(Y)} =gab(v(X))5~(X_ Y) + b~(v)v~(X- Y), (3.1)

determinesa Poissonbracketon the ioop space* J~?Mof smoothfunctionsva(X),
XE S1 (Poissonbracketsof hydrodynamictype) iff the tensor

gab(v) gba(u) (3.2)

* Componentsof the loop space.2’M are numeratedby conjugate classesof the fundamentalgroup

7r
1(M). Hereonly formal theoryof Poissonbracketsis considered.All the statementsare provedfor

the componentof .2’M consistingof loops of trivial homotopyclass.
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determinesa flat metric on M (the matrix (gab(v)) is assumedto be non-degener-
ate), andthe coefficients b~(v)canbe representedin the form

b~(v)= _gad(L,)F,~(L,), (3.3)

where F,7~(v)are the Christoffel symbolsof the Levi-Civita connection~ for the
metric

ds2 —gab(v) dva dvb, (gab(v)) = (gab(v))~i (3.4)
(see ref. [20]).As in ref. [20] I shall consideras hamiltoniansonly

H=fh(v(X)) dx, (3.5)

f = f~, (“functionals of hydrodynamic type”); the density h = h(v) does not
dependon derivatives. So any function h(v) on M determinesa hamiltonian
systemon .2’M

3~v”(X)= {va(X), fh(v(Y)) dY} = w~(v)3xvb, (3.6a)

w~(v)= V~V~,h(v) (3.6b)

(a hamiltoniansystemof hydrodynamictype).

The class of hamiltonian systems of hydrodynamic type is invariant under
changesof coordinateson M. The following threetypesof coordinatesystemsare
of specialuse in the theoryof hamiltoniansystemsof hydrodynamictype (seeref.
[20] for details).

(i) Flat coordinates t”, a = 1,. . . , N

dt” dt’3, (?7~’3)=const., (3.7a)

(t”(x), t’3(Y)}~”’3~’(X—Y), (~a$)(~y1 (3.7b)

The functionals

ft”(X) dX a=1,...,N, (3.8)

spanthe annihilator of { , ). The hamiltoniansystem(3.6) in flat coordinateshas
the form

art” = ~ (3.9)

= 3/3t’3.
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(ii) Curvilinearorthogonalcoordinatesu’

ds2= ~g
1~(u)(du’)

2. (3.10)

These are of special importancein the theory of integrability of systemsof
hydrodynamictype ([25], see also ref. [20]). A system of orthogonal coordinates
u’,. . ., uNspecifiesa maximal lagrangiansubspace~c Funct(5~’M)of function-
als of hydrodynamic type (3.5). The densities h(u) E .~ are specified by the
conditionof diagonalityof the covarianthessian

V,V~.h(u)=0 for ii=j. (3.11)

Equivalently,the vector-function

cl’!’ =g~’~2a
1h, (3.12)

0, = 0/Ou’, satisfiesthe system(cf. (2.26a))

= ‘rcl’” for i =/=j. (3.13)

Here y~1are the rotation coefficients of the metric (3.10). The corresponding
commutinghamiltoniansystems(3.6) arediagonal,

3Tu
1(X)= {ui(X), fh(u) dY} = w’(u)0~u~(X), (3.14)

= 1,...,N, h a 2~,so the variablesu1,.. . ,uN are the common Riemann invari-

antsfor them (and w’(u),. . . , w”‘’(u) are the correspondingcharacteristicspeeds).
All the systems(3.14) are integrable[25] (the algorithmof integrationin the form
of ref. [26]will be givenbelow).

(iii) “Physical” (or Liouville) coordinatesv” in which the Poissonbracket (3.6)
havethe form

{va(X), vb(Y)} = [q~( v(Y)) + q~(v(X))~~’(X— Y), (3.15)

for some matrix q”~’(u). So the metric gab and the connection b~can be
representedin the form

gab(v) =q’~(v) +q~~(v), (3.16a)

b~(v) aqah(L,)/avc (3.16b)
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Thesemeanthat the functionals

fva(X) dX a = 1,...,N, (3.17)

commutepairwise.So they are the standarddependentvariablesin the equations
of hydrodynamicsof an ideal fluid (possibly,with inner degreesof freedom).Also
the hamiltonianaveragingprocedureof [20,23] alwaysprovidesa Liouville coordi-
natesystemfor the averagedsystem.The particularcaseof linear functionsqab(v)

is of specialinterestdueto its relation to vectoranaloguesof the Virasoroalgebra
[34]. It canbe shown(seebelow) that the string amplitudes

= (.~°uk~(cl~)> (3.18)

for any k1 kN> 0 (here .9~is the punctureoperator)arephysical coordinates
on the coupling space.(I recall that the flat coordinateson M are the amplitudes
t~= (.~j~>.)

Let us fix a solution of the WDVV equations(i.e. a potential deformation
c~~4(t),s~~3of a Fröbeniusalgebra).The metric

ds
2=~~

13dt” dt’3 (3.19)

determinesa Poisson bracket (3.7). Let us consider a family of systemsof
hydrodynamictype

0T~t’3=c~’3Y(t)3Xt~, a=1,...,N. (3.20)

(Note that aTlt = 3~t’3.So T
1 canbe identified with x.)

This system can be rewritten in an elegantcoordinate-freeway using the
multiplication (2.11) of vector-fieldson the coupling spaceM: a map f: ~ —sM
enjoysthe equation(3.20) if

3T”f3~3Xf (3.21)

(we considerhere 0
7-~f(X,T”) and a~f(X,T”) as vector-fieldson M).

Proposition 3.1. The systems(3.20) commutepairwise, and they are hamilto-
nian with respectto the Poissonbracket (3.7) with the (density of) hamiltonians
being equal to F~(t)respectively. Conversely, if the systems (3.20) commute

pairwise and are hamiltonian systemw.r.t. the Poissonbracket (3.7) and their
hamiltoniansare derivativesof a function F(t), then F(t) obeys the WDVV
equationsand(c~’3~(t),~ is the correspondentpotential deformation.
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Proof The “direct” part of the proposition can be verified straightforwardly
from (3.9). Conversely,if the system(3.20) is a hamiltonianonewith the hamilto-

nian

H~~=fF~dX,F~=a~F(t) (3.22)

then

= ~f
3AF (3.23)

so

= ~7~~c~E
13 (3.24)

is a symmetric tensor. The condition of commutativity of the flows (3.20) is
equivalent to the associativity condition for the structureconstants(3.23). The
proposition is proved.

Note that the functional fF1dX = ~frj~13t”t’3dX generatesthe spatial transla-
tions a~~-i= 0~.The proposition provides anotherreformulation of the WDVV
equations:a function F(t) on a spacewith a metric ds

2= ‘r
1~13dt”dt’3 satisfiesthe

WDVV equationsiff the Legendretransform

t”—sv~(t) =a~F(t) (3.25)

providesLiouville coordinatesfor the metric ds
2, and, particularly, F

1(t) is the

momentumdensity.
Remark3.1. It will beshownbelow that the form (3.25)for the transformfrom

the flat coordinatesto Liouville coordinatesprovides existence of an infinite
numberof conservationlaws of eqs. (3.20). Therefore,thisprovidesexistenceof a
rich family of non-linear changesof coordinatesconservingthe Liouville form
(3.16)of the Poissonbracket(a priori, (3.16) admitsonly affine transformationsof
the coordinatesv). Existenceof such non-linear transformationsis a featureof
hierarchiesof hydrodynamictype being obtainedfrom hamiltonianhierarchiesof
KdV-type by the averagingprocedure[20]. Another feature (“strong Liouville
property” [20])of the hamiltonianformalism of the averagedsystemsis compatible
with the Liouville form (3.16) of the averagedPoissonbracketwith the restriction
onto any affine subspace(the affine structurehereis determinedby the physical
coordinates!).This does not hold for any solution of the WDVV equations.
Explicit forms of theconstrainton F will be given in the forthcomingpublication.

The topological counterpartsof the matrix-type model seem to have this
feature.This might give a non-trivial procedureof restriction of a solution of the
WDVV equationto some subspacesin the coupling space(affine subspacesin the
physicalcoordinates(3.25)).
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Let usconstructconservationlaws for the system(3.20).
I am going to show that the flat coordinates for the connection (2.14) are the

generatingfunctionsfor the conservationlaws weneed.This gives also a recursion
operatorfor the conservationlaws.

Proposition 3.2. For any a = 1,. .., N formal series

x” =x”(t, z) = ~ ha.P(t)zP, h”’°= t”, (3.26)
p=

0

exist suchthat

3
133,,x” zc’3YOEx. (3.27)

Proof For the coefficientsh”(t) the system(3.27) gives the recursionrela-
tions

01337h””~’(t)=c13~~3~h””(t)p=0, 1, ... (3.28)

Solvabilityof themfollows from the conditions

� — � :1 6 ~ �

yf
3 ‘3y’ A J3y 13 Ay~

The proposition is proved. U

For calculationsit is convenientto rewrite eq. (3.27) in the form

a
4(a~x”)= z(34 . a~)x” (3.27’)

(the multiplication (2.11) is usedin the r.h.s.).
It is moreconvenientto uselinear combinationsof the functions(3.26)

x~(t,z) ru1a131’3(t, z) = ~ h~0(t)z”, (3.29a)
p=

0

h~~(t)=i
7~13h’3’P(t). (3.29b)

I recall (see sect.2) that

h~1(t) =F~(t) ~3~F(t). (3.30)

Particularly,

h11(t)=~s7~13t”t’3. (3.31)
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The solution x~(t,z) can be normalizedin such a way that

(Vx~(t,z), Vx13(t, —z)>=si~13, (3.32)

31x~(t, z) =zx~(t, z) +77~• (3.33)

Here V meansthe gradientand ( , > the scalarproductw.r.t. ~

V
5x,,(t, z) ~ z), (3.34)

(Vx~(t,z), Vx
13(t,w)> = i751~V

5x~(t, z)V~x
13(t, w) = ‘q~’05x~(t, z)0~x13(t, w).

(3.35)

The ambiguity in the abovedefiniton of the functions x~(t,z) has the form

x~(t,z) —* T,~(z)x5(t,z) (3.36)

where T~(z) are any power seriesin z with constantcoefficients satisfyingthe
conditions

T~(0)= (3.37)

~is~zTa(z)Tp(z) ~ (3.38)

Expressionsof the functions h~~(t)via eigenfunctionsof the gauge-equivalent

linear problem(2.26)will be given in appendixA.
The gradientsof the functionshap(t) obeydifferent bilinear identitiesthat will

be used in the following. Thesecan be summarizedin the following “generating
identity”:

%7(Vx~(t,z), Vx13(t,w)>=(z+w)Vx~(t,z)~Vx13(t,w). (3.39)

Herethe product(2.11) is usedin the r.h.s.
It is interesting that the commutators of the gradient vector fields also can be

expressedvia the samemultiplication

[Vx~(t, z), Vx13(t, w)} = (w —z)Vx~(t, z) . Vx13(t,w). (3.40)

Proposition 3.3. For any solution t = t(T
1,.. ., TN, X) of the system(3.20) the

following identitieshold:

0T~x’3(t, z) 3x[~1(3ax
13(t, z) ~1a~)}. (3.41)

Conversely,eq.(3.41) implies (3.20).



B. Dubrovin / Integrah/e systems 651

Proof For the l.h.s. of (3.41) one has

3T~X’3(t;z) =36x13(t; z)c~17~a~t”. (3.42)

Sincethe functions x13(t; z) satisfy the system(3.27),eq.(3.42)canbe rewrittenas

3T~X’3(t;z) =z
13~a~x

4(t;z)O~t
1’.

The normalizationcondition

0~x
13(t;0) ~7aj3

completesthe proof. U

The representation(3.42) of the equations(3.20) is of the Flaschka—Forest—Mc-

Laughlin (FFM) type [18] (but it doesnot coincidewith the FFM representation
evenfor the original caseof the Whitham equations!).

Corollary. The functions

h00(t) = resz~°~x13(t; z) p=O, 1, ... (3.43)
z=0

for any j3 = 1,...,N, p = 0, 1,..., are densities of conservationlaws for the
equations(3.20):

3T~h’3,P(t) =3~f~13,~(t), (3.44a)

f~13~(t)= resz’~
23~x

13(t,z). (3.44b)

Commutativityof theseconservationlaws w.r.t. the Poissonbracket(3.7) follows
from the following statement.

Proposition3.4. The Poissonbrackets(3.7) of the functionals x~(t(X),z) have
the following Liouville form

{x~(t(X),z1),x4(t(Y), z2)} = [q~13(t(Y); z1, z2) +q13~(t(X);z2, z1)]

><~‘(X—Y), (3.45a)

where

z2
q~13(t; z1 z2) = + (Vx~(t,z1), Vx13(t, z2)>. (3.45b)

z1 z2

Proof For the derivativesof q~13(t;z1, z2) onehasfrom eq.(3.39)

Vq~13(t;z1, z2) =z2Vx~(t,z1) . Vx13(t, z2).
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The I.h.s. of eq. (3.45a) hasthe form

(x~(t(X),z1), x13(t(Y), z2)} = (Vx~(t(X),z1), Vx13(t(Y), z2)>5’(X— Y)

= (Vx~(t(X)),z1), Vx4(t(X), z2)>5’(X—Y)

+z2(Vx~(t,z1) . Vx13(t, z2), a~t>8(X—Y).

This completesthe proof. U

Corollary. Functionalswith the densitiesh~~(t)commutepairwise.
The commutinghamiltonians

H0~=fh~~+1(t(X))dX a=1,...,N, p= —1,0,1,..., (3.46)

generatea hierarchyof commutinghamiltoniansystemsof hydrodynamictype

3T~.pt(X)= {tP(X), H~~}= c(~P)Y3Xt p = 0, 1, ... (3.47a)

(the functionals Hai spanthe annihilatorof the Poissonbracket(3.7)) where

C(~p)y’3= a50~h~~±1= ~ (3.47b)

So the system(3.47) can be rewritten like (3.21) using the multiplication by the
gradientvectorfield Vh~~

0T”.Pf Vh~~~a~f (3.47c)

(this is an equationfor a map f: ~ —s M solving the system(3.47)).For p = 0
onehas

= ~ (3.48)

So the system(3.47) coincideswith (3.20) for p = 0, T’~”’°~T”. The formula
(3.47b) gives a recursionprocedurefor constructingthe system(3.47) on the basis
of the system(3.20)

= 7?’~~”3A11~,p3Ta. (3.49)

For p = 1 eqs.(3.47) read

3T~,t’3= ~ (3.50)
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The particularvalue a = 1 is of specialimportance

aTI,t’3 =CAYt
3Xt, (3.51)

the densityof the correspondinghamiltonianH
11 equals

h12 = Fat” — 2F. (3.52)

For the generatingfunction x13( t, z) for the densitiesof the conservationlaws

(3.43)one obtains

aT~,,,x’3(t,z) =3~ resw ~z’(Vx~(t, w), Vx13(t, z)). (3.53)

This providesa FFM-typerepresentationof the completehierarchy(3.47).
Commutativityof the systems(3.47)providesthe commutativityof the operators

13

A p A (354(‘3,q)~’ (‘3,q)~C(~,p)~..

All theseoperatorsaresymmetricwith respectto the scalarproduct(r~~,3).
In the decomposablecasethe commutativity (3.54) implies diagonality of the

systems(3.47) in the canonicaldiagonalcoordinatesut.., uN.
It can be proved(see appendixA) that in this caselinear combinationsof the

functionals ~ form a completeset of conservationlawsof the system(3.20)(or,
of the hierarchy (3.47)). In other words, they span the canonical lagrangian
subspace~ (seeabove).It would be interestingto investigatecompletenessof the
conservationlaws ~ for identicallyindecomposabledeformation.

Let us proceedto constructionof solutionsof the hierarchy(3.47). It turns out

that, in somesense,it hasonly onesolution. The othersformally canbe obtained
by shifts along the T”’~-axis.At least it can be proved using ref. [25] for the
decomposablecase. To construct it, let us use the obvious scaling group of
symmetriesof the systems(3.47)

X—scX, T”” -scT”’°, t’3 —~t’3. (3.55)

Let us denote by T = (T”’~’) the infinite vectorwith the coordinatesT”’°.

Proposition 3.5. The hierarchy(3.47) in the domain

T” = e, X, T”’~°= o(e) for (a, p) ~ (1, 1), e —~ 0, (3.56)
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has a non-constantsolution t’3 = t’3(X, T) being invariant with respectto the
scaling transformations(3.55). It can be found in implicit form from the “varia-
tional principle”

0[11T(t) +Xt1] =0, (3.57)

where

~‘~T(t) = ~T””~h~~(t). (3.58)

Proof For scalinginvariant solutionsof (3.47)one has

(x6!~+Ec(~P)Y(t))3xt=0 /3=1,...,N.

Using (3.47b), this systemcanbe representedin the form (3.57). In the domain
(3.56) onehas

0~3JPT(t) +Xt11 =Es~,~+o(E). (3.59)

Hencethe solution t = t(X, T) locally is unique.Thereforeit satisfies(3.47). The
proposition is proved. U

The variable X canbe omitted in the solution (3.57) (sinceit canbe restoredby

a shift T”°—~T
1’°+X).

Let usconstructthe “T-function” of the hierarchy(3.47) (cf. refs. [13,14,16])for
the particularsolution (3.57). It is definedby the formula

log T
0(T)=~res res(z+w)~

z=0 w’=O

X Ez~ lw~ tTA.rT~s[(Vx5(t,z), Vx~(t,w)> — ~ t=t(TY

(3.60)

Herethe functions x~(t, z) are assumedto obey the normalization(3.32).

Proposition 3.6. The r-function (3.60) satisfiesthe following equations:

3T”~3T~’ log T
0(T) = res res(z + w)z1w_(1~(Vx~(t, z), Vx13(t,w)>.

z=O w=0

(3.61)

Proof The equations(3.57) canbe representedin the form

[res Ez~’T~Vx~(t, z)1 = 0.
z=0 r=t(T)
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Using (3.39), onehas

0T~~log T

0 = res res~ + w)~Ew~’T~,~
z=0 w==0

x [(Vx~(t, z), Vx~(t, w)> — ?1a~L]

+ ~ res res ~zntw5lTA.TT~~(VxA(t, z) . Vx,~(t, w), 0~r~pt>
z=0 w=0

=res resz_~)_1(z+w)~
z==0 w=()

x ~w IT~~s[(Vx~(t, z), Vx,~(t, w)> —

The derivativeof this expressionw.r.t. ~ canbe calculatedin similar way. The
proposition is proved. U

Let us introducea notationfor thegeneratingfunctionof the secondderivatives
of log To

z, w) = (z + w)~
1[(Vx~(t,z), Vx

13(t, w)> —

= ~~ap)(’3q)(t)zW. (3.62)

The proposition implies

0T””3T°~’ log r
01 = J~Z~~~,p),(f3,q). (3.63)

Note that the Poissonbrackets(3.7) of the functionals h~0(t(X))have the form

(h~~(t( X)), hpq( t(Y))} = [~a,p)4’3,q- l)( t(Y)) + ~‘3,p),(a,q- )(t(X))]

x6’(X—Y). (3.64)

For the coefficients one hasformulae

= Fa13~ (3.65a)

= ~ (3.65b)

= a13h~ ~, (3.65c)

~a,p),(1,1) = (tAaA — 1)h~0±~, (3.65d)
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~a,0),(1,1) = Fa
5tA — F~, (3.65e)

~1,1),(1,1) = F5.~t
5t’~— 2FAt” + 2F. (3.6Sf)

Also onehas an identity

resw°V~
1(t;z, w) =x~(t,z). (3.66)

w=0

The recurrencerelation(3.49) reads

= 7J/J~3 13) log T0

3T”°~ (3.67)

Particularly, one obtains recurrencerelation for derivativesof the T-functions
T = T

0

3T”P0T1’*3TY’ log T = (0T~.P—I0T0° log T)57’~0~a,O3~f3,q0~y.rlog T. (3.68)

The identities

a~(ET”’~h~~)=o/L=1,...,N,

for finding the solution (3.57) read

~ ~ log T

0 + T~,0= 0. (3.69)
p>-.’

1

Also the r-functionsatisfiestheEuler identity

~ log r
0=*2 log T0. (3.70)

Let us introduceexplicitly the shift

—s T” + 1, (3.71)

into the solution (3.57).Thus the functions t’3(T) are specifiednow by the system

(3.72a)

~T(t) = ~T(t) — ~.q~13t”t’3. (3.72b)

They are well-defined for sufficiently small T. The solution t = t(T) can be
consideredas the fixed point of the gradientmap t #-s

V~PT(t)=t. (3.73)
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For the vectorfields 3T~.ptfrom (3.73) and(3.28) oneobtains

Vh
aT~.Pt= a — ~ TY~~Vhyq~

1~ (3.73’)

q>> I

Since ~ = c~=~is the unity for the multiplication (2.11), the denominatoris an
invertiblevector-field in someneighbourhoodof the “small phasespace”T~”= 0,

q>0.
The formula (3.60)for the T-function shouldbe modified by the sameshift

log r11(T) = res res Ez ~w TATT~.0r/~(t(T);z, w)
z=0 w=0

— res resw~
2~ 1T~v

51(t(T); z, w) + ~~“~11)(11)( t( T)).
z=0 w-=0

(3.74)

The identity (3.63)(but not (3.70)) is still valid for this r-function.
Let us considerthe restriction of the solution (3.72) onto the N-dimensional

vectors

T~=(T”° T~”
0,0, ...). (3.75)

For thesevectors one has

~T
0(t) = ‘q~13T”’°t’3— 217~,3tt. (3.76)

This gives an obvioussolution

T”’°—t” a=1,...,N, (3.77)

of the system(3.20). So a solution t = t(T) of eqs.(3.72) canbe specifiedin sucha
way that

t”(T) T”’° for small T— T0. (3.78)

Furtherin this section I shall useonly this solution of eqs.(3.72).

Proposition 3.7. The i--function (3.74) restricted Onto the subspace(3.75)
coincideswith the primary partition function

log T11(T0) =F(T0). (3.79)

Proof This follows from the formulae(3.65).
This proposition can be consideredas a hint to considerthe i--function (3.74)

for any T as the (tree-level)partition function of a model of topological field
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theory coupled to topological gravity with given primary operator algebra.The
additionalargumentsare provided by eqs.(3.68)and(3.69). Eq.(3.68) still is valid
for the i--function (3.74). It can be considered asWitten’s recursionrelation [21for
the tree-levelcorrelatorsin topological field theory

= p—l(4a)~A>~cl’e~cl~A4)B>, (3.80)

where

= 0q(4)j~), 4B =

and the correlatorsof the descendants~ are defined by the derivativesof
log i-

(uP(4~)~A>
3T~~,P3TA0log r

11, (3.81a)

(0~p(clha)0q(4~~)0r(4sy)> =

3T”~3T’~~3T”’log i-

11. (3.81b)

So thevariablesT” canbe consideredas the descendantcouplings.Note that for
the punctureoperator~9= O~(~i) the correlators(.~°cb~>havethe form

= OT.)aT~.) log T t~ (3.82)

(the identity for any T, cf. ref. [10]). So (,~cl~) are the flat coordinateson the
coupling space.

The identity (3.69) afterthe shift (3.71) reads

~ ~ log i-11 + T,.’~1=
3T~~3T”°log ~r

11 t~, (3.83a)
pz~1

or, after integration

~ T”~0~-,,,p-ilog ~r11+ ~7J~’3T”’°T’3’°=0Tl.olog T11. (3.83b)
p~

1

(vanishingof the integrationconstantcan beprovedby reducingto T
0 and using

(3.49)).
This is nothingbut the string equation[2,10).
Trivial example. Let us considertrivial deformationc~135= const.of an N-di-

mensionalFröbeniusalgebraA. Let e1 = e,. . . , e~,be a basis of the algebra,

e~e13=
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The solutions x~(t,z) of eq. (3.27) havethe form

x~(t,z)=z’(e~,expzt—e), (3.84)

where

t=t’e5aA. (3.85)

The function (3.62) hasthe form

z, w) = (z + w)’[(e~e13,exp(z + w)t) — (en, e13>]. (3.86)

The physicalcoordinatesare

2

v~_3~F=~(e~,(t) >. (3.87)

Their Poissonbrackets(3.7) are linear (the so-calledLie—Poissonbrackets)

{v~(X), v13(Y)) = [c~e13v�(Y)+c13~~v�(X)J~’(X_Y) (3.88)

(see (3.64)). Thereforelinear functionalsof v~(X)form an infinite-dimensional
Lie algebra.For N = 1 it coincideswith the Lie algebraof one-dimensionalvector
fields (i.e. thezerochargeVirasoroalgebra).ForN> 1 the Lie algebrasbeing dual
to (3.88) were studiedin ref. [34] (also the quadratictransformsof the type (3.87)
wereusedfor reductionthe Poissonbracket (3.88)to a constantform). Also some
non-commutativeand non-associativegeneralizationof Fröbenius algebraswas
proposedin ref. [34]. This also gives rise to linear Poissonbracketsof the form

(3.88) (but c13
6~‘�‘ c~~

13).It would be interestingto investigatepossiblerelationsof
thesenon-associativeanaloguesof Fröbeniusalgebrasto topological field theory.

The hierarchy(3.47)hasthe form

13T~~,Pt= —!-e~(t)°3xt. (3.89)p.

Let us introduce vectors

T’~’=T””~e~EAp=0, 1, ... (3.90)

The i--function(3.74) hasthe form

(T~ (t)P+2>
log T = ~(e, (t)~> — ~ (p + 2)p!

(TPT~,(t)’~”~1>
(3.91)

2pq (p+q+1)p!q!
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Herethe dependencet = t(T) is determinedby the “fixed-point equation”

G(t)=t, (3.92a)

where

G(t)= ~ TPL~—. (3.92b)

p—0

The solution hasthe well-known form

(3.93)

(infinite numberof iterations).
Note that for the T””°-derivativescanbe found from (3.92) in the form

p
e~(t) /p!

3T~,Pt (3.94)
e— ~

(the denominatorfor small T is an invertible elementof the Fröbeniusalgebra).
The formulae (3.86) and (3.91)—(3.94)complete the solution of the topological
model with constantprimary correlators.So

e ,= (;+q + 1)p!q! (3.95)

1= p!q!r! (e~e
13e~,e — ~ T0(t)0~/(s — 1)!>~ (3.96)

s~1

etc. For N = 1 the formula (3.95), (3.96)coincidewith the “pure gravity model” [2]
(up to normalizationof the coupling constants). For N> 1, particularly, one
obtainsthe correlatorsfor the K3 model [5]. In this case N = 24, the Fröberiius
algebrais the cohomologyalgebraof a genericK3 surface.So it hasgeneratorsP,

., Q22, R in dimensions0, 2 and 4 respectively.The multiplication has the
form

P is the unity, Q~R=R
2=0. (3.97)

Here (mi) is a non-degeneratesymmetricmatrix.The scalarproduct(the intersec-
tion number)has the form

Th’R = 1, ‘I7QQ = lii]. (3.98)
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This is not a decomposablecase,so the formulae (3.91)—(3.94)cannotbe decou-
pled into a sumof N one-dimensionalentries.

Examplesof non-constantc~13~(t)will be consideredin sect. 5.

4. Self-similar solutions of the WDVV equations

Let us look for solutionsof the WDVV equationsself-similar with respectto
somescalingtransformations

t”sk’”t” a=1,.,.,N, (4.la)

ds
2= dt” dt’3 .—s k2~’~ds2, (4.lb)

—. k*3YC
13 (4.lc)

for some q1 = 0, q2, . . . q~,d, 1 (it will be shown that I = d). Thenthe deformed
Fröbeniusalgebra~ c,,~’13(t)can be consideredas the perturbedchiral algebra

of a model of topological conformal field theory. Here q~are the chargesof the
primaryfields and d is the dimensionof themodel.In theconformalpoint t = 0 (if
it belongsto the coupling space)eqs. (4.1) imply the tree-levelsuperselectionrules
[10] for the primary correlators:~ ‘� 0 only for a1 +a2 + ... =d. In this
casethe WDVV equationscanbe reducedto a systemof ODEs.This ODE system
will be investigatedin this section.

Only decomposablecasewill be consideredhere.For a self-similar solution of
the WDVV equationthe rotation coefficientssatisfy the similarity condition

y11(ku)=k~y1~(u). (4.2)

So the similarity reductionof the gaugeequivalentsystem(2.24) hasthe following
“standardized”form:

3k~/ij = YikYki for distinct i, j, k = 1,. . ., N,

N

ay
01 = 0, a = = yji,

k=l (4.3)

For N = 2 the system(4.3) is linear andcanbesolvedeasily(seeexample5.1 in the

sect. 5).
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For the first non-trivial caseN= 3 the ODE (4.3) can be written in the form

F2’3 = F21F13, (zF13)’ = —F12F~, [(z — 1)F12]’ = F13F23. (4.4a)

Here

1
z= ~2_~3’ y,1(u) = U2_U3~I(z) =y11(u). (4.4b)

The system(4.4a)canbe reduced[30~Ito a systemof thesecondorder equivalentto
a particularcaseof the Painlevé-VI equationusingthe first integral

+ (zF13)
2+ [(z — 1)F

12]
2 = const. (4.4c)

For any N ~ 3 one obtainsa non-linearsystemof ODE of order N(N — 1)/2

(multicomponentgeneralizationof the Painlevé-VI).The isomonodromicdeforma-
tions method can be usedfor solving the system. I will show here how one can
calculatethe scaling dimensionsqa, d, 1 in the frameworkof the isomonodromic
deformationstheory. It will be shownthat in the self-similarcaseonecanexpress
the deformation(ca°y(t),~a13) via y,

1(u) by algebraicoperationsand quadratures.
Let us startwith a commutationrepresentationof (4.3).

Proposition4.1. The system(4.3) is equivalentto theequationsof compatibility
of the linear problem(2.26)with the system

za~i/,=(zU—[U, F])i/i. (4.5)

Here

(4.6a)

U=diag(u
1,...,u”), (4.6b)

F= (y,
1(u)). (4.6c)

Proof The system(2.26)underthe condition (4.2) is invariantwith respectto
the transformations

u—~cu, z—~c’z, tji’-si/i. (4.7)

Henceit commuteswith the operator

N

~u’31—z30. (4.8)
1=1
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Action of this operatoron the solutions of (2.26) can be written in the form
(4.5). The proposition is proved.

The system(4.5) is a linear systemof ODEs with rational coefficients in z
dependingon theparametersu’, . . . , ui~’.The standardcorollaryof the proposition

(see, e.g. ref. [31]) that the dependenceof the coefficients on the parameters
u

1,. . . , U” is an isomonodromydeformationof the equation(4.5). So the mon-
odromy matricesof (4.5) parametrizethe generalsolution of (4.3). Any solution of
(4.3) locally is an analytic function of the variables ut,. . . , ~ Solutionsof (4.3)
with different reality conditionsof the form y,~’= ±y~

1were constructedin ref.
[26]. SeeappendixB for generalsolutionsof (4.3).

If a solution y,1(u) of (4.3) is defined in a neighbourhoodof the diagonal
hyperplanesu’ = u~then for u’ — u~—s 0 onehas

y11(u) = + 0(1) (4.9a)

for someconstants =

Yk,(U) = 0(1) for (k, 1) o~’(1, j). (4.9b)

It would be interestingto investigatedependenceof the parameters,a,~on the
monodromymatrix of eq.(4.5). I hope to do this in the next paper.

Anothercorollary of proposition4.1 is very importanthere

Proposition 4.2. Eigenvaluesof the matrix [U, F] are integralsof the system
(4.3). If a vector-function cli = (~, .. . , ~ obeys the system(2.28) and the
similarity condition

cli(cu) =c’~i(u), (4.10)

then cl’ is an eigenvectorof the matrix [U, F] with the eigenvalue—p.
Proof From (2.26), (4.5) for z= 0 oneobtains

dk[U, F] = [Ek, F], [U, F]] k = 1,..., N (4.lla)

where the matrix Ek has the form

= ~ikökj. (4.llb)

Hencethe eigenvaluesof [U, F] do not dependon uk. From the Euler identity

>uk3k~ pcl’
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for the homogeneousfunction iji satisfying(2.26), for z = 0 oneobtains

[U, F]~= —psi’.

The proposition is proved. U

Note that the eigenvaluesof [U, F] are the local monodromyindices of (4.5)
nearthe singular point z= 0.

The following statementis a rigidity theoremfor real decomposableFröbenius
algebraswith positiveinvariant scalarproduct.

Corollary. Any self-similarpotential deformationof realdecomposableFröbe-
nius algebrawith positiveinvariant scalarproductis a trivial one: ca~’13(t)= const..

Proof For positive metric ds
2 the canonicalcoordinatesut, . . . , uN are real

(for real t). The diagonalentriesg,
1(u) of the metric in thesecoordinatesalso are

real andpositive. Hencethe rotation coefficientsy,1(u) = y11(u) are real, and [U,
F] is a real skew-symmetricmatrix. All non-zeroeigenvaluesof the matrix are
imaginary.So the matrix [U, F] shouldequalzero identically.This meansthat the
deformationis a trivial one. U

Theorem 4.1. For any self-similar potential deformationof a decomposable
Fröbeniusalgebrawith the indices q1 = 0, q2,... , q,..,,, d, I (see (4.1)) the corre-
spondingmatrix [U, F] is a diagonalizableonewith the eigenvalues

/~a —~d+q~a=i,...,N—i, ~ (4.12a)

The correspondingeigenvectorsifr’~ havethe form

~ =g:
t/23.t” a = 1,..., N—i, ~ =g,~2, (4.12b)

andobeythe normalizationconditions

= 1 (naP) = (~a

13Y’ (4.12c)

Conversely,let F = (y,~)be any solution of the system(4.3) suchthat the matrix [U,
F~1is a diagonalizableone. Let the eigenvaluesp~,. . /-

5N of the matrix are
orderedin such a way that

i~N—a+1 l~a~ (4.13)

Thena self-similar potentialdeformation(ca~’
13(t),?1a~)of a decomposableFröbe-

nius algebrawith the canonicaldiagonal coordinatesu’,.. . , u”” exists with the
indices d, I, q1, . . . , qN of the form

d=
2p.N, l=d, q~=~yd+p~~. (4.14)
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Jf ~ is any basisof eigenvectorsof the matrix [U, F],

[U, F]~fr” = l~acl’, (4.15)

then the metric g,, andthe flat coordinatesta canbe determinedby theformulae
(4.12b)wherethe vectorsi~Y~havethe form

(4.16)

for somematrix T~’= T~’(u).If the eigenvaluesp~,of the matrix [U, F] aresimple
then the matrix T~”(u)is a diagonalone,and its diagonalentriescanbe found by
quadratures.The invariant scalar product ~7a13has the form (4.12c), and the
structureconstantsca~’13(t)havethe form

N

= naA~ylJ.’cY = cl” (4.17)

Proof For a self-similar deformationwith the indices d, I, q1,... , q~ the
correspondingsolutions clJc~ of the system(2.28) havethe form (4.12b). They are
homogeneousvector-functionsof the weights Pa = — qa + ~d. So the first part of
the theoremfollows from proposition4.2.

To prove the secondpart we usethe equation(4.lla). The equationmeansthat

the operators

3k—[Ek, F] k=1,...,N, (4.18)

commutewith thematrix [U, F]. Also theycommutepairwisebecauseof (2.26). So
they can be diagonalizedsimultaneouslydue to diagonalizabilityof the matrix [U,
F]. The diagonalizationprocedurehasthe form (4.16). Forthe caseof non-degen-
eracyof the spectrum[U, F] onehasfor any a

(~k— [Ek, F])~’ fkai/,a k = 1,...,N, (4.19)

for some functions f~’(u). The diagonal matrix 7~’= can be found by
quadraturesfrom the equations

3k log T,~”=fk°’ k= 1,...,N. (4.20)

The theoremis proved. U

Remark4.1. If p. is a degenerateeigenvalueof the diagonalizablematrix [U,
F] of the multiplicity 1, and ~JJ(I),.. . , are correspondinglinearly-independent
eigenvectorsthen insteadof (4.19)onewill have

(~k— [Ek, F])~(”) = bl (4.21)
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for some matricesf~°.Thesematricescommutepairwisefor different k. If they
can be diagonalizedsimultaneouslythen the correspondingbasis cl’~~,•. . , ~j(

1) of
solutionsof (2.15b, c) also canbe found by quadratures.

Remark4.2. The functions f~can be found explicitly. E.g. if an eigenvector
~ of [U, F] is normalizedin such a waythat

N

~ 4’Jf’ = I (4.22a)
1=1

then

f~=~Yok(~o~k) k=1,...,N. (4.22b)

The solutions~J’a= (1uja(tt, z))of the linear system(4.5), canbe chosenin such a
way that

cluja(t~1~,c~z)=CliatIJja(U, z),

(4.23)

They satisfy the equation

Z3ziIJa=(ZU~[U, F1)iIia~~iaiIia. (4.24)

For the coefficients

~a(” z) = ~ ~ap(U)Z~, ~ap(U) = (clhj(ap)(U)) (4.25)
p~0

onehas

[U, F]~a
0= p.a~aO’ (4.26)

so

iIJi(aI))(U) ~ia13cl’i°(tL), (4.27a)

([U, F] +p +p.1a)cllap(U) = Uclfa,p_i p~1. (4.27b)

In the non-resonantcasewhere

~ap~P~° p=l,2..., (4.28a)
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or, equivalently

q~~~-q13+pr~0p=l,2,..., /3=1 N, (4.28b)

this gives a recurrenceprocedurefor finding the functions cli.a(u, z). The formula
(A.13) thenprovidesan expressionfor the functions xa(z)(and, particularly, for
the flat coordinates ta), and the formula (A.12) gives the expressionfor the

function Va13(Z, w).
The densitiesha,p(t)andthecoefficientsV(a,p),(Oq)(t)with respectto the scaling

transformations~a ,- ~ transformin the following way:

hap —~ Cl+~~+P_dh~p, (4.29a)

,- ~ I _d(/~a,p).(I3.q). (4.29b)

So the hierarchy(3.47)is invariantwith respectto the transformations

~ ~

,~~i-q~-p7~n.p (4.30)

The i--function (3.74)with respectto thesetransformationshas the weight 3 — d.
This gives the identity

~ (p + q,~ — l)T”‘
3T~~.,~ log i-

11 = (d —3) log r~. (4.31)

Note that the term with thenumber(a, p) = (1, 1) cancelsin the l.h.s. of (4.31).
That meansthat the i-0-function (3.60) satisfiesthe sameequation(4.31). I recall

that the T0-funtion is a homogeneousfunction of the degree2 (see(3.63)).This can
be used(as in ref. [19]) for constructionof self-similar solutionsof the hierarchy
(3.47) with other similarity indices. Let us fix (a, p). The T-function i-ap(T) is
defined(formally *) by the shift

i-a,p(T) = T11(T
1’°,.. . , ~ + 1, . . . ) = i-

11(T
1° T~— 1,..., T” + 1, ..

(4.32a)

The correspondingsolution t = t(T) of (3.47) is determinedby the variational

problem

V(iT(t) — hap) = 0, (4.32b)

* The shift (4.32a) might not be well defined due to the gradient catastrophefor the system of
hydrodynamic type (3.47) (see ref. [20) for discussionof the role of self-similar solutionsof the
Whitham hierarchyin investigationof dispersionlessshock-waves).



668 B. Dubrovin / Integrablesystems

cf. (3.57), (3.73)).Thisis theself-similarsolution of (3.47)w.r.t. the transformations
(cf. ref. [10])

~
13—~c~~et~ (4.33a)

T13” —÷~ (4.33b)

The shifted i--function satisfiesthe equation

—~ ~ +r)T13r3~-p~log Ta,p = [d 1 + 2(P+q~)] log i-apj (4.33c)13 ,r

Therefore the self-similar solutionsof the hierarchyof hydrodynamictype (3.47)
are in one-to-onecorrespondencewith the multi-critical topological models (see
ref. [5]). In the multi-critical point (4.33) onehasin the notationof ref. [10]

Ystring”(’1 1)/(p+q~). (4.33d)

We end this section with the discussionof bi-hamiltonian structureof the
hierarchy(3.47)for self-similarpotentialdeformationsof decomposableFröbenius
algebras.In this case anotherflat diagonal Egoroff metric is determinedon the
coupling spaceM. Let

d~2= ~ g
1(u) (du’)

2. (4.34)
i=1

Lemma4.1. For a flat Egoroff metric ds2= E~
1g10(u)(du’)

2 with scaling-in-
variant rotation coefficientsy,~(cu)= c 1y,

1(u) the metric

ds~b= ~ (du’)
2 (4.35)

also is a flat one.
Proof The rotation coefficients of the metric (4.35) with respect to the

coordinates

= log(a + bu’) (4.36)

equal

1 ü’ + ~ eu’ — a e~~V— a

~ii=~ex~( 2 b ~ b (4.37)

Since y.
1(u) = y10(u) obeythe samesystem(2.24) the coefficients‘~(u)obeythe

samesystemwith respectto the u-variables. U
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Proposition4.3. The Poissonbrackets{ }~ and ( , are compatible(i.e.
any linearcombinationof them again is a Poissonbracket).Functionalsfrom the

canonicallagrangiansubspace2’ (3.46)commutewith respectto { , }d~2.For any
homogeneousfunction h(u) E 2’, h(cu) = c’7h(u), the following identity holds:

{. , fh dx) (d_1 +q){~ , f~_i~dx} . (4.38)
d52 2 do2

Proof Let g,
3 any~ be anytwo flat metricswith thecorrespondingLevi-Civita

connections17~and F4. They determinetwo Poissonbrackets{ , }~ by formula
(3.1).

Lemma4.2. The Poissonbrackets{ , }~ and { }~ arecompatibleiff the
metric ag’

3 + bg” is a flat onefor any a, b andthe tensor

77I =1’, —17, (4.39)

satisfiesthe condition

g1t,~kOTJ = gktg_IsTJ (4.40)

Proof As it wasprovedin ref. [23], formula (3.1) determinesa Poissonbracket
(for non-degeneratematrix g”) iff the coefficients ghi are the contravariant
componentsof a flat metric and are the Christoffel symbolsof the correspond-
ing Levi-Civita connections.For the linear combination at , }d02 + b( }d.t2 the
coefficient before ~‘(x —y) equalsag’3 +b~’3.So this metric shouldbe a flat one.
Eq. (4.40)is equivalentto the symmetryof the correspondingconnection. U

In our caseone has

ag’~+bgt~=g1’(a+bu’)Y’. (4.41)

Flatnessof this metric was provedin lemma4.1.
The tensor(4.39) hasthe form

T,’, = — ‘~. (4.42)

Eq. (4.40)for this tensorcanbeverified straightforward.
To provethecommutativityof functionalsfrom 2’ it is sufficientto verify (4.38)

sincethe homogeneousfunctions h(ap) span 2’. We recall that for a flat Egoroff
metric

df2 =
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the functional H = fh dx belongs to the canonical lagrangian family iff the
vector-function

~“

3, = 3/Oü’, satisfiesthe system

3~i/i/’=-~’,~i/iJ’i=�’j. (4.43)

Then

{ü’(x)~ fh(u) d~} =~1/2ã~, (4.44a)

N

3= ~3,. (4.44b)
i—= 1

In our case in the coordinatesii’ = log u’ the componentsof the Egoroff metric
(4.34) are

= u’g~, (4.45a)

andthe rotation coefficientsare

= ~ (4.45b)

So

= ~,/~icl,h (4.45c)

where i/J,~” = g,7
1”23~h.So the function i/f,” satisfiesthesystem(4.43)iff the function

i/f,” satisfiesthe system

3 ,/~= ,A

1’1’, Yij’o’j•

That meansthat the canonicallagrangiansubspaces2’ and 2’ coincide.
The formula(4.38) follows from (4.44a)since

N
~ =u’O,..

The proposition is proved. U

Corollary. In the non-resonantcase

d+1

2 —q_+p~0 foranyp=0,1 (4.46)
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all the equationsof the hamiltonianhierarchy(3.47) are also hamiltoniansystems
with respectto the secondPoissonstructuret

As follows from (4.38) therecursionoperatorfor the compatiblepairof Poisson
structurescoincides(up to multiplication by a constantmatrix) with the operator

For the example5.3 of sect. 5 (below) the non-resonanceconditions(4.46) are

valid. But for the example5.4 there are g “resonant” systemsin the hierarchy
(3.47). The functionals ft”dX, a = n,. .. , n + g — 1, belong to the annihilator of
both the Poissonbrackets{ , )d22 and ( ,

Remark4.3. The differencetensorT,~(4.39), (4.42)determinesa newmultipli-
cation of vectorfields (seesect. 2) by the formula

(4.47)

13, = 3/3ü’, IV = log u’ (we omit the coefficient — 1/2). Themetricsds~~(4.35)are
invariant for thismultiplication for any a, b. So

N ~ 0u’ 0u’ 3t1’
Ca137

is a potential deformation.But the normalizationcondition(2.8b) doesnot hold,
since the unity 13 = E,3, is not covariantconstant.

5. Main examples

Any solutionsy,

1(u) of the system(2.24) determinesa N-parametricfamily of
solutions of the WDVV equations.The system(2.24) can be solved using the
standardmachinery of the “inverse spectral transform” (see, e.g. [28,29] for
localized solutions, [29] for algebraic geometry solutions, [26] for self-similar
solutions).Thereare also solutionsin elementaryfunctions.

Example 5.1. N = 2. The system (2.24) is linear. The general self-similar
solution has the form

i/-L
y12(u) = y21(u) = — ~2’ (5.1)

for somereal~s.The basis l/J,,/U) of solutionsof the system(2.28) for z = 0 hasthe
form

a ~ a~ —p
i/i1 = 7~(j,~i.’)’ cl’2— -ç7~’-( r~) r=ui —u

2, (5.2)
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for any a ~ 0. Let p. — -~.Then the flat coordinateshavethe form

u
1+u2 a2r2’°~

53
2 ‘ 2(2p.+1)

Themetric ds2 hasthe form

ds2= ~a2[(ui — u2)”~(dui)2 — (u’ — u2)2~(du2)2J= 2 dt’ dt2. (5.4)

Here

q
1=0, q2=d= —

2p.. (5.5)

For p. ~ ±1/2, —3/2 the primaryfree-energyhasthe form

F = ~(ti)2 + a 2(1 —2~)(2~+3) [2a _2(2~+ 1)] -4~/(2e+ (~2)(2 3)/ti ÷2~)

(5.6)

For ,u = — 1/2 (d = 1) the flat coordinatesare

a2
2 t2=~~_log(Ui_u2). (5.7)

The potential F(t) is not a homogeneousfunction

F(t)=~(t1)2t2+2_6a2exp4a_2t2 (5.8)

(the free energyof the CP’-model[5]). For p. = 1/2, —3/2 theformula (5.3) still is
valid. And logarithmsshouldbe involved into formula (5.6). The deformedchiral
algebraof two elementse

1 = e, e2 has the form

e1e1=e1,e1e2=e2, e2e2=a4[2a_2(1_d)t2}
2’~h’)ei, d~1, (5.9)

and

e
2e2=a

4(exp 4a2t2)e
1, d= 1. (5.10)

In fact, all the formulae were obvious a priori. Only their dependenceon the
“inversedata” is not obvious.And this dependenceis importantfor calculationof
the i--function.



B. Dubroiin / /ntegrable systems 673

The solutions i/f,,/U, z) of the linear system(2.26) havethe form

cl’
11 = 2 I~L_l/2(rz) + I~+1/2(rz) e~”~’~

2~(5.11)

~21 ~ Z iEI~_i/
2(rz)I~±i/2(rz)1

i/si2 = (Z~~OV_ I_,.’_l/2(rz) + I.~ /2(rz) e~hI’+~A

2) (5.12)

~22 ~ \ 2) i1J~±i/
2(rz) — L~i/2(rz)]

Here r = — u
2 the modified Besselfunction I~(x)(see ref. [35]) is determined

as the solution of the equation

x2I~’+xI,~—(x2+v2)I~=0, (5.13a)

of the form

o + 2,n

I~(x)= ~ (z/2) (5.13b)
,~=o m.F(v+ m + 1)

The function Vap(Z~w) can be calculatedusing the standardexpansionsfor
productsof Besselfunctions.

Example5.2. Let us consider4-dimensional Fröbeniusalgebrawith a basis
P = e, Q, R, S andwith the multiplication given in the table

x P Q RS

PP Q RS

Q Q f”(tQ)R S 0 (5.14)

R R S 00
S S 0 00

Heref is an arbitraryfunction.This deformationis indecomposable.The symmet-
ric scalarproducthasthe form r~= = 1, otherwisezero.Let tp, 1Q, 1R’ ts be
the correspondingflat coordinateson the coupling space.The flat coordinates
Xa(t, z) of the perturbedconnection(2.14) canbe foundexplicitly:

xp = [t~ + Zt

0tt~+ z
2(tQf’(tQ) — 2f(tQ))] ezu1~,

xQ= [tR+zf’(tQ)l ez~1~,

= /~ezu1~,

x
5=z~[e~’”— 1]. (5.15)
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The generatingfunction for the doublecorrelatorsVao(t; z, w) = V,~a(t; w, z) have
the form

Vpp(t;z,w)=[ts+(z+w)tQtR+(z2_zw+w2)(tQf~(tQ)_2f(tQ))

+zw(tQf”(tQ) —f’(t~))] ~

VpQ( t; z, w) = + zt0f (ta) + (w — z)f’(tQ)] ~

J7PR(t; z, w) = tQ ~

Vps(t; z, w) = (z + W)[e~’~’P — 1],

l/QQ(t, z, w) =f”(tQ) ~

VQR(t; z, w) = (z + w) [e~”~’~ — 1], (5.16)

other componentsof the matrix l~’~vanish.This completesthe solution of the
model. Particularly, for the case

f”(t) =bt+e’’ (5.17)

(b, c are some constants)one obtains the correlatorsof the topological sigma
model with a Calabi—Yautargetspacebeing consideredin ref. [5] (in the casethe
Calabi—Yaumanifold hasthe smallestpossibleHodgenumbersb00 = b1~= b77 =

b33 = 1).
Example 5.3. (see ref. [10]). The coupling space for the A~_1-topo1ogical

minimal model is a set of all polynomialsof given degreen of theform

M = {A(p) =p” + a,,2p”
2 + ... ~ . , a~

2~ C). (5.18)

Here N = n — 1. For any polynomial A E M (it is called a Landau—Ginzburg
potential) the FröbeniusalgebraA = AA is the algebraof truncatedpolynomials

C[ p]
A5 = (A’(p) =0)’ (5.19)

with the scalarproduct

1 f(p)g(p)
(f(p), g(p))= —— res , . (5.20)

np==oo A(p)
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It is easyto see that (4.19), (4.20) is a Fröbeniusalgebrafor any A(p). This is a
potentialdeformationas it wasproved in ref. [10].

The affine structureon M is introducedin the following way. Let /~=

A), a = 1,...,n — 1, be the orthogonalbasisof A5

Ki/~a, ~ = 71k, 8a+j~,n’ deg 4a = a — 1. (5.21)

For the polynomials 1/3,, in ref. [10] wasobtainedthe formula

~,0(p; A) = ~~[A~(p)}~. (5.22)

Here[ ]~ meansthepolynomial(in p) partof theseriesA”(p). The dependence
of A(p) (i.e. of its coefficients)on the flat coordinatest” are determinedby the
equations

0A(p)

____ = /~a(p A) a = 1,.. .,n —1. (5.23)

It was observedin ref. [13] that eqs. (4.23) and their solution in ref. [10] have a
natural interpretation in the theory of the dispersionlessGelfand—Dikii (GD)
hierarchy. Also a notion of i--function of this dispersionlesshierarchy was pro-
posed in ref. [13] to obtain a formula for the primary partition function of the
model. I recall that the GD (or generalizedKdV) hierarchyhasthe form

= [L, (L”/”)~], (5.24a)

where

L = 0” + a,,_2(x)3”
2 + ... +a~(x), (5.24b)

is an ordinarydifferential operator,3 = 0/Ox, and ( )~ meansthe differential part
of the pseudo-differentialoperatorL°”. The dispersionlessapproximationcanbe
obtainedfrom (5.24) by the substitution

a, = a
1(X, Ti, ...), X= ex, T~’= ei-”, e —‘0, (5.25)

and taking the leading term in E. The FFM representationof the dispersionless
GD hierarchyhasthe form

07~/ dp = = 3~dcP,, ~ (5 .26a)

‘~Pq=[A”~”(p)]~. (5.26b)
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It canbe rewritten via wronskians[13]

0rqA(p) = 0pA(Ox~I3q)p_~
0~~1— 0p~q(0x~~’~)pconsi.. (5.27)

The standardcalculationof ref. [18]gives that the diagonalcoordinates(Riemann
invariants)for the hierarchy(5.26) arethe critical valuesu

1 u”1 of A(p)

u’=A(p,) i=1,...,N=n—1, (5.28a)

where

A’(p,)=O. (5.28b)

The characteristicspeedsare

dP
Vqj(U) = ~ , (5.29a)

dp ,~“,.

= t’qj(U)0A~U’ ~= 1,..., N. (5.29b)

It canbe shownthat the hierarchy(5.29) coincideswith (3.47)for themodel (up to
normalization of the variables TO. The algebra A

5 is decomposableif the

polynomial A’(p) has simple roots. So u’,. . .,uA~are the canonical diagonal
coordinates.The metric ds

2 in thesecoordinatesequals

N (du’)2
ds2= ~ A” (5.30)

i=i (~~)

Let us provenow that the functions

ha ~ = — res ~(a/n)+q dp a = 1,..., n — 1, q = 0, 1,..., (5.31)
(a/n)q p=~

(a)qwa(a+1)...(a+q—1) (5.32)

on the space(5.18) are the basic conservationlaws (3.43) of the hierarchy(5.29).
Indeed,from (5.26) it is obviousthat (5.31)are densitiesof conservationlaws. One
needsto verify only the recursionrelations

Oha,q=ha,a_i, q~l, (5.33a)

S9haO= const., (5.33b)

~ 0,=0/0u’. (5.33c)
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To do it let usobservethat the translationalong A of the form

A ‘—s A + c, p —~p, a~—~ a,, i ~ 0, a0 —~ a0 + c, (5.34)

is equivalentto the translationalong ut + ... +uA~.So

Ohaq= ~ha.q(U’ + ~ UN +

= 1 res ~((A + )(a/n)+q dp(A +

(a/n)a p.=oo dc

= resA~’~
1 dp. (5.35)

(a/n)qi p’~’

This gives (5.33a)for q ~‘ 1 and

0h
0= resA

t’°~”~dp=~a,n—l (5.36)

The formulae(5.33) areproved. Particularlyoneobtainstheflat coordinateson M

A”’ “~~“

ta= —n res dp a=1,...,N=n— 1. (5.37)
p=~ n—a

The generatingfunctions xa(t, z) = Lhaq(t)z” can be written in the form

n / a \
x,,(t, z)= —— res

1F1~1;1+—; zAI dp a=1,...,N. (5.38)
fl /

Here 1F1(a; C; z) is the Kummer (or confluenthypergeometric)function [35]

1F1(a; c; z) = ~ ~“’ ~. (5.39)
,n=0

The scaling dimensionsof the variables~ 1”~ equal 1, (n — 1)/n,... ,2/n
respectively,and d = (n — 2)/n. So the eigenvaluesof the matrix [U, F] (see sect.
4) are

a

a=1,...,n—1. (5.40)

I recall that theseare the local monodromyindices of the system(4.5) near the

point z = 0. It would be interesting to calculateall the monodromydataof the
solutions(5.38) in z-plane.Note that the non-resonanceconditions(4.28)are valid
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in this case.So all the functions haq can be expressedin algebraicway via the
coordinatest” and u’ and the rotation coefficients.

The generatingfunction of two-pointcorrelatorshavethe form

~,~(t; z, w) = ~(z + ~ ~ zA)~(p)d~J

x [res A(13/~~uiF1(1;~ wA)~(p) dP] — ~aP}. (5.41)

Example5.4. A non-zero genus generalizationof the LG machinery of the
previousexamplewas constructedin refs. [15,16].An appropriatemoduli spaceof
algebraiccurves is takenas the coupling space.More precisely,let Mg~be the
moduli spaceof dimensionN = 2g + n — 1 of smooth algebraiccurves C of genus
g with a markedpoint Q,. n C andwith amarkedmeromorphicfunction A on C of
degreen with a pole only in Q,. If P~ ~N are the branchpointsof C,

dAI~=0 (5.42)

then local coordinateson Mg,, canbe constructedas

u’=A(~) i=1,...,N=2g+n— 1. (5.43)

The one-dimensionalaffine group A —‘ aA + /3 acts on M5~as

u’-÷au’+f3 i=1,...,N. (5.44)

For g = 0 the spaceM0~coincideswith the space(5.18)of polynomialsof degree
n.

For g> 0 the coupling spaceM of the model is the covering of Mg~ being
obtainedby fixation of a symplecticbasis a1

0g’ b
1, . . ., bg E H ~(C,L) andof a

local parameterk’ in a neighbourhoodof 0,~suchthat

k”=A, A—,ce. (5.45)

SometimesI will denotek as A~”for simplicity of notations.
Let us fix an abeliandifferential dp on C such that

dp=d(k+O(1)), A—sce, (5.46a)

~dp=0 s=1,...,g. (5.46b)
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The flat Egoroff 0-invariantmetric on M in the local coordinates(5.43) has the
form [15]

ds2= ~g,,(u)(du’)2, (5.47a)

I (dp)2
g,(u) = — — res dA (5.47b)

(for n = 2 this formulawasobtainedin ref. [26]).Theflat coordinatest1, .. .,t”‘’ for
ds2 havethe form [15,16]

At a — a)/ fl

t”= —nres dp a=1,...,n—1, (5.48a)
Q,, n—a

tfl1+a=_~pdA a=1,...,g, (5.48b)

tC±n_i+a~dP a=1, g. (5.48c)

The metric ds2 in the coordinates(5,48)hasthe form

(dta,dto)=6~o for 1~a,f3~n—1, (5.49a)

(dtt~~+a,dt”1~°>=~”° for I ~a, /3~g, (5.49b)

otherwisezero.
The amazingpoint is in global definition on M of the flat coordinatest~ t”.

SoM is an unramifiedcoveringoversomedomain in ~ N

The coordinates t1, .. ., t” have a simple interpretation in the hamiltonian
theoryof GD hierarchy[20]. Let usconsiderthe first hamiltonianstructureof the

hierarchy[36]. The annihilator of it is generatedby (n — 1) local functionalsof L.
The values of these functionals on the family M of g-gap solutions equal
titn~ Furthermore, ~ are the action variables on M and

., are the componentsof the wave numbervector.The sameinterpreta-
tion of t’ t” is true for the example5.3 above(the caseM = ~ The

actionvariables and wave numbersfor the “0-gap” solutions (constants)are not
defined.

Let usconstructthe hierarchy(3.47).Let

p=f”dp (5.50)
P

0
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be an abelianintegral (a multivalued function) on C. Here the basepoint P0 is
chosenin such a way that A(P,,) 0 (in some domainon M).

The multivalueddifferential p dA on C hasthe form

n—i

p dA = k dA — ~:tak~o~+ O(k~) dk, k = Ai/n --‘ ~, (5.51a)
a—i

= 2~it~~°~s = 1,...,g, (5.Slb)

~a,(P dA) = 0, ~~(p dA) = ~ dA s = 1,..., g. (5.51c)

Here ~, ~ are the incrementsalong a- and b-cycles

~a,(f(~)) =f(P+a5) —f(P), ~~,(f(1
3)) =f(P+b

2) —f(P) (5.52)

for any function (or differential)on C.
The primary differentials (may be, multivalued) q5~on C are definedby the

formula

= 0a(p dA)5~0~~1=~0a(A dp)pconsc. a = 1,..., N, (5.53)

Oa = 0/0t~.So the function A = A(p), p = fdp, is the LG potential of the model.
More explicitly,

dp”°~=(—k”~+ O(k
2)dk, k = At” —~ ~, (5.54a)

= 0 s = 1,...,g (5.54b)

(the normalizedabeliandifferential of the secondkind, Ø~= dp”~= — dp);

4)n_i-oa~0ma a=1,...,g, (5.55a)

are the normalizedholomorphicdifferentialson C,

~Wa = 27rit~as, (5.55b)

~g+n—1+a~a a=1,...,g, (5.56a)

is a holomorphic(modulo dA) everywhereon C multivalueddifferential with the
increments

~~aI,0’a0, L1bO~a=8apdA~ (5.56b)
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The primary part (3.20) of the hierarchy(3.47)herehas the FFM form

0T”° dp ‘0xi/~a a=1, N. (5.57)

Equivalently,in the diagonalvariables u’ uN

= — —~- 0,,,-u’. (5.58)dp ~

The equations(5.57) for a = 1,. . . , n — 1 (togetherwith the correspondingpart
of the hierarchy (3.47)) can be obtained from the GD hierarchy (5.24) by the
averagingprocedure[17—20,23]over the family M of g-gapsolutionsof GD. This
part for g ~ 0 wasusedin ref. [14] to constructsolutionsof multicut ioop equations
[21]. But for g> 0 without the extension(5.57)for a = a,.. ., N it is impossibleto
construct closed primary operator algebra on the base of the averagedGD
hierarchy.

For the particular solution (3.77) of (5.57) where T’°’° T” and 0,,~-u’ 1,
i=1 N,oneobtains

OT~~~U~0_u’= —---f- i= 1,...,N. (5.59)dp ~

This coincideswith (5.53).
The formulae (5.58), (2.34) immediately give the residuerepresentationof the

primary correlators

N ,1l,I)
a

‘11a13 E res ,~ , (5.60a)
i=i P, u/t

Ca~y(t)= - res~ (5.6Db)

The primary operatoralgebra(5.60)can be representedvia relationsamongsome

quadraticdifferentials

= Ca~

131/~adp (modulodA-divisible differentials). (5.61)

Let uscall this model as Mg n-model.
The chargesq of the primaryfields s,b,, equal

a—I

n a=1,...,n—1, (5.62a)
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1

—— a=1,...,g, (5.62b)
n—i

qg+n—i÷a= n a=1,...,g (5.62c)

The dimensionof the Mg nmodel equals

n —2
d= n (5.63)

Thereare resonancesof the form (4.28) (for p = 1). So the recurrenceprocedure

(4.27) for the vectorsl/ij(al) is notwell-defined.
Note that one can choose any of the primary differentials ç1~to construct

another0-invariantEgoroff metric

ds~=~g,,(du’)2, (5.64a)

= res (~,,)2 (5.64b)

with the samerotation coefficients.This possibility is a reflection of arbitrariness
in the choice of the solution i/i,~ of the system(2.26). For the metric (5.64) one
obtainsanotherglobal affine coordinatesystemon M. The formulae(5.62), (5.63)
for the scalingdimensionsalso will change.

Let usconstructnow the generatingfunctionsxa(t, z) andV~,,/t;z, w). For the
generatingfunction xa(t, z) of the completefamily of the conservationlaws(3.43)
of (5.57) the following formulae are valid:

a / a
Xa(t, z) = — — resAa/niFif 1; 1 + —; zA J dp a = 1,...,n—I, (5.65a)

aQ,, n

x~(t,z) =~ez5dp a’ =n —1 +a, 1 ~a ‘~g, (5.65b)

1
xa’(t, z)=—~pe~”dA a”=g+n—i+a, 1~s~a~g. (5.65c)

2iri a,,

The proof is similar to the previousexample.
The generatingfunction Va,/t; z, w) for double correlatorsin the Mg nm0~l~

coupledto gravity canbe calculatednow via the formula (3.62),where

OgXa(t, z) = resA(an~iF
1{1;—; zA]~(A) 1 ~a~n —1, (5.66a)
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0Mxa,(t,z)=m~a,_4e254~(A) a’=n—1+a,1~a~g, (5.66b)

~ a”=g+n—I+a,1~a~g. (5.66c)
a,,

(In ref. [15,16] formulae of anothertype for the coefficients 1”~ap)(13q)were
obtained.)Particularly,oneobtains[15,16]

= ~i-a

13 a’ = n — 1 + a, [3’ = n — 1 + [3, 1 ~ a, [3

(5.67a)

where

i-a13 (5.67b)

is the period matrix of holomorphicdifferentialson the algebraiccurve C. Thus
the problem of specificationof the solution of the WDVV being describedin this
example(say, from thepoint of view of the isomonodromydeformationtheory for
(4.5)) seemsto be very importantfor solving the Schottky problemof specification
of the periodmatricesof holomorphicdifferentialson Riemannsurfaces[37].

In ref. [15]also more generalmodelsof this type wereconsideredwhereM is a

coveringover the moduli spaceMg.,, ,,, of algebraiccurves of given genus g
with m markedpointsandwith markedmeromorphicfunction A with polesonly in
thesemarkedpoints of given ordersn1,. . .,n,,,. I will not considerthis example
here.

In ref. [15,16]the Mg,,-model wascalled as minimal model of non-zerogenus.
To avoid an abusementI stress again that Mg~ gives a tree-level primary

correlatorsfor a modelof topologicalfield theorycoincidingwith theA~— i-minimal
model for g = 0.

It seemsplausible,nevertheless,that Mg~-modeIsfor g> 0 can be obtained
from minimal modelsas a result of phasetransitions.I’ll outline here this points
for the simplestexampleof n = 2. Let us consider the k = 3 model of “pure
gravity” [2]. Hereonehasonly oneprimary field 4~ =3”. The dilatonoperatorsfor
this multicritical point coincideswith u3(/3i). Let usconsiderthe dependenceof
the primary correlator t = (3”3”> on the couplingsTi,o = X and T” = T, other
couplingsvanish.Let the couplingsX, T be real. The dependence is specified by
the string equation

X+tT=),t
3. (5.68)

The function t = t(X, T) is smoothfor T < 0. For T = 0 it hasthe form t = (3X)1~3.
So triple correlatorshavea singularityin this point. After formal extensionof t(X,
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T) for positive T onewould obtain a three-valuedfunction t = (t1(X) <t2(X) <

t3(X)) (for fixed T> 0) in some domain X_<X<X,.
Insteadof this multi-valuedcorrelatorsI proposeto usethe prescriptionof the

dispersivehydrodynamics[20,28,32]having beenelaboratedin description of the
dispersive analogueof shock-waves.The idea is to considerthe M12-model to
describebehaviourof the correlator inside some interval X1(T) <X <

X~(T)=A ~T
3~2for someconstantsA ~. Matchingwith solutionsof (5.68) in the

edgepointsof the interval(and also the position of the edgepoints)is specifiedby
the assumptionsof C1-smoothnessfor T=I= 0 of the correlator (3”3”). This is
provided by an appropriatesqueezingof the elliptic curve (being the point of
M

12). In the left-edge X~ the a-cycleof the curve should be pinched, in the
right-edgeX~,the b-cycle shouldbe pinched.

For othermulticritical points of minimal modelscoupledto gravity other ~
models(with any g) canbe obtainedas a result of phasetransitions.

The models Mg.~1 ,, could be obtained by “fusion” of a number of
models.I hopeto describethis pictureof phasetransitionsof Mg ~mod~s in the
next publication.

I am grateful to M. Kontsevichfor paying my attention to the equationsof
associativityof perturbedchiral ring in topological field theories,and to S. Cecotti
for explanationsome importantpoints in topological field theory. I am grateful
also to A. Its for usefuldiscussionsof some featuresof thePainlevé-typeequations

arising in the paper.Finally I wish to thank Guido Celentanofor preparingthe
LATEX-file of the paper.

AppendixA. Inverseproblemformulaefor stringcorrelators

Here I am going to expressthe i--function in the decomposablecase via
solutionsof the linear problem (2.26). It is sufficient to obtain an expressionfor
the generatingfunction (3.62).

Let us fix a basis i/i,”(u), a = 1, .. ., N in the spaceof solutionsof the linear
system(2.28). Here u = (u’, . . . , u~’)are the canonicalcoordinates(2.18). 1 recall
that the basis i/if’ relatesto the flat coordinatesta and the scalarproduct ‘0,,~by
the formulae

N
~ ~clIa(u)clIa(u) (A.1)

= ~liai/’t’, (A.2)

ota =g.l/

2i/j.a (A.3)
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Let

i/uia(U) = ~a
13~j

13(U), (~a13)= (~

13)i, (A.4)

and

~ia(U, z) = ~ ~i(a,p)(U)~ (A.5)
p=

0

be a solution of the system(2.26)being specified by the normalization

i/’ja(”, 0) = i/h,a(U). (A.6)

It can be normalizedalso by the equations

~ ~ja(~1, z)~~
13(u,—z) = ~ (A.7)

It relates to the functions xa(t, z) by the formula

i/’,~(’~, z) =g17 i~~
2(u)0,xa(t, z) (A.8)

(here t = t(u)). For the coefficients i/Il/apI this implies

i/’i,(a,p) —g~(u)0.h (A.9)

Thus the gradientof xa(t, z) in the diagonalcoordinatesa’,.. . , u” hasthe form

Vxa(t, z) = ~ ~ z) (A.10)
i=i l/i,(iO)(u)

So the hierarchy(3.47) in the coordinatesu1, .. . , uN hasthe form

= ~ 0~u’ I = 1,..., N. (A.11)l/f~(iO)(u)

Forthe generatingformula (A.8) gives

~,
4(u; z, w) = (z + w) i[~ i/hja(U, z)~,13(u,w) — naP] (A.12)

Particularly,

xa(u, z) =z_i[ ~g~/
2(u)i/ij~(u, z) — 37ai]~ (A.13)

Completeness of the conservation laws hap follows from the following statement.
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PropositionA.1. Let hap(U), a = 1,..., N, p = 0, 1 ... be a family of densities
of conservationlaws of a hamiltoniansystemof hydrodynamictype.Let usassume
that the systemhave a diagonalform with different characteristicspeedsin the

coordinatesu1,. . . , uN and the Poissonbracketsfor the system have the form
(3.10) where the metric ds2 in the coordinatesu1,.. . , uN is a diagonal Egoroff
0-invariantmetric. If the densitiesha,p(U) satisfiesthe recursionrelations

Ohap±i =hap p>O, (A.14a)

where

N

0= ~0,, (A.14b)
i=. I

andthe densitiesha
0 = ta spanthe annihilatorof the Poissonbracket,then linear

combinationsof the functionals

J ha.p dX (A.15)

form a densesubsetin the spaceof all conservationlaws of the system.
This canbeprovedusingref. [25].

Appendix B. Inverse spectral transform for the similarity reduction of the WDVV

Here I outline the solution of the system (4.3) via reduction to a matrix
Riemannproblem.

Let R,1, 1 <I, j <N, be rays in the complex z-planeof the form

Re z(u’ — u
3) = 0, Re z elE(ul — u3) <0 for e >0, z E R,

1. (B.1)

Let R be a line via the origin in the z-planenot containingany of the rays(B.1). It
dividesthe z-planeinto two half-planes‘ii-÷ and~r (with respectto the standard
orientationof the z-plane).Let R~and R be respectively the positive and the
negativepartof R with respectto the aboveorientation.

The datum of the inverseproblemfor solving(4.3) is a Stokesmatrix S. It is a
N x N matrix S = (s,~)with the properties

= 1 i = 1,...,N, s,7 = 0 if c~ (B.2)

There are N(N — 1)/2 independentparametersin S.
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The formulation of the Riemannproblem is asfollows. Let ~I’~(u, z), lIt_(u, z)
be two N X N-matrix-valuedfunctionsanalytic in z in the half-planes~ and rr
respectivelysatisfyingthe following boundaryconditions:

R~ ~1’_ R~
5, ~ I R~ ~I~_I R5 (B.3a)

(ST meansthe transposedmatrix) with the asymptoticson z —+ ~ of the form

~ z) e”’’= ~ +O(z~), z—s~. (B.3b)

(]1. is the unity). The solution of this Riemann problem can be reducedto solution
of linear integralequationsin the standardway(see,e.g. ref. [31]).

Proposition B.]. If V’÷(u,z) is a solution of the Rieman problem(B.3) then

the matrix

F(u) = (y~
1(u))= limz[V~±(u, z) e”’’ - 11] (B.4)

satisfies(4.3).
The proof is standard for the isomonodromy deformation theory.

Note that the eigenvaluesof the matrix [U, F] canbe calculatedas

1
eigen [U, F] = —eigen log SST~. (B.5)

2~-i

This is the analogueof the cyclic relations[31].
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