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Abstract

We review recent classification results on the theory of systems of nonlinear
Hamiltonian partial differential equations with one spatial dimension, including
a perturbative approach to the integrability theory of such systems, and discuss
universality conjectures describing critical behaviour of solutions to such
systems.

PACS numbers: 02.30.1k, 02.30.Jr

1. Introduction
The main subject of our research is the study of Hamiltonian perturbations of systems of
quasilinear hyperbolic1 PDEs:

u; + A;(u)u){ + higher order derivatives = 0, i=1,...,n.

(Here and below the summation over repeated indices will be assumed.) They can be obtained,
in particular, by applying the procedure of weak dispersion expansion: starting from a system
of PDEs

uﬁ+Fi(u,ux,uxx,...)=0, i=1,...,n.
With the analytic right-hand side let us introduce slow variables
X = €x, t — €t.

Expanding in € one obtains, after dividing by €, a system of the above form

i 1 i 2 i i J i j 1 i S
u; + ZF (U, €Uy, € Uyy,...) = U, + A_]-(u)ux +¢€ Bj(u)uxx + EC_ik(u)uxux +.e-
' Always the strong hyperbolicity will be assumed, i.e. the eigenvalues of the n x n matrix (Aé.(u)) are all real

and pairwise distinct for all u = (ul, ..., u™) in the domain under consideration. Certain parts of the formalism
developed in this paper will be applicable also to the quasilinear systems with complex distinct eigenvalues of the
coefficient matrix.
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assuming all the dependent variables are slow, i.e. the terms of the order 1/¢ vanish:
F'(u,0,0,...)=0, i=1,...,n.
The celebrated Korteweg—de Vries (KdV) equation
2
€

u,+uux+ﬁu”x =0 (1.1)

is one of the most well-known examples of such a weakly dispersive Hamiltonian PDE.
The systems of PDEs under investigation

uy + AL (wyu] + € (B wul, + 3C} @uluf) +--- =0, i=1,...,n, (1.2)

depending on a small parameter € will be considered as Hamiltonian vector fields on the
‘infinite-dimensional manifold’

LM") ® Rl[[€]], (1.3)

where M" is an n-dimensional manifold (in all our examples it will have the topology of a ball)
and

LM™) ={S' - M™}
is the space of loops on M". The dependent variables
U= (ul,...,u”) eM”

are local coordinates on M". In expansion (1.2) the terms of order € are polynomials of degree
k + 1 in the derivatives u,, u,y, ..., where
degu™ =m, m=1,2,....
The coefficients of these polynomials are smooth functions defined in every coordinate chart
on M".
The systems of the form (1.2) will be assumed to be Hamiltonian flows
k+1

) ) i, SH
i i k i . m k—m
u,={u (X), H}ZZG ZAk{m(u,ux,...,u( ))Bx +18uj—(x) (14)
k20 m=0
with respect to a local Poisson bracket
k+1 3
W @), () =D Y AL @) up ), w08 (x — y)
>0 m=0 (1.5)
degAZm(u; Uey oo u™)y=m
with local Hamiltonians
H = Zek/hk(u;ux,...,u(k))dx = Hy+€H, +e?Hy+---
k>0 (1.6)
H, = /hk(u; Uyy o, u(k)) dx, deg hy(u; uy, ..., u(k)) =k.

Here 8 (x) is the Dirac delta-function and
SH  0h oh 52 oh
Sui(x)  oul "

- + 0 ...
dul dul,

is the Euler-Lagrange operator of a local Hamiltonian

H = /h(u;ux,u”,...)dx.
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The coefficients of the Poisson bracket and Hamiltonian densities will always be assumed
to be differential polynomials in every order in €. The antisymmetry and Jacobi identity
for the Poisson bracket (1.5) are understood as identities for formal power series in

€. Note that for a differential polynomial f(u;uy,u,y, ..., u™) the local functional
f fu;uy, gy, ..., 1) dx is defined as the equivalence class of the differential polynomial
f modulo Im 9, where
. 0 . kut
_ i,k+1 ik .__
de= ) utt ut = o (1.7)

is the operator of the total x-derivative. The Poisson bracket of local functionals of the form
F = Zek / Jeus uyy .oy u(k))dx, G = Zel/gl(u; Ugyonns u“))dx
k=0 120 (1.8)

deg fi(u; uy, ..., u®) =k, deg gi(u; uy, ..., uP) =1

{F, G} :fé_FAifi
Su'(x) Sul (x)

reads

e+l (1.9)
AT =" AL g, )
k=0  m=0

Therefore, a local Poisson bracket (1.5) defines a structure of Lie algebra on the space G, of
local functionals.

Example 1.1. The KdV equation (1.1) admits a Hamiltonian representation

SH
up+{ux), H} =u; + 0y —— = (1.10)
Su(x)
with the Poisson bracket
{ux), u(y)} =8« -y (1.11)
and the Hamiltonian
1, €,
H = —u’ — —u, |dx. (1.12)
6 24

Let us now introduce a class of ‘coordinate changes’ on the infinite-dimensional manifold
L(M") @ R[[e]]. Define a generalized Miura transformation:

w il = ZekF,f(u; ux,...,u(k))

k=0
deg F{ (u; uy,...,u®) =k (1.13)
AF (1)
det( —2—) #0
Sk
The coefficients F} (u; uy, ..., u®) are differential polynomials. It is easy to see that the

transformations of the form (1.13) form a group. The classes of evolution PDEs (1.2), local
Poisson brackets (1.5) and local Hamiltonians (1.6) are invariant with respect to the action of
the group of generalized Miura transformations. We say that two objects of our theory (i.e.
two evolutionary vector fields of the form (1.2), two local Poisson brackets of the form (1.5),
or two local Hamiltonians of the form (1.6)) are equivalent if they are related by a generalized
Miura transformation.
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Our main goals are as follows:

e classification of Hamiltonian PDEs,
e selection of integrable PDEs and
o study of the general properties of solutions to these PDEs.

2. Classification problems

Setting € = 0 in (1.4)—(1.6) one obtains the so-called dispersionless limit of the PDE

uy = AL . 2.1
The dispersionless limit is itself a Hamiltonian PDE

uy = {u' (x), Holo (2.2)
with respect to the Poisson bracket

' (), ! (Mo = Ag g8 (x — y) + Ag (5 u)8(x — y) 23)

with a very simple local Hamiltonian

Hy = f ho(u) dx. (2.4)

The original system (1.4) with its Hamiltonian structure (1.5) and (1.6) can be considered as
a deformation of (2.1)—(2.4).

The problem of classification of Hamiltonian systems of our class can therefore be
decomposed in two steps:

e classification of dispersionless Hamiltonian systems;
e classification of their perturbations.

The dispersionless systems and their Hamiltonian structures will be classified with respect
to the action of the group of (local) diffeomorphisms, while the perturbations have to be
classified up to equivalences established by the action of the group of generalized Miura
transformations.

The answer to the first question was obtained by Novikov and the author of [16] under
the so-called non-degeneracy assumption®

det (Af o (w)) # 0. (2.5)

The non-degeneracy condition is invariant with respect to the action of the group of (local)
diffeomorphisms.

Theorem 2.1. Poisson brackets of the form (2.3) satisfying the non-degeneracy condition (2.5)

by a change of local coordinates ii' = ii'(u', ..., u"), det(dii’ /du’) # O can be reduced to
the following standard form:
(@' (o), @ (N)o = 178 (x = y), (2.6)

where (/) is a constant symmetric non-degenerate matrix.

The crucial step in the proof of this theorem is the observation that the Riemannian or
pseudo-Riemannian metric

ds? = gij(u) du' du’, (8ij(u)) = (Aifo(u))fl (C20))

2 To avoid confusion with non-degeneracy of the Poisson bracket. The Poisson bracket (2.3) satisfying (2.5) is
always degenerate. The symplectic leaves of this bracket have a codimension n.

4
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defined by the inverse to the matrix (Ag O(M)) has a vanishing curvature. Moreover, the second
coefficient of bracket (2.3) can be expressed via the Christoffel coefficients of the Levi-Civita
connection for the metric

Ay (s uy) = —AG )T (wyul. (2.8)
Choosing locally a system of flat coordinates one reduces the metric to a constant form
ds? = nij dv’ dv’. (2.9)

The Christoffel coefficients in these coordinates vanish.

The matrix (/) in (2.6) is the inverse to (1;;).

We will omit tildes in the notation for the flat coordinates. From the previous theorem
one obtains

Corollary 2.2. Any Hamiltonian system of dispersionless PDEs can be locally reduced to the
form
_ §Hy 4 ?h(u)

ui ’73)C - = - u,,
Sut(x) du’ duk

i=1,...,n, H():/h(u)dx. (2.10)

Let us now proceed to the study of perturbations of Hamiltonian systems (2.10). A priori,
there are two types of perturbations:

e perturbations of Hamiltonians (2.4)
e perturbation of Poisson brackets (2.3).

It turns out that one can discard the second type of perturbations to arrive at.

Theorem 2.3. Any system of Hamiltonian PDEs of classes (1.2) and (1.4)—(1.6) satisfying the
non-degeneracy assumption (2.5) can be reduced to the following standard form:

i ij §H
u,=n 0y n s
Sul (x)
with the Hamiltonian of the form (1.6). Here (') is a constant symmetric non-degenerate

matrix. Two such systems are equivalent iff the Hamiltonians are related by a canonical
transformation

i=1,...,n, @2.11)

2
H s H+e{K,H}+%{K,{K,H}}+~~,
(2.12)
K = Zekffk(u; Uy, .., u®)dx, deg fio(u; uy, ..., u®) =k.

k>0
Observe that the Poisson bracket for the system reads

(' (x), u’ ()} =n"8x —y), n = n’" = const, det(n'/) # 0. (2.13)
The main idea in the proof of this theorem is in the study of suitably defined Poisson

cohomology of bracket (2.13). Triviality of Poisson cohomology in positive degrees in € was

proved in [9, 18]; see also [17] for an extensive discussion of the deformation problem and its
generalizations.

Example 2.4. The Hopf equation
v +ou, =0 (2.14)
is a Hamiltonian system

S Hy

vt + ax_ =
Sv(x)
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with the Hamiltonian

3

Hy = / gdx (2.15)
and the Poisson bracket of the form (2.13):

), v} =8"(x = y). (2.16)

Any Hamiltonian perturbation of this equation of order €* can be reduced to the following
normal form parametrized by two arbitrary functions of one variable ¢ = c(u), p = p(u):
2
€

U +ui, + ﬂ[Zcunx +4cucu,, + c”ui] +ét (2Pt xrx + 2D Sttyxttyx + 3ylgrxy)
+ p”(7uxuix + 6u§uxxx) + 2p/”uiuxx] =0. (2.17)
The Hamiltonian has the form
3
H= / [% - ez%ui +e4p(u)u§x] dx. (2.18)

Two such perturbations are equivalent iff the associated functional parameters c(u), p(u)
coincide [10].

3. Selecting integrable PDEs

The theory of integrability of Hamiltonian systems studies the families of commuting
Hamiltonians. Observe that the commutativity { H, F'} = 0 of local Hamiltonians with respect
to the Poisson bracket (2.13) reduces to the following system of differential equations for their

densities:
8 §H . SF
—n' 9, — =0, k=1,...,n. 3.1)
Suk(x) \ Sui(x) Sud(x)
Commutativity of formal series
H=Hy+eH +e*Hy+ -, F=Fy+eF +e*Fy+---
must hold true at every order in €:
{Ho, Fo} =0
{Ho, F1} +{Hy, Fo} =0 3.2)

{Ho, F2} + {H, F1} + {H>, Fo} =0, etc.

In particular the commutativity of the leading terms

H():/h(u)dx, Foz/f(u)dx

reduces to the following bilinear system of differential equations:

2f . 9%*h a2f .. 3%h
. Y — = — Y, k,l=1,...,n. 33
dvigul | Buigvk | uiavk | duvigu! " (3-3)
Replacing the commutativity with the condition

{H, F} = 0N 3.4)

one obtains N-commuting Hamiltonians. Clearly the conditions of N-commutativity involve
only first N terms of the series H and F.

6
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After these preliminaries let us consider a system of Hamiltonian PDEs of the form

L S (3.5)
! Sud(x)

H = Zek/hk(u;ux,...,u(k))dx = Hy+€H, +62H2+-~
k20 (3.6)
H, = /hk(u; Uy, . ..,u(k))dx, deg hy (u; uy, . ..,u(k)) =k.

Here, as above (17'/) is a constant symmetric non-degenerate matrix. The eigenvalues of the
leading coefficient matrix

; is 3%h(u)
Aij(u) =n TR h(u) = ho(u) 3.7

are assumed to be pairwise distinct for all u € M".

Definition 3.1. The system (3.5) is called integrable if

o the leading-order hyperbolic system
8Hy

i ij Y j
u, = 1" 0, i) A (wuy 58
is integrable;
e for any first integral
f
Hy = /f(u) dx
0 (3.9)

{H{, Ho} =0
of the hyperbolic system (3.8) there exists a first integral of (3.5) with the prescribed
leading term H :

{H' ,H}=0

H/ Zzékffk(u;ux,...,u(k))dx=H{+6H1f+ezH2f+-~-

= (3.10)

ka = / felusuy, ..., u®)dx, deg fi(us uy, ..., u®) =k

o for any pair of first integrals Hof , Hé” of the hyperbolic system (3.8) the Hamiltonians H'
and H® commute®

{H/, H%} = 0.
Replacing commutativity { H/, H¢} = 0 with N-commutativity one obtains the definition

of an N-integrable Hamiltonian PDE.

Remark 3.2. Under certain natural assumptions (see corollary 3.9 below) the coefficients of
the differential polynomials fi (u; u,, . .., u®) can be expressed via partial derivatives of the
function f (u).

3 In the examples considered so far the last condition is redundant. It would be interesting to prove this in general.

7



J. Phys. A: Math. Theor. 43 (2010) 434002 B Dubrovin

The above definition relies on the knowledge of the theory of integrability [29] of
hyperbolic systems (also called systems of hydrodynamic type). In a nutshell this theory
states that a hyperbolic Hamiltonian system (3.8) is integrable if it can be reduced to a

diagonal form. This means that locally a system of coordinates (r'(u), . .., 7" (1)) exists such
that the coefficient matrix of the system (3.8) becomes diagonal A = diag(A!(r), ..., A"(r))
in the new coordinates

r,i+)ni(r)r)’;=0, i=1,...,n. (3.11)

Thus, the new coordinates are Riemann invariants of the hyperbolic system (3.8).
The integrability test of a Hamiltonian hyperbolic system can be formulated with the help
of the classical Haantjes torsion [20] that in the present situation takes the following form [13].

Theorem 3.3. The hyperbolic system (3.8) is integrable iff the following conditions hold true:

Hiji = (hipgh jrhis + hjpghihis +hkpqh,-,hjs)habn””8"b‘” =0, 1<4,/, k<n.
(3.12)
Here
9%h *h
= quidus’ ik = Qut dul duk

ik il
SUKL . — det (n’.k nl‘[) .
't

The torsion (3.12) is a rank 3 antisymmetric tensor. So the conditions of the theorem
become nontrivial starting from n > 3.

Densities f(u) of the first integrals H, f = J f (u) dx of the hyperbolic system (3.8) have
to be determined from the system of linear PDEs (3.3). Vanishing of the Haantjes torsion
(3.12) provides the compatibility conditions for this overdetermined system. For a given
Hamiltonian density A (u) satisfying (3.12) the solutions to (3.3) form a linear space of first
integrals of the system (3.8). They can be parametrized by n arbitrary functions of one variable.

The commutativity (3.3) admits the following simple interpretation. The Hamiltonian
flow

i i j i i 87 (w)
generated by any solution to (3.2) is an infinitesimal symmetry of the hyperbolic system (3.8):
0 du’ 9 ou'
22 i=1....n. (3.14)
as ot at ds

Equation (3.3) states that the coefficient matrices A = (A’;(«)) and B = (Bj (1)) commute at
every point v. Since the eigenvalues of the matrix A are pairwise distinct, the centralizer of A
is commutative. Hence

Theorem 3.4. First integrals of the form (3.2) of a Hamiltonian hyperbolic system commute
pairwise.

The diagonal coordinates (r', ..., ") are also Riemann invariants for any commuting
flow (3.13) and (3.14). Moreover, metric (2.9) becomes diagonal in the new coordinates

ds® =) nF(r)(dr)>. (3.15)

i=l1
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Thus, Riemann invariants (r!,...,7") define an orthogonal curvilinear system of local
coordinates in the pseudo-Euclidean space with metric (2.9). The linear space of commuting
Hamiltonians for the hyperbolic system (3.11) coincides with the space of functions f(r)
satisfying the following property: the covariant Hessian of the function f(r) is a diagonal
matrix

ViVif(r)=0 for i #j. (3.16)
Here V is the Levi-Civita connection for the metric ds?2.
Denote
ICO - gloc (317)

the linear space of all first integrals of the form H, f = J f (u) dx of an integrable system of
hyperbolic PDEs. It is a commutative subalgebra in the Lie algebra of local Hamiltonians.
Let us remind the following standard definition.

Definition 3.5. A commutative subalgebra in a Lie algebra is called maximal if any element
of the Lie algebra commuting with all elements of the subalgebra belongs to the subalgebra.

Theorem 3.6. The first integrals of an integrable system of hyperbolic PDEs form a maximal
Abelian subalgebra in the Lie algebra of local Hamiltonians.

The proof of this theorem* is based on the following.

Lemma 3.7. Let a local Hamiltonian F = ff(u, Uy, ..., u™)dx commute with all
Hamiltonians in Ko. Then the variational derivatives §F /8u’(x) do not depend on the
jets

ik akui
To9xk’
3 SF o (3.18)
— =0, k=1,...,2m, i,j=1,...,n.
Quik SuJ(x)

Denote by K the commutative Lie algebra of first integrals of the perturbed system (3.5).
It is easy to see that this subalgebra is maximal as well. Consider the linear map (sometimes
also called the dispersionless limir)

IC—)K:Q

5 (3.19)
F=Fy+eFi+eFh+---> Fye K.

Theorem 3.8. The map (3.19) is an isomorphism.

Corollary 3.9. For any N-integrable Hamiltonian PDE (3.5) there exists a linear differential
operator

Dy =D +eD 4+ 2D 4 ... 4 VDIV

am(k)
D = id, DW= "p, wiu, ..., u(k))m (3.20)
deghl!, (g, ... ,u®) =k, k> 1,
defined on the common kernel of linear operators
h; ij—z—h~ i O k=1 3.21
K il M it T -2

4 A somewhat different approach to completeness of the Lie algebra Ky is discussed in section 5 of [29].
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such that for any two solutions f (u), g(u) to equations (3.3) the Hamiltonians

H :=/DNfdx, HY :=/DNgdx (3.22)
satisfy
[H{. H{) = 0. (3.23)

Here m (k) is an integer. It is easy to see that

m(k) < [%] .

Operator (3.20) is called the D-operator of an integrable Hamiltonian PDE (3.5). It is
defined up to Im o, .

Example 3.10. The perturbed Hopf equation (2.17) is five-integrable for an arbitrary choice
of the functional parameters c(u), p(u#) [11]. Indeed, the first integrals of the unperturbed
system have the form

Fy= / f(v)dx
for an arbitrary function f(v). Define deformed functionals by the formula
F = / D, f dx,

where the D-operator Ds = D, , (see [12] for details) transforming the first integrals of the
unperturbed system to the first integrals (modulo O (€°)) of the perturbed one:

62 " " sz(4)
Dc,pf:f_ﬁcf u§+64 |:<pf +—> u)2cx

430
7 £ (4) 7 £(5) 2 £(6) 1 £(4) (5)

B P R LS N By e WA (3.24)
1152 " 1152~ 3456 6 6

It is an interesting open problem to prove existence and uniqueness, for a given pair of
the functional parameters c(u#) # 0, p(u), of an extension to all orders in € of the perturbed
system (2.17) in order to obtain an integrable PDE. So far the existence of such an extension
is known only for some particular cases including the following.

e KdV:c(u) = const, p(u) = 0. For the choice c(u) = i the D-operator can be represented

[13] in terms of the Lax operator and the fractional derivative 8,1/ 2 f(u) of the function

f @)
Df = Lreas(a‘/2f>(L)
V2

(3.25)
e,
L= ?BX +u(x).
e Volterra lattice
€u, = eu(x+e) _ eu(x—e)
_ _ 1
has c(u) =2, p(u) = ~ 0
e Camassa—Holm equation
U; —ezu,xx = %u Uy —é? [uxuxx+%u uxxx] (3.26)

has c(u) = 8u, p(u) = %u

10
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Summarizing, integrable systems of Hamiltonian PDEs of the form (3.5) are parametrized
by the following:

e orthogonal systems of curvilinear coordinates in the pseudo-Euclidean space with metric
(2.9). Any such system defines a maximal commutative Lie algebra /Cy of local functionals
with the densities given by solutions to to the linear system (3.16);

e a D-operator acting on solutions to (3.16). It defines a deformation of the commutative
Lie algebra K.

So far we only know very few particular examples of D-operators. For a particular subclass
of integrable biHamiltonian PDE:s it can be proven that a deformation of the commutative
Lie algebra Cp can depend on at most n arbitrary functions of one variable called central
invariants of a strongly non-degenerate semi-simple biHamiltonian structure [15]. Some
partial improvements are available for the particular case of curvilinear orthogonal coordinates
given by the so-called canonical coordinates on a semi-simple Frobenius manifold [17]. The
general classification of D-operators remains an open problem even in the case n = 1.
Equation (3.16) is empty in this case, so a D-operator must act on the space of arbitrary
smooth functions f(u).

4. Solving integrable PDEs

We begin with considering formal perturbative solutions
ui(x,t;e)=uf)(x,t)+eu’i(x,t)+62u§(x,t)+~-~, i=1,...,n, “4.1)

to a system of integrable Hamiltonian PDEs of the form considered in the previous section.
The functions

v (x, 1) i= uf(x, 1), i=1,...,n,
must solve the leading-order hyperbolic system
vf = A; (v)v){. 4.2)

(We use different notations v = v(x, t) and u = u(x, t) for the dependent variables of the
unperturbed/perturbed systems resp. for a convenience later on.) The generic solution to an
integrable hyperbolic system (4.2) can be found by the following procedure, due to Tsarev
[29].

Definition 4.1. A solution v = v(x, t) to (4.2) is called monotone at the point (xg, ty) if

ari(v(x,t
%bmxo,t:to 40 forall i=1,...,n. 4.3)
Here r'(v), ..., " (v) are Riemann invariants of the integrable hyperbolic system (4.2).

All monotone solutions can be obtained as follows. Let Fy = f f(v)dx be any first
integral of the hyperbolic system, i.e. the function f(v) satisfies equations (3.3). Denote

s 2/ @)
dvsdv/
and consider the following system of n? equations:
x-id+tA(w) = B(v)
AW = (Ajw). B = (Bj).

B;.(v) =

4.4)

11
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Since the matrices A (v), B(v) are simultaneously diagonalizable, only » of equations (4.4) are
independent. Let vy € M be such a point that equations (4.4) become valid identities after the
substitution (x — xg, ¢ — ty, v — vg). Assume that the conditions of the implicit function
theorem hold true at the point (xg, #y, v9). Then a smooth vector-function v = v(x, t) such
that v(xo, #p) = vg is uniquely defined from the system (4.4) for sufficiently small |x — x|,
[t — fol.

Theorem 4.2. Under the above assumptions the vector-function v(x, t) defines a monotone
solution to the hyperbolic system (4.2) on some small neighbourhood of the point (xy, to).
Moreover, all monotone solutions to (4.2) can be obtained by the above procedure.

Example 4.3. For n = 1 one recognizes the well-known method of characteristics for
representing solutions to the Hopf equation
vy +ovv, =0

in the implicit form

x =vt+ f(v).
The function f(v) is determined by the Cauchy data

f(x,0)) =x.
Example 4.4. The focusing nonlinear Schrodinger (NLS) equation

i€y + 3€ Y + [Py =0 4.5)
can be reduced to the form (3.5) by the substitution

u=lyP  v=s (Lol (4.6)

2i \ ¢ W

The resulting system

u; + (uv), =0

€2 (U, 1 ui 4.7
VUV — Uy = — - ==
4 \u  2u’),

is Hamiltonian with the Poisson bracket

{u@), v(»M} =480 -y, {u(x), u(y)} = {v(x),v(»)} =0

and the Hamiltonian
1 2
H :/ S’ — )+ i | dx. 4.8)
2 8u

The leading-order system

u; + (uv), =0
4.9)
v +ou, —u, =0

is of elliptic type since the eigenvalues A+ = v & i./u of the coefficient matrix

=)

are complex conjugate (observe that u = |/|> > 0). The above procedure is applicable; it
locally represents generic solutions to (4.9) in the implicit form

x:vt+fu}

O—utt f (4.10)

12
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where f = f(u, v) is a solution to the linear PDE (3.3):
Sov +ufuu = 0. 4.11)

Let us now proceed to the study of the subsequent terms of the perturbative expansion
(4.1). In principle they can be recursively determined by solving linear inhomogeneous
equations of the form
Aty i J i .
T—Bx(Aj(v)umH)=.7-"m(v;u1,...,um), i=1,...,n, m > 0. 4.12)

The discrepancies ]—"(‘;(v), F { (v; u1) can be determined by the direct substitution of the formal
series (4.1) into the perturbed system

8Mi ij 51‘1() 0H 1 2 51‘12

— =n"0, - +€— +e€ - + -
ot Sud (x) Sul (x) Sud (x)
However in many cases there exists a universal perturbative solution to the system (4.13)
written in the form (4.1) with

ub = Fl(v; vy, ..., 0"), k>1, (4.14)

where F,i(v; Vy, ..., V")) is a rational function in the jet variables v, v,,, etc. The values of
these rational functions must be defined on any monotone solution v(x, t) to the unperturbed
system. The explicit form of these functions does not depend on the choice of a particular
solution. The advantage of such a representation of the perturbative solution is in its locality;
the values of the perturbed solution and of its derivatives at a given point (xo, #o) depend only
on the germ of the unperturbed solution at this point.

. } = ALl +O(e). (4.13)

Example 4.5 ([11]). The canonical transformation

2
V> u:v+e{v(x),K}+%{{v(x),K},K}"‘"'

=v+ ia Cvxx +C/U + 648 C2 Uix _ 7UXvaxx + Uxxxx
247\ v, ! ! 360v4 192003 115202 )

3 2
+ Cc/ < 47vxx _ 37Uxxvxxx + SUxxxx > +c/2 (Uxxx _ Uiy )

5760v3 288002 1152v, 384  5760v,
+ cc” (% - %) + ﬁ(%’c”vx Vyx + c”2v§
+ 6c¢” vy Uyy + c’c”’vi +cc® vi)
(TR VS VR S N , ) Vx Vs p
+p(2v)3c — 2 + 2, >+pvxxx+p Ti|+(9(e ) (4.15)

generated by the Hamiltonian

1 2 3 2
K = —/ —ec(v)vy log vy + €’ v,  pW Dax dx + O(€) (4.16)
24 5760 v? 4 v,

transforms any monotone solution to the Hopf equation

v, +vu, =0
to a solution to the perturbed equation
2 2 2 2
Uy + ULy + € BX{i(Zcuxx + c/ux) +e€ [2pu“xx +4p U +3p'u’,
+(2p" — g utugy — s (c'c” — e yut]} + O =0, 4.17)

13
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equivalent to the generic perturbation (2.17). In this formula ¢ = ¢(v), p = p(v). The same
substitution transforms any monotone solution v(x, s) to the equation

v+ f (W, =0

with an arbitrary f(v) to a solution to the perturbed equation

SH/
us+8xm=0, Hf: ]’lfdx
ux
62 n " sz(4)
hy=f— ﬁcf ui +& |:<[7f + W) u)zcx (4.18)

B CC//f(4) . CC/f(S) .\ C2f(6) . p/f(4) .\ pf(S) B cc fw u4
1152 1152 3456 6 6 3456 .

five-commuting with (4.17) for an arbitrary function f(v).

Construction of the perturbed solutions in the form (4.1), (4.14) is based on the theory of
quasitriviality transformations for Hamiltonian PDEs [15, 17].

Definition 4.6. The substitution

vv—>u=v+Zeka(v; Vyy ..o, U, i=1,...,n, (4.19)
k>1

is called a quasitriviality transformation for the commutative Lie algebra of perturbed
Hamiltonians if for any Hof[v] = [ fw)dx € Ko, H'[u] = [ f(u)dx + O(¢) € K one
has

HY [ v+) e FR@iv.....v™) | = Hf [v]. (4.20)
k>1

In other words, substitution (4.19) transforms all perturbed Hamiltonian densities to the
unperturbed ones, modulo total derivatives. Inverting substitution (4.19) one obtains a practical
recipe for computing the perturbed Hamiltonians from the unperturbed one.

If all terms of expansion (4.19) are differential polynomials, then the substitution is a
generalized Miura transformation. In this case the perturbed Hamiltonian system together
with all its symmetries is equivalent to a hyperbolic system. Such perturbations are called
trivial. The properties of solutions to trivially perturbed hyperbolic systems essentially do not
differ from those for the unperturbed systems.

The existence of a quasitriviality transformation for biHamiltonian integrable PDEs
has been established in [15]. In the scalar case n = 1 the existence of a quasitriviality
transformation was proven in [22] in a very general situation, even without assuming a
Hamiltonian structure. For more specific properties of quasitriviality transformations of
Hamiltonian scalar PDEs see [23].

Remark 4.7. The perturbative solutions studied in this section are formal power series in €.
It is an interesting open problem to prove that for sufficiently small | — 75| these series are
asymptotic expansions for actual solutions to the perturbed system (4.13) provided analyticity
in € on the right-hand side of the system.

14
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5. Critical behaviour of solutions and universality

The solutions to the dispersionless systems (4.2) locally represented in the implicit form (4.4)
typically have only finite lifespan. Extending such a solution in x and ¢ from the original point
one arrives at points where the implicit function theorem assumptions fail to be true for the
system (4.4). Atsuch a point (xg, #p) the solution tends to a finite limit vy while the derivatives
vy, Vs blow up. These points of weak singularities of solutions to hyperbolic systems are called
critical points or points of gradient catastrophe.

Example 5.1. Let us consider the solution to the Hopf equation

v, +vu, =0

with a monotone decreasing initial data ¢ (x)(x). For small |¢| the solution can be determined
from the equation

x=vt+ f(v), CRY)

where f(v) is the function inverse to ¢ (x). The point of gradient catastrophe is determined
from the system

Xo = voto + f(vo)
0 =10+ f'(vo) (5.2)
0= f"(vo).

This is an inflection point on the graph of the solution v(x, #y). Let us add the genericity
assumption

K= —f"(vo) #0 (5.3)

(for a monotone decreasing function f”'(vy) < 0). Near the point of catastrophe for t < 1
the graph of the solution can be approximated by the cubic curve

v(x, 1) = vg +k BV k[x —x0 — vo(t — 10)], 3t — 19)), (5.4)
where V(X, T) is the real root of the cubic equation
X=VvVrT-1v3 (5.5)

Note that the root is unique for all X € R for T < 0.

Example 5.2. Solutions to the dispersionless limit

U+ (uv), =0

(5.6)

v+ ovve+u, =0
of the defocusing NLS equation

: e )

€Y+ =Y — Y17 =0 (5.7)
(cf example 4.4 above) can be found from the system

x =vt+ f,

st 59
where f = f(u, v) is a solution to the linear PDEs (3.3):

fvv - ufuu =0. (59)

15
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The Riemann invariants
re =v+2Ju (5.10)

are real in this case; at a generic critical point only one of them breaks down. Let us assume that
the Riemann invariant 7, (x, ) remains smooth at the critical point (xg, fy) while the second
invariant 7_(x, t) has a generic gradient catastrophe at this point. Then the coordinates of the
critical point and the limiting values (uq, vg) of the dependent functions can be determined
[12] from the system

X0 = volo + f,

0 = ugty + fl?

1
0 0
fuv - \/U_O w 0

0 1 0 1 0

uvv m vov 4_1/[0 w =
Here, as above we denote
0 0
fu = fu(uo, vo), fuu = fuu(uo, vo), etc.
For ¢t < 1 the solution can be approximated by the graph of the canonical Whitney singularity

Xy X oy
7 (5.11)

X_ = Brr_ — VF’
where

xi = (x — x0) + (uo + Svg & vo/uo) (t — to) (5.12)
are the characteristic variables at the critical point

ry =ry —ri(up, vo). (5.13)
The coefficients «, 8, y depend on the choice of the solution (see details in [12]).

Example 5.3. The critical points (xg, fy, 49, Vg) of solution (4.10) to the dispersionless limit
of the focusing NLS equation (4.7) are determined from the system

Xo = volo + fu(uo, vo)

0 = uoto + fu(uo, vo) (5.14)
Juu(uo, vo) = fuu(uog, vo) =0, Juv(uo, vo) = —1o.

The critical point is called generic if
Fos = funn(tto, vo) # 0. (5.15)

Note that the Riemann invariants of the dispersionless system (4.9) are complex conjugate.
At the critical point both of them have a ‘gradient catastrophe’. Near the generic critical point
for ¢ < 1y the solution can be approximated by a complex square root function

(1 — o) +i/uo(v — vo) = —eV [V/r2(t — 10)? + e~V (S +iX) + 7 (1 — 1o)] (5.16)
with
X = 2r/uol(x — xp) — vo(t — to)1, S = =2rup(t — 1)

i . -1
re”// = [fuouv +14/Uo uouu] .

16
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The branch of the square root is obtained by the analytic continuation of the positive branch
from the positive real half-axis.

We study the behaviour of a generic perturbed solution near a critical point of the
unperturbed one. For brevity we will call it a critical behaviour.

In what follows it will be assumed that the dispersionless limit (4.2) is integrable, i.e.
the eigenvalues of the coefficient matrix A;(v) are pairwise distinct (but not necessarily real)
and the system admits Riemann invariants that may occur in complex conjugated pairs. For
example, any generic system with n < 2 enter in this class.

In contrast, we do not assume integrability of the perturbed Hamiltonian system. The idea
of universality of critical behaviour for solutions to Hamiltonian PDEs first suggested in [11]
states that the leading term of the asymptotic expansion of a perturbed solution near the critical
point of the unperturbed one is essentially independent from the choice of a generic solution
and, moreover, independent from the choice of a generic Hamiltonian perturbation. This
leading-order term is described, up to simple affine transformations of independent variables,
by certain particular solutions to Painlevé equations and their generalizations.

Example 5.4. For a generic Hamiltonian perturbation (2.17) of the Hopf equation the
conjectural universality type is given by the following formula [11]:

. 2/7 x—xo—vot —19) t—1ty 47
u(x,t) =vo+ye U( T e + O™, (5.17)

where «, B, y are some nonzero constants and U = U (X, T) is the real smooth solution to
the so-called P} equation (also called the fourth-order analogue of the Painlevé-I)

1 1 1 dU
X=TU— [—U3+i(U’2+2UU”)+2—U’V], U =—, etc. (5.18)

6 40 dXx

The existence of such a solution has been proven by Claeys and Vanlessen [8]. It satisfies the
boundary conditions

U~ —v6X, |X| = oo.

Conjecture (5.17) was proven by Claeys and Grava [5] for the particular case of analytic
solutions to the KdV equation in the soliton-free sector.

The proof of (5.17) for more general class of perturbations remains open. We also expect
the same special function U(X, T) to be involved in the description of critical behaviour of
solutions to more general systems of Hamiltonian PDEs near a point of gradient catastrophe
of one of the Riemann invariants of the unperturbed system, for example, for defocusing NLS,
see [12, 13] for a more extensive discussion of this conjecture.

We do not discuss in the present paper the behaviour of solutions to the KdV equation on
the boundary of the oscillatory zone. Important results in this direction bave been obtained in
references [6, 7].

Example 5.5. Let us now consider the critical behaviour in the situation of a simultaneous
gradient catastrophe of a pair of complex conjugated Riemann invariants r,(x, t), r_(x, t) =
ri(x,t) of the dispersionless limit (4.2). In this case another special function conjecturally
enters into the asymptotic description of the critical behaviour. This function W = W (Z) of
a complex variable Z is defined as a particular solution to the Painlevé-I equation

Wy, =6W?—Z. (5.19)

This particular solution was discovered by Boutroux in 1913 [3]; it is called the tritronquée
solution. It is uniquely characterized by the following property: the number of poles of this
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solution in the sector
4
largZ| < 5~ 1) (5.20)

is finite for any positive §.

A stronger property of the tritronquée solution was conjectured in [14]: we expect the
tritronquée solution to be analytic in any sector of the form (5.20). This conjecture remains
open; further arguments supporting this conjecture have been presented in [26-28]. The main
motivation of the analyticity conjecture proposed in [14] was in the following asymptotic
formula describing the critical behaviour of solutions to the focusing NLS equation. It can be
written in a simple form considering the complex Riemann invariant r, (x, t). Near the critical
point the following asymptotic formula was conjectured in [14]

re(x,t) = ri(ug, vo) + yez/SW ((x)ec_Z/S) + 0(64/5)
(5.21)

1 .
Xy =X — X0+ (uo + Evg +1v0./u0) (t —19).

The complex constant @ depending on the choice of a particular solution is such that the
argument of the function W belongs to the analyticity sector (5.20).

The proof of the asymptotic formula (5.21) remains an open problem, although there are
further supporting arguments proposed in [2]. The main difficulty in the proof of (5.21) for
solutions to the focusing NLS equation is in the asymptotic analysis of the scattering data for
the non-self-adjoint Zakharov—Shabat operator playing the crucial role in the inverse spectral
transform for the focusing NLS equation.

We expect that the same tritronquée solution describes the critical behaviour for more
general Hamiltonian perturbed PDEs near a point of a simultaneous gradient catastrophe of a
pair of complex conjugated Riemann invariants.

Let us compare the Hamiltonian critical behaviour with the one known [19] from the study
of dissipative perturbations of hyperbolic PDEs. Let us consider a nonlinear heat equation
U +aM)u, = €lyy. (5.22)

Here as above € is a positive small parameter; a(u) is an arbitrary smooth function. Let
v = v(x, t) be a generic solution to the equation

v +a@)v, =0 (5.23)

with a monotone decreasing initial data defined for x € R defined for ¢ < #; (let 7o be positive).
Let us assume that at the critical point (x = x¢, ¢ = #y) the solution has a generic gradient
catastrophe, i.e. the graph of the function v(x, 7o) has a non-degenerate inflection point at
x = xo. Denote vy = v(xo, #p) and put ap = a(vy). Then, near the point of catastrophe the
solution to the Cauchy problem

u(x,0;¢€) =v(x,0)

to the nonlinear heat equation admits the following asymptotic expansion:

. - 1/4 x —xo—apg(t —1ty) t—1y 12
u(x,t;€) =upg+ye F( T R +O(e’9), (5.24)
where I'(€, 7) is the logarithmic derivative of a Pearcey integral
0 = — LA 2%t +428)
I'é,7)=-2—1log e 8\ TS gy, (5.25)
9§ —o0
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Here «, 8, y are some nonzero constants depending on the choice of the solution. Note that
the function I'(€, t) is a particular solution to the Burgers equation

I, + Fr‘g = Fgg. (526)

For € — 0 solution (5.24) tends to a discontinuous function (shock wave).

We see that the leading term of the asymptotic expansion of the (5.24) is essentially
independent on the choice of a generic solution. It will be of interest to derive a similar
asymptotics (5.24) for more general dissipative perturbations

u+a(u)u, = e[p(u)uxx + q(u)ujzc] +0O(e?), p(u) >0 (5.27)
of the transport equation (5.23).

Remark 5.6. The assumption of integrability of the dispersionless limit is essential for the
formulation of the universality conjectures. In order to go beyond the integrable case the
nature of weak singularities of a generic hyperbolic system with n > 3 components has to be
clarified. To the best of our knowledge, no general picture describing the local structure of
singularities is available so far.

Due to volume limitations we do not consider here the behaviour of perturbed solutions
of certain Hamiltonian PDEs near the boundary between the regions of regular and oscillatory
behaviour. We refer the reader to the papers [1, 6].

In the present paper we did not touch the theory of Hamiltonian PDEs with more than
one spatial dimension. This is an immense domain of researches; the observations of the
recent papers [4, 21, 24, 25] can perhaps be boiled down to make future foundations of the
multi-dimensional theory.
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