
10.1 Symmetries

A diffeomorphism φ is said to be an isometry of a metric g if φ∗g = g. An infinitesimal diffeomorphism
is described by a vectorfield v. The vectorfield v is an infinitesimal isometry if Lvg = 0; using equation
(11.1.7) this is equivalent to

∇µvν + ∇νvµ = 0 . (10.1.1)

A vectorfield satisfying (10.1.1) is also called a Killing vectorfield (or Killing vector for short) and equation
(10.1.1) is called the Killing equation.

Familiar examples of Killing vectors are the four generators of translations Pµ = ∂µ and the six Lorentz
generators Mµν = xµ∂ν − xν∂µ in Minkowski space. Another example is given by the vectorfields (5.4.2.1)
which generate the action of SO(3) on the sphere, and are infinitesimal isometries of the standard metric on
the sphere ds2 = r2(dθ2 + sin2 θdϕ2).

In general relativity, Killing vectors are the manifestation of the existence of symmetries. Noether’s
theorem, which says that for every generator of a symmetry group there exists a conserved charge, holds
also in general relativity. However, its proof is completely different from the canonical one. In fact one can
prove two different versions of the theorem, one holding for the mechanics of point particle and the other for
fields.

Let u be the vector tangent to a geodesic. Using (10.2.6) we have uµ∇µ(Kνu
ν) = uµuν∇µKν , Since

uµuν is symmetric in µ and ν, we can symmetrize ∇µKν in its two indices. Using (10.1.1) we then find
that uµ∇µ(Kνu

ν) = 0. Thus for every Killing vector, the quantity Kνu
ν is constant along the worldline of

a freely falling particle.
Now let T µν be the energy-momentum tensor of some matter field, defined as in (11.1.4), we have

∇ν(KµT
µν) = T µν∇νKµ + Kµ∇νT

µν = 0; the second term vanishes because of energy-momentum con-
servation (11.1.9), and the first vanishes because T µν is symmetric, and equation (10.1.1). Thus for every
Killing vector and constant-time surface Σ we can define

PK =

∫

dΣνKµT
µν ,

Assuming that all fields vanish sufficiently rapidly at spatial infinity, the integral is independent of the
surface. Thus to the extent that “time” is a well defined concept in general relativity, one can say that for
every Killing vector, the charge PK is time-independent.

The important lesson from this version of Noether’s theorem is that one cannot even talk of the (space-
time) symmetries of a matter system (consisting of particles or fields), unless the metric they propagate in
has those symmetries in the first place. As a result, the familiar conservation laws of classical and special
relativistic mechanics do not hold in general relativity. They only hold in the limited context when matter
propagates in a fixed background metric which possesses Killing vectors, and the effect of matter on the
metric can be neglected. For example, this is the case, to a good approximation, for the planets moving in
the gravitational field of the sun. We will discuss this case in section 11.3.

We say that two Killing vectors are linearly independent if they are linearly independent as vectorfields,
i.e. if for any pair of real numbers a1 and a2, a1v1(x)+ a2v2(x) = 0 for every x implies a1 = a2 = 0. We will
now show that on a manifold of dimension n there can be at most n(n + 1)/2 linearly independent Killing
vector fields. Using (6.5.5),

(∇µ∇ν −∇ν∇µ)Kρ = −RµνσρKσ .

Let us sum term by term this equation and the equations that are obtained from it by cyclically permuting
(µ, ν, ρ). Using (9.3.3c), the r.h.s. vanishes. Using the Killing equation, the six terms on the l.h.s. are equal
in pairs, and we obtain

∇µ∇νKρ −∇ν∇µKρ = −∇ρ∇µKν .

The l.h.s. of this equation is again a commutator of covariant derivatives, so we find

∇ρ∇µKν = Rµν
σ
ρKσ . (10.1.2)

Deriving this once more we find

∇λ∇ρ∇µKν = ∇λRµν
σ
ρKσ +Rµν

σ
ρ∇λKσ .
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showing that the third derivative of K can be expressed as linear combinations of the vector and its first
derivatives. Deriving once again we obtain on the r.h.s. terms of the form ∇∇RK, ∇R∇K and R∇∇K.
Using (10.1.2), the latter can be rewritten in terms of RK, so also the fourth derivatives ofK can be expressed
as linear combinations of the vector and its first derivatives. Clearly this procedure can be iterated, so that
all derivatives of K can be expressed as linear combinations of the vector and its first derivatives. This can
be interpreted by saying that the Taylor expansion of the vector K about a point x is entirely determined
by Kµ(x) and ∇νKρ(x). There are exactly n constants Kµ(x) and n(n− 1)/2 constants ∇νKρ(x) (because
of the Killing equation). This implies that at most n(n+ 1)/2 Killing vectors can be linearly independent.

10.2 Spaces with maximal symmetry

The condition of admitting the maximal number of Killing vectors is so strong that it determines the
geometry almost completely. A manifold M with a metric g is said to be homogeneous if there is a group of
isometries acting on it transitively (1). A manifold M with a positive definite metric g is said to be isotropic

at a point x if there is a group of isometries that maps x to itself (thus x is a fixed point of the group)
and maps any unit vector at x into any other unit vector at x. When the metric is Lorentzian one has to
specify that timelike, spacelike, null vectors at x are mapped into into timelike, spacelike, null vectors at x,
respectively.

A transitive action must have at least n generators, and an action that is isotropic at some point must
have at least n(n − 1)/2 generators. It is also clear from the discussion in the preceding session that if the
action is both transitive and isotropic, a set of generators that act transitively in a neighborhood of a point
x must be linearly independent from those that act isotropically at x, so the space must admit the maximal
number of Killing vectors.

Now consider the Riemann tensor of a homogeneous and isotropic space, written as a tensor of type
(2, 2): Rµν

ρσ. Due to the symmetry properties (9.3.3), this tensor can be regarded as a linear map from the
space of two–forms to itself. Isotropy implies that all the eigenvalues of the map Rµν

ρσ must be the same,
and therefore that the map must be a multiple of the identity (2.5.5):

Rµν
ρσ = Kδ

(ρ
(µδ

σ)
ν) .

By homogeneity, K must be constant. Tracing once we find that Rµν = (n− 1)Kgµν . Tracing twice we find
that R = n(n− 1)K, so the scalar curvature is constant. Altogether

Rµνρσ =
R

n(n− 1)
(gµρgνσ − gµσgνρ) . (10.2.1)

and furthermore

Rµν =
R

n
gµν ; R = constant . (10.2.2)

A space whose Riemann tensor satisfies (10.2.1) is called a space of constant curvature (1).
For a fixed signature, there are only three metrics of constant curvature, up to an overall scale, depending

on the sign of R. Let us consider first positive definite (Riemannian) metrics. The metric of constant
curvature with R > 0 is the sphere, the one with R = 0 is flat Euclidean space and the one with R < 0 is a
hyperboloid. The metric of constant positive curvature on the sphere Sn is the metric induced by the flat
metric

ds2 = (dz1)2 + . . . (dzn+1)2 (10.2.3)

(1) In section 5.4 a manifold was said to be homogeneous if it admits a transitive group of transformations.
Here we require in addition that the transformations also preserve the metric.
(1) One should not be fooled by this terminology: there are spaces with constant R that are not Einstein
and there are spaces that are Einstein but are not of constant curvature. The more accurate term is “space
of constant sectional curvature”, where the sectional curvature is defined, for each pair of vectors v, w, as the
curvature of the two dimensional submanifold constructed from the geodesics tangent to the plane spanned
by v and w.
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via the embedding of Sn in Rn+1

(z1)2 + . . .+ (zn+1)2 = r2 . (10.2.4)

For example, if n = 3, the constraint (10.2.4) can be solved by setting

z1 = r sinχ sin θ cosϕ ,

z2 = r sinχ sin θ sinϕ ,

z3 = r sinχ cos θ ,

z4 = r cosχ .

(10.2.5)

Taking the differentials of these expressions and inserting them in (10.2.3) gives the metric

ds2 = r2
(

dχ2 + sin2 χ(dθ2 + sin2 θdϕ2)
)

. (10.2.6)

Likewise the metric of constant negative curvature in the hyperboloid Hn is the metric induced from
the flat Lorentzian metric

ds2 = (dz1)2 + . . .+ (dzn)2 − (dzn+1)2 (10.2.7)

by the embedding of Hn in Rn+1

(z1)2 + . . .+ (zn)2 − (zn+1)2 = −r2 . (10.2.8)

For example, if n = 3, the constraint (10.2.8) can be solved by setting

z1 = r sinhχ sin θ cosϕ ,

z2 = r sinhχ sin θ sinϕ ,

z3 = r sinhχ cos θ,

z4 = r coshχ,

(10.2.9)

Taking the differentials of these expressions and inserting in (10.2.7) gives

ds2 = r2
(

dχ2 + sinh2 χ(dθ2 + sin2 θdϕ2)
)

. (10.2.10)

It was shown in section 5.4 that every homogeneous space is diffeomorphic to a coset space G/H . In the
present context, G is the isometry group of the manifold and coincides with the isometry group of the metrics
of the embedding flat spaces: SO(n + 1) for the metric (10.2.3) and SO(n, 1) for the metric (10.2.7); H is
the stabilizer of any point and is SO(n) in all cases. The properties of maximally symmetric spaces with
positive definite metric are summarized in the following table.

Space G H R

Sn SO(n+ 1) SO(n) n(n−1)
r2

Euclidean space Euclidean group SO(n) 0

Hn SO(n, 1) SO(n) −n(n−1)
r2

A similar discussion can be carried through for Lorentzian metrics. The Lorentzian metric of constant
positive curvature can be obtained from the flat metric

ds2 = −(dz0)2 + (dz1)2 + . . .+ (dzn)2 (10.2.11)

via the embedding
−(z0)2 + (z1)2 + . . .+ (zn)2 = r2 . (10.2.12)
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For example, if n = 4, the constraint (10.2.11) can be solved by setting

z1 = r cosh τ sinχ sin θ sinϕ ,

z2 = r cosh τ sinχ sin θ cosϕ ,

z3 = r cosh τ sinχ cos θ ,

z4 = r cosh τ cosχ,

z0 = r sinh τ .

(10.2.13)

Taking the differentials of these expressions and inserting them in (10.2.11) gives the metric

ds2 = r2
[

−dτ2 + cosh2 τ
(

dχ2 + sin2 χ(dθ2 + sin2 θdϕ2)
)]

. (10.2.14)

This is called the (four dimensional) de Sitter metric. A section of this metric with θ = π/2 and χ = π/2
is shown in the following picture, where the circles are lines of constant τ and the hyperbolas are lines of
constant ϕ.

Likewise the metric of constant negative curvature can be obtained from the metric

ds2 = −(dz0)2 + (dz1)2 + . . .+ (dzn−1)2 − (dzn)2 (10.2.15)

via the embedding
−(z0)2 + (z1)2 + . . .+ (zn−1)2 − (zn)2 = −r2 . (10.2.16)

For example, if n = 4, the constraint (10.2.16) can be solved by setting

z1 = r sinhχ sin θ sinϕ ,

z2 = r sinhχ sin θ cosϕ ,

z3 = r sinhχ cos θ,

z4 = r coshχ sin τ,

z0 = r coshχ cos τ,

(10.2.17)

Taking the differentials of these expressions and inserting in (10.2.15) gives

ds2 = r2
[

− cosh2 χdτ2 + dχ2 + sinh2 χ(dθ2 + sin2 θdϕ2)
]

, (10.2.18)

which is called the (four dimensional) anti-de Sitter metric and is shown in the following picture, where the
circles are lines of constant χ and the hyperbolas are lines of constant τ .
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The properties of Lorentzian maximally symmetric spaces are summarized in the following table.

Space G H R

de Sitter SO(n, 1) SO(n− 1, 1) n(n−1)
r2

Minkowski Poincaré SO(n− 1, 1) 0

anti de Sitter SO(n− 1, 2) SO(n− 1, 1) −n(n−1)
r2

We conclude this section by noting that maximally symmetric spaces are solutions of Einstein’s equa-
tions. In fact equation (10.2.2) means that the metric solves Einstein’s equations with cosmological constant
Λ = n−2

2n R.

10.3 Conformal geometry

Let g and ḡ be two metrics related by

ḡµν(x) = Ω2gµν(x) , (10.3.1)

where Ω = eω is a strictly positive function. The angle between two vectors v and w is the same when
measured with the metrics g and ḡ; furthermore, if they have Lorentzian signature, as will be assumed in
the following, g and ḡ determine the same light cones. The relation (10.3.1) is called a conformal (or Weyl)
transformation and an equivalence class of metrics modulo conformal transformations is called a conformal
structure.

Let us derive the relation between the curvature tensors of g and ḡ. The Christoffel symbols of ḡ are

Γ̄λ
µ
ν = Γλ

µ
ν + φλ

µ
ν ; φλ

µ
ν = δµλ∇νω + δµν∇λω − gλν∇µω . (10.3.2)

Using the matrix notation of (6.5.5-8), the curvature of the connections Γ̄λ
µ
ν and Γλ

µ
ν are related by

F̄µν = Fµν + ∇µφν −∇νφµ + [φµ, φν ] . (10.3.3)

Inserting the explicit form (10.3.2) one gets

R̄µναβ = e2ω
[

Rµναβ − gµα(∇ν∇βω −∇νω∇βω) + gµβ(∇ν∇αω −∇νω∇αω)

+gνα(∇µ∇βω −∇µω∇βω) − gνβ(∇µ∇αω −∇µω∇αω) − (gµαgνβ − gµβgνα)∇λω∇λω
]

.
(10.3.4)
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From here one gets the following transformations for the Ricci tensor and Ricci scalar:

R̄µν =Rµν − (d− 2)(∇µ∇νω −∇µω∇νω) − gµν∇λ∇λω − (d− 2)gµν∇λω∇λω , (10.3.5)

R̄ =e−2ω
[

R− 2(d− 1)∇λ∇λω − (d− 1)(d− 2)∇λω∇λω
]

, (10.3.6)

Finally, one can verify that the Weyl tensor is conformally invariant:

C̄µν
ρ
σ = Cµν

ρ
σ . (10.3.7)

(Notice that if we had written the tensor in its fully covariant form there would have been a factor e−2ω in
the r.h.s.) From the Bianchi identity there follows that

∇λCµνρσ+∇µCνλρσ+∇νCλµρσ =
1

d− 2
[gλρCµνσ + gµρCνλσ + gνρCλµσ − gλσCµνρ − gµσCνλρ − gνσCλµρ , ]

(10.3.8)
where

Cλµν = ∇λRµν −∇µRλν −
1

2(d− 1)
(∇λRgµν −∇µRgλν) (10.3.9)

is called the Cotton tensor. It is antisymmetric in the first pair of indices. Using the contracted Bianchi
identity (9.3.2), the Cotton tensor is seen to be traceless:

Cλν
ν = 0 . (10.3.11)

Finally, contracting λ and σ in (10.3.8) one obtains

∇σCµνρ
σ = −d− 3

d− 2
Cµνρ . (10.3.12)

Notice that in three dimensions the Weyl tensor is identically zero (equation (7.6.8)) but the Cotton tensor
need not be zero.

With these preparations, we can derive the conformal analogue of the theorem in section 7.7. We say
that a metric is conformally flat if there exists a coordinate system such that gµν = Ω2ηµν . Then, the
following theorem holds: in d ≥ 4, a metric g is conformally flat if and only if its Weyl tensor is zero; in
d = 3, a metric g is conformally flat if and only if its Cotton tensor is zero.

The “only if” part is obvious. To prove the “if”, we have to show that if the Cotton tensor vanishes (in
d = 3) or the Weyl tensor vanishes (in d ≥ 4), we can find a function ω such that ḡ = e2ωg has Riemann
tensor R̄µνρσ = 0. Because of (7.6.8), in d = 3 it is enough to prove that if the Cotton tensor vanishes we
can find a function ω such that R̄µν = 0. In d ≥ 4, Cµνρσ = 0 implies Cλµν = 0 by equation (10.3.12) and
C̄µνρσ = 0 by (10.3.7). Then using the decomposition (7.6.6) for R̄µνρσ , it is enough to prove that R̄µν = 0.
So in all dimensions it is enough to prove the lemma saying that Cλµν = 0 implies R̄µν = 0.

To prove it, one can use equation (10.3.5), with its l.h.s. set equal to zero, as a differential equation for
the function ω. It is convenient to eliminate the term ∇2ω and to write

∇µ∇νω =
1

d− 2
Rµν −

1

2(d− 1)(d− 2)
Rgµν + ∇µω∇νω − 1

2
gµν(∇ω)2. (10.3.13)

The function ω that we are looking for must satisfy this equation. A solution exists if the following integra-
bility condition is satisfied:

∇λ∇µ∇νω −∇µ∇λ∇νω = −Rλµρν∇ρω .

We would like to eliminate ω from this equation in order to get a condition on the metric alone. This can
be achieved as follows. Using (10.3.13) the l.h.s. becomes

1

d− 2
Cλµν + ∇µω∇λ∇νω −∇λω∇µ∇νω − 1

2

(

gµν∇λ(∇ω)2 − gλν∇µ(∇ω)2
)
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In the r.h.s. we use the vanishing of the Weyl tensor and equation (7.6.6) to rewrite the Riemann tensor
as combinations of Ricci tensors and Ricci scalars. We then use (10.3.13) to reexpress the Ricci tensor as a
function of the Ricci scalar and derivatives of ω. In the resulting expression the Ricci scalar cancels and we
remain with

∇µω∇λ∇νω −∇λω∇µ∇νω − 1

2

(

gµν∇λ(∇ω)2 − gλν∇µ(∇ω)2
)

Then the derivatives of ω cancel between the two sides and the integrability condition reduces to Cλµν = 0.
This proves the lemma.

As an application of the preceding theorem, equations (10.2.1-2), when used in (7.6.6) imply that the
Weyl tensor of a maximally symmetric space vanishes. Therefore the metrics described in section 10.2 are
conformally flat. A coordinate system that makes this manifest will be described, for anti-de Sitter space,
in the next section and for de Sitter space in section 12.4.

10.4 The conformal group

A diffeomorphism φ is said to be a conformal isometry if

φ∗g = Ω2g (10.4.1)

for some function Ω. Clearly every isometry is a conformal isometry with Ω = 1, but there may be conformal
isometries that are not isometries. An infinitesimal conformal isometry is a vectorfield v such that

Lvg = 2ω(v)g . (10.4.2)

Writing Lvg in the alternative form (9.1.7), and using the trace of (10.4.2) to solve for ω(v), we can rewrite
(10.4.2) as

∇µvν + ∇νvµ − 2

n
∇ρv

ρgµν = 0 . (10.4.3)

Such a vectorfield is called a conformal Killing vector.
Conformal Killing vectors give rise to a weaker form of conservation theorems than proper Killing vectors.

Following the discussion in the beginning of section 10.1, we find that for every geodesic with four-velocity uµ

and for every conformal Killing vector K, uµ∇µ(u
νKν) = ωu2, so the quantity uνKν is constant along null

geodesics. Similarly, the four-vector KµT
µν satisfies ∇ν(KµT

µν) = ωT µµ, so it is conserved provided the
energy-momentum tensor is traceless. As we shall see in the next section, this is a property of conformally
invariant matter.

Next, we will discuss the conformal isometries of Minkowski space. A flat space can be identified both
with its tangent and cotangent space. A point with coordinates xµ can also be seen as a vector and we denote
xµ = ηµνx

ν the corresponding one-form. In addition to the true Killing vectors (that generate translations
and Lorentz transformations)

Pµ = ∂µ ; Mµν = xµ∂ν − xν∂µ , (10.4.4)

which have ω(Pµ) = ω(Mµν) = 0, Minkowski space admits also the following conformal Killing vectors: the
generator of dilatations

D = xµ∂µ , with ω(D) = 1 (10.4.5)

and the four generators of “special conformal transformations”

Kµ = 2xµx
ν∂ν − x2∂µ with ω(Kµ) = 2xµ . (10.4.6)

These generators form a closed algebra isomorphic to the algebra of the group SO(n, 2). This group is called
the conformal group of Minkowski space. It is a finite dimensional nonabelian group of diffeomorphisms that
induce Weyl transformations of the metric. It should not be confused with the group of Weyl (conformal)
transformations (9.5.1), which is an infinite dimensional abelian group of transformations of the metric. A
field theory that is invariant under the conformal group is called a conformal field theory.
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Exercise 10.4.1. Compute the algebra of the conformal Killing vectors of Minkowski space:

[Mµν ,Mρσ] = − ηµρMνσ + ηµσMνρ + ηνρMµσ − ηνσMµρ

[Mµν , Pρ] = − ηµρPν + ηνρPµ ; [Pµ, Pν ] = 0

[Mµν ,Kρ] = − ηµρKν + ηµρKµ ; [Pµ,Kν ] = −2Mµν + 2ηµνD ; [Kµ,Kν ] = 0

[Mµν , D] =0 ; [Pµ, D] = Pµ ; [Kµ, D] = −Kµ .

Show that if we identify Mµ4 = Pµ +Kµ, Mµ5 = Pµ −Kµ, M45 = −D the algebra of the conformal Killing
vectors is isomorphic to the Lie algebra of the group SO(4, 2), where the metric has signature − + + + +−
in coordinates z0, . . . , z5.

The preceding exercise motivates us to find an explicit geometric realization of the conformal Killing
vectors of d-dimensional Minkowski space as proper Killing vectors in anti-de Sitter space AdSd+1. This
is most easily described by using Poincarè coordinates in AdSd+1. These are related to the embedding
coordinates of (10.2.15-16) by letting n = d+ 1 and

zµ =et/rxµ for µ = 0, 1 . . . d− 1 ,

zd =r sinh(t/r) − 1

2r
et/rx̄2 ,

zd+1 =r cosh(t/r) +
1

2r
et/rx̄2,

(10.4.7)

where we used the notation x̄2 = ηµνx
µxν = −(x0)2 + (x1)2 . . .+ (xd−1)2. Note that zd+ zd+1 = ret/r . The

surfaces of constant r and t correspond to the yellow planes in the following figure.

The plane through the origin is the surface t→ −∞, the other two represent surfaces with increasing t.
With −∞ < t <∞, this coordinate system covers only half of anti-de Sitter space. In these coordinates the
metric in AdSd+1 has the form

ds2 = e2t/rηµνdx
µdxν + dt2 (10.4.8)

and a further coordinate transformation t = r log(r/y) brings the metric into the conformally flat form

ds2 =

(

r2

y2

)

(ηµνdx
µdxν + dy2) . (10.4.9)

The surfaces in AdSd+1 defined by fixing t (or equivalently y) are copies of Minkowski space that differ only
by a global rescaling. The surface y = 0, which corresponds to the limit t → ∞ is a conformal boundary of
AdSd+1, and is usually referred to simply as “the boundary”.
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By viewing r as a variable, rather than a constant, we can view (10.4.7) as a coordinate transformation
in the ambient d + 2-dimensional flat space in which AdS is embedded. Then, we can write the SO(d, 2)
generators Lij = zi∂j − zj∂i (with i, j = 0, . . . , d+1) in these new coordinates. For i, j = µ, ν = 0, 1 . . . d− 1
we find

Mµν = xµ
∂

∂xν
− xν

∂

∂xµ
, (10.4.10)

so these are the Lorentz generators of Minkowski space. For i = µ

Mµd+1 −Mµd = r
∂

∂xµ
(10.4.11)

are the generators of translations

−Mdd+1 = x0 ∂

∂x0
+ . . .+ xd−1 ∂

∂xd−1
− r

∂

∂t
(10.4.12)

is the generator of dilatations and

2re−t/r(cosh(t/r)Mµd + sinh(t/r)Mµd+1) = 2xµxν
∂

∂xν
− x̄2 ∂

∂xµ
+ 2rxµ

∂

∂t
(10.4.13)

are the generators of special conformal transformations. Notice that even though these are vectorfields in
Ed,2 none of them has any component along r, which confirms that the spaces AdSd+1 defined by setting r
to constant are orbits of SO(d, 2). Note also that the Poincarè generators have no component along t. These
generators are tangent to the yellow planes, and are genuine Killing vectors of the d-dimensional Minkowski
metric. By contrast, the dilatation and special conformal transformations also have a component along t,
equal to 2rω(D) and 2rω(Kµ), respectively.

Formulae (10.4.10-13) establish the explicit isomorphism between the algebra of the conformal group
and that of SO(d, 2). This representation of conformal isometries of d-dimensional Minkowski space as true
isometries of an embedding d + 1-dimensional AdS space is the kinematical foundation of the AdS-CFT
correspondence.

Finally, let us summarize the nomenclature for the isometries and conformal isometries of n-dimensional
maximally symmetric Lorentzian manifolds. Since de Sitter and anti-de Sitter space are conformally flat,
their groups of conformal isometries are isomorphic to the conformal isometries of Minkowski space. Thus,
the conformal groups of any of these three spaces are all isomorphic to the group of isometries of n + 1-
dimensional anti-de Sitter space.

Group name dimension remarks

SO(n− 1, 1) Lorentz group n(n−1)
2 -

ISO(n− 1, 1) Poincaré group n(n+1)
2 isometries of n-dimensional Minkowski space

SO(n, 1) de Sitter group n(n+1)
2 isometries of n-dimensional de Sitter space

SO(n− 1, 2) anti-de Sitter group n(n+1)
2 isometries of n-dimensional anti-de Sitter space

SO(n, 2) conformal group (n+1)(n+2)
2 conformal isom. of n-dimensional Minkowski space

10.5 Weyl–invariant theories

In quantum field theory in Minkowski space, with coordinates carrying dimension of length and a met-
ric tensor having purely numerical, dimensionless components, a dilatation (a rigid scale transformation)
is usually defined as xµ 7→ x′µ = Ωxµ, ψ(x) 7→ ψ′(x′) = Ωdψψ(x) with Ω a constant and dψ is the length
dimension of the field ψ (we assume here h̄ = c = 1). This is physically equivalent to a rigid Weyl trans-
formation gµν 7→ g′µν = Ω2gµν , ψ(x) 7→ ψ′(x′) = Ωdψψ(x) where the metric is rescaled but the coordinates
are not changed. Since distances are measured by the line element ds2 = gµνdx

µdxν , it is clear that as long
as we restrict ourselves to constant Ω the two notions are physically equivalent. However, the discussion of

9



the preceding two sections shows that the two notions generalize in two very different ways: global scale
transformations in flat space are a subgroup of the finite dimensional, non-abelian conformal group, whereas
rigid Weyl transformations are a subgroup of the infinite dimensional abelian group of Weyl transformations.
In this section we will be interested in the latter.

Before discussing this, let us comment on dimensional analysis. We defined coordinates in section 2.1
as labels for spacetime points. It is most natural to take them to be dimensionless. This is in contrast to the
standard use of coordinates that have dimension of length. This use, however, is clearly only appropriate
for flat space with cartesian coordinates. Even in flat space, spherical coordinates comprise angles which
are naturally dimensionless. So we shall assume that coordinates are dimensionless. Then, the metric has
dimensions of area. Dimensional analysis is just the statement that the action is invariant under rigid
Weyl rescalings, namely when every field and coupling is rescaled by a factor Ωd, where d is the length
dimension. It follows from formula (2.3.10) for the decomposition of a tensor in a natural basis, that with
this convention abstract geometric objects and their components have the same dimension. (This is not
the case with dimensionful coordinates.) On the other hand, the operation of raising and lowering indices
changes the dimension of a tensor. This may be a nuisance in some cases, but it is not a difficulty in principle,
since vectors and their duals are different geometrical objects anyway. The canonical dimension of a field is
determined by considering the kinetic term in the action, which usually has two powers of the fields and two
derivatives. For a p-form field, in order to contract the 2p + 2 covariant indices, p + 1 inverse metrics are
needed. Therefore in n dimensions the field will have canonical dimension of mass to the power (n/2)−p−1.
This agrees with the standard canonical dimension only for scalar fields. On the other hand it is easy to
check that masses and couplings in the action have the same dimension as in the case when the coordinates
carry dimension of length.

Now consider a matter action S that is invariant under rigid Weyl transformations. For this it is
necessary and sufficient that it does not contain any dimensionful parameter. One can ask whether the
action is, or can be made, invariant under general (“local”) Weyl transformations. A priori it would seem
that the answer is negative, because the transformation of the field in the kinetic term will generate terms
with derivatives of Ω that are not compensated by other terms in the action. One way of making the theory
Weyl-invariant is to introduce an abelian gauge field bµ whose transformation cancels the undesired terms.
This had been proposed by Weyl in a seminal paper that stands at the root of the development of gauge
theories. Here, however, we shall not follow this path and look for theories that are Weyl-invariant without

having to introduce an ad hoc gauge field.
Before discussing specific examples, consider a matter action S that is invariant under Weyl transfor-

mations. Under an infinitesimal transformation with parameter ω (Ω = 1 + ω) we have

0 = δωS =

∫

d4x

[

δS

δφ
dφωφ+

δS

δgµν
(−2ω)gµν

]

= −
∫

d4x
√
g ω gµνTµν , (10.5.1)

where we have used the equation of motion for φ and the definition (11.1.4) of the energy-momentum tensor.
Since ω is an arbitrary function, Weyl invariance implies tracelessness of the energy-momentum tensor.

The simplest example of a Weyl-invariant theory in four dimensions is electromagnetism. According to
the argument given above the electromagnetic potential Aµ has dimension zero, so it is invariant under Weyl
transformations. The transformation of the two powers of inverse metric in the action (8.4.5) exactly com-
pensate the transformation of the volume element, so the action is Weyl invariant. The energy-momentum
tensor (9.1.17) is traceless, without even having to use the field equation.

The massless Dirac equation (more precisely known as the Weyl equation) is also Weyl covariant in any
dimension.

Exercise 10.5.1. Weyl covariance of the massless Dirac equation. The transformation of the
fields is

θaµ → eωθaµ ; ψ → e−
d−1

2
ωψ .

The Levi-Civita spin connection (7.5.6) is related to the Christoffel symbols (7.5.5) by the pullback
condition

Γµ
a
b = θa

αΓµ
α
βθb

β + θa
α∂µθb

α ,
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so from (10.3.2) one obtains the transformation rule for the spin connection

Γµ
ab → Γµ

ab + (θaµθ
b
β − θbµθ

a
β)∇βω .

Putting these pieces together

γaθa
µDµψ → e−

d+1

2
ω

(

γaθa
µDµψ − d− 1

2
γcθc

µ∂µω + γcθc
µ

(

θaµθ
b
β − θbµθ

a
β

)

∇βω
1

8
[γa, γb]ψ

)

Using the antisymmetry of the commutator one can write the last two terms as

θbβ∇βω
1

4
γa[γa, γb]ψ =

d− 1

2
γbθ

b
β∇βω ,

which exactly cancels the other term and leaves

γaθa
µDµψ → e−

d+1

2
ωγaθa

µDµψ . (10.5.1.1)

Things are somewhat more complicated in the case of a scalar field. A massless scalar is invariant under
dilatations, but its energy momentum tensor (9.1.16) is not traceless, not even using the equation of motion.
In flat space it is possible to add some “improvement” terms to the energy-momentum tensor that make it
traceless, but the procedure is ad hoc. We shall now see how this is related to Weyl invariance. A scalar field
in four dimensions with a standard kinetic term has canonical dimension of mass and therefore transforms
under a Weyl transformation (10.3.1) as φ→ Ω−1φ. This is the transformation required for invariance in the
case of constant Ω, and obviously the transformation must have the same form also when Ω is not constant.
But then the action cannot be invariant because the derivative acting on Ω produces terms that remain
uncancelled. This is very similar to the case of a local gauge transformation in the case of a complex scalar,
for example, and the unwanted terms in the transformation of the action could be cancelled by introducing
a suitably transforming gauge field. In the present case, however, there is an alternative which consists in
adding a nonminimal coupling to curvature:

S(φ) =

∫

d4x
√

|g|
[

−1

2
gµν∂µφ∂νφ− 1

12
Rφ2

]

. (10.5.2)

Exercise 10.5.2. Rewrite equation (10.3.6) in terms of Ω = eω in d = 4:

R̄ = Ω−2R− 6Ω−3∇µ∇µΩ . (10.5.2.1)

Use this to prove that the action (10.5.2) is invariant (up to surface terms) under Weyl transfor-
mations.

The equation of motion for the scalar field now reads

(

∇2 − R

6

)

φ = 0 . (10.5.3)

Because of the Ricci scalar term in the action, the derivation of the energy-momentum tensor is similar to the
derivation of Einstein’s equations from the Hilbert action in section 9.4, but now the variation φ2gµνδRµν
is no longer a total derivative. Using equation (9.6.2) one finds

T ρσ = ∇ρφ∇σφ− 1

2
gρσ∇µφ∇µφ+

1

6

(

Rρσ − 1

2
gρσR

)

φ2 − 1

6

(

∇ρ∇σφ2 − gρσ∇2φ2
)

. (10.5.4)

This energy-momentum tensor is conserved and traceless, when one uses the field equation (10.5.3). It is
remarkable that when one goes to the flat space limit, the energy-momentum tensor does not reduce to

11



(9.1.16): the last two terms survive, and are actually the “improvement” terms that had been mentioned
before. We see that the operations of taking the variation with respect to the metric, and taking the flat
space limit do not commute.

Let us assume that for some reason the field φ is restricted to be positive. Then, the multiplicative
action of Weyl transformations on the field is transitive. Since the action (10.5.2) is Weyl invariant, one
can choose a gauge where φ is a constant. Then, identifying φ2/12 with 1/16πG, (10.5.2) is seen to be the
Hilbert action, except for the sign, which would give a negative energy for gravitons propagating on flat
spacetime. The sign in (10.5.2) has been chosen so that scalar fluctuations have positive energy. If one just
reverses the sign of the action, it can be taken as the basis for a Weyl-invariant reformulation of Einstein’s
theory.

This discussion can be generalized to any dimension. The conformally coupled scalar field action is

S(φ) =

∫

dnx
√

|g|
[

−1

2
gµν∂µφ∂νφ− n− 2

8(n− 1)
Rφ2

]

. (10.5.5)

Exercise 10.5.3. A four-derivative scalar theory. Let ∇2 = ∇µ∇µ. In two dimensions this
operator is covariant under Weyl transformations in the sense that ∇̄2 = e−2ω∇2. This is not true
in other dimensions. For example in four dimensions ∇̄2 = e−2ω(∇2 + 2(∇µω)∇µ). Verify that the
square of ∇2 in four dimensions satisfies

(∇̄2)2 = e−4ω
[

(∇2)2 − 2(∇2ω)∇2 + 2(∇µ∇2ω)∇µ + 4Rµν∇µω∇ν + 4(∇µ∇νω)∇µ∇ν

− 4(∇2ω)(∇µω)∇µ − 4(∇µ∇νω)(∇µω)∇ν − 4(∇µω)(∇νω)∇µ∇ν

]

.
(10.5.3.1)

Use this formula, together with equations (10.3.5-6) to prove that the operator

∆(4) = (∇2)2 + 2Rµν∇µ∇ν −
2

3
R∇2 +

1

3
∇µR∇µ (10.5.2.2)

is Weyl covariant in four dimensions, in the sense that ∆̄(4) = e−4ω∆(4).
Show also that the four-derivative action

S(φ) =
1

2

∫

d4x
√

|g|φ∆(4)φ , (10.5.2.3)

is invariant under Weyl transformations, assuming that the scalar field is dimensionless.

We have discussed here examples of field theories that are invariant under Weyl transformations without
having to introduce an ad hoc abelian gauge field. This procedure is sometimes called “Ricci gauging”,
because the terms with derivatives of Ω that arise under a Weyl transformation are absorbed by similar
terms that arise from the transformation of the Ricci tensors that are present in the action. It is clear that
these theories are scale invariant in flat space.

One can ask under what conditions a theory that is scale invariant in flat space can be “Ricci gauged”.
For scale-invariant actions that depend at most on first derivatives of the fields, it can be shown that a
necessary and sufficient condition for the existence of a Ricci gauging is that the flat space limit of the action
is conformally invariant. (1) This establishes a link between conformal invariance in flat space and Weyl
invariance in curved space.

(1) A. Iorio, L. O’Raifeartaigh, I. Sachs and C. Wiesendanger, “Weyl gauging and conformal invariance”,
Nucl. Phys. B495, 433-450 (1997) arXiv:hep-th/9607110
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