
4.1 Graded algebras

At each point x in an n–dimensional manifold M , the direct sum ΛxM = ⊕n
p−0Λ

p
xM , with the exterior

product, is a graded algebra called the Grassmann algebra. The bundle of p-forms on M , denoted ΛpM ,
is the subspace of TM0

p consisting of totally antisymmetric, covariant tensors of type (0, p). The space
of sections of ΛpM is a subspace of T 0

p M denoted Ωp(M); its elements are the fields of p-forms on M .
The exterior product in the Grassmann algebras ΛxM extends by pointwise action to an exterior product
Ωp(M) × Ωq(M) → Ωp+q(M). The direct sum Ω(M) = ⊕n

p=0Ω
p(M) consisting of all fields of differential

forms on M , together with the exterior product, is also a graded algebra.
We defined earlier the notion of derivation on an algebra. That notion can now be extended to graded

algebras. A linear operator T acting on a graded algebra is said to have degree s if it maps Ωp(M) to
Ωp+s(M). It is said to be a derivation if

T (α ∧ β) = Tα ∧ β + α ∧ Tβ (4.1.1)

and an antiderivation if
T (α ∧ β) = Tα ∧ β + (−1)pα ∧ Tβ (4.1.2)

where p is the degree of α.
Applying (4.1.1) to β ∧ α, using (2.4.2) and comparing again with (4.1.1), one can easily see that

derivations must have even degree. The same argument applied to (4.1.2) shows that antiderivations must
have odd degree. One can also directly show that:
• the commutator of two derivations is a derivation;
• the anticommutator of two antiderivations is a derivation;
• the commutator of a derivation and an antiderivation is an antiderivation.

4.2 The exterior derivative

Recall the definition (2.3.1) of the differential of a function. This notion can be generalized from the
space of functions C∞(M) = Ω0(M) to the space of p-forms Ωp(M). The differential of a field of one-forms
α ∈ Ω1(M) is a field of two-forms dα ∈ Ω2(M) whose value on two vectorfields v and w is the function

dα(v, w) = v(α(w)) − w(α(v)) − α([v, w]) . (4.2.1)

The reason for the last term, involving a Lie bracket, can be understood by working out the right hand side
in terms of the coordinate components α = αµdxµ, v = vµ∂µ, w = wµ∂µ. The terms involving derivatives
of vµ and wµ, which arise from the first two terms, are cancelled by the Lie bracket term, so that dα only
involves derivatives of the components of α:

dα(v, w) = (∂µαν − ∂ναµ)vµwν . (4.2.2)

One can generalize the formula (4.2.1) to arbitrary p-forms:

dω(v1, . . . , vp+1) =
∑

1<i<p+1

(−1)i+1vi(ω(v1, . . . , v̂i, . . . , vp+1))

+
∑

1<i<j<p+1

(−1)i+jω([vi, vj ], v1, . . . , v̂i, . . . , v̂j , . . . , vp+1) ,
(4.2.3)

where a hat over a vector means that it is missing. If the components of ω are defined as in (2.4.4), a
calculation similar to the one leading to (4.2.2) shows that the coordinate components of dω are

(dω)µ1,...,µp+1
= dω(∂µ1

, . . . , ∂µp+1
) = (p + 1)∂[µ1

ωµ2,...,µp+1] (4.2.4)

and therefore

dω =
1

p!
dωµ1,...,µp

∧ dxµ1 ∧ . . . ∧ dxµp , (4.2.5)
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where dωµ1,...,µp
is the differential of the function ωµ1,...,µp

. This formula is equivalent to (4.2.3) and could be
taken as an alternative definition of d. Even though it refers to a particular coordinate system, one can easily

prove, using the symmetry of second derivatives ∂2x′µ

∂xρ∂xσ that it is actually independent of the coordinate
system.

Using eq.(4.2.5) one can prove properties of the differential more easily than from the coordinate-
independent definition (4.2.3). The differential does not satisfy the Leibnitz rule but rather the graded
Leibnitz rule:

d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ . (4.2.6)

Since d : Ωp(M) → Ωp+1(M), this shows that d is an antiderivation of degree one on the algebra Ω(M).
Furthermore,

ddω = 0 ∀ω , (4.2.7)

and if φ is a smooth map of manifolds,
φ∗dω = dφ∗ω . (4.2.8)

(This generalizes equation (3.3.11) which was proven for zero-forms). If we take φ to be φt, the flow of a
vectorfield v on M , then by taking the derivative of this equation with respect to t we get

Lvdω = dLvω . (4.2.9)

Example 4.2.1: the exterior derivative in R3. When acting on zero-forms, d is the gradient
operator. A one-form in R3 can be written in general as α = αxdx + αydy + αzdz, and

dα =

(

∂αy

∂x
−

∂αx

∂y

)

dx ∧ dy +

(

∂αz

∂y
−

∂αy

∂z

)

dy ∧ dz +

(

∂αx

∂z
−

∂αz

∂x

)

dz ∧ dx

so when acting on one-forms, d is related to the curl. (More precisely, dα is the dual of the curl.
The duality relation will be discussed in example 7.2.1.) For a two-form β = βxdy ∧ dz + βydz ∧
dx + βzdx ∧ dy we have

dβ =

(

∂βx

∂x
+

∂βy

∂y
+

∂βz

∂z

)

dx ∧ dy ∧ dz

so when acting on two-forms d is related to the divergence. (More precisely, dβ is the dual of the
divergence of βxdx + βydy + βzdz.)

The property (4.2.7) is a generalization of the well-known theorems of analysis stating that, in
R3, curl grad = 0 and div curl = 0.

4.3 The interior product.

We define another operation on forms called the interior product. Given a vector v ∈ TxM and a p-form
ω ∈ Λp

xM , we define a (p − 1)-form ivω ∈ Λp−1
x M by forming the tensor product and then contracting the

first two indices: ivω = C1
1 (v ⊗ ω). When evaluated on p − 1 vectors we have

ivω(v1, . . . , vp−1) = ω(v, v1, . . . , vp−1) . (4.3.1)

If f is a function, we define formally, ivf = 0. This operation extends to fields of vectors and forms: if
v ∈ X(M) and ω ∈ Ωp(M), ivω ∈ Ωp−1(M) is defined by pointwise application of (4.3.1).

When evaluated in a coordinate system, the expression for the interior product is

(ivω)µ1...µp−1
= vνωνµ1...µp−1

. (4.3.2)

One sees immediately that
iviv = 0 . (4.3.3)
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Furthermore, using (2.4.1),
iv(α ∧ β) = ivα ∧ β + (−1)pα ∧ ivβ , (4.3.4)

so iv is an antiderivation of degree −1.
We will now prove an important formula relating the exterior differential, the interior product and

the Lie derivative. It will be convenient to introduce first some algebraic notions that will simplify the
proof considerably. Since every p-form can be written as a sum of products of zero-forms and one-forms,
if two derivations or antiderivations coincide when acting on zero-forms and one-forms, then they coincide
on all p-forms. Since every one-form can be written as a sum of products of zero-forms and differentials, if
two derivations or antiderivations both commute with d and coincide on zero-forms, they also coincide on
one-forms, and then by the proposition above they coincide on all p-forms.

We can apply these results to the operators that we have defined on forms. The Lie derivative satisfies
the Leibnitz rule (3.6.5) and therefore is a derivation on the algebra of tensors. Since the exterior product
is an antisymmetrized tensor product, it also satisfies

Lv(α ∧ β) = Lvα ∧ β + α ∧ Lvβ (4.3.5)

and therefore the Lie derivative is a derivation of degree zero on the algebra of forms.
Formula (4.2.6) says that the exterior derivative is an antiderivation of degree one. Formula (4.3.4) says

that the interior derivative is an antiderivation of degree minus one. Consider the operator ivd + div. It is
a derivation of degree zero that commutes with d. So is Lv. On zero-forms, Lvf = v(f) and (ivd + div)f =
ivdf = df(v) = v(f). By the proposition above, the two operators are the same on all p-forms. We have thus
proven the following important formula:

Lv = ivd + div . (4.3.64)

Exercise 4.3.1: verify this formula for one- and two-forms, using the explicit coordinate expres-
sions (3.6.12), (4.2.4) and (4.3.2).

4.4 Integration on manifolds

We have defined a notion of differentiation of forms. We are now going to define the notion of integration
of forms. As we shall see, all integrals on manifolds are integrals of forms.

Let M be an orientable manifold. This means that we can choose an atlas for which the Jacobians of all
coordinate transformations are positive. Let ω ∈ Ωn(M) be a form of the highest degree on M . We assume
first that the support of ω (i.e. the closure of the set of points where ω 6= 0) is entirely contained within the
domain of a chart (U, Φ). All components of ω differ by just a permutation of the indices, and therefore are
all equal up to a sign. Then, eq (2.4.4) can be rewritten

ω = ω1...n dx1 ∧ . . . ∧ dxn . (4.4.1)

The integral of ω on M is defined to be

∫

M

ω =

∫

U

ω =

∫

∞

−∞

dx1 . . .

∫

∞

−∞

dxnω1...n(x) (4.4.2)

as a Lebesgue integral on Rn. Let us check that this definition is independent of the choice of coordinate
system, as long as the orientation is preserved. Let x′ be another coordinate system on the same open set
U . The components of ω in the two charts are related by

ω′

µ1...µn
=

∂xρ1

∂x′µ1
. . .

∂xρn

∂x′µn

ωρ1...ρn
. (4.4.3)

Let εµ1...µn
be the totally antisymmetric Levi-Civita symbols, defined in section 2.5. We can write ωµ1...µn

=
ω1...n εµ1...µn

and ω′

µ1...µn
= ω′

1...n εµ1...µn
. Explicitly, using (4.4.3)

ω′

1...n εµ1...µn
=

∂xρ1

∂x′µ1
. . .

∂xρn

∂x′µn

ω1...nερ1...ρn
= det

∂x

∂x′
ω1...n εµ1...µn

(4.4.4)
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and therefore (1)

ω′

1...n(x′) = det

(

∂x

∂x′

)

ω1...n(x) . (4.4.5)

On the other hand, recall that on Rn, under a change of coordinates, a Lebesgue integral changes by

∫

f ′(x′)dx′ =

∫

f(x)
∣

∣

∣
det

(

∂x′

∂x

)

∣

∣

∣
dx , (4.4.6)

and since we assume det ∂x
∂x′

> 0 we have

∫

ω′

1...n(x′) dx′1 ∧ . . . ∧ dx′n =

∫

ω1...n(x) dx1 ∧ . . . ∧ dxn . (4.4.7)

This proves that the definition (4.4.2) is independent of the coordinates.
In order to generalize the definition of integration to arbitrary n-forms, assume that {UA, ΦA} is an

atlas relative to a locally finite covering, and let fA be a partition of unity relative to this covering (2) . We
can then write ω =

∑

A ωA, where ωA = ωfA has support in UA. By linearity we define

∫

M

ω =
∑

A

∫

M

ωA . (4.4.8)

Notice that the sum is finite, by the assumptions made on the atlas.

A volume form on a manifold M is a nowhere-vanishing form of highest rank. It can be written in
local coordinates as in (4.4.1), where ω1...n is nowhere zero. The integral

∫

M
ω is the volume of M . Given a

volume form and a function f on M , one can define the integral of f on M as
∫

M
ωf .

The use of a partition of unity is an elegant way of defining globally the integral of a form, but it is
not a practical method of calculation. In practice one uses the fact that Lebesgue integrals don’t change
if the domain of integration is modified by some set of measure zero. For example, consider the volume
form 1

4π
sin θdθdφ on the two-dimensional sphere. The spherical coordinates are defined for 0 < φ < 2π,

0 < θ < π, so they don’t cover the whole sphere: they leave out the Greenwich meridian φ = 0. Although this
meridian is not contained in the spherical chart, one can easily convince oneself that it is of measure zero (for
example rewriting the volume element in stereographic coordinate). Thus the integral of any function f on

the two-dimensional sphere can be evaluated as
∫ 2π

0 dφ
∫ π

0 dθ sin θf(θ, φ), without worrying about partitions
of unity. This works whenever a coordinate system can be extended to “almost all” point on the manifold,
which is often the case.

Forms of less-than-maximal rank 0 < p < n have to be integrated on submanifolds of M of dimension p.
Recall that a submanifold is defined by an immersion i : P → M . If α ∈ Ωp(M), the pullback i∗α ∈ Ωp(P )
is a form of maximal degree on P and therefore can be integrated according to the prescription described
above:

∫

i(P )

α =

∫

P

i∗α . (4.4.9)

Example 4.5.1. The definition (4.4.9) generalizes to arbitrary manifolds the notion of line
integral, surface integral etc. For example, if A is a one-form on M and c : R → M is a curve in M
with coordinate t,

∫

c(R)

A =

∫

R

c∗A =

∫

∞

−∞

Aµ(x(t))
dxµ(t)

dt
dt

(1) In the language of section 2.5, ω1...n is a density of weight one, such that multiplied by the Kronecker
pseudotensor it yields a proper tensor.
(2) A partition of unity relative to a covering {UA} is a collection of functions fA such that the support of
fA is contained in UA and

∑

A fA(x) = 1 for all x.
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where xµ(t) is the local coordinate description of the curve. Similarly, if F is a two-form and
s : R2 → M is a two-dimensional submanifold with coordinates t1, t2:

∫

s(R2)

F =

∫

R2

s∗F =

∫

∞

−∞

dt1

∫

∞

−∞

dt2Fµν(x(t1, t2))
dxµ(t)

dt1

dxν(t)

dt2

where xµ(t1, t2) is the local coordinate description of the surface s.

Let P be a p-dimensional manifold with boundary ∂P , and let ω ∈ Ωp−1(P ). Then we have the following
theorem

∫

∂P

ω =

∫

P

dω . (4.4.10)

This is a generalization of Stokes’ and Gauss’ theorems: if P is a two dimensional surface in R3 with boundary
a loop ℓ, and A is a one-form on R3,

∫

P

dA =

∫

ℓ

A (Stokes) (4.4.11)

and similarly, if F is a two-form on R3 and V is a closed 3-dimensional submanifold with boundary a closed
surface S,

∫

V

dF =

∫

S

F (Gauss) (4.4.12)

4.5 Poincaré’s Lemma

The differential algebra of forms carries some information about the topology of M . To this effect, we
introduce some additional terminology. A form ω is said to be closed if dω = 0 and exact if there exists a
form β such that ω = dβ. Equation (4.2.7) shows that every exact form is closed. The converse is not always
true.

Example 4.5.1 On the circle, parametrized by an angle 0 ≤ ϕ ≤ 2π, every one-form can be
written α(ϕ) = f(ϕ)dϕ. Clearly every one-form is closed. In order to write α as the differential of
a function, we try to integrate α: F (ϕ) =

∫ ϕ

0 dϕ′f(ϕ′). Clearly F (0) = 0 and ∂ϕF = f . Thus, we
have almost found that α is the differential of a function F . It is indeed true that α = dF , but F
is not a true function on S1 in general. In order for F to be a smooth real-valued function on S1

it is necessary that F (2π) = F (0) = 0. Thus, a one-form α on S1 is exact if and only if
∫

S1 α = 0.
Failing that, α is only locally exact on S1. See example (4.6.2) for further discussion of this case.

We now prove the following Poincaré lemma: on Rn, every closed form is exact. To prove the lemma,
define T : Ωp(M) → Ωp−1(M) by

Tω =

∫ 1

0

dt tp−1ixω(tx) , (4.5.1)

where x, the coordinate in Rn, is also thought of as a vector tangent to Rn at any point (this is possible
because there exists a notion of parallelism in Rn). Using (4.3.5), we have

(Td + dT )ω =

∫ 1

0

dt tp−1Lxω(tx)

The Lie derivative can be computed explicitly in components using (3.6.12). All the terms with derivatives
of the vectorfield give the same contribution and we get:

Lxω = xµ∂µω + pω .

On the other hand,
d

dt
(tpω(tx)) = tp−1(xµ∂µω + pω)
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and therefore

(Td + dT )ω =

∫ 1

0

dt
d

dt
(tpω(tx)) = ω .

If ω is closed, dTω = ω, showing that ω is exact.

Since manifolds are locally diffeomorphic to (open subsets of) Rn, it follows as a corollary of Poincaré’s
lemma that on any manifold every closed form is locally exact. The failure of a closed form to be globally
exact reveals something about the topology of M , as we shall discuss next.

4.6 De Rham Cohomology.

Algebraic topology is a branch of topology that converts topological questions into algebraic ones.
Cohomology is one way of constructing topological invariants. In a context of manifolds, it can be realized
in terms of differential forms as follows. Denote dp the exterior derivative acting on Ωp(M). Let Zp(M) =
kerdp ∈ Ωp(M) the space of closed forms and let Bp(M) = im(dp−1) ∈ Ωp(M) be the space of exact forms.
(3) From (4.2.7), Bp(M) ⊂ Zp(M). Two closed forms are said to be cohomologous if they differ by an exact
form. Being cohomologous is an equivalence relation, and equivalence classes under this relation are called
cohomology classes. The set of p-th cohomology classes on M is the quotient Hp(M) = Zp(M)/Bp(M). It
is called the p-th de Rham cohomology group of M (actually, it is really a vector space) and it measures the
failure of closed forms in M to be exact. The spaces Zp and Bp are infinite dimensional function spaces, but
Hp is finite dimensional. Intuitively, this is due to the Poincaré lemma: any local deformation of a closed
form can be encoded in an exact form, so when the quotient is taken, only global, topological information
remains, which can be encoded in a finite number of variables. The dimension of Hp(M) is called the p-th
Betti number and is a topological invariant.

Example 4.6.1: H0(M). The space C0(M) is the space of real functions on M and the space
Z0(M) is the space of locally constant functions on M . The space B0(M) is formally zero, since
there are no forms of degree -1. If M is connected, every locally constant function is constant,
so H0(M) = Z0(M) = R. If M has several connected components, a locally constant function is
constant on each connected component, so H0(M) = Rb0 , where b0 is the number of connected
components of M .

Example 4.6.2: H1(S1). Every one-form on S1 is closed, so Z1(S1) = Ω1(S1). As was shown
in example 4.5.1, a one-form on S1 is exact if and only if its integral on S1 is zero. Therefore,
two one-forms are cohomologous if and only if their integrals on S1 are equal. The cohomology
classes of functions correspond to all possible values of the integral of the form, so H1(S1) = R. A
generator of this group is the one-form dϕ.

Example 4.6.3: Hm(M). More generally, let M be a compact m-dimensional oriented manifold
without boundary. Every m-form on M is closed, so Zm(M) = Ωm(M). A volume-form ω cannot
be exact, for if it was exact its integral would vanish due to Stokes’ theorem (4.4.10). Thus volume
forms belong to nontrivial cohomology classes. As in the previous example, one can show that
Hm(M) = R.

Example 4.6.4: Hp(M) = 0 for p > m, since on an m-dimensional manifold M the space of
forms of degree p > m is empty.

Example 4.6.5: H1(S2). Let α be a closed one-form on the sphere S2. We can define a function
F on S2 by F (x) =

∫

c
α, where c is any path from a fixed basepoint x0 to x. By Stokes’ theorem

(4.4.11) the integral does not change under smooth deformations of the path, so it depends only on
the endpoint x. Since any two paths joining two points on the sphere can be smoothly deformed
into each other, the definition of the function F is entirely unambiguous. Clearly, α = dF , proving
that H1(S2) = 0.

(3) in the context of cohomology theory, p-forms are called “cochains”, closed forms are called “cocycles”
and exact forms are called “coboundaries”.
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Example 4.6.6: H1(T 2). If one tries to do the same on T 2, in general F will not be a well-
defined function, because there are infinitely many classes of paths joining x and x0. The vec-
torspace H1(T 2) is two-dimensional and is generated by the closed forms dx1, dx2, where (x1, x2)
are coordinates on the torus.

The most important property of the cohomology groups is that they are topological invariants, i.e. they
are the same for homeomorphic spaces. The proof of this fact will not be given. In particular, the Betti
numbers are topological invariants. One combination of these invariants is of particular interest: the Euler
characteristic is a topological invariant which is defined as the alternating sum of the Betti numbers:

χ(M) =

n
∑

i=0

(−1)ibi(M) . (4.6.1)

Using the results of the examples above one finds for example χ(S2) = 1+0+1 = 2 and χ(T 2) = 1−2+1 = 0.
One can show that the n-dimensional sphere only has nontrivial cohomology in dimensions p = 0 and p = n,
so it has Euler characteristic equal to 2 for n even and zero for n odd. We will give later an integral formula
for the Euler characteristic.

4.7 A topological field theory.

All the properties and structures discussed up to this point derive directly from the manifold structure
and therefore are present on any manifold. With these “natural” structures it is possible to construct some
simple field theories. We will consider here as an example a field theory constructed entirely with differential
forms. We assume M to be a 3-dimensional manifold and we consider a field theory whose dynamical variable
is a one-form A. The only action one can construct with A and d is

S(A) =

∫

M

A ∧ dA . (4.7.1)

This action is invariant under the gauge transformations A → A + dΛ, where Λ ∈ C∞(M) is a function that
goes to zero sufficiently fast at infinity to allow integration by parts to be performed without leaving surface
terms behind. The field equations that derive from the action are

dA = 0 . (4.7.2)

Assume that M = R × Σ, where R represents the time line and Σ represents space. For simplicity we may
assume that Σ is compact oriented two-dimensional manifold without boundary.

Decompose the two-form A into its time- and space-components A0 and Ai, with i = 1, 2. We can
choose the gauge such that A0 = 0. This leaves a residual gauge freedom consisting of time–independent
gauge transformations Λ(x1, x2). The space components of the field equation are

∂1A0 − ∂0A1 = 0 ; ∂2A0 − ∂0A2 = 0 .

In the chosen gauge, they imply that the space components of A are time independent, and therefore can be
regarded as a one–form α = A1dx1 + A2dx2 on Σ. The time-component of the equation reads

∂1A2 − ∂2A1 = 0 .

This equation does not contain time derivatives and therefore is not an equation of motion: it merely imposes
a constraint on the initial values of the field at time t = 0. (This is also true in Maxwell theory, where the

Gauss law ~∇· ~E = 0 does not contain time derivatives of the potential.) Such constraint equations determine
the space of possible initial conditions, and therefore the space of all solutions of the equations.

The allowed initial conditions are elements α ∈ Ω1(Σ) such that dα = 0, i.e. the closed forms. In
addition, we have to identify initial conditions that differ by a (time-independent) gauge transformation,
i.e. by an exact form. Therefore, the space of solutions of this theory consists of closed forms modulo exact
forms, i.e. it is the de Rham cohomology vectorspace H1(Σ).

This is a very poor theory from a physical point of view, because it has only a finite dimensional space
of solutions. There are no wave-like solutions, for example. This example shows that to recover the rich
variety of physical phenomena that one is accustomed to, additional ingredients have to be introduced. In
particular, one needs a metric.
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