
1. Foundations

1.1 Gravitation and inertia

After developing the theory of Special Relativity, Einstein turned his attention to the theory of gravita-
tion. In the beginning of the 20th century, gravity was still understood in Newtonian terms. The attraction
between two particles follows Newton’s law, which can be written in the form:

~F = G
q1q2

r2
r̂ (1.1.1)

where q1 and q2 are the “gravitational charges” of the bodies while G is a constant. This is formally identical
to Coulomb’s law of electrostatics. As in electrostatics, the law (1.1.1) does not actually dictate the dimension
of q1, q2 and G, but only of their product.

The Earth is not a point particle but its exterior gravitational field is the same as if all its mass was
concentrated at its center. Consequently, the gravitational force exerted by the Earth on a body of charge
q located near its surface is

~Fgrav = q~g , (1.1.2)

where ~g = G q⊕
r2

⊕

r̂ and r⊕ the radius of the Earth. By Newton’s second law of dynamics,

~F = m~a (1.1.3)

so a body near the surface of the Earth moves with acceleration

~a = ~Fgrav/m = (q/m)~g

where m is the mass of the body and ~g is approximately constant.

Galileo had timed the fall of bodies from the tower of Pisa and in 1638 had published the fundamental
observation that (when the effects of friction are neglected) all bodies fall with the same acceleration (1).
Since ~g by definition is independent of the body, and ~a is observed to be independent of the body, this
leads to the conclusion that the ratio q/m must be the same for all bodies. (This is in sharp contrast
with electromagnetism, where the ratio q/m can vary from one body to another. Particles moving in an
electromagnetic field follow different trajectories depending on their ratio q/m whereas particles moving in a
gravitational field all follow the same trajectories.) Knowing this fact, Newton used the freedom afforded by
the form (1.1.1) to fix this ratio to be equal to one (2). This fixes the gravitational charge to have dimension
of mass and the constant G to be equal to 6,6720×10−11m3s−2kg−1. Since then, G has been known as
Newton’s constant.

It is important to remember however, that even if we choose q to have dimensions of mass, there is no a
priori reason why it should be equal to the mass. It is a conceptually independent notion. To make this more
precise, it is customary to call the mass appearing in the second law of dynamics (1.1.3) the inertial mass,
because it expresses the resistance of a body to acceleration, and the mass appearing in Newton’s law (1.1.1)
the gravitational mass because it expresses the strength of the coupling of the particle to the gravitational
field. Galileo’s observation is often called “the proportionality of gravitational and inertial masses”. This
is an empirical fact, which is only known to be true within certain errors and is liable to be disproved by
future high precision experiments.

This is where things still stood at the beginning of the 20th century.

(1) Galileo Galilei: Discorsi e Dimostrazioni Matematiche Intorno a Due Nuove Scienze (Appresso gli Else-
virii, Leida, 1638); see http://galileoandeinstein.physics.virginia.edu/tns draft/index.html
(2) Isaac Newton, 1687 Principia: ”This quantity that I mean hereafter under the name of... mass... is
known by the weight... for it is proportional to the weight as I have found by experiments on pendulums,
very accurately made....”
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1.2 Inertial forces

In the end of the nineteenth century, using a clever experimental setup, baron Roland Eötvös had
greatly improved the accuracy of Galileo’s observation, showing that the ratio of gravitational to inertial
mass of different bodies differs by less that 10−9. The experimental precision is now of the order of 10−13

(3). Such very small, dimensionless numbers are always the source of deep puzzlement. They cannot be due
to a coincidence, so there must be some deep explanation for them. Einstein thought that this must have
a fundamental significance for any theory of gravity, and he realized that there is one other class of forces
that share this peculiar behavior: the forces of inertia. One may therefore hope to learn something about
gravity by considering the origin and the effect of inertial forces.

Let us start from some simple examples in classical mechanics. Recall that an inertial frame is a reference
frame in which free particles move on rectilinear trajectories

xi(t) = vit + xi
0 . (1.2.1)

If {xi} are coordinates relative to an inertial frame, also {x′i}, related to {xi} by a Galilean transformation,
are coordinates relative to an inertial frame. Any other transformation will lead to a noninertial frame where
the trajectory is not described by (1.2.1).

As a first example consider the transformation from an inertial frame K to a frame K ′ that accelerates
with respect to K with constant acceleration a in the positive x3 direction

x′

1 = x1 ; x′

2 = x2 ; x′

3 = x3 −
1

2
at2 . (1.2.2)

The components of the force will not be affected by this time-dependent translation, therefore Newton’s
second law, which in the inertial frame reads

Fi = mẍi , (1.2.3)

becomes in the accelerating frame

F ′

1 = mẍ′

1 ; F ′

2 = mẍ′

2 ; F ′

3 = m(ẍ′

3 + a) . (1.2.4)

Newton’s second law is not invariant under the transformation (1.2.2): a new term has appeared on the right
hand side spoiling the form of the equation. One can restore the form (1.2.3) by taking the new term to the
left hand side and defining the total force to be the sum of the force which was present in the inertial frame
and the force of inertia F (TOT ) = F + F (inertia), where the force of inertia is directed along the negative x′

3

axis and has magnitude equal to ma. Note that the force of inertia is exactly proportional to the inertial
mass and therefore, by its very definition, it affects all bodies in exactly the same way: every body moving
only under the influence of the force of inertia will follow the same trajectory.

As another example consider a frame that rotates counterclockwise relative to an inertial frame with
angular speed ω:

x′

i = Mij(t)xj , (1.2.5)

where the matrix M is given by

M =

(

cosωt − sinωt
sin ωt cosωt

)

(1.2.6)

If we denote xi(t) the trajectory of a point particle, we find in the rotating coordinate frame:

ẍ′

i = Mij(ẍj − ω2xj + ωǫjkẋk) , (1.2.7)

where ǫij is the antisymmetric matrix with ǫ12 = 1. The two new terms on the right hand side represent the
centrifugal and the Coriolis acceleration respectively. When taken to the left hand side of Newton’s second

(3) S. Baeßler, B. R. Heckel, E. G. Adelberger, J. H. Gundlach, U. Schmidt, and H. E. Swanson, Phys.
Rev. Lett. 83, 3585 - 3588 (1999)
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law they become the centifugal and Coriolis forces. Again, by construction, these two new forces are exactly
proportional to the mass and therefore they affect all bodies in the same way. Note that the transformations
(1.2.2) and (1.2.5) are both nonlinear in the time coordinate. The origin of the inertial forces is intimately
connected to this feature of the tranformation.

Let us now see how the forces of inertia are described in Special Relativity. A free particle in an inertial
coordinate system satisfies the equation on motion:

d2xµ

dτ2
= 0 , (1.2.8)

where dτ2 = −ds2 = −ηµνdxµdxν is the proper time of the particle (we use the convention η = (−1, 1, 1, 1)).
Now consider a new coordinate system described by arbitrary functions x′µ = x′µ(xν). If x′µ = Mµ

νxν +aµ,
with M an element of the Lorentz group and a a constant four–vector, then the new coordinate system is
also inertial and the equation of motion in the new frame looks again like (1.2.8).

But if the transformation has any other form, two related facts occur. First, the line element becomes

ds2 = ηµν

∂xµ

∂x′ρ

∂xν

∂x′σ
dx′ρdx′σ , (1.2.9)

so that the metric tensor has no longer the Minkowskian form and becomes in general a function of the
coordinates

g′ρσ = ηµν

∂xµ

∂x′ρ

∂xν

∂x′σ
. (1.2.10)

Furthermore, if we take second derivatives of the transformation and use (1.2.8), we get

0 =
d

dτ

(

∂xµ

∂x′ρ

dx′ρ

dτ

)

=
∂xµ

∂x′ρ

[

d2x′ρ

dτ2
+

∂x′ρ

∂xσ

∂2xσ

∂x′λ∂x′ν

dx′λ

dτ

dx′ν

dτ

]

The Jacobian in front of the r.h.s. is nondegenerate and therefore (1.2.8) implies

0 =
d2x′ρ

dτ2
+ Γ′

λ
ρ
ν

dx′λ

dτ

dx′ν

dτ
. (1.2.11)

where

Γ′

λ
ρ

ν =
∂x′ρ

∂xσ

∂2xσ

∂x′λ∂x′ν
, (1.2.12)

represent the forces of inertia which arise in the new (primed) coordinate system. The quantity Γ′
λ

ρ
ν is

clearly not a tensor because it is zero in some coordinate systems and not in others. Its transformation
properties are worked out in the following exercise.

Exercise 1.2.1. Let xρ be an inertial coordinate system and let x′µ(x) and x′′µ(x) be two
general coordinate transformations. Since the transformations can be inverted and composed, we
can express x′′µ as functions of x′µ. Work out the general transformation of the metric g′µν → g′′µν

and of the descriptors of inertial forces: Γ′
λ

ρ
ν → Γ′′

λ
ρ
ν . In particular,

Γ′′

λ
ρ
ν =

∂x′′ρ

∂x′α

∂x′β

∂x′′λ

∂x′γ

∂x′′ν
Γ′

β
α

γ +
∂x′′ρ

∂x′σ

∂2x′σ

∂x′′λ∂x′′ν

The first term is the same as in the transformation of a tensor, but the second is not tensorial.
Note that the second term vanishes for linear transformations.

1.3 The equivalence principle.

In order to better understand the relation between gravitational and inertial forces, let us now return
to the case of the uniformly accelerating frame. Imagine, as Einstein did, a spaceship travelling in empty
space, far from any planet or star, hence in a region where there are no gravitational fields. Suppose that in
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this spaceship there is a laboratory where one can perform various physical measurements. When the engine
is turned off, the reference frame in which the spaceship is at rest is an inertial frame. When the engine is
turned on, the spaceship will accelerate uniformly and therefore a reference frame in which it is at rest will
be related to an inertial frame by equation (1.2.2). In this frame there is a constant force of inertia opposite
to its acceleration. This acceleration will affect all bodies in the same way and therefore to an astronaut
performing experiments inside the spaceship it will look exactly like a uniform gravitational field, such as is
(approximately) experienced on the surface of the earth.

Conversely, imagine an elevator in free fall in a uniform gravitational field. All bodies inside the elevator
experience the same acceleration and therefore in a coordinate system attached to the cabin they stand still
or, if they have an initial velocity, they keep moving with uniform rectilinear motion. In the reference frame
of the freely falling elevator everything behaves as in an inertial frame in the absence of gravitational fields.

In fact there is no way that the astronaut can tell whether she is in a constantly accelerated capsule in
empty space or in a capsule at rest in a uniform gravitational field. And also, there is no way that a physicist
can tell the difference between being in an elevator in free fall in a uniform gravitational field or moving at
constant speed in empty space. Under these circumstances, the only logical conclusion is that a uniform
gravitational field is physically equivalent to an accelerated frame. In other words, a uniform gravitational
field is not a gravitational field: it is pure inertia.

This sounds like a paradox, until we realize that truly uniform gravitational fields do not exist in Nature:
it is physically impossible to produce one. In fact, the gravitational field of any body (atom, planet, star,
galaxy...) is inhomogeneous. Real gravitational fields become weaker and eventually tend to zero far from
physical bodies, whereas inertial forces do not. For example the force of inertia appearing in an accelerated
frame is constant throughout space, and the centrifugal force in a rotating frame even grows with distance.
There are no physical gravitational fields that share these features. The gravitational field near the surface
of the Earth is only approximately uniform: a sufficiently accurate pendulum will easily detect variations of
the gravitational acceleration with position. As a consequence, what was said above concerning the motion
of bodies in a freely falling elevator is only approximately true: performing careful observations inside the
freely falling elevator would reveal the inhomogeneity of the field. For example, the gravitational acceleration
points towards the center of the Earth and therefore two particles that were initially at rest at a certain
horizontal distance would get closer as the elevator falls. Also, two particles that were initially at rest at
a certain vertical distance from each other would drift slowly apart, because the lower one, being closer to
the center of the Earth, feels a slightly stronger acceleration than the other. A ring of matter that was
floating in a vertical plane in the elevator would thus slowly deform into an ellipse, elongated along the
vertical direction. This could be ascribed to the existence, inside the elevator, of a new force that is called
a tidal force (we will discuss these forces in section 10.3). While the motion of the center of mass of the
elevator eliminates most of the effects of the gravitational field, one cannot get rid of the tidal forces, which
are due to the inhomogeneities of the gravitational field. These effects can be neglected if the elevator is
sufficiently small and if we consider sufficiently short time spans. The accuracy of the measuring apparatus
will determine how small the spacetime region has to be in order to neglect the tidal effects, but in principle
one can always detect them with a sufficiently precise apparatus. In general one can say that the tidal forces
are small in regions that are much smaller than the scale of the inhomogeneities of the gravitational field (in
our example, one could consider the radius of the Earth, but we shall see later that the relevant quantity is
the radius of curvature of spacetime near the Earth, which is much larger still).

Einstein was thus led to postulate that in sufficiently small spacetime regions all effects of the gravita-
tional field on the motion of particles can be eliminated by going to a reference frame which is in free fall,
meaning that particles in free fall will appear in that frame to move with uniform rectilinear motion. Such
a reference frame is called an “infinitesimally inertial frame”, to emphasize the fact that it is defined by a
limiting procedure as the accuracy of the measuring instruments is sent to infinity (4) . In an infinitesimally
inertial frame particles move according to the laws of Special Relativity. This postulate is called the weak
Equivalence Principle and is the cornerstone of Einstein’s theory of General Relativity.

(4) an infinitesimally inertial coordinate system is best thought of as a frame in the tangent space. The
term “locally inertial frame” is often used, but I prefer to reserve the term “local” for properties that hold
on some sufficiently small but finite open subset of a manifold. By contrast, properties holding on the whole
manifold are called “global”.
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It is natural to assume that the principle holds not just for the laws of mechanics but also for all other
laws of physics. The experimental basis for this statement is much less accurate, but it is hard to imagine a
theory where only some classes of phenomena obeyed it while others did not. We shall henceforth assume
that in the infinitesimally inertial frames all laws of physics reduce to the form they have in Special Relativity.
This is called the strong Equivalence Principle.

The equivalence principle highlights the difference between true gravitational forces and inertial forces.
Inertial forces can be eliminated throughout spacetime by going to an appropriate coordinate system. In the
case of a true gravitational field, its effect can be eliminated by going to appropriate coordinate systems, but
the region covered by these coordinates has to be made infinitesimally small. The gravitational acceleration
that we feel in our everyday lives is to a large extent pure inertia: we feel it because the reference frame
fixed to the surface of the Earth is not inertial. The true gravitational force is the tiny tidal force, which in
daily life can be barely detected.

1.4 Consequences of the Equivalence Principle.

In this section we will use physical insight to derive some consequences of the Equivalence Principle
without developing the whole theoretical machinery of General Relativity (5).

First we recall that in Special Relativity energy contributes to inertial mass an amount ∆m = ∆E/c2.
If a body of inertial mass m receives an amount of energy ∆E, its inertial mass becomes m + ∆m. Does the
gravitational mass also change by the same amount? If it did not, then the same body would follow different
trajectories depending on the energy it contains. The effect is too small to be measured in practice, but the
following thought experiment leads us to believe that it must.

Consider again a reference frame K at rest in a uniform gravitational field with gravitational acceleration
~g directed along the negative x3 axis, and a reference frame K ′ attached to a system in empty space,
accelerated in the positive x′

3 direction. By the preceding discussion, these systems are equivalent. In the
frame K imagine two material systems S1, located on the z axis at z1 = 0, and S2 located at z2 = h. The
two systems are equipped with identical apparata that can send, receive and measure radiation. Suppose
that an amount of energy E2 is emitted from S2 towards S1, in the form of radiation. How much energy will
be received by S1? A priori we cannot say, because we do not yet know the effect of a gravitational field on
radiation and on the apparata, but we can calculate the same effect in the uniformly accelerated reference
frame K ′. By the Equivalence Principle, the physical effects must be the same. We assume that S1 and
S2 are located at the same positions, relative to the frame K ′ that they have relative to the frame K. Let
us observe the transfer of energy from an inertial reference frame K0 which has zero velocity relative to K ′

at the time of emission of the energy (we can assume that the transformation from K0 to K ′ is given by
(1.2.2)).

The time it takes for radiation to travel from S2 to S1 is t = h/c, so when the radiation reaches
S1 the system K ′ will have relative to K0 a velocity gh/c. The energy arriving at S1 can therefore be
calculated by applying the formula for a Lorentz boost with velocity gh/c to the radiation’s four–momentum
pµ = (E2, 0, 0,−E2/c). To first approximation it is

E1 =
E2 + E2gh

c2

√

1 − g2h2

c4

≈ E2

(

1 +
gh

c2

)

. (1.4.1)

Translating the result back to the reference frame K, we can say that

E1 = E2

(

1 +
∆Φ

c2

)

, (1.4.2)

where ∆Φ = gh is the difference of the gravitational potential between S2 and S1. Thus the radiation that is
received has an energy that differs from the radiation that is emitted by E2∆Φ/c2. This apparent violation
of the conservation of energy can be fixed if we assume that before leaving S2, the energy E2 contributed to

(5) This material is taken from A. Einstein, “Über den Einfluß der Schwerkraft auf die Ausbreitung des
Lichtes”, Annalen der Physik 35, (1911).
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the gravitational mass, and hence to the gravitational potential energy, of S2. If we attribute to the energy
E2 a gravitational mass equal to E2/c2, its gravitational potential will be equal to E2∆Φ/c2, and this is
precisely the extra energy that is detected upon arrival at S1. We conclude that energy has to contribute to
gravitational mass in the same way as it contributes to inertial mass.

Another more direct way of reaching the same conclusion is to imagine two scales attached to the systems
K and K ′. If a body of inertial mass m is put on the scale in the system K ′, its apparent weight, due to
the force of inertia, will be mg. If we impart to this body an additional energy ∆E, the apparent weight
becomes m + ∆E/c2. By the Principle of Equivalence, the same must be true in the system K, so energy
must contribute to the gravitational mass an amount ∆E/c2.

Let us now consider the frequency of the radiation that is transmitted in the previous thought exper-
iment. In the system K, we assume that the radiation is emitted by S2 with frequency ν2 and ask about
the frequency of the radiation received by S1. As before, we do not know how to calculate the effect in the
uniform gravitational field, so we ask instead the same question in the system K ′. Again, we look at the
process from an auxiliary inertial frame K0 which is at rest relative to K ′ at the time of emission of the
radiation. When the system S1 receives the radiation it has a velocity relative to K0 equal to gh, so the
radiation is Doppler-shifted

ν1 = ν2

(

1 +
gh

c2

)

. (1.4.3)

This can be translated into the frame K by saying that in a gravitational field, a light ray emitted from S2

with frequency ν2 will be received by S1 with a frequency

ν1 = ν2

(

1 +
∆Φ

c2

)

. (1.4.4)

There will be a blue shift when the radiation travels from a point with higher gravitational potential to a
point with lower gravitational potential, and a red shift in the opposite case.

Note that the effect is compatible with Quantum Mechanics. If we think of the radiation as being
composed of individual photons, the energy of each photon is E = h̄ν, so (1.4.2) can be regarded as a direct
consequence of (1.4.4). One way of observing this effect would be to detect the red shift of the spectral lines
of atoms located in the sun. Unfortunately the thermal motion of the atoms widens the lines and completely
masks the small gravitational effect. This effect has been observed experimentally by Pound and Rebka in
the gravitational field of the Earth using Mössbauer spectroscopy techniques (6).

This is all rather satisfactory, but an apparent paradox looms in this argument: if the frequencies of
the radiation at emission and absorption differ, the number of wave crests leaving and arriving in unit time
also differ. Where do the additional wave crests come from? (Or where do they go to, in the case of a red
shift?) In these considerations, it is important to understand the concrete operational significance of the
symbols. The frequencies ν2 and ν1 are measured at the locations of S2 and S1 using identical clocks. The
time measured by each clock is its proper time. Since the clocks are identical, they will show the same time
when they are placed next to each other, but we cannot assume that they will continue to do so when they
are placed in different positions in a gravitational field. In fact, the foregoing paradox implies that it is
wrong to assume the existence of a universal time that holds uniformly throughout a gravitational field.

On the contrary, we are led to assume that time flows at different rates in different positions, in such a
way that the number of wave crests leaving S2 per unit time is equal to the number of wave crests arriving
at S1 per unit time, as measured by the respective clocks. Thus, from the point of view of the observer in
S1, the flow of time at S2 is seen to be faster by a factor 1 + ∆Φ/c2.

The effect becomes perhaps clearer if we look at it from the point of view of an observer located at very
large distance from the Earth, where the gravitational field is negligible and Special Relativity can be used.
The proper time of such an observer coincides with the Minkowskian coordinate time. This observer will
see the radiation coming from a position S2 inside the gravitational field redshifted by a factor (1 + Φ/c2),
where Φ is now normalized to be zero at infinity, and thus is negative at finite distances from the Earth.

(6) R.V. Pound and G.A. Rebka, ”Gravitational Red-Shift in Nuclear Resonance”, Phys. Rev. Lett. 3, 439
(1959)

6



Therefore, the proper time τ of an observer at rest at a radial distance r from the Earth will be related to
Minkowskian time t by

τ = t

(

1 +
Φ(r)

c2

)

. (1.4.5)

The Minkowskian time coordinate at the radial position r is the time marked by a clock that runs (1 +
Φ(r)/c2)−1 times faster than the standard clock when they are put next to each other, far from any gravi-
tational field.

If the flow of time is slower in places where the gravitational potential is lower, the speed of light will
also be changed by the corresponding amount. Consider a light ray passing close to the sun. At the point
where the ray comes closest to the surface of the sun, we can think of it as a wave whose wave fronts are
perpendicular to the surface of the sun. Since the speed of light is lower nearer to the surface, the wave
fronts will be bent towards the sun. Eventually the ray emerges from the gravitational field and proceeds
in a direction that has been altered with respect to the original one. This deflection had been calculated by
Einstein based directly on (1.4.5), but the result is actually half of the correct amount. In order to work out
the correct result one has to use the full power of the theory.

Exercise 1.4.1. The GPS system is based on satellites whose orbital radius is approximately
26500km. Compute the satellites’ orbital velocity. Assuming the system has to provide position
measurements with the precision of 10m, estimate the time it would take to exceed this limit if one
neglected the time dilation due to the gravitational field of the Earth. Compare with the special
relativistic time dilation due to the orbital velocity. (Order of magnitude estimates are sufficient.)

1.5 The principle of general covariance.

It should be apparent from the considerations developed in the previous sections that in order to be
able to describe in a single mathematical framework inertial and gravitational phenomena, it is necessary to
formulate the laws of physics in a way that is invariant under arbitrary coordinate transformations (7). This
requirement is called the principle of general covariance.

Einstein found that this principle could be satisfied using the concepts of non-Euclidean geometry and
tensor calculus that had been developed by mathematicians such as Gauss, Bolyai, Lobachevski and Riemann
some decades earlier. In the course of the XX century those notions have been elaborated and recast in a
more abstract form and nowadays form the subject of differential geometry. It turns out that the language
of modern differential geometry is perfectly suited to describe physics in a coordinate–independent way and
therefore is the mathematical embodiment of the principle of general covariance.

Thus the laws of General Relativity will be invariant under a much greater (in fact, an infinite di-
mensional) group of transformations than those of Special Relativity. On the other hand, the metrics that
solve the equations of General Relativity will generally have less symmetry than the Minkowski metric. For
instance the gravitational field of the sun only has (approximate) spherical and time translation symmetry,
and the gravitational field of an irregular body has no symmetry at all.

It is therefore important to distinguish between symmetries of a system, and gauge invariances. The
former correspond to transformations that map a solution of the equations to another solution that can
be physically distinguished from the first (for example we can detect the difference between a physical
system and the same system after a rotation). By contrast, a gauge transformation maps a solution of the
equations to another solution that is physically indistinguishable from the first. Thus, gauge invariances are
manifestations of a redundancy in the kinematical description of a system. If we were able to describe the
system only in terms of gauge invariant degrees of freedom, there would be no gauge invariance at all. We
shall see that coordinate transformations play the role of gauge invariances in the theory of gravity.

In conclusion, it is important to stress that the principle of general covariance has a formal character
and is not special to a theory of gravitation. For example, Hamiltonian mechanics can be recast in generally

(7) Note that once nonlinear coordinate transformations are allowed, as for example in (1.2.2), in order to
close the algebra it is necessary to include all (smooth) coordinate transformations.
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covariant form. It is the equivalence principle which characterizes physically Einstein’s theory of gravity,
dictating the way in which particles and other physical phenomena are affected by a gravitational field.

1.6 The particle physics approach

We have reviewed some of the arguments that historically led Einstein to develop General Relativity.
It is not difficult to imagine that things could have evolved in a very different way. If Einstein had not
predicted the bending of light by the sun, the discovery of this effect would have taken much longer, (8) and
a relativistic theory of gravity could easily have been postponed by decades. We may then follow Feynman
(9) and try to imagine what would have happened if particle physics had been developed before General
Relativity. What would have been the reaction of particle physicists to the discovery of an interaction that
is universally attractive, and such that the charge is proportional to mass?

In particle physics it is customary to think of forces as being due to the exchange of some mediator. For
example, in Yukawa’s model the nuclear forces between nucleons are due to the exchange of scalar particles
(the mesons). In the standard model, electroweak and strong interactions are due to the exchange of spin one
particles. From this point of view it is only natural to try and view gravity as the effect of the exchange of
some particle that we may call “graviton”. Since gravity is a long range force the gravitons must be massless.
We have to determine their spin. It cannot be half-integer, because half-integer particles have only bilinear
interactions and therefore cannot act as mediators of exchange interactions: force fields must correspond to
particles with integer spin. In order to further constrain the spin, let us calculate the interaction energy
between two particles, mediated by a particle of spin s. From the representation theory of the Lorentz group,
a spin s field is contained in a symmetric tensor with s indices φµ1,...,µs

, and it interacts with a conserved
current Jµ1,...,µs that is also a symmetric tensor. We choose source particles at rest with charges q1, q2 and
four-velocities u = (1, 0, 0, 0), so that the sources are Jµ1,...,µs

1,2 = q1,2u
µ1 . . . uµs . The Fourier transform of

the interaction energy will be proportional to

Jµ1,...,µsPµ1,...,µs,ν1,...,νs
Jν1,...,νs , (1.6.1)

where Pµ1,...,µs,ν1,...,νs
is the propagator of the mediator field. By Lorentz covariance it can depend only

on the metric and on kµ, the four-momentum of the exchanged particle. Any term containing the momen-
tum will drop out of (1.6.1) due to current conservation, so for the present purposes we can just assume
Pµ1,...,µs,ν1,...,νs

= − 1
k2 ηµ1ν1

. . . ηµsνs
, suitably symmetrized. The overall factor −1 in the propagator is

essential in the following: it is dictated by the positivity of the energy of a freely propagating quantum.
When this form is inserted in (1.6.1) it produces s powers of g(u, u) = −1. The interaction potential is
thus proportional to (−1)s+1q1q2. As a result, like charges attract and opposite charges repel if s is even,
whereas like charges repel and opposite charges attract when s is odd. In the case of gravity, the charges are
proportional to the masses, which for all physically realizable sources are positive. Given that the charges
of all bodies have the same sign and that the resulting interactions are universally attractive, we conclude
that the mediator of the gravitational interaction must have even spin.

The simplest possibility would be spin zero. In this case the interaction term would be of the form
φT λ

λ, where T µ
ν is the energy-momentum tensor. Since the energy-momentum tensor of electromagnetism

is traceless (see (9.1.17)), there could be no gravitational deflection of light, in contrast to observation. Thus
the simplest remaining option is that the graviton has spin two.

In order to describe a spin two particle we must start from a symmetric tensor hµν . The free Lagrangian
for such a field contains ∂αhµν∂βhρσ with the six indices contracted in all possible ways. Terms without
derivatives are not allowed because the mass is zero. Using the symmetry of h and the freedom of performing
integrations by parts, the free action has the form

SFP =

∫

d4x
(

a1∂αhµν∂αhµν + a2∂αhµα∂βhµβ + a3∂αhµα∂µh + a4∂αh∂αh
)

, (1.6.2)

where we write h = hλ
λ. The interaction of the graviton with matter is

Sint = κ

∫

d4xhµνT µν . (1.6.3)

(8) In fact nowadays Eddington’s observations during the eclipse of 1919 are regarded as inconclusive.
(9) “Feynman lectures on gravitation”, Westview Press (2003).
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The resulting field equation is of the form fµν = κTµν , where T µν is the energy-momentum tensor, whose
conservation follows from translation invariance via Noether’s theorem, and

fµν = −2a1 ∂2hµν − a2 (∂µ∂αhν
α + ∂ν∂αhµ

α) − a3 (∂µ∂νh + ηµν∂α∂βhαβ) − 2a4 ηµν∂2h . (1.6.4)

Given that the r.h.s. of the field equation is conserved, the conservation of the l.h.s. must hold as an identity,
as in electromagnetism. Requiring that ∂µfµ

ν = 0 results in the conditions 2a1 + a2 = 0, a2 + a3 = 0 and
a3 +2a4 = 0. We fix the overall normalization by a1 = −1/4, which leads to a2 = 1/2, a3 = −1/2, a4 = 1/4.
(The sign is such that transverse plane waves have positive energy, see section 9.7.) The final form of the
graviton equation of motion is

1

2
∂2hµν −

1

2
(∂µ∂αhν

α + ∂ν∂αhµ
α) +

1

2
(∂µ∂νh + ηµν∂α∂βhαβ) −

1

2
ηµν∂2h = −κTµν . (1.6.5)

One can now check that the particular combination of terms that appears on the l.h.s. of the equation is
invariant under the transformation

hµν → hµν + ∂µǫν + ∂νǫµ , (1.6.6)

where ǫµ(x) is an arbitrary vector field. This is therefore a gauge invariance of the theory. (The relation to
the discussion of general covariance in the preceding sections is that this is just the infinitesimal variation
of the metric under (1.2.9), when x′µ = xµ − ǫµ(x).)

Now to proceed let us think of the case when matter is a scalar field. The free action (κ = 0) is
S(2) = SFP (h) + Sm(φ), where Sm(φ) is the action for a free massless scalar field in flat space. This total
Lagrangian describes spin two and spin zero particles propagating freely in Minkowski space and is completely
consistent. From translation invariance one obtains via Noether’s theorem the energy-momentum tensor

T(φ)µν = ∂µφ∂νφ −
1

2
ηµν(∂φ)2 . (1.6.7)

Using the field equation ∂2φ = 0, one gets the conservation law ∂µT µν

(φ) = 0. One can also write the energy-

momentum tensor of gravitons, which generally has a complicated form, but for a plane wave in a specific
gauge (the de Donder gauge, to be discussed in section 9.7) reduces to

T(h)µν =
1

2
∂µhαβ∂νhαβ . (1.6.8)

Let us now switch on the interaction (1.6.3). The equations of motion now become

∂2φ =2κ∂µ

(

hµν∂νφ −
1

2
h∂µφ

)

, (1.6.9a)

fµν =κT(φ)µν . (1.6.9b)

These equations are inconsistent: the l.h.s. of (1.6.9b) is identically conserved but the r.h.s. is not anymore:
conservation of the energy-momentum tensor works only with the free scalar equation of motion. In physical
terms, the energy-momentum tensor T(φ)µν need not be conserved because in the interacting theory the
scalars can exchange energy with the gravitons. One would however expect that the total energy-momentum
tensor of scalars and gravitons is conserved, so one can try to make equation (1.6.9b) consistent by adding
the energy-momentum tensor of gravitons to the r.h.s..

The problem is that a priori we do not know how to write such an energy-momentum tensor, except
for the free theory. Let us nevertheless try. We insist that the equations of motion should be derivable from
an action principle. The first attempt would be to try and use the formula (1.6.8), which gives the energy
momentum tensor of free gravitons, in the interaction (1.6.3). This does not really work, because it does
not result precisely in the addition of T(h)µν to the equation of motion of hµν . Nevertheless, this suggests

adding to the action a generic term S(3) containing the most general combination of three powers of h and
two derivatives. Up to integrations by parts, there are 18 possible terms of this type. Define

f (2)
µν =

δS(3)

δhµν
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the contribution to the equation of motion coming from this self-interaction. When carried to the r.h.s. of
the equation, it can be viewed as a piece of the energy-momentum tensor of gravitons, taking into account
interactions up to cubic order. It can be completely determined by the requirement that

∂µ(T µν

(φ) + f (2)µν) = 0 .

The resulting interacting theory correctly accounts for the precession of the perihelion of Mercury, so this is
definitely an improvement.

This cannot be the end of the story, however. The terms in the lagrangian that are cubic in h also give
rise through Noether’s theorem to terms in the energy-momentum tensor that are cubic in h. We should
add such terms to the equations of motion; this leads to a Lagrangian containing terms that are quartic in
h. The process goes on iteratively. A term of order n in the equation of motion comes from a term of order
n+1 in the Lagrangian, and such a term also generates terms of order n+1 in the energy-momentum tensor.
This results in the addition of infinitely many correction terms containing arbirarily high powers of h. The
full non-linear theory is equivalent to Einstein’s theory, but constructing this series inductively is incredibly
hard.

A complete summation of the series can be achieved much more easily if one uses the first order formal-
ism, which means that metric and connection are treated as independent variables, (10) but this presupposes
already much knowledge of the nonlinear theory. We will therefore not follow this approach here and con-
tinue with the traditional geometrical approach. In the historical “top down” approach the gravitational
field has a different status from that of all other fields: it is identified with the metric and therefore it does
not merely propagate in spacetime: in a sense it defines spacetime. It is worthwile to keep in mind, however,
that the geometrical viewpoint is not a logical necessity. It may just be an accidental property of spin two
fields, as emphasized in Feynman’s lectures, and it rests heavily on the proportionality of gravitational and
inertial mass, which may well be just approximate. The reader is referred to the Preface and to section “The
geometrical analogy” in Steven Weinberg’s book “Gravitation and Cosmology” for a heterodox point of view
on this matter.

(10) S. Deser, “Self interaction and gauge invariance”, Gen. Rel. Grav. 1, 9 (1970).
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