
6. Connections

In order to write differential equations involving tensors, we need a general notion of derivative of a
tensor in the direction of a vector v. The resulting object must be another tensor of the same type, depending
only on the value of v at a point. On a “bare” manifold, such as we have considered so far, such a definition
runs in the following problem: a derivative is defined as a limit of differences, and this requires that the
objects being differentiated belong to the same vectorspace. The values of a tensorfield at different points
belong to different vectorspaces and therefore cannot be straightforwardly compared. (1) In order to define
a general notion of covariant derivative it is necessary to introduce an additional structure on a manifold,
called a linear connection. This will allow us to (parallely) transport tensors from any point to any other
point and hence to compare tensors defined at different points.

It turns out that this problem can be easily generalized from the setting of vector– and tensorfields on a
manifold (sections of the bundles of tensors TMs

r ) to the much more general category of vectorbundles. This
generalization is extremely important to particle physics, where connections are interpreted as Yang–Mills
fields. It is also needed in order to define the coupling of spinor fields to gravity. We shall therefore define
the notion of connection in this generalized setting.

6.1 General fiber bundles.

A bundle is a triple (E, π, M) where E (the totalspace), and M (the base space) are smooth manifolds
and π (the projection) is a smooth surjective map of E onto M . If x ∈ M , Ex = π−1(x) ⊂ E is called the
fiber over x. In order to avoid an excessively cumbersome notation, we will use the same symbol for the
bundle and its total space. A bundle (E′, π′, M ′) is a subbundle of (E, π, M) if E′ ⊆ E, M ′ ⊆ M and π′

is the restriction of π to E′. In particular, if M ′ ⊂ M , the subbundle whose total space is EM ′ = π−1(M ′)
is called the restriction of E to M ′.

The interesting maps between bundles are those that preserve the bundle structure, i.e., map fibers into
fibers. A bundle morphism from (E, π, M) to (E′, π′, M ′) is a couple of maps (u, f) such that π′ ◦u = f ◦π.
(Since π is surjective, f is completely determined by u.) A morphism of the form (u, IdM ) is called an M -
morphism. A bundle isomorphism is a bundle morphism (u, f) which has an inverse; in particular, u and f
must be diffeomorphisms. An isomorphism of a bundle to itself is called an automorphism; M -automorphisms
are also called vertical automorphisms.

The simplest example of fiber bundle is a cartesian product E = M × Y with projection π(x, y) = x. A
bundle that is presented as a product is said to be a trivial bundle. A bundle which is isomorphic to a trivial
bundle is said to be trivializable. A bundle is said to be locally trivializable, and to have typical fiber Y , if
∀x ∈M there exists an open neighborhood U of x such that EU is U -isomorphic to U × Y . In the following
we will consider only bundles that are locally trivializable. A local trivialization over an open subset U will
be denoted Ψ : π−(U) → U × Y . It maps e ∈ Ex to (x, y) for some y ∈ Y . The pair (U, Ψ) is called a
bundle chart for E. We will call Ψx : Ex → Y the diffeomorphism which is defined by Ψ−1

x (y) = Ψ−1(x, y).
Notice that Ex is diffeomorphic to Y for all x.

Now consider another local trivialization Ψ′. Without loss of generality we can assume that it is defined
over the same open set U . The same point e ∈ π−1(x) can be represented in the two trivializations as
Ψ(e) = (x, y) or Ψ′(e) = (x, y′). We have y′ = fx(y), where fx = Ψ′x ◦ Ψ−1

x : Y → Y is a diffeomorphism.
This diffeomorphism depends on x, so altogether the change of bundle chart can be described by a function
f : U → Diff (Y ). We will assume that the typical fiber Y carries a left action L of a Lie group G, (2) and
that fx = Lg(x)−1 for some map g : U → G (writing g−1 instead of g is purely conventional; see example
6.1.4 for a motivation.) For notational simplicity we will often write simply Lg(y) = gy. To summarize, if
Ψ(e) = (x, y),

Ψ′(e) = (x, g(x)−1y)

Now let {UA} be an open covering of M such that the bundle E is trivializable over each open set
UA and let ΨA be corresponding local trivializations. Such a collection of bundle charts is called a bundle

(1) Note that the derivations defined so far, which are available on any manifold, all fall short of our
requirements for one reason or other: the exterior derivative is limited to antisymmetric tensors and the Lie
derivative depends also on derivatives of v, see (3.6.12).
(2) namely that there exists a homomorphism ρ : G → Diff (Y ), with ρ(g) = Lg. We will avoid using the
notation ρ here.
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atlas. On the nonempty intersections UA ∩ UB the local trivializations ΨA and ΨB are related as follows
if ΨA(e) = (x, y) then ΨB(e) = (x, gBA(x)y) for some gAB : UA ∩ UB → G. The functions gAB are called
transition functions. By construction, they satisfy the following conditions:

on UA , gAA = e

on UA ∩ UB , gAB ◦ gBA = e

on UA ∩ UB ∩ UC , gAB ◦ gBC ◦ gCA = e

(6.1.1)

where e is the unit element of G. Such an atlas is called a G-atlas. Every other atlas such that the transition
functions between its bundle charts and the bundle charts of the original G-atlas have values in G, is called
an equivalent G-atlas. The equivalence class of all such atlases is called a G-structure and a bundle with a
G-structure is said to be a G-bundle, or to “have structure group G”.

A section of a bundle E is a map σ : M → E such that π ◦ σ = IdM (the identity of M). The space of
smooth sections of E will be denoted C∞(E). In the case of a nontrivial bundle there may be topological
obstructions to the existence of sections, so this space may be empty. A section of a trivial bundle is a map
of the form σ(x) = (x, ϕ(x)) ∈ M × Y . It is therefore the graph of a function ϕ : M → Y . In the case of a
locally trivializable bundle, a section is locally the graph of a function: in a bundle atlas (UA,ΨA)

ΨA(σ(x)) = (x, ϕA(x)) , (6.1.2)

for some functions ϕA : U → Y called the local representatives of σ. On the intersection between bundle
charts, these local representatives are related by ϕB(x) = gBA(x)ϕA(x). More generally, whenever one
changes the local trivialization over some open set U , the local representative of a section changes by

ϕ′(x) = g(x)−1ϕ(x) . (6.1.3)

Example 6.1.1. Consider the case M = S1 and Y = I where I is the open interval (−1, 1).
We will use a coordinate ϕ on S1, which is identified modulo 2π. On the fiber we use a coordinate
−1 ≤ y ≤ 1. The trivial bundle S1 × I is a cylinder. There is also a nontrivial bundle which can
be constructed by identifying the points (0, y) and (2π,−y). Its totalspace E is a Möbius strip. It
is not diffeomorphic to the cylinder, so this bundle is not trivializable. It is locally trivializable,
however, since for every open interval U = (a, b) with b − a < 2π, π−1(U) is identical to U × I.
These bundles have structure group Z2 = {−1, 1}, acting on the fiber by multiplication. One can
construct an atlas for these bundles on the open sets U1 = [−ε, π+ ε] and U2 = [π− ε, 2π+ ε]. The
intersection between the charts consists of the disjoint sets [−ε, ε] and [π − ε, π + ε]. The cylinder
has transition functions equal to one on both sets. The Möbius strip has transition functions equal
to one on one set and minus one on the other.

Example 6.1.2. One can construct two bundles over S1 with the same transition functions as
in the previous example, but with fiber Y = Z2, acting on itself by multiplication. The resulting
bundles are principal Z2 bundles. The trivial one is simply the product S1×Z2, the nontrivial one
is a connected double covering of S1, with total space S1. While the trivial bundle has exactly two
continuous global sections, the nontrivial bundle has none.

Example 6.1.3. We have described coordinates in the tangent bundle to a manifold. These
coordinates associate to each vector v ∈ TxM the pair (~x,~v), where ~v ∈ Rn is the n-tuple of
the coordinates of the point x and ~v ∈ Rn is the n-tuple of the components of v relative to the
natural basis {∂µ}. Such a chart in the sense of manifolds is also a bundle chart. It defines a
local trivialization Ψ such that Ψ(v) = (x,~v). For each manifold chart (UA,ΦA) of M there is
such a bundle chart (UA,ΨA) of TM . On a nonempty intersection UA ∩UB the vector components
are related by a transformation of the form (2.3.10), where the Jacobian is an element of GL(n)
depending on x. Therefore, the tangent bundle of an n–dimensional manifold is a locally trivializable
bundle with fiber Rn and structure group GL(n).

Example 6.1.4. In section 5.4 we have defined the notion of principal bundle. We now see that
a principal bundle is a locally trivializable fiber bundle with totalspace P , base space M , typical
fiber G and structure group G. We have seen in section 5.4 that in a principal bundle there is a
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one-to-one correspondence between local sections and local trivializations. Let R̃ : P ×G→ P be
the right action of G on a principal bundle. For simplicity we shall write simply R̃g(p) = pg. If
p ∈ Px is in the domain of a local trivialization Ψ which corresponds to some local section s, there
is a unique a ∈ G such that p = s(x)a. Since Ψ(s(x)) = (x, e) and Ψ(pg) = Ψ(p)g, we have

Ψ(p) = (x, a) .

Let s′ be another local section and Ψ′ the corresponding local trivialization. There is a map
g : U → G such that

s′(x) = s(x)g(x) .

Then the representative of p in the local trivialization Ψ′ is

Ψ′(p) = Ψ′(s(x)a) = Ψ′(s′(x)g(x)−1a) = Ψ′(s′(x))g(x)−1a = (x, g(x)−1a) .

Example 6.1.5. In example 5.4.1 we have described the Hopf bundle as an example of a principal
U(1) bundle over S2. Let us now describe an atlas for this bundle. We can cover the sphere with
two open sets U+ and U−. U+ consists of the whole sphere with the south pole (Θ = π) removed,
and U−, has the north pole (Θ = 0) removed. Each of these open sets is homeomorphic to R2, so
any bundle is trivializable on each of these sets. Using the Euler angles as coordinates, and using
the representation (5.1.2.4), consider the following two sections: s±(Θ,Φ) = U(Θ,Φ,∓Φ), where
we have identified Ψ = ∓Φ. We have

s+(Θ,Φ) =

[
cos Θ

2 − sin Θ
2 e
−iΦ

sin Θ
2 e

iΦ cos Θ
2

]
, s−(Θ,Φ) =

[
cos Θ

2 e
−iΦ − sin Θ

2

sin Θ
2 cos Θ

2 e
iΦ

]
. (6.1.5.1)

The limit for Θ→ 0 or π of the function eiΦ is singular, but s+ and s− are still regular for Θ→ 0
and Θ→ π respectively, because the coefficient of eiΦ vanishes there. On the intersection between
the charts the transition function g(Θ,Φ), which is defined by s+(Θ,Φ) = s−(Θ,Φ)g(Θ,Φ), is given
by

g(Θ,Φ) =

[
eiΦ 0
0 e−iΦ

]
. (6.1.5.3)

As expected, it is a transformation in the subgroup U(1) generated by L3.

6.2 Vectorbundles and their bundles of frames

A locally trivializable fiber bundle V with typical fiber Rn and structure group GL(n), for which the
action Lg is given by the fundamental representation of GL(n) on Rn, is called a (real) vectorbundle of
fiber dimension n. Each fiber Vx is a vectorspace such that the diffeomorphisms Ψx : Vx → Rn are linear
isomorphisms for each x ∈ U . A morphism of vectorbundles is a bundle morphism that is linear in each
fiber. There is no obstruction to the existence of global sections, and the space of sections of V , denoted
C∞(V ), is a vectorspace, with addition and multiplication by a real function defined pointwise:

(v1 + v2)(x) = v1(x) + v2(x) ; (fv1)(x) = f(x)v(x) , for v1, v2 ∈ C∞(V ), f ∈ C∞(M) .

A frame (or basis) in Vx is a set of n linearly independent vectors {ea}, a = 1, . . . , n in Vx, and a local
field of frames is a set of n linearly independent local sections of V . In a vectorbundle, there is a one-to-one
correspondence between (local) fields of frames and (local) trivializations. Given a field of frames {ea} on
some open subset U of M , one can construct a local trivialization by assigning to a vector v ∈ Vx the pair
(x,~v) ∈ U ×Rn where the n-tuple ~v are the components of v relative to the basis {ea}. Conversely, given a
local trivialization Ψ on U and a basis {ēa} in Rn, we construct a local field of frames on U by

ea(x) = Ψ−1
x (ēa) . (6.2.1)

As a corollary, a vectorbundle is trivializable if and only if it admits a global field of frames.
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Example 6.2.1. Recall from section 3.1 that a manifold is parallelizable if it admits a global
field of frames. We can now rephrase this by saying that a manifold is parallelizable if its tangent
bundle is trivializable.

Let LVx be the set of all frames in Vx. We define the bundle of frames of V , denoted LV , as the bundle
with total space

LV = ∪x∈MLVx .

The projection maps a frame in Vx to the point x. In particular the bundle of frames of a manifold M ,
denoted LM , is the bundle of frames of the tangent bundle TM .

There is a right free action R̃ of GL(n) on LV defined by e′ = R̃Λ(e), where

e′a = ebΛ
b
a . (6.2.2)

We will write eΛ for R̃Λ(e). Furthermore LV admits local sections: every (local) field of frames in V is a
(local) section of LV . Thus LV is a principal GL(n) bundle in the sense of section 5.4.

Conversely, given a principal GL(n)-bundle P over M with projection π, one can construct a vector-
bundle V over M as follows: the totalspace is V = (P × Rn)/G, where the group GL(n) acts on P × Rn
from the right as follows:

(e,~v)Λ = (eΛ,Λ−1~v) , (6.2.4)

and the projection maps the equivalence class of (e,~v) to π(e). The vectorbundle V constructed in this way is
said to be associated to the principal bundle P . To motivate this definition, observe that if the vectorbundle
V is given and if we we choose P = LV , then this definition precisely reproduces V : a frame e at the point
x and an n-tuple ~v = (v1 . . . , vn) ∈ Rn define a vector vaea ∈ Vx; another frame e′ and another n-tuple ~v′

related as in (6.2.4) define the same vector. So there is a bijective correspondence between the equivalence
classes of pairs (e,~v) and elements of V .

A local trivialization of V on some open set U ⊂M , corresponds to a local field of frames s in VU , which
in turn can be viewed as a local section of the bundle of frames, and thus gives rise to a local trivialization
Ψ of LVU . In this local trivialization, the frame e ∈ LVx is mapped to the pair Ψ(e) = (x,Λ) ∈ U ×GL(m)
where Λ is the unique element of GL(n) such that e = s(x)Λ. Another local frame s′, related to s by
s′(x) = s(x)g(x), defines another trivialization Ψ′ such that Ψ′(e) = (x, g(x)−1Λ) ∈ U×GL(m) (cf. example
6.1.4, of which this is a special case). In this way a bundle atlas of V gives rise to a bundle atlas of LV over
the same covering and with the same transition functions.

The right action of G on P is represented locally as follows: if Ψ(e) = (x, a),

Ψ(eΛ) = (x, aΛ) . (6.2.3)

Note that this holds in any trivialization, since local representatives differ by left actions of GL(n), and left
and right actions commute.

Conversely, given a local trivialization Ψ in the principal bundle P , one defines a local trivialization Ψ̄
in the associated vectorbundle V as follows: if Ψ(p) = (x, a) and v = [p,~v] ∈ Vx, we define Ψ̄(v) = (x, a~v).
Using (6.2.3) one sees that the definition of Ψ̄ does not depend on the choice of (p, v) within the equivalence
class. Since [p,~v] = [s(x), a~v], one sees that a~v are just the components of the vector v with respect to the
frame s(x), as it should be.

6.3 G-vectorbundles

In the previous section we have discussed vectorbundles as bundles with structure group GL(n). How-
ever, the structure group of a vectorbundle could be a subgroup of GL(n). Suppose that Rn carries a faithful
representation of a Lie group group G; this means that there is an injective homomorphism ρ : G→ GL(n), so
we can regard G as a subgroup of GL(n). If the transition functions of V have values in G, the corresponding
bundle atlas is called a G-atlas, and V is called a G-vectorbundle.

Let V be a G-vectorbundle, LV its bundle of frames and {(UA,ΨA)} a G-atlas. As in (6.2.1) a local
trivialization ΨA defines a local field of frames sA. We call sA(x) and all the other frames that are obtained
from them by the action of the subgroup G, the G-frames. For each x ∈ UA they form a subset Px ∈ LVx
which is in bijective correspondence with G. On the intersection between two bundle charts A and B,

sB(x) = sA(x)gAB(x) , (6.3.1)
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with gAB(x) ∈ G. Since the transitions functions have values in G, on the intersection between two charts
the definition of G-frame does not depend on which local trivialization one is using. Therefore, the subset
P = ∪x∈MPx ⊂ LV of all G-frames is independent of the choice of the G-atlas (in the sense that equivalent
G-atlases define the same subset P ). The free right action of GL(n) on LV restricts to a free right action
of G on P , so P is a principal G-bundle over M . In a local trivialization, let p have local representation as
Ψ(p) = (x, a). The right action of G on P is represented by

Ψ(pg) = (x, ag) . (6.3.2)

The G-vectorbundle V is associated to P in the same way as it is associated to LV : its totalspace can
be identified with (P × Rn)/G, where the action of G on P × Rn is given by (p,~v)g = (pg, ρ(g−1)~v). We
denote [p,~v] the equivalence class under the action of G. Given a local trivialization Ψ in P one can define
a local trivialization Ψ̄ in V by mapping v = [p,~v] ∈ V to Ψ̄(v) = (x, ρ(a)~v).

If σ is a section of V , its local representative in a trivialization ΨA is a function ϕA : UA → Rn given by
ΨA(σ(x)) = (x, ϕA(x)), and on the intersection between bundle charts the local representatives are related
by linear transformations ϕB(x) = ρ(gBA(x))ϕA(x).

Given a GL(n)-vectorbundle V one can apply point by point the constructions of linear algebra and
generate other vectorbundles. For example, the dual bundle V ∗ is the vectorbundle whose fiber at x is the
dual space of Vx and the tensorbundles TV rs are the bundles whose fiber at x are the spaces of tensors of type
r, s on Vx. All these vectorbundles have structure group GL(n) and are associated to LV by means of the
construction described above, using the appropriate representations of GL(n). This generalizes the definition
of tensor bundles on a manifold given in sections 2,3. More generally, if V1 and V2 are vectorbundles over
M with structure groups G1 and G2, one can define the tensor product V1 ⊗ V2 to be the vectorbundle
whose fiber at x is the tensor product of the fibers of V1 and V2 at x. Its structure group is G1 ×G2 and its
transitions functions are ((g1)AB , (g2)AB), in an atlas defined on a common covering.

6.4 Covariant derivatives in vectorbundles

As with the definition of vectors (section 2.2) it is convenient to give first a direct algebraic definition
of the covariant derivative and then to proceed with its geometrical construction based on the notion of
connection in the principal bundle. The algebraic definition, with some properties and generalizations, are
given in the present section. The geometrical construction will be described in the next.

Let V be a vectorbundle and C∞(V ) be the space of smooth sections of V . A covariant derivative is
a map ∇ : X(M) × C∞(V ) → C∞(V ) which associates to each vectorfield v on M a linear map ∇v of the
vectorspace C∞(V ) to itself satisfying the following two conditions:

∇fv+gwσ = f∇vσ + g∇wσ , for f, g ∈ C∞(M), v, w ∈ X(M) (6.4.1a)

∇v(fσ) = f∇vσ + v(f)σ , for f, g ∈ C∞(M), v, w ∈ X(M) (6.4.1b)

The second of these can be viewed as a generalization of the Leibnitz rule. Let {ea} be a local field of frames
in V and ∂µ be a natural local field of frames in TM , such that we can decompose locally σ = ϕaea and
v = vµ∂µ. Then using the two properties listed above we can write

∇vσ = vµ
(
∂µϕ

a +Aµ
a
bϕ
b
)
ea , (6.4.2)

where

Aµ
a
b = ea

(
∇∂µeb

)
(6.4.3)

are called the connection coefficients. The quantity in round brackets in (6.4.2) is often denoted ∇µϕa =
ea(∇∂µσ).

One can now define the covariant derivative in the dual bundle ∗V and in the tensorbundles T rs V . If α
is a section of V ∗, ∇vα is defined by

∇vα(σ) = v(α(σ))− α(∇v(σ)) , (6.4.4)

5



where we use the fact that α(σ) is an ordinary function on M , and therefore its covariant derivative is just
the ordinary directional derivative. In local bases one finds

∇∂µα(ea) ≡ ∇µαa = ∂µαa −Aµbaαb . (6.4.5)

If V 1 and V 2 are vectorbundles with connections ∇1 and ∇2 the connection in the tensor product bundle
V 1 ⊗ V 2 is defined by

(∇1 ⊗∇2)v(t
1 ⊗ t2) = ∇1

vt
1 ⊗ t2 + t1 ⊗∇2

vt
2 . (6.4.6)

Applying this to tensor products of a bundle with itself and its dual, one obtains the general formula for the
covariant derivative of a tensor

∇λta1...ar b1...bs = ∂λta1...ar
b1...bs +Aλ

b1
cta1...ar

cb2...bs + . . .−Aλda1tda2...ar b1...bs − . . . . (6.4.7)

where the ellipses indicate a term with a plus sign for every contravariant index of t and a term with a minus
sign for each covariant index of t. These formulae specialize in a straightforward way to covariant derivatives
in TM and its tensor bundles.

If V is a vectorbundle over M , a V -valued p-form α is a section of the bundle ΛpM ⊗ V . It can be
written locally as

α =
1

p!
αaµ1,...,µpdx

µ1 ∧ . . . ∧ dxµp ⊗ ea .

Assume there is given a linear connection ∇ in ξV . In analogy to (2.3.1) we define the covariant differential
d∇, mapping sections of V to V –valued one–forms, by

d∇σ(v) = ∇v(σ) . (6.4.8)

More generally we define a first-order differential operator d∇ mapping V –valued p–forms to V –valued
(p+ 1)–forms, called the covariant exterior derivative, by

d∇α(v1, . . . , vp+1) =

p+1∑
i=1

(−)i+1∇vi (α(v1, . . . , v̂i, . . . , vp+1))

+
∑
i<j

(−)i+jα ([vi, vj ], v1, . . . , v̂i, . . . , v̂j , . . . , vp+1) .

(6.4.9)

This is entirely analogous to the definition (4.2.3) except for the replacement of ordinary directional deriva-
tives by covariant derivatives. Just as in (4.2.3), it does not require a connection in TM . In analogy to
(4.2.4) one finds

(d∇α)aµ1,...,µp+1
= (p+ 1)(∇[µ1

α)aµ2,...,µp+1] . (6.4.10)

Note that the individual terms on the r.h.s. are not the components of proper tensors with respect to
coordinate transformations because there is no “covariantization” on the indices µi: the “covariantization”
only applies to the index a. The whole expression is a proper tensor only due to antisymmetrization.

6.5 Connections in the bundle of frames

In this section we give the definition of connection in a principal bundle, and show how it gives rise to
a notion of covariant derivative in the associated vectorbundles. This is a more geometrical definition than
the one given in the preceding section, but it is ultimately equivalent. To motivate this definition, consider
a GL(n)-vectorbundle V and its bundle of frames LV . In order to differentiate sections of V we need to
know how to parallel transport vectors of V from one fiber to another, along some curve c in the base space
M . To this effect, it is enough to define the infinitesimal parallel transport of frames along vectors tangent
to M . Infinitesimal deformations of a frame e ∈ LV are just the elements of the tangent space TeLV , so let
us consider this space. There is a canonical projection π : LV →M , so there is defined at each e a subspace
kerTπ ∈ TeLV which is called the “vertical” subspace, and consists of all vectors tangent to the fiber LVx, i.e.
infinitesimal linear transformations of the frame e which do not move the base point. Since in a bundle there
is no notion of projection on the typical fiber, there is no natural definition of a complementary “horizontal”
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subspace. A vector w ∈ TeLV such that Tπ(w) = v ∈ TxM represents an infinitesimal deformations of
the frame moving the basepoint in the direction of the vector v. There are infinitely many such vectors
projecting onto v, all differing by a vertical vector, and among such vectors there is in general no preferred
one. We can select one and declare it to represent the infinitesimal parallel transport of e in the direction of
v. Such deformations form a “horizontal” linear subspace of TeLV complementary to kerTπ. Once we have
defined how to parallely transport e in any direction, we can define the parallel transport of any other basis
e′ at the same point x by requiring parallel transport to commute with the action of GL(n). This motivates
the following definition.

A connection in LV is the assignment, for each frame e, of a horizontal space He ⊂ TeLV such that

TeLV = ker Tπ ⊕He , (6.5.1)

and if eΛ is another frame in the same fiber,

HeΛ = TRΛ(He) . (6.5.2)

It is convenient to describe the connection in terms of a Lie-algebra-valued one-form. An element
m ∈ End(Rn) = L(GL(n)) can be thought of as the vector tangent to a one–parameter subgroup c(t)
through the identity in GL(n):

m =
dc(t)

dt

∣∣∣
t=0

. (6.5.3)

Recalling that GL(n) acts on LV from the right as in (6.2.2), for each element m ∈ End(Rn) there is a
vertical vectorfield m̃ on LV whose value at the frame e is

m̃(e) =
d(ec(t))

dt

∣∣∣
t=0

. (6.5.4)

It is called the fundamental vectorfield generated by m. Note that the map of End(Rn) to kerTπ defined
by m 7→ m̃ is surjective. From the definition of the adjoint representation in section 5.1 we get

TRg(m̃(e)) =
d

dt
(ec(t)g)

∣∣∣
t=0

=
d

dt
(eg g−1c(t)g)

∣∣∣
t=0

= (Ad(g−1)m(eg))̃ ,

and we can write
TRg(m̃) = (Ad(g−1)m)̃ . (6.5.5)

Given the decomposition (6.5.1), there are defined vertical and horizontal projections ΠV and ΠH . We
define a one-form ω on LV with values in End(Rn) by saying that the value of ω on a vector v is the unique
Lie algebra element whose corresponding fundamental vectorfield coincides with ΠV (v) at e. In particular,
ω vanishes on horizontal vectors. This one-form is called the connection form, and it has the following
properties: on a fundamental vectorfield,

ω(m̃) = m (6.5.6)

and
R̃∗gω = Ad(g−1)ω . (6.5.7)

The first property follows from the fact that ΠV (m̃) = m̃, the second follows from equation (6.5.5). Con-

versely, given such a form one can construct a vertical projector ΠV in TeLV by ΠV (v) = ω̃(v). By (6.5.6)
the projector ΠV defined in this way acts as the identity on the vertical vectors. The horizontal spaces are
then defined to be the kernels of ω. Property (6.5.2) follows from (6.5.7).

Example. On a trivial principal bundle E = M×GL(n) there is a connection whose horizontal
spaces are the kernels of the projection on GL(n). It is called a flat connection. The connection
form of the flat connection is ω = L, where L is the left-invariant Maurer-Cartan form on GL(n).
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This example suggests a constructive proof of the esistence of connections: if (UA,ΨA) is a bundle atlas,
on each domain EUA one can define a flat connection by ωA = Ψ∗AL. If fA is a partition of unity subordinate
to the covering {UA}, the one-form

∑
A π
∗(fA)ωA is a connection form (it is not a flat connection in general).

The preceding discussion can be repeated verbatim for an arbitrary principal G-bundle P . The only
difference is the replacement of End(Rn), the Lie algebra of GL(n), by L(G), the Lie algebra of G. In
particular, the connection form ω is a L(G)-valued one form on P .

When P is thought of as the bundle of G-frames of a G-vectorbundle V , it is a subbundle of LV .
Then, the horizontal spaces Hp with p ∈ P are also horizontal spaces for the tangent space of LV at p.
The extension of the G-connection to frames e ∈ LV which are not G–frames is done with (6.5.2). If ω is
the connection form of a G-connection on P , the connection form of the corresponding linear connection is
simply Tρ(ω), where Tρ : L(G) → End(Rn) is the homomorphism of Lie algebras that corresponds to the
homomorphism of Lie groups ρ : G→ GL(n).

The horizontal spaces define the infinitesimal parallel transport of frames along a curve c(t) in the
following way. Assume c(0) = x ∈ M and let v(t) be the vector tangent to the curve at the point c(t). For
each t and each point in the fiber LVc(t) there is a unique horizontal vector ṽ(t) projecting on v(t). Choose a
G-frame e ∈ Px. There is a unique curve c̃ such that c̃(0) = e, c̃ is everywhere tangent to ṽ and π(c̃(t)) = c(t).
It is called the horizontal lift of c. The frame c̃(t) represents the parallel transport of e along the curve c.

Let Ψ be a local trivialization of PU . The corresponding bundle coordinates will be called (x, a) ∈
U×GL(n) and the local section corresponding to Ψ is s(x) = (x, 1). We define an End(Rn)-valued one-form
on U

A = s∗ω . (6.5.8)

The connection form is given in these coordinates by

ω(x, a) = L(a) +Ad(a−1)A(x) , (6.5.9)

where L is the left-invariant Maurer-Cartan form on G.

Example 7.2.1. In the Hopf bundle, described in examples 5.4.1 and 6.1.5, the vertical spaces
are spanned by the vectorfield L3 = ∂Ψ. It is natural to define a connection by declaring the
horizontal spaces to be spanned by the vectorfields L1 and L2. The property (6.5.2) follows from
LL3

L2 = L1 and LL3
L1 = −L2. This connection is left–SU(2) invariant by construction. The

horizontal lifts of the coordinate vectors ∂Θ and ∂Φ are given by

∂̃Θ = sin ΨL1 + cos ΨL2 = ∂Θ ,

∂̃Φ = sin Θ(− cos ΨL1 + sin ΨL2) = ∂Φ − cos Θ∂Ψ .

The connection form of this connection is

ω = L3 = dΨ + cos ΘdΦ .

In example 6.1.5 we have described a bundle atlas in the Hopf bundle. The local representatives
of the connection (gauge potentials) in the local trivializations (gauges) defined by the sections s+

and s− are

A+ = s∗+ω = (−1 + cos Θ)dΦ ; A− = s∗−ω = (1 + cos Θ)dΦ

which are regular on U+ and U− respectively. The curvature of this connection F = sin ΘdΘ ∧ dΦ
is the magnetic field of a magnetic monopole of unit charge located in the center of the sphere (1).

(1) The magnetic potential of the monopole and its singularity were investigated in P.A.M. Dirac (1931);
its description in terms of regular magnetic potentials on two charts, related by a gauge transformation on
the intersection, and the relation to bundle theory was described in T.T. Wu and C.N. Yang, Phys.Rev.
D12 3845-3857 (1975).
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The fundamental vectorfield generated by m ∈ End(Rn) has components (0,m). The vector ∂µ is not

horizontal in general. The vertical component of ∂µ|(x,a) is ΠV (∂µ) = ˜ω(∂µ) = a−1Aµa. Therefore, the
horizontal lift of the vector v is the vector

ṽ = ΠH((v, 0)) = (v, 0)−ΠV ((v, 0)) = (v,−Ad(a−1)A(v)) . (6.5.10)

The curves (c(t), a) with any constant a are not horizontal. The horizontal curve c̃(t) through the point
(c(0), 1) differs from the curve (c(t), 1) by a t–dependent linear transformation Pc:

c̃(t) = (c(t), Pc(t)
−1) , (6.5.11)

with the initial condition Pc(0) = 1. Taking the derivative of (6.5.11) with respect to t at t = 0, and
comparing with (6.5.10) we obtain also

dPc(t)

dt

∣∣∣
t=0

= A(v) ≡ vµAµ . (6.5.12)

We can now define isomorphisms Pc(x, y) : Vx → Vy (parallel transport from x to y along c) by
P (x, y)(vaea(x)) = vaP−1b

aeb(y).
Given a section σ : M → V , we can parallely transport σ(c(t)) back to x and obtain a curve in Vx,

P (c(t), c(0))σ(c(t)), whose derivative can be meaningfully taken. We define the covariant derivative ∇vσ as

∇vσ =
d

dt
Pc(c(t), c(0))σ(c(t))

∣∣∣∣∣
t=0

. (6.5.13)

From this definition one can straightforwardly prove the properties (6.4.1), so that ∇ is indeed a covariant
derivative in the sense of section 6.4.

In a local trivialization defined by a field of frames {ea} in V , σ = ϕaea. Then,

∇vσ =
d

dt

(
P ba(t)ϕa(c(t))

) ∣∣∣
t=0

eb(x)

=

(
P ba(0)

d

dt
ϕa(c(t))

∣∣∣
t=0

+
d

dt
P (t)ba

∣∣∣
t=0

ϕa(c(0))

)
eb(x)

=vµ
(
∂µϕ

b +Aµ
b
aϕ

a
)
eb(x)

. (6.5.14)

From here one reads off the components of the covariant derivative of a section:

∇µϕa = ∂µϕ
a +Aµ

a
bϕ
b . (6.5.15)

Comparing with (6.4.2) we recognize that the connection coefficients are just the components of the connec-
tion form ω in a local trivialization.

We conclude by remarking that in the case of a G-connection in a G-bundle, the local one-forms A are
L(G)-valued one-forms on M . They are related to the End(Rn)-valued forms discussed above by

Aµ
a
b = Aiµ(ρ(Ti))

a
b , (6.5.16)

where Ti form a basis in L(G) and ρ(Ti) are the corresponding matrices in the representation ρ.

6.6 Curvature

In a trivial vectorbundle V , a section σ is the graph of a function ϕ : M → Rn and the covariant
derivative with respect to the flat connection is just the ordinary derivative: ∇vϕ = v(ϕ). There follows
that if v and w are two vectorfields on M [∇v,∇w]ϕ = ∇[v,w]ϕ. In the general case, using the local formula
(6.4.2) or (6.5.15) we compute

[∇v,∇w]σ −∇[v,w]σ = F (v, w)σ , (6.6.1)
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where F is an End(V )–valued two form on M , called the curvature form. When evaluated on two vectorfields
and one section of V it gives another section of V :

F (v, w)σ = vµwνFµν
a
bσ
bea ,

where

Fµν
a
b = ∂µAν

a
b − ∂νAµab +Aµ

a
cAν

c
b −AνacAµcb . (6.6.2)

When V is a G-vectorbundle and ∇ is a G-covariant derivative, the curvature is a L(G)-valued two-form
and its components can be written

Fµν
a
b = F iµνρ(Ti)

a
b , (6.6.3)

where ρ(Ti) are as in (6.5.16) and

F iµν = ∂µA
i
ν − ∂νAiµ + fjk

iAjµA
k
ν . (6.6.4)

For certain calculations it is convenient to hide the Lie algebra indices and treat the components of Aµ
and Fµν as (locally defined) matrix–valued forms. In this notation (6.6.4) reads

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] (6.6.5)

and the covariant exterior derivative of F can be written

(d∇F )λµν = ∇λFµν +∇νFλµ +∇µFνλ (6.6.6)

where

∇λFµν = ∂λFµν + [Aλ, Fµν ] .

Introducing (6.6.5) in (6.6.6) and expanding one finds

∇λFµν +∇µFνλ +∇νFλµ = 0 , or d∇F = 0 . (6.6.7)

This is called the Bianchi identity (1).

The general rule for the commutator of covariant derivatives, in a natural basis, acting on a tensor of
type (r, s), is

[∇µ,∇ν ]ta1...ar
b1...bs = Fµν

b1
cta1...ar

cb2...bs + . . .− Fµνca1tca2...ar b1...bs − . . . , (6.6.8)

where the ellipses indicate a term with + sign for each contravariant index and a term with − sign for each
covariant index. Using equation (6.4.10) and the definition of the curvature tensor, and treating Fµν as a
matrix, one finds that

(d∇d∇α)µ1,...,µp+2
= (p+ 1)(p+ 2)F[µ1µ2

αµ3,...µp+2] . (6.6.9)

Exercise. Geometrical meaning of curvature. Let δa, δb ∈ TxM be two infinitesimal displace-
ments and t = taea ∈ Vx a point in a vectorbundle V . Show that the difference between parallel
transporting t first along δa and then along δb and vice-versa is ∆ta = δaµδbνFµν

a
bt
b. (Hint: the

parallel transport of t from x to x+ δa has components ta − δaµAµ(x)abt
b.)

(1) In the context of general Relativity it is called the “second Bianchi identity”. The “first Bianchi identity”
is the purely algebraic relation (9.3.2) which only holds for certain connections in the tangent bundle.
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6.7 Gauge transformations

Consider two local trivializations Ψ and Ψ′ corresponding to local sections (fields of frames) s = {ea}
and s′ = {e′a}, with s′(x) = s(x)g(x), or e′a = ebg

b
a and for the dual basis e′a = g−1a

be
b. We have already

given in equation (6.1.3) the corresponding transformation of the local representative of a section. The
transformation for the connection coefficients can be easily obtained from (6.4.3): A′µ

a
b = e′a(∇∂µe′b). If we

suppress the algebra indices, as in the preceding section, the result is simply

A′µ = g−1Aµg + g−1∂µg , (6.7.1)

which is recognized as the familiar transformation of a Yang-Mills field under a gauge transformation. We can
therefore identify changes of trivialization with (passive) gauge transformations, connections with Yang-Mills
fields and sections of vectorbundles with matter fields.

Active gauge transformations correspond instead to bundle automorphisms. We discuss first the case of
vertical automorphisms. i.e. maps u : P → P that send each fiber into itself and such that

u(pg) = u(p)g . (6.7.2)

In a local trivialization with reference section s, u is described by a function g such that

u(s(x)) = s(x)g(x) (6.7.3)

and therefore, if Ψ(p) = (x, a),
u(p) = u(s(x)a) = s(x)g(x)a .

Then, Ψ(u(p)) = (x, g(x)a). A vertical automorphism u in P gives rise to a vertical automorphism ū in each
associated vectorbundle by ū([p,~v]) = [u(p), ~v]). In the local trivialization ψ̄ defined after equation (6.3.2), ū
maps the point (x, ρ(a)~v) to the point (x, ρ(g(x)a)~v). Under the action of u, a section σ ∈ C∞(V ) is mapped
to

σ′ = ū−1 ◦ σ . (6.7.4)

If the section σ has local representative ϕ as in (6.1.2), the transformed section σ′ has local representative
ϕ′(x) = g(x)−1ϕ(x), which is identical to equation (6.1.3).

The usual way of obtaining the transformation of Aµ is to demand that the local representative of ∇vσ′
be related to the local representative of ∇vσ as in (6.7.4). We leave this as an exercise. There is a direct
and more geometrical way of obtaining the transformation formula: an automorphism of P naturally acts
on the connection form by pullback. Define

ω′ = u∗ω . (6.7.5)

The local representative of the new connection in the old trivialization is given by A′ = s∗ω′ (cf. equation
(6.5.8)). We thus have A′ = s∗u∗ω = (u ◦ s)∗ω. In coordinates we have u ◦ s(x) = (xµ, yα(x)), where yα(x)
are the local coordinates of g(x) ∈ G. Using (6.5.9) and the formula (3.3.13) for the pullback one gets

A′(x) = (u ◦ s)∗ω =

(
∂xµ

∂xν
Ad(g(x)−1)Aµ(x) +

∂yβ

∂xν
Lβ(g(x))

)
dxν

=Ad(g(x)−1)A(x) + g∗L ,

where g∗L is the pullback of the Maurer-Cartan form on G by the map g. Using the notation (5.2.2) for the
Maurer-Cartan form, we find A′µ = g−1Aµg + g−1∂µg, which is identical to the formula for a passive gauge
transformation, equation (6.7.1).

This confirms that matter fields carrying linear representations of G are sections of G–vectorbundles and
Yang–Mills fields for the group G are G–connections. Passive gauge transformations correspond to changes
in the (local) trivialization whereas active gauge transformations correspond to vertical automorphisms of
the principal bundle where the connection form is defined. As discussed in the conclusion of section 3.3, we
see that the local expression for the transformation of the fields under active and passive transformations
are exactly the same. The two points of view are physically equivalent, although the active point of view is
generally preferable when global properties come into play.
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When the preceding formulae are applied to the tangent bundle, and its tensorial relatives, they describe
the transformation of vectors, tensors and connections under pointwise changes of the local basis, of the form
(2.3.7). They do not describe what happens when the basepoint itself is moved, as in the transformations
(2.3.9). We know already that tensor fields transform as in (2.3.10) and (3.3.14) in the passive and active case,
respectively, but we do not yet have the transformation of the connection coefficients. Such transformations
are not needed in the discussion of Yang-Mills theories, because in those theories the spacetime geometry is
fixed. They are necessary, however, in theories of gravity.

The general notion of active gauge transformation in a principal bundle P is an automorphism (u, φ) of
P , namely a morphism u of P to itself that maps the fiber Px to the fiber Pφ(x), where φ is a diffeomorphism of
M , and satisfying (6.7.2). Denoting (ū, φ) the corresponding automorphism in the associated vectorbundle
V , the automorphism transforms a section σ ∈ C∞(V ) to σ′ = ū−1 ◦ σ ◦ φ. Note the similarity of this
transformation to the pullback acting on ordinary functions, equation (3.3.1).

Assuming for simplicity that φ(x) is in the same bundle chart as x, the automorphism u is described
locally by a map g : U → G such that u(s(x)) = s(φ(x))g(x). In this case, denoting x′ = φ(x), equation
(6.7.3) generalizes to

ϕ′(x′) = g(x)−1ϕ(x) (6.7.6)

and the connection coefficients transform as

A′µ(x′) =
∂xν

∂x′µ
(
g(x)−1Aν(x)g(x) + g(x)−1∂µg(x)

)
. (6.7.7)

Reinstating the algebra indices on the connection coefficients, and identifying the matrix g ∈ GL(n) with
the Jacobian ∂x

∂x′ , it can be rewritten in the form:

A′µ
α
β(x′) =

∂xν

∂x′µ
∂x′α

∂xγ
∂xδ

∂x′β
Aν

γ
δ(x) +

∂x′α

∂xγ
∂2xγ

∂x′µ∂x′β
. (6.7.8)

With A = 0, one recognizes here the formula (1.2.12) for inertial forces in special relativity. We shall explore
this further in chapter 8.

In general, the automorphisms of P form a group called AutP . It is easy to verify that vertical auto-
morphisms form a normal subgroup denoted AutMP , and the quotient group is DiffM . In the case of the
tangent bundle TM and its bundle of frames LM ≡ LTM , something more can be said. The tangent map
Tφ : TM → TM gives rise in an obvious way to a map Tφ : LM → LM which is an automorphism over
φ. This defines a homomorphism Tφ : Diff (M) → AutLM , and therefore AutLM is a semidirect product
AutMLM ×Diff (M).
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