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The Full Order Model (FOM)

The problem at full order level is described through the unsteady Reynolds Average Navier�Stokes Equations
(RANS) with the employment of k − ω turbulence model. The unsteady RANS equations read as follows

∂u
∂t + ∇ · (u⊗ u) = ∇ ·

[
−pI + (ν + νt)

(
∇u+ (∇u)

T
)]

in Ω× [0, T ],

∇ · u = 0 in Ω× [0, T ],

u(t,x) = Uin on ΓIn × [0, T ],

u(t,x) = 0 on Γ0 × [0, T ],

(ν∇u− pI)n = 0 on ΓOut × [0, T ],

u(0,x) = R(x) in (Ω, 0),

νt = F (k, ω), in Ω,

Transport-Di�usion equation for k,

Transport-Di�usion equation for ω,

(1)

the FOM is parameterized through the vector parameter µ and then solved for each µ ∈ PM = {µ1, ...µM} ⊂ P, where
PM is a �nite set of samples inside the parameter space P, while the time instants at which the �elds are acquired are
called {t1, t2, ..., tNT } ⊂ [0, T ]

Introduction
Turbulence is a physical phenomenon which occurs in
many engineering �elds such as naval engineering (boat
wakes), aerospace engineering (�ow around the wings) and
civil engineering (vortex shedding around circular cylinder
in structures). Therefore, simulating turbulent problems
in Computational Fluid Dynamics (CFD) is sought.
Despite the recent scienti�c breakthroughs achieved in
computer science and high performance computing, simu-
lating CFD problems and in particular turbulent problems
using classical discretization methods remains challeng-
ing and computationally expensive. This work presents
a Reduced Order Model (ROM) which is designed
speci�cally to deal with turbulent �ows. The model is a
combination of classical projection-based methods and
data-driven techniques. It has been validated on the
benchmark test case of the �ow around a circular cylin-
der.

Fully Projection Based ROMs

The starting point in developing the ROM is the usual decomposition of the �elds into a
sum of global spatial modes multiplied by temporal coe�cients:

u(x, t;µ) ≈
Nu∑
i=1

ai(t;µ)φi(x), p(x, t;µ) ≈
Np∑
i=1

bi(t;µ)χi(x). (2)

The reduced modes φi(x) and χi(x) are computed by the Proper Orthogonal De-
composition (POD). The POD technique constructs the reduced basis through the
snapshots method. The velocity snapshots matrix Su is given by:

Su = {u(x, t1;µ1), ...,u(x, tNT ;µM )} ∈ RN
h
u×Ns . (3)

We proceed to the projection step of the momentum equation of (1). This step will give
the following dynamical system with the unknowns being the vectors of coe�cients a and
b:

ȧ = νBa− aTCa−Hb+G(νt,a). (4)

To close the system we used the supremizer enrichment method which allows to project
the continuity equation onto the pressure modes, the resulting system is the following{

Mȧ = νBa− aTCa−Hb+G(νt,a),

Pa = 0.
(5)

Hybrid ROM approach

The reduced solutions a and b may be found by solving 5 but this is not possible at this
point because of the term G(νt,a). To approximate the latter term we propose to extend
2 to νt, namely:

νt(x, t;µ) ≈
Nνt∑
i=1

gi(t,µ)ηi(x), (6)

Inserting 6 into 5 yields the following system:{
Mȧ = ν(B +BT )a− aTCa+ gT (CT1 +CT2)a−Hb,
Pa = 0,

(7)

where G(νt,a) ≈ gT (CT1 + CT2)a. Interpolation using Radial Basis Functions
(RBF) is used to approximate the value of g. First one can notice the following:

νt = f(u)→ g = f̃(a) (8)

The interpolation using RBF functions is based on the following formula :

GL(a) =

Ns∑
j=1

wL,jζL,j(‖a− ajL2
‖RNu ), for L = 1, 2, ..., Nνt , (9)

where a ∈ RNu is a general reduced velocity vector, Ns is the total number of snapshots,
ζL,j for j = 1, ..., Ns are the RBF functions which are chosen to be Gaussian functions,

ζL,j is centered in ajL2
and wL,j are appropriate weights of ζL,j . For the computation of

the weights, we start by computing the L2 coe�cients of velocity and viscosity as
follows:

gr,l = (Srνt , ηl)L2(Ω), for r = 1, 2, ..., Ns and l = 1, 2, ..., Nνt . (10)

arL2
= [(Sru,φ1)L2(Ω), ..., (Sru,φNu)L2(Ω)], for r = 1, 2, ..., Ns. (11)

Now we can compute the weights by using the following property which essentially comes
from the data of the FOM:

GL(aiL2
) = gi,L, for i = 1, 2, ..., Ns, (12)

Ns∑
j=1

wL,jζL,j(‖aiL2
− ajL2

‖RNu ) = gi,L, for i = 1, 2, ..., Ns. (13)

In the online stage one can solve for g(a∗) = [gi(a
∗)]

Nνt
i=1

gi(a
∗) ≈ Gi(a∗) =

Ns∑
j=1

wi,jζi,j(‖a∗ − ajL2
‖RNu ), for i = 1, 2, ..., Nνt . (14)

Results
The presented results are for the benchmark case of the �ow around a circular cylin-
der in unsteady state setting. The case is without parameterization so the reduction is
done on time (both reproduction of the snapshots and extrapolating in time). The
Reynolds number is equal to 10000. The results shown are for an important perfor-
mance indication parameter which is the lift coe�cient Cl resulted from the lift forces
acting on the cylinder. The FOM results are compared to those of both the Hybrid
ROM (H-ROM) and the fully Projection ROM (P-ROM) which is based on solv-
ing 5 with neglecting the term G. A quantitative convergence analysis is shown for
the decay of the error with the increase of the number of modes used in the H-ROM.

Veloctiy magnitude FOM �eld.
Lift coe�cients curves for the FOM, the H-ROM
and the P-ROM (reproduction case), 8modes used.

Lift coe�cients L2 error curve (reproduction case).
Lift coe�cients curves for the FOM, the H-ROM and
the P-ROM (extrapolation case), 8 modes used.
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