
7.1 Metric tensors

A quadratic form in a vectorbundle V is a field of tensors of type (2, 0) in V , i.e. a section of T 0
2 V . In

particular, a quadratic form on a manifold M is a quadratic form in its tangent bundle, i.e. an element of
T 0
2 (M). A quadratic form ω is nondegenerate if ω(v, w) = 0 for all w implies v = 0. Relative to a field of

local bases {ea(x)}, a quadratic form is represented by a field of matrices ωab(x); it is nondegenerate if and
only if detωab(x) 6= 0 ∀x.

In the following we shall be interested in riemannian or pseudo-riemannian metrics, which are nonde-
generate symmetric quadratic forms. The general linear group GL(n) acts on quadratic forms by similarity
transformations: ω′ = ΛTωΛ. (This is just the formula (2.3.8) for the transformation of a tensor, written
in matrix notation.) It is well-known from elementary algebra that symmetric and antisymmetric quadratic
forms can be standardized by similarity transformations. In particular, if γ is a symmetric nondegenerate
quadratic form on the real vectorspace Rn with p positive and q negative eigenvalues (p+ q = n) there exists
a basis ea such that

γ =

n∑
a=1

ηae
a ⊗ ea , (7.1.1)

where the eigenvalues ηa are equal to +1, −1 or 0. The matrix formed with the components of γ is

γab =

(
Ip 0
0 −Iq

)
(7.1.2)

where Ip is the unit matrix of dimension p. If ω is a (smooth) pseudo-riemannian metric, the standardization
procedure can be carried out independently and smoothly in every fiber of a vectorbundle. Therefore, at
every point x it is possible to find a neighborhood U and a field of frames on U such that the components of
the metric are constant and equal to (7.1.2). The frames for which (7.1.2) holds are called the orthonormal
frames and form a principal O(p, q)-subbundle OV of LV . It is important to observe that, in the special
case when V is the tangent bundle TM , the basis in which the metric has constant components is in general
not a natural basis. We shall return to this point in section 7.7, where we will give a necessary and sufficient
condition for an orthonormal basis to be natural.

The fact that metrics of a given signature can be brought to the standard form (7.1.1) by a choice of
frame means that the group GL(n) acts on such metrics transitively. The stabilizer of the metric (7.1.1) is
the group O(p, q), so by the discussion in section 5.4, the space of metrics of signature (p, q) can be identified
with the coset space GL(n)/O(p, q). (1) A fiber metric of signature (p, q) can be thought of as a section of
the bundle associated to LV with fiber GL(n)/O(p, q) This is not a vectorbundle and it may or may not
admit global sections depending on p, q and the topology of V . In particular, it can be shown that a positive
definite fiber metric always exists. Restricting our attention to the case when V is the tangent bundle of a
manifold M , a Riemannian structure on M is a positive definite fiber metric in TM . Riemannian structures
always exist: for example, given an atlas {(UA,ΦA)} and a partition of unity {fA}, the form

g =
∑
A

fA
∑
µ

dxµA ⊗ dx
µ
A (7.1.3)

is a Riemannian structure. This follows from the fact that the sign of the eigenvalues do not change under
basis transformations and a sum of forms with positive eigenvalues is a form with positive eigenvalues.

A Lorentzian structure on M is a fiber metric in TM with n− 1 positive and one negative eigenvalue.
Unlike Riemannian structures, Lorentzian structures do not always exist: a Lorentzian structure exists if and
only if the manifold admits a field of line elements, which is defined as a one-dimensional vector-subbundle
L of the tangent bundle. If a Lorentzian structure exists, the eigenvector with negative eigenvalue defines
a nowhere vanishing vectorfield and hence a field of line elements. The converse is easily proven in the
following way. Let ḡ be a Riemannian structure. Define

g(v, w) = ḡ(v, w)− 2
ḡ(v,X)ḡ(w,X)

ḡ(X,X)
, (7.1.4)

(1) For example, a positive definite quadratic form in Rn can be specified by giving a frame and declaring
it to be an orthonormal frame. Another frame specifies the same quadratic form if and only if it differs from
the first by the action of an element of O(n).
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where X is any nonzero vector belonging to L. Clearly, g does not depend on the choice of X. Furthermore,
g(v, v) = −ḡ(v, v) when v belongs to L.

The issue of the existence of a field of line elements is a topological one. It can be shown that a field
of line elements always exists if M is noncompact, while for M compact, it exists if and only if the Euler
characteristic of M (which was defined in section 4.6) is zero. (For example, nowhere vanishing vectorfields
exist on the torus, which has Euler characteristic zero, but not on the sphere, which has Euler characteristic
2.)

Given a metric γ in a vectorbundle V , it is possible to define an isomorphism [ : V → V ∗ as follows: if
v ∈ Vx we define a one-form v[ ∈ V ∗x by

v[(w) = γ(v, w) . (7.1.5)

Conversely, given a one-form α ∈ V ∗x one defines a vector α] ∈ Vx by

α(w) = γ(α], w) . (7.1.6)

If we decompose these tensors in local bases, v = vaea, α = αbe
b, γ = γabe

a ⊗ eb, equation (7.1.5) becomes

v[a = γabv
b , (7.1.7)

so that the isomorphism [ consists of “lowering an index”. Let us define a the tensor γ−1 of type (0, 2) whose
components are given by the inverse of the matrix of components of γ. (γ−1)acγcb = δab . One can easily
verify that this definition is independent of the basis. Then (7.1.6) implies

α]a = αb(γ
−1)ab , (7.1.8)

so that the isomorphism ] consists of “raising an index”. It is customary to write γab for (γ−1)ab. From
now on we shall follow this convention. We will also follow the tradition and omit the signs [ and ] when
we lower and raise indices. In a problem where there is a single quadratic form present, this convention is
totally unambiguous. In a problem where several quadratic forms are present one has to specify which one
is being used to raise and lower indices.

Let us return to general vectorbundles. Given a fiber metric γ, the tensor ∇γ is called the nonmetricity
of the connection. It has components

∇µγab = ∂µγab −Aµcaγcb −Aµcbγac . (7.1.9)

The connection ∇ is said to be metric if ∇γ = 0. For definiteness let us consider the positive definite case.
In an orthonormal field of frames the metricity condition becomes

−Aµab −Aµba = 0 . (7.1.10)

In other words the connection coefficients must be antisymmetric in (a, b), once the middle index has been
lowered with γ. Recall that the Lie algebra of the general linear group is the algebra of all matrices, and
the subalgebra of the orthogonal group consists of the antisymmetric matrices. We see that a connection is
metric if and only if it is an O(n) connection in the bundle of orthonormal frames. These considerations can
be straightforwardly generalized to other signatures.

7.2 Hodge duality and the Laplacian on forms

Given a Riemannian or pseudo-Riemannian structure g, one can define a volume-form by

η =
√
|detg| dx1 ∧ . . . ∧ dxn . (7.2.1)

This definition is independent of the coordinate system. Under a coordinate transformation

g′µν =
∂xρ

∂x′µ
∂xσ

∂x′ν
gρσ (7.2.2)
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we have √
|detg′| =

∣∣∣∣det

(
∂x

∂x′

)∣∣∣∣√|detg| (7.2.3)

which is the correct transformation property for a volume form, see (4.4.5). The components of η are

ηµ1...µn =
√
|detg| εµ1...µn , (7.2.4)

where εµ1...µn is the Levi–Civita symbol defined in section 2.5. Note from (7.2.3) that
√
|detg| is a scalar

density of weight 1, compensating the weight of the Levi–Civita symbol in such a way that η is a proper
tensor. We define the contravariant η–tensor by raising the indices with the metric

ην1...νn = ηµ1...µn g
µ1ν1 . . . gµnνn . (7.2.5)

Remembering that the contravariant Levi–Civita symbols were defined to have numerically the same com-
ponents as the covariant ones, we have

εµ1...µn g
µ1ν1 . . . gµnνn = (detg)−1εν1...νn

and therefore

ην1...νn =
sign(g)√
|detg|

εν1...νn , (7.2.6)

where sign(g) is the sign of the determinant of the metric (one for Riemannian metrics, minus one for
Lorentzian metrics). These tensors obey equations (2.5.6) with an additional factor sign(g) on the right
hand side.

Given a (pseudo)-Riemannian structure g one can define the (Hodge) duality maps ∗ : ΛpxM → Λn−px M
as follows. There is a local inner product Ωp(M)× Ωp(M)→ C∞(M) given by

α · β =
1

p!
gµ1ρ1 . . . gµpρpαµ1...µpβρ1...ρp (7.2.7)

and a global inner product Ωp(M)× Ωp(M)→ R given by

(α, β) =

∫
M

α · β η . (7.2.8)

One can define the dual of a p-form β to be the unique (n− p)–form ∗β such that

α · β η = α ∧∗β . (7.2.9)

Applying this operation pointwise one has maps ∗ : Ωp(M)→ Ωn−p(M). The components of ∗β are

∗βµ1...µn−p =
1

p!
ηρ1...ρpµ1...µn−pg

ρ1σ1 . . . gρpσpβσ1...σp . (7.2.10)

To show that this is the right expression we can write

α ∧∗β =
1

p!
αµ1...µp

1

(n− p)!
1

p!

√
|g|ερ1...ρpν1...νn−pβρ1...ρpdxµ1 ∧ . . . ∧ dxµp ∧ dxν1 ∧ . . . ∧ dxνn−p

The product of differentials together with the factor
√
|g| is εµ1...µp,ν1...νn−pη. Now we have two ε–densities

contracted on n− p indices. According to (2.5.6) this is equal to (n− p)! times the Kronecker tensor δ
µ1...µp
ρ1...ρp .

Recalling that αµ1...µpδ
µ1...µp
ρ1...ρp β

ρ1...ρp = p!αµ1...µpβ
µ1...µp we arrive at (7.2.9).

The dual of a nowhere-vanishing function is a volume-form. In particular, the standard volume form
dx1 ∧ dx2 ∧ . . . ∧ dxn is equal to ∗1.

3



Example 7.2.1. Consider the special case M = R3. There is a canonical riemannian structure
with components gij = δij ; we will use it to identify vectors and one-forms, so we do not need
to pay attention to the position of the indices. Consider an orientation-reversing diffeomorphism,
for example the inversion φ(~x) = −~x. Recall from (3.3.1) that proper scalar functions on R3

transform under φ as f ′(−x) = f(x). Similarly, a true (polar) vector transforms under φ into
v′(−x) = Tφ(v(x)), or in components v′i(−x) = −vi(x). Two-forms and three-forms transform by
pullback, which implies in coordinates that α′ij(−x) = αij(x) and α′ijk(−x) = −αijk(x). When

studying analysis in R3 one does not usually take into account the determinant of the metric.
In that case one sometimes defines the dual using the tensor density εijk instead of the tensor
ηijk. With this definition, the dual of a one-form v = v1dx

1 + v2dx
2 + v3dx

3 is the two-form
v1dx

2 ∧ dx3 + v2dx
3 ∧ dx1 + v3dx

1 ∧ dx2. Under the duality transformation, the two-form α is
mapped into the vector with components vi = εijkαjk. This vector transforms under the inversion
as v′i(−x) = vi(x) and is called an axial vector (or a pseudo-vector). Similarly, the dual of a three-
form ω is the function f = ω123 which transforms as f ′(−x) = −f(x) and is called a pseudoscalar
function. So, while the definition (7.2.10) is such that duality maps genuine tensors to genuine
tensors, this alternative definition maps tensors to pseudo-tensor (tensor densities) and vice-versa.

The adjoint of the exterior differential with respect to the inner product (7.2.8) is an operator δ :
Ωp(M)→ Ωp−1(M) called the interior differential or divergence: if α ∈ Ωp−1(M) and β ∈ Ωp(M)

(dα, β) = (α, δβ) . (7.2.11)

A straightforward calculation in coordinates shows that

δβµ1...µp−1 = − 1√
det g

∂λ

(√
det gβλµ1...µp−1

)
. (7.2.12)

The operator ∆ : Ωp(M)→ Ωp(M) defined by

∆ = dδ + δd (7.2.13)

is called the covariant laplacian on forms. In particular on functions

∆f = − 1√
det g

∂λ(
√

det ggλρ∂ρf) . (7.2.14)

7.3 The soldering form

In previous lectures we have discussed the (global) geometrical meaning of Yang-Mills theories. It
appears that the same geometrical objects that are used in Yang-Mills theories are also the ingredients of a
theory of gravity. In particular, in gravity we need a linear connection in the tangent bundle and we need a
(pseudo)-riemannian metric in the tangent bundle. Similar objects are also present in an O(n)-gauge theory.
What is then the difference between gravity and other gauge theories? There is a single special characteristic
that distinguishes gravity from all other gauge theories, and this is the fact that in the case of gravity the
vectorbundle V is “soldered to M”, meaning that it is isomorphic to TM . In the most familiar formulation
this isomorphism is fixed once and for all; in this case one can identify V and TM and formulate the theory
directly in TM . However it is more instructive to treat the isomorphism as a field, independent of the metric
and connection. The advantage of this formulation will become clear as we proceed.

Let us assume that there is a vectorbundle V and a map θ : TM → V which is a vectorbundle M -
isomorphism, meaning that θ(x) : TxM → Vx, and θ(x) is an isomorphism for all x. Without loss of
generality we will assume that the atlases of TM and V are defined relative to the same covering and we
choose local fields of frames {ea} in V and natural frames {∂µ} in TM . The isomorphism θ is represented
locally by matrix–valued functions θaµ = ea(θ(∂µ)) with det(θaµ) 6= 0. Note that θ can also be regarded as
a V -valued one-form on M : it is called the soldering form.

4



Suppose that in the vectorbundle V there are given a fiber metric γ and a linear connection ∇. The
fiber metric has local components γab = γ(ea, eb) and the linear connection has local components Aµ

a
b =

ea(∇∂µeb). We can use θ to pull back γ and ∇ to TM . The pullback metric g = θ∗γ is defined by

g(v, w) = γ(θ(v), θ(w)) (7.3.1)

and the pullback connection D = θ∗∇ is defined by

Dvw = θ−1(∇v(θ(w))) , (7.3.2)

for any two vectorfields v, w ∈ X(M). The components of the metric in TM are then

gµν = θaµθ
b
νγab , (7.3.3)

while the components of the pullback connection are given by

Aµ
ρ
σ = θ−1a

ρAµ
a
bθ
b
σ + θ−1a

ρ∂µθ
a
σ . (7.3.4)

The covariant exterior derivative of the soldering form Θ = d∇θ is called the torsion tensor and has
components

Θa
µν = ∂µθ

a
ν − ∂νθaµ +Aµ

a
b θ

b
ν −Aνab θbµ . (7.3.5)

7.4 Special gauges

As discussed in section 6.7, changes of local frames in V are (passive) GL(n) gauge transformations.
These transformations act on the latin indices of the local components of the fields. If e′a(x) = eb(x)Λ(x)ba
is a new frame, the components of the fields in the new frame are

θ′aµ =Λ−1abθ
b
µ ; (7.4.1.a)

γ′ab =ΛcaΛdbγcd ; (7.4.1.b)

A′µ
a
b =Λ−1acAµ

c
d Λdb + Λ−1ac ∂µΛcb . (7.4.1.c)

The greek indices are not affected at all by these transformations. The pullback metric g with components
(7.3.3) and the pullback connection D with components (7.3.4) are GL(n)-invariant by construction.

Aside from these local GL(n)-transformations, the theory has to be invariant also under coordinate
transformations (or, from an active point of view, under diffeomorphisms). A coordinate transformation
induces a change in the natural basis, given by the Jacobian Jµν = ∂xµ

∂x′ν . The fiber metric γ transforms as
a scalar, while the soldering form and the connection transform as one-forms:

θ′
a
µ(x′) =θaν(x)Jνµ ; (7.4.2.a)

γ′ab(x
′) =γab(x) (7.4.2.b)

A′µ
a
b(x
′) =Aν

a
b(x)Jνµ (7.4.2.c)

The pullback metric and connection components transform under this transformation as follows

g′µν(x′) =JρµJ
σ
νgρσ(x) (7.4.3.a)

A′λ
µ
ν(x′) =

[
J−1µρAτ

ρ
σ(x)Jσν + J−1µρ∂τJ

ρ
ν

]
Jτ λ (7.4.3.b)

There are two special classes of gauges that are used to simplify the theory in different situations. The
first is to choose the frames ea to be orthonormal with respect to γ. In this gauge

γab = δab . (7.4.4)

(If γ had Lorentzian signature, one would have the Minkowski metric ηab instead; we will describe the
Riemannian case here.) This is called the orthonormal gauge, or in four dimensions also the vierbein, or
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tetrad gauge, because θaµ can be interpreted, from equation (7.3.3), as the components of an orthonormal
frame, also called tetrad or vierbein. Later we will treat θaµ as dynamical variables. We have seen in
preceding sections that in gauge theories dynamical variables are global geometric objects. Since field of
frames cannot be globally defined in general, we prefer to think of θaµ as the representative of a map between
different vectorbundles. In this gauge the derivative of the metric vanishes, so the nonmetricity tensor reduces
to a linear combination of components of the connection, as in equation (7.1.10):

Nµab = −Aµab −Aµba . (7.4.5)

This choice of gauge leaves a residual gauge freedom consisting of orthogonal transformations of the bases
(local O(n) gauge transformations). These have again the form (7.4.1) but now Λ is restricted to belong to
O(n). Coordinate transformations, realized as in (7.4.2) also remain as unbroken gauge symmetries.

The nondegeneracy of θ means that the field θaµ can be viewed locally as a function from U to GL(n).
The action of gauge transformations (7.4.9.a) is just group multiplication. This action is free and transitive
and therefore there is a another class of gauges where θ is fixed, for example one can choose e1 = θ(∂1),
e2 = θ(∂2) etc., so that

θaµ = δaµ (7.4.6)

in every chart. In this class of gauges the isomorphism between TM and V is fixed, so we can actually identify
the two bundles, and the distinction between latin and greek indices becomes immaterial. Furthermore
gµν = γµν and Dµ = ∇µ. Because the dynamics is described in terms of the metric, this is called the metric
gauge. The components of the soldering form are constant and the torsion tensor becomes

Θ(v, w) = ∇vw −∇wv − [v, w] . (7.4.7)

Its components in a natural basis are just the antisymmetric part of the connection in its lower indices

Θρ
µν = Aµ

ρ
ν −Aνρµ . (7.4.8)

Choosing the gauge (7.4.6) breaks completely the GL(n) gauge freedom (the action of GL(n) on θ is free).
Looking at (7.4.2.a) we see that the gauge choice breaks also the action of the diffeomorphism group.
However, if we compose a diffeomorphism with a GL(n) transformation with parameter Λ = J , the gauge
condition (7.4.6) is preserved. This defines a different realization of the diffeomorphism group which remains
as an unbroken gauge freedom in the metric formulation. Given that in this gauge γ = g and Dµ = ∇µ, this
composite transformations on γ and ∇ is identical to (7.4.3).

Note that the two classes of gauges are incompatible, in the sense that having chosen one of them, there
is not enough gauge freedom left to choose the other. We shall discuss in chapter 13 the sense in which these
gauge choices are similar to the unitary gauge of broken Yang-Mills theories.

7.5 The Levi-Civita connection

The fundamental theorem of Riemannian geometry states that, given a soldering form θ and a fiber
metric γ, there is a unique connection in V , called the Levi–Civita connection, which is metric with respect
to γ and torsion-free with respect to θ, i.e.

∂µθ
a
ν − ∂νθaµ +Aµ

a
dθ
d
ν −Aνadθdµ = 0 , (7.5.1.a)

∂λγab −Aλdaγdb −Aλdbγad = 0 . (7.5.1.b)

The proof of this theorem is done by explicit construction in local bases. First we multiply eq (7.5.1.a)
by θ−1b

µθ−1c
ν to obtain

Ab
a
c −Acab = θaν

(
θ−1b

µ∂µθ
−1
c

ν − θ−1c µ∂µθ
−1
b

ν
)

This can be rewritten

Abac −Acab = fbca , (7.5.2)
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where f are the structure functions of the frames θa = θ−1(ea) = θ−1a
µ∂µ, defined in (3.5.3). Similarly, we

multiply equation (7.5.1.b) by θ−1c
λ to rewrite the nonmetricity tensor

Acba +Acab = Ecab , (7.5.3)

where Ecab = θ−1c
λ∂λγab. One then sums algebraically three permutations of equation (7.5.2), and three

permutations of equation (7.5.3) in such a way that most terms on the left hand sides cancel out. One
remains just with Aabc = Γabc, where

Γabc =



(Eabc + Ecab − Ebca)− 


(fabc + fcab − fbca) . (7.5.4)

This is the desired result, since we see that the connection coefficients are entirely determined in terms of
ordinary derivatives of the variables θ and γ. To write the standard components Γµ

a
b it is enough to raise

the second index with γ and transform the first index into greek by θ. The connection with components
Γµ

a
b is called the Levi–Civita connection.
The general formula for its components is quite unwieldy. It assumes a more manageable form in either

of the two gauges discussed in the previous section. In the metric gauge, f = 0 and remembering that in
this gauge γ = g we have

Γλ
ρ
ν =




gρµ (∂λgµν + ∂νgλµ − ∂µgλν) . (7.5.5)

The components (7.5.5) are called the Christoffel symbols. In this gauge the absence of torsion is manifest
since (7.5.5) is symmetric in the λ, ν. In the ortonormal gauge E = 0 and

Γµbc =



θaµ (fbca + fbac − fcab) . (7.5.6)

In this gauge metricity is manifest, since (7.5.6) is antisymmetric in b, c. This is often called the spin
connection, because, as we shall see in section 10.6, it is used in writing the coupling of spinor fields to
gravity. One should however not think of (7.5.5) and (7.5.6) as two different connections: they are the
components of the same connection written in different gauges.

We will always use the notation Γ for the components of the Levi–Civita connection, in any frame, and
A for the components of any other connection, in any frame.

7.6 The curvature of the Levi-Civita connection

The curvature tensor of the Levi–Civita connection is called the Riemann tensor and will be denoted
R, in any frame. In metric gauge

Rµν
ρ
σ = ∂µΓν

ρ
σ − ∂νΓµρσ + Γµ

ρ
τΓν

τ
σ − ΓνρτΓµτσ . (7.6.1)

Since the Levi-Civita connection is metric, we have

0 = [∇µ,∇ν ]γab = −Rµνab −Rµνba . (7.6.2a)

Since the Levi-Civita connection is torsion-free, we have from (6.6.9)

(d∇d∇θ)
a
µνρ = 0 = Rµν

a
b θ

b
ρ +Rρµ

a
b θ

b
ν +Rνρ

a
b θ

b
µ . (7.6.2b)

In addition to the antisymmetry in the form indices – in our convention the first pair of indices – the
components of the Levi-Civita connection are therefore also antisymmetric in the Lie algebra indices (the
second pair of indices) and totally antisymmetric in three covariant indices. In the metric gauge we can
summarize the independent symmetries of the Riemann tensor as follows

Rµνρσ = −Rνµρσ (7.6.3a)

Rµνρσ = −Rµνσρ (7.6.3b)

Rµν
ρ
σ +Rνσ

ρ
µ +Rσµ

ρ
ν = 0 (7.6.3c)
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Repeated application of these symmetry properties also leads to the following additional symmetry property:

Rµνρσ = Rρσµν . (7.6.4)

Taking into account the antisymmetries, there is essentially only one way of contracting two indices of the
curvature tensor. Conventionally, we choose it to be the contraction of the first and third indices:

Rνρ = Rµν
µ
ρ . (7.6.5)

It is called the Ricci tensor, and because of (7.6.4) it is symmetric. (Note that the curvature of a generic
connection has two independent “Ricci tensors”, which in general are not symmetric.) The trace of the Ricci
tensor is a function called the Ricci scalar: R = gµνRµν . The tracefree part of the Riemann tensor is called
the Weyl tensor (or conformal tensor, for reasons that will become clear in section 7.8):

Cµνρσ = Rµνρσ−
1

n− 2
(gµρRνσ−gµσRνρ−gνρRµσ +gνσRµρ)+

1

(n− 1)(n− 2)
R(gµρgνσ−gµσgνρ) . (7.6.6)

It is characterized by the condition Cµν
µ
σ = 0.

Taking into account only the symmetry property (7.6.3a), the curvature of a generic linear connection on
a n-dimensional manifold has 1

2n
3(n− 1) components. Equation (7.6.3b) imposes further 1

4n
2(n− 1)(n+ 1)

independent conditions while equation (7.6.3c) imposes further 1
3!n

2(n − 1)(n − 2) independent conditions.
Altogether the Riemann tensor has 1

12n
2(n2 − 1) independent components.

In one dimension the curvature tensor is identically zero (there are no two–forms in one dimension). In
two dimensions it has only one independent component, which we can take to be the Ricci scalar. In fact in
two dimensions one can write

Rµνρσ =
1

2
R(gµρgνσ − gµσgνρ) . (7.6.7)

In this case the Ricci scalar is also (twice) the Gaussian curvature.

Exercise 7.6.1. A two–dimensional surface Σ embedded in three dimensional Euclidean space.
In general the surface will be described parametrically as x = x(σ1, σ2), y = y(σ1, σ2), z = z(σ1, σ2).
At any point where ∂x

∂σ1
, ∂x
∂σ2

, ∂y
∂σ1

, ∂y
∂σ2

are nonzero, we can describe the surface by an equation
z = z(x, y). We are interested in the Taylor expansion of this equation around some point P ∈ Σ.
By translating and rotating the axes we can further assume without loss of generality that P is
the origin of the axes and that the z axis is normal to Σ at P . Then, z will simply be a quadratic
form ax2 + by2 + 2cxy. By going to the principal axes x′ and y′, it reduces to a′x′2 + b′y′2. The
coefficients a′ and b′ are the inverses of the principal curvature radii (the radii of the osculating
circles), which we call r1 and r2. The Gaussian curvature is K = ± 1

r1r2
, with a positive sign if both

centers of curvature are on the same side of the surface and negative sign if they are on opposite
sides of the surface. The induced metric in the surface (the first fundamental form) is

g = (1 + 4(ax+ cy)2)dx2 + (1 + 4(cx+ by)2)dy2 + 8(ax+ cy)(cx+ by)dxdy

Compute the Ricci scalar of this metric and find that it is equal to 2K. Find a coordinate system
such that the metric has the form gµν(x) = Ω2(x)δµν

In three dimensions the Levi-Civita connection has six independent components; it can be expressed
entirely in terms of the Ricci tensor:

Rµνρσ = gµρRνσ − gµσRνρ − gνρRµσ + gνσRµρ −
1

2
R(gµρgνσ − gµσgνρ) . (7.6.8)

Exercise 7.6.2. In three dimensions it is always possible to choose coordinates such that the
metric is diagonal. Use this fact to show that the Weyl tensor (7.6.6) is identically zero, so that
(7.6.8) holds.
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In four dimensions the Riemann tensor has 20 independent components. In fact, in four and higher
dimensions the curvature tensor cannot be entirely expressed as a function of the Ricci tensor ad the Weyl
tensor is in general not zero. The physical significance of the decomposition of the Riemann tensor into Ricci
and Weyl parts will be better understood after having discussed Einstein’s equations.

Exercise 7.6.3: The Riemann tensor of a Lie group. A quadratic form γ in the Lie algebra is
Ad-invariant if γ(Ad(g)X,Ad(g)Y ) = γ(X,Y ), or infinitesimally γ([Z,X], Y ) + γ(X, [Z, Y ]) = 0.
In components this says that fcab + fcba = 0 or in other words the structure constants of (5.1.2)
are totally antisymmetric when γ is used to raise and lower indices. Without loss of generality one
can choose the basis in the Lie algebra such that γab = δab. Show that the metric h on G defined
by h(g) = L∗gγ is both left and right invariant. Show that h(La, Lb) = δab, i.e. {La} is a field of

orthonormal frames for h. Then formula (7.5.4) gives Γa
b
c = 1

2fab
c, and the covariant components

of the Riemann tensor are Rabcd = 1
4fabefcd

e.

7.7 Locally and globally inertial coordinates

The Levi–Civita connection carries information about the geometry of the manifold M . Interpreting M
as spacetime, we can begin to make contact with the physical ideas discussed in section 1.3.

First we consider the transformation of a connection in TM under a coordinate transformation, (7.4.11b).
This can be rewritten explicitly as:

Γ ′λ
µ
ν(x′) =

∂xτ

∂x′λ
∂x′µ

∂xρ
∂xσ

∂x′ν
Γτ

ρ
σ(x) +

∂x′µ

∂xρ
∂xρ

∂x′λ∂x′ν
(7.7.1)

We shall now prove that given any point x̄ ∈M , it is always possible to choose a coordinate system in
a neighborhood of x̄ such that the Christoffel symbols vanish at x̄ and the components of the metric at x̄
are δµν . In an arbitrary coordinate system, let Γ̄µ

λ
ν be the Christoffel symbols at the point x̄. Consider the

coordinate transformation

x′µ = (xµ − x̄µ) +
1

2
Γ̄α

µ
β(xα − x̄α)(xβ − x̄β) . (7.7.1)

The Jacobian of the transformation is

∂x′µ

∂xρ
= δµρ + Γ̄ρ

µ
β(xβ − x̄β) (7.7.2)

and to first order in x the inverse Jacobian is

∂xρ

∂x′µ
= δρµ − Γ̄µρβ(xβ − x̄β) . (7.7.3)

Inserting in the transformation (7.7.1) one finds that Γ ′(x)µ
λ
ν is of order x− x̄, in particular

Γ ′(x̄)µ
λ
ν = 0 . (7.7.4)

This condition is preserved by a linear transformation of the coordinates x′, and by such a transformation
one can achieve gµν(x̄) = δµν .

A manifold M with a metric g is said to be flat if there is a coordinate system such that

gµν = δµν . (7.7.5)

Clearly if M is flat, the Christoffel symbols vanish and the curvature of the Levi-Civita connection is zero.
Conversely, if the Riemann tensor is zero on an open set U , then there exists a coordinate system on U
where (7.7.5) holds. To prove this let x̄ ∈ U and ēµa be an orthonormal frame for the metric at x̄. In terms
of the dual frame ēa,

ēaµ ē
b
ν g

µν = δab . (7.7.6)

9



Define a local field of dual frames ea = eaµdx
µ by parallel transport of ēa:

∇µeaν = ∂µe
a
ν − Γµ

λ
νe
a
λ = 0 , (7.7.7)

with the initial condition eaµ(x̄) = ēaµ. Since F = 0, the parallel transport does not depend on the path (see
the discussion in section 6.6) so ea is well defined. Because the covariant derivative of a scalar is the partial
derivative, and because the Levi-Civita connection is metric, we have

∂λ(eaµ e
b
ν g

µν) = ∇λ(eaµ e
b
ν g

µν) = 0

This, together with the initial condition (7.7.6), gives

eaµe
b
νg
µν = δab . (7.7.8)

From the symmetry of the Christoffel symbols and equation (7.7.7) one finds that dea = 0. But then, by
Poincaré ’s lemma we have locally ea = dya. We can take the functions ya(x) as new coordinates, then
(7.7.8) gives, as promised,

∂ya

∂xµ
∂yb

∂xν
gµν = δab .

7.8 Isometric embeddings

In section 3.4 we have defined the notion of embedding i : P → M of a p–dimensional manifold P in
an m–dimensional manifold M (p < m). Suppose that M is endowed with a (pseudo)-Riemannian structure
g, with Levi-Civita connection ∇ and curvature tensor R. The induced metric h = i∗g is called the first
fundamental form. We assume that h is Riemannian even if g is not (this means that if g is pseudo-
Riemannian, the submanifold P is spacelike). We denote D the Levi-Civita connection of h in P and Rh its
curvature tensor. Here we would like to understand the relation between the curvature tensors R and Rh.
In the case when P has codimension one, these results are used in the discussion of the initial value problem
for General Relativity, but it does not take much effort to discuss them in general.

Using the metric g we can split the tangent bundle of M , restricted to P , into

TM = TP ⊕N ,

where N is an m − p–dimensional vectorbundle over P . The metric g induces a fiber metric gN in N . We
can now act with ∇ on sections of TM and split the result into its tangent and normal components:

∇vw =∇Pv w +∇Nv w
∇vσ =∇Pv σ +∇Nv σ ,

(7.8.1)

where v, w are sections of TP , σ is a section of N , and the superscripts P and N denote the components of
the covariant derivative in the bundles TP and N .

First, it is easy to see that ∇Pv w and ∇Nv σ define linear connections in TP and N . Furthermore,
∇Pv w = Dvw, in other words the restriction of the Levi-Civita connection of TM to TP is the Levi-Civita
connection of the induced metric.

The remaining “mixed” components of ∇ define two linear maps. The normal component of ∇vw is a
N -valued bilinear form B called the second fundamental form

B(v, w) = ∇Nv w = ∇vw −Dvw (7.8.2)

and the tangent component of ∇vσ defines a linear operator Kσ mapping TP to itself by

Kσ(v) = ∇Pv σ . (7.8.3)
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Since both ∇ and D are torsion-free, one finds from the formula (7.4.7) for torsion that B is symmetric.
Furthermore, B and K are related. Since g(w, σ) = 0, we have h(Kσ(v), w) = g(∇vσ,w) = −g(σ,∇vw).
Adding 0 = g(σ,Dvw) the last term is equal to g(σ,B(v, w)). We have thus found that

h(Kσ(v), w) = −gN (σ,B(v, w)) . (7.8.4)

We can now consider the relations between the curvature tensors R and Rh. Take three vectorfields v,
w, z, sections of TP . We have

R(v, w)z = ∇v∇wz −∇w∇vz −∇[v,w]z

= ∇v(Dwz +B(w, z))−∇w(Dvz +B(v, z))−D[v,w]z −B([v, w], z)

= Rh(v, w)z +B(v,Dwz) +∇Nv B(w, z) +KB(v,z)(w)

−B(w,Dvz)−∇NwB(v, z)−KB(w,z)(v)−B([v, w], z) .

(7.8.5)

Taking the inner product of this expression with a fourth vectorfield t, the terms involving B drop out and
using (7.8.4) in the remaining ones we find Gauss’ equation

h(R(v, w)z, t) = h(RP (v, w)z, t)− gN (B(v, z), B(w, t)) + gN (B(v, t), B(w, z)) . (7.8.6)

Proceeding in the same fashion we find, for σ, τ sections of N , the Ricci equation

gN (R(v, w)σ, τ) = gN (FN (v, w)σ, τ) + h([Kσ,Kτ ](v), w) , (7.8.7)

where FN denotes the curvature of the connection ∇N .
There is another relation that can be obtained by taking the inner product of (7.8.5) with a normal

vectorfield. To this end we observe that B can be viewed as a section of T ∗P ⊗ T ∗P ⊗N∗, by defining the
multilinear map

B(v, w, σ) = gN (B(v, w), σ) . (7.8.8)

Then we have

(∇vB)(w, z, σ) = v(gN (B(w, z), σ))− gN (B(∇vw, z), σ)− gN (B(w,∇vz)σ)− gN (B(w, z),∇vσ)

= gN (∇v(B(w, z)), σ))− gN (B(∇vw, z), σ)− gN (B(w,∇vz)σ) .

Taking the inner product of (7.8.5) with σ and using this property, one finds the Codazzi equation

gN (R(v, w)z, σ) = ∇vB(w, z, σ)−∇wB(v, z, σ) . (7.8.9)
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