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Einstein’s coefficients

Kirchhoff’s law, relating emission and absorption for a thermal emitter, must imply a
relationship between emission and absorption at a microsopic level. Discovered by
Einstein with a simple analysis. Suppose we have an atom with two energy levels with
an energy difference of AE=hv, . Einstein coefficients describe the transition rates
caused by the interaction of radiation with these discrete energy levels. Einstein

identified three processes:

1) Spontaneous emission: this occurs when the system in level 2 drops in level 1 by
emitting a photon, and it occurs even in the absence of a radiation field. We define the

Einstein-A coefficient by:
A,,= transition probability per unit time for spontaneous emission (sec 1).

2) Absorption: this occurs in the presence of photons of energy hv,, . The system makes
a transition from level 1 to level 2 by absorbing a photon. To describe the background
radiation field, we use the spherically averaged specific intensity ], (absorption does
not depend on direction). However, there are uncertainties in the energy-level
separations, i.e. atoms absorb photons that are not perfectly tuned to AE. To

incorporate this, we use the line profile function, ¢(v), the relative absorption

probability around v,, subject to the requirement fjozo o(w)dv = 1.
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Einstein’s coefficients

We can approximate the width of @(v) as an effective width Av which is affected by many factors (to be discussed later).

The transition probability per unit time associated with spontaneous absorption is then the Einstein B-coefficient:

B,,/ = transition probability per unit time for absorption (sec'') , wherej= [ Ooo J, @(v) dv

3)Stimulated emission : Einstein foud that to derive Planck’s law another process is required, that is proportional to / and causes emission of a

photon. As before, we define:

B,,] = transition probability per unit time for stimulated emission (sec 1.

Relations between Einstein coefficients

In thermodynamic equilibrium, the number of transitions per unit time per unit volume out of state 1 must equal the number of transitions per

unit time per unit volume into state 1. Being n, and n, the number densities of atoms in levels 1 and 2,

n1BiaJ = ngAsy +naBarJ

Solving for J,
1y Aoy Multiplicity of the level
J =
n1Bi2 — ny By j Ay

ng g2 0 J = Bar

Using the Boltzmann distribution (thermodynamic equilibrium), — = —e kT and = S Mg
ni g1 91812  —

——etr —1
In thermal equilibrium, ], = (for isotropy) =1, = B, (Planck function). 92 B21

Since |, varies slowly on the scale of Av, then J=], fooo @d(v) dv=],=B,



Einstein’s coefficients

Aoy

_ B _
J— 5 =B,T)
91Brs —2
——erwr —1
92B21

In order this equation to hold for every temperature, we must have the following Einstein relations:

9g1B12 = 92851 Connect atomic properties and have no reference to T (unlike Kichhoff’s law, which hold in
LTE): they must hold whether or not the atoms are in thermodynamic equilibrium . They
2hv3
Ay = —: B, extend Kirchhoff’s law to include nonthermal emission. Example of detailed balance relation,
c

connecting a microcopic process to its inverse.

Rewriting j, and a,, in terms of the Einstein coefficients.

* Inasmall volume dV, the energy emitted per unit solid angle, frequency and time is dE =j ,dV d1 dt dv . Since each atom contributes an energy

hv, distributed over a solide angle 4 for each transition, this may also be expressed as : dE = % ®(v) n,A,,dVdQdvdt , implying:

. hy,
Jv _ ﬁ d(v) ny45

 The energy absorbed in time dt and volume dV is: dE=dVdthv,n,;B;,J, sothe energy absorbed out of a beam in a frequency range dv, solid
angle d() time dt and volume dV is : \

J is averaged on solid agle and
I, dQ integrated on the line profile!

12 gn

dE = ¢(v) dvdV dt hvyn, B



Einstein’s coefficients

h
It follows that «, = %ﬂo ¢(v) n; By,

The stimulated emission is proportional to the intensity and only affects the photons along the given beam, in close analogy to the absorption process.

It is then convenient to treat it as a negative absorption. These two processes always occur together. Correcting for stimulated emission,

h
a, = %ﬂod)(v) (ny By, - nyByy)

Problem.

If we neglect the stimulated

emission, we do not find the
Planck’s law, but only the

Using the Einstein’s relations, the absorption coefficient can be rewritten as

a. = %d)(v)n B.. (1 — 912 Wien law (BB part of the
v pym 1P12 n
g2 spectrum for hv > kT) .
Why?

Hint: stimulated emission is
proportional to n,, while
absorption to n;.

The source function S, =j, /a, can also be rewritten in terms of the Einstein coefficients,

Generalized Kirchhoff’s law )

Ny, A1 _ 2hV3 (gznl 1)_1
n1B12—"NM3B3q c? \gin




Einstein’s coefficients

Three interesting cases can be identified.

1- Thermal emission. If the matter is in equilibrium with itself (but not necessarily with radiation) (LTE), then

ny _ gi hv

— == exp ( ) . In this case,
np g2 kTex

@, = 2¢M)n By |[1-exp(--)|  S= Bu(Tey)

This thermal value for the source function is just a statement of the Kirchhoff’s law. The new result is the exponential correction in the absorption

coefficient, which is due to the stimulated emission.

2- Nonthermal emission. % # exp (é) . This occours in a plasma, for example, if the radiating particles have a non-Maxwellian veocity distribution
2

(e.g., they have a power law distribution of energies), or if the atomic populations do not obey the Maxwell-Boltzmann distribution. The generalized

law can also be applied when scattering is present.

. . pet s h . .
3- Inverted populations: Masers. For system in thermal equilibrium, —22% = exp (— k—;) <1 sothat=* >=2 | usually satisfied even when the material

n
ni19> g1 9>

is out of equilibrium. In that case we say there are normal populations. It is possible to have inverted populations by putting enough atoms in the

upper state, so to have % < % .In this case, the absorption coefficient is negative, a,<0 : the intensity increases along a ray. The amplification can
1 2

be very large. A negative optical depth of ~100 can, for example, lead to amplifications by a factor 1043



Radiative transitions

Transition: a particle change its (position from one) quantum state to another. Here, we refer to electrons. There are two types of transitions: radiative and non
radiative. In radiative transitions, energy is delivered as photons during the transition between different quantum states. According to Bohr’s theory of atoms,

when an electron drops from an higher energy level E,,, to a lower energy level E,, , a photon of frequency

Ep_Ep . )
v = % is emitted.

When the electron is in a given quantum state, it doesn’t release any photon.

For simplicity, consider a system in which the electron moves in the x-direction only. The one-dimensional wave function for any free particle having energy E is

given by:

i i i i
W:Ae_H(Et_px) = A e_ﬁEt e TrP* El/Je__Et

t_v_l

Independent of time

=

i i
W(x, t) is the product of the time dependent function e 7°° and the position dependent function ¥(x) = Ae 7P~ .
_lEnt
For an electron in a state of quantum number n and energy E, , the time dependent wave function ¥,,(x,t) = Y,(x) e » ;

;f
i
=&

The complex conjugate of W(x, t) is :
iEnt
Yr(x,t)= Yr(x)en .
Now we have to find the position of the electron. We calculate the expectation value of the position of the electron in quantum state n and energy E,, :

[0¢]

iEnt ~ _iE
(x) = f_+°ox Y, ¥,dx = fj;ox Y Y, 7/6 hodx = fj;ox Y, Y, dx independent of time. When an electron is present inside any quantum state,

the expectation value of its position does not change in time: the position of the electron does not oscillate - the electron does not radiate any photon, energy stays

constant.



Now consider an elecron that goes from one energy state to another, say E,, — E,,, because of some interaction.
During the transition, the electron exists in both states; the composite wavefunction is a linear combination of the initial and final states:

Y =a¥, +b¥, ;itscomplexconjugateisW* = a*\¥, + b*¥,
a*a = |a|?gives the probability for the electron to be in state ¥, , b*b = |b|?gives the probability for the electron to be in state ¥,,, . The total
probability is always 1 : |a|?+ |b|?= 1.

When the electron is in the staten,a = 1,b = 0. In the state m,a = 0,b = 1. In either state, no radiation emitted.

But when the electron is in the middle of the transition, a and b have both non zero values: that is the time in which electromagnetic fields are

produced and emitted in the form of photons
Time dependent

The expectation value of the position during the transition is ( A |

+ oo

()= [TCx W Wdx= [Tk (@Wp + b W) (@W, + b Wh)dx = [T x (|alPWrW, + b a¥i W, + a* bYW, + |b|2W W) dx =
\ | \—Y—}

(00

Constant in time (expectation values of xin the 7 or m quantum states)

_iEmt iEnt iEnt _iEmt
=lal? [ x i ppdx + b1 [T x P bmdx+ b a [T x et h e n dx+ah [T xineth e b dx =
i(Em—-En)t _ (Em-En)t
=lal? [[oxYnbpdx + b1 [[DxYm Ymdx +b'a [[xympne b dx+ab [[Dxpipme b dx=

= |al? fj;ox Y P, dx + |b|? f_+(:x Y Yy dx + b*a f::ox Y, Yy [cos Ot + i senbt [dx+ a*b fjozox Y Y [cos Ot + i senbt [dx

(Em—En)t

: Em—E
with 6 = (m—hn) and cos 6t =cos 2m = C0S 2T Vit = COS Wypnt

The expectation value of the electron position oscillates with frequency v,,,,, = (E,,—E,)/h . Dipole oscillation producing radiation.



Time-dependent perturbation theory

Consider a system whose Hamiltonian can be written

H(t) = Hy + H,(t)
Here, H, is a simple time-independent Hamiltonian whose eigenvalues and eigenstates are known exactly. /; represents a small time-dependent external
perturbation. Let the eigenstates of A, take the form

Hyp,, = E b,

If the system is in one of these eigenstates, in the absence of an external perturbation, it remains in this state for ever.
However, a small time-dependent perturbation can give rise to a finite probability that if the system is initially in some eigenstate 1, of the unperturbed
Hamiltonian, it will be in some other eigenstate at a subsequent time (because 1), is no longer an exact eigenstate of the total Hamiltonian).

A time-dependent perturbation allows the system to make transitions between its unperturbed energy eigenstates. Let us investigate such transitions.



Suppose that at =0 the state of the system is represented by is some linear superposition of the unperturbed energy eigenstates y,,, (independent
of time) , with complex coefficients c,,

YO0) =YmemW¥m - In the absence of the time-dependent perturbation, the time evolution of the system is simply
IE. t
l/)(t) = Z Cm €Xp _T Ym
m

Assuming the unperturbed eigenstates to be orthonormal, thatis, (njm) =24 the probability of finding the system in state n at time ¢ is

nm

P,(8) = [(Yn¥)|2 = |cn exp(—iEnt/h)|2 = |cn|? = Pn(0)
When H; # 0, P, and ¢, vary in time: Y(t) = Ymem (Hexp (— %) Ym = P,() =|cn(t)|2 = P,(0)

Here, we have separated the fast phase oscillation of the eigenstates, which depends on the unperturbed Hamiltonian, from the slow (*) variation
of the amplitudes c,,(t) which depends entirely on the perturbation. The time-dependent Schrodinger equation yields:

E
h_¢( ) — HEOW(®) = [Hy + Hy(OTp(e) = 2 cm (1) xp <— %) (Bt H1)m

m

0 dcp, E,,
ih ?’git) = ; ( ih% + cm(t)Em> exp <— %) Um

Equating the right-hand sides of the previous two equations,

We also have

Ym ihd;—;”exp (— lETmt) Ym = Lm Cm () exp (— lET’"t) Hy ¥ (*) h=4.1357 x 107> eV s



Projecting out the component of the previous equation which is proportional to ¢, , we see that only the off-diagonal matrix elements give rise to the time
variation of the coefficients c,, :

.. dey
dt

. Ep—Enm
Ym Hom () exp(iwpmt) oy (t) where Hp,,, (t)= (n|H,(t)|m) and wy,, = 5

Suppose that there are N linearly independent eigenstates of the unperturbed Hamiltonian: the time dependence of the set of N coefficients c,, which
specify the probabilities of finding the system in these eigenstates at time ¢ is determined by AN coupled first-order differential equations. We cannot
generally find exact solutions to these equations. Instead, we have to obtain approximate solutions via suitable expansions in small quantities.

However, for the simple (butimportant) case of a two-state system (i.e., N=2), it is actually possible to solve the system without approximation.

Two-state systems.

Consider a system in which the time-independent Hamiltonian possesses two eigenstates:

Ho1 = E1Yp1 5 Hoy, = Ez, (suppose E; > Ey)

Suppose, for simplicity, that the diagonal elements of the time-dependent perturbation Hamiltonian are zero: (1|H;|1) = (2|H,|2) = 0

The off-diagonal elements are assumed to oscillate sinusoidally at some frequency:

(1|H,|2) = (2|H;|1)*= yhe'®! , where y and w > 0 are real. Again, only the off-diagonal matrix elements give rise to the effect which we are interested in

(transitions between states 1 and 2). The time evolution of the two c,, becomes:

.dc .
ld_tl =Y exp[+i(w — w13)] c2(t)
%2 _ Y exp[—i(w — wyq1)] ¢1(t) with w,; = B7hs

dt h



The previous two equations can be combined into one second order equation for c,:

dZCZ
d2t

+i(w— a)21)% +¥2%c, = 0 . Once we solve for c, , we find ¢; directly from the system of diff. equations.

Let us search for a solution in which the system at time t=0is certaintobeinstatel: c¢;(t=0)=1 , ¢c;(t =0)=0 (remember thatthe sum over

all the | ¢,, |? = 1 for the probabilistic meaning of these coefficients). With these initial conditions, it is easily demonstrated that the solutions are:

c,(t) = ( ) exp [l(w—w”)] sin (Qt)

c,(t)=exp [H(w+)21)t] cos (Qt) — [H(wz_—gm)t] exp [H(w%a)zl)t] sin (Qt)

where Q =./y2+ (0 — w,1)2/4

Now, the probabilities for each state at time tare: P,(t) =|c, (t)|* = [ 72 ]sm Q) ;Pi(t) =] (t) |P=1— P,(t) .

2+((JJ (1)21)2

This result is known as Rabi’s formula. 1t exhibits all the feature of the classical resonance: when the frequency of the perturbation w matches the

frequency w,, , we find that: P,(t)=sin? (yt) ; P;(t)=cos? (yt). (Q -y when w = w,; )

Thus: the system starts at time t=0 in state 1. After a time interval At = %% , the system is in state 2. After a further time interval At = ;g, ie. at

t = %, the system is again in state 1. Thus, the system periodically flip-flops between states 1 and 2 under the influence of the time-dependent

perturbation. This implies that the system alternatively absorbs and emits energy from the source of the perturbation.



The absorption-emission cycle also takes place away from the resonance, i.e. w # w,, . However, in this case the amplitude of the oscillations of ¢, (t)

< 1. This means that the maximum value of P, (t) is no longer unity, nor is the the

2
and ¢4 (t) isreduced, since Amplitude = [y2+(w1/w21)2/4]

minimum of P, (t) zero.

In fact, if we plot the maximum value of P,(t) as a function of the applied frequency w, we obtain a resonance curve whose maximum (=1) lies at
the resonance (w = w,1) and whose full-width half-maximum (in frequency) is 4y. Thus, if the applied frequency differs from the resonance
frequency by more than 2y, the transition probability from the state 1 to state 2 is always very small. The time-dependent perturbation is effective
at causing transitions between 1 and 2 only if its frequency lies in the approximate range w,; * 2y . Of course, the weaker the perturbation (i.e. the

smaller y becomes) the narrower the resonance.

Isidor Rabi (1898-1988)
Nobel Prize in Physics in
1944 for NMR discovery.
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Perturbation expansion

In the presence of a small time-dependent perturbation H, (t) to the time-independent unperturbed Hamiltonian H,, we can attempt a perturbative
solutions of the system:

dcp

ih—= = Ym Ham (t) exp(iwpmt) cm(t) - ()

Suppose that at time t=0 the system is in some initial energy eigenstate labeled i . The initial conditions are then ¢, (t = 0) = §,;; . Since these

coefficients are constant in time in the absence of perturbations, the zero-th order solution is simply:
0
Cr(z )(t) = Onp;
The first-order solution is obtained, via iteration, by substituting the zeroth-order solution into the right-hand side of (**):

(1
d
ih 21; = Xim Hum (€) exp(iwpmt) C;S?)(t) = Hp; exp(iwy;t) subject to the boundary condition c,(ll)(O) =0

The solution to the previous equation is

e () = == [ Hyi (") expliwpt )t

It follows that, up to first-order in our perturbation expansion,

c ()= c,(lo)(t) + c,(ll)(t) + ... =6y —%fot H,,;(t") exp(iwyt)dt’' + ... (terms of higher order in H,,, )

Hence, the probability of finding the system in a final energy eigenstate labeled f at time ¢, given that it is in the energy level i at time zero, is:

2

i t
Pi—)f(t) = |Cf(t)|2 = —E.[ Hfi(t,) exp(iwﬂt')dt'
0

Note, finally, that the perturbative solution is clearly only valid provided P;_,(t) < 1.



Harmonic Perturbations
Hermitian adjoint of V (*)

H,(t) = Vexp(iwt) + VT exp(—iwt) where V is in general a function of position, momentum and spin operators, with w > 0.

It follows, form the first -order perturbative calculations, that l

:sinc( x )J'\

[t . I} .o . ’ l;
cr(t) = 6 _%fo [Vriexp(iot’) + Veri exp(—iwt")] exp(iwg;t')dt

\
Integrating in dt’, 0.:

+ Vil exp [—i(w — wy;) %] 0

where Vs; = (fIV1i) , Vi =(f|vT]i) =GV

Cf(t) = 6fl — %{Vfl exp [l((,() + a)fl)é

sin x

where sinc x =

sinc(x)
The function sinc(x) takes large values only for |x| S m and is negligible when x > . 05
The two sinc(x) terms in ¢¢(t) are, respectively, non negligible only when: - 4 -2 0O 2 4
2 2 X
(@+o)ls 2 and (0 -ap)| s =
Eventually, when t increases, the range in w in which the two terms are non negligible gradually shrinks in size. When t > jn I the two ranges
fi
becomes strongly peaked and non-overlapping.
For t — oo, non negligible only if w = —wy; orif w = wy;
2T 21 2T n 2_1T
—Wf; — T —wyr; + s Wri — s Wri t .
_wfi wfi

(*) The adjoint operator is defined as (v|V|w) = (W|V+|V>*



Harmonic Perturbations

Hermitian adjoint of V

H,(t) = Vexp(iwt) + VT exp(—iwt) where V is in general a function of position, momentum and spin operators, with w > 0.

It follows, form the first -order perturbative calculations, that l

:sinc( x )]

[t . I} .o . ’ l;
cr(t) = 6 _%fo [Vriexp(iot’) + Veri exp(—iwt")] exp(iwg;t')dt

\
Integrating in dt’, 0.:

+ Vil exp [—i(w — wy;) %] 0

The function sinc(x) takes large values only for |x| S m and is negligible when x > . e

0.5

where Vs; = (f|V1i) V] = (f|v1]i) =GIVIf

Cf(t) = 6fl — %{Vfl exp [l((,() + a)fl)é

sin x

where sinc x =

sinc(x)

The two sinc(x) terms in ¢¢(t) are, respectively, non negligible only when: 4 -2z 0 2 4
2w 2m X
(@+o)ls 2 and (0 -ap)| s =
Eventually, when t increases, the range in w in which the two terms are non negligible gradually shrinks in size. When t > jn I the two ranges
fi
becomes strongly peaked and non-overlapping.
For t — oo, non negligible only if w = —wy; orif w = wy;
2T 2T 2T N 2_“
B —0ri Wfp = Wri T

v




Harmonic Perturbations

Hermitian adjoint of V

H,(t) = Vexp(iwt) + VT exp(—iwt) where V is in general a function of position, momentum and spin operators, with w > 0.

It follows, form the first -order perturbative calculations, that l

:sinc( x )]

[t . I} .o . ’ l;
cr(t) = 6 _%fo [Vriexp(iot’) + Veri exp(—iwt")] exp(iwg;t')dt

\
Integrating in dt’, 0.:

+ Vil exp [—i(w — wy;) %] 0

The function sinc(x) takes large values only for |x| S m and is negligible when x > . e

0.5

where Vs; = (f|V1i) V] = (f|v1]i) =GIVIf

Cf(t) = 6fl — %{Vfl exp [l((,() + a)fl)é

sin x

where sinc x =

sinc(x)

The two sinc(x) terms in ¢¢(t) are, respectively, non negligible only when: 4 -2z 0 2 4
2w 2m X
(@+o)ls 2 and (0 -ap)| s =
Eventually, when t increases, the range in w in which the two terms are non negligible gradually shrinks in size. When t > jn I the two ranges
fi
becomes strongly peaked and non-overlapping.
For t — oo, non negligible only if w = —wy; orif w = wy;
2T 2T 2T N 2_“
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v
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When t » 2=
lw il

the two ranges becomes strongly peaked and non-overlapping. In this limit and with f # i,

Pip(t) = |Cf(t)|2 {lVfll sinc [(‘U + wri) ] |V Vi sinc? [(w _wfi)é]} For t = co, non negligible only if @ = —wy; OL'if ® = wy;

Stim. emission absorption

This expression exhibits a resonant behavior at w = twy; . At each of the resonant frequencies (+wy;), the transition probability goes at t2
(because sinc(0)=1). The resonance at w = —wy; corresponds to Er — E; = —hw : the system loses energy hw to the perturbing field while decaying

to a final state with E; < E; . This process is know as stimulated emission.

The resonance at w = wy; corresponds to Ef — E; = hw : the system gains energy hw from the perturbing field while making a transition to a final state

with Er > E; . This process is know as absorption.

Stimulated emission and absorption are mutually exclusive processes, because the first requires ws; < 0 whereas the second requires ws; > 0.

Hence, we can write the transition probabilities for both processes separately:

2
: t
PR () = S|V sinc? |(@ +w7) 5]
la_f’]f (t) = hz |Vﬂ| sinc? [(w a)fl) ] Since ws; = —wjf , the two probabilities have the same values .
If the perturbation has pulsation w = |a)ﬁ| , non-null probability that the system absorbs a photon (if ws;>0) or emits a photon (if ws; = Ef;Ei <0)



Electromagnetic Hamiltonian: matter-radiation interaction.

In the semiclassical theory of radiative transitions, the atom is treated quantum mechanically, but the radiation field is treated classically, no feedback of

atom on the electromagnetic field.

ﬁz
=

o tep+ Vo(r) where A and ¢ are the vector and scalar

The Hamiltonian of an atomic electron in an external electromagnetic field is:
potentials, functions of the position operator related to E and B:

E=-Vp—>; B=VxA .

Choosing the the Coulomb gauge,V-A =0,and p-A =A-p. Hence,

2 .
H:p _eAp+eA +e(p+Vo(T)

2me mecC 2mec

In the case of a perturbation given by a linearly polarized, monochromatic, plane-wave,
: . L 2
@ =0 and A =Ayecos(k-r — wt) € =unitvector of polarization direction, k =7n n.

Neglecting A% (second order in A;) , the Hamiltonian becomes:

H = Hy + H,(t) where

Hy= ZLT;+V0 (r) 174l %

and H,(t) = — (;:f = e;n‘i:p [exp(ik - T — iwt) + exp(—iK - r + iwt)] = perturbation (k—Tn = ZnTvn =% n)
This has the same form as our previous harmonic perturbation, provided that

V= A°€p —exp(—ik-r) and Vi=-— eAO P —exp(ik-r)



It follows that:

t e |A0|

DS (t) = —|{fl€ - p exp(ik - r) |i)|? sinc? [(w wr;) ]

c%8nu
w2

In terms of the energy density of the electromagnetic wave, since E, = %AO and U= é |Eg|? = |40l% = (CGS)

t2 e2 2nU
h21n w?

PAP2(t) = |{f|e-pexp(ik-r) |i)|? sinc? [(a) — ‘Ufi) %] (proportional to the incident radiation density)

If the incident radiation is not monochromatic, but extends over a range of frequencies,

U= f:;o p(w)dw and, for inchoerent radiation, we add the intensities of the uncorrelated frequency waves:

o 2 2 . . .
PA22(t) = f+oo ;—2 £ 2% |(fle-p exp(ik - r) |i)|? sinc? [(w - a)fi)g] p(w)dw

ms w?
Fort > Iaz)ﬂl , the sinc function is strongly peaked about w = wy; and fjozo sinc2xdx = 1.
fi
PO =57 o7 o M p(@s) K(fle-pexp(ik- 1) DI?

We see that the spectral integration transformed the probability into a function of t instead than t#. While this expression holds as long as Pla_lffs(t) K1,

a universal result is that:

dpabs
wib? = Pld{(t) h:winmz p(wr;) [(fle-pexp(ik-r) |i}|? is constant in time.

The transition probablhty per unit time, wla_’,’;, is called transition rate: probability for transition betweeen t and t + dt. In the same way,

ti

witim = SEL o e 2p<wﬂ> (fle - p exp(ik - 1) |i)]2




Electric dipole approximation

In general, the wavelength of the electromagnetic radiation that induces, or is emitted during, transitions between different atomic energy levels is much larger

than the typical size of an atom. Thus,
exp(ik-r) =1+ ik-r+--~1 electric dipole approximation

(fle-pexp(ik-r) |i)~€-(flp|i) (neglects the spatial variations of the wave, on the small distances of atoms).

21__ 2hip _ hip
[l‘,p ]_ 2me, M,

(Note: we used the properties [x,p] =i h and[x,p?| =2ihp)

I I __1
Now, [r, Hy] = [r, o + Vo(r)] = om.

Thus:

(fIp liy= =2 (FIIr, Holli) = imewy; (fIr |i)

b
W-abs — dpi(ifs(t) — am?
i=f = at h2

p(ws;) |€ - dl-f|2 where d;r = (f|er|i) =effective atomic electric dipole during a transition i < f.
For unpolarized isotropic radiation, we average the above formula over all angles, which gives:

<|E . dif|2>=d?i2f , since (c0520)=§ and having defined dl-zf = [{flex|i)|? + |{fleyli)|? + |{flez|i)|? .
Hence, the transition rates for absorption and stimulated emission induced by unpolarized isotropic radiation are (in CGS):

2 )
abs __ 4m stim _ 4

2 2 2
Wiy =57 Pwpddie™  winp == plwr)dis



Short recap on Fourier transforms (from Ribicki Lightman chapter 2 and chapter 10)

S = ﬁE X B The time averaged Poynting vector is (S) = 8% |E|?,and (U) = 8% |B|? = time averaged energy density.
If the radiation is in the form of a finite pulse, that vanishes at t — +00, we can express E (t) in terms of a Fourier integral:
i _ 1 (o iwt

E(w) = — J_ E@®)e'tdt

The inverse of thisis: E(t) = ffooo E(w)e “tdw

E(w) is complex while E(t) is real. Thus, E(—w) = E ~ (w), so that the negative frequencies can be eliminated.

: : : L . . . de
We want to have information about the energy. The energy per unit area per unit time, in terms of Poynting vector, is i ﬁ E%(t)

The total energy per unit area in the pulse is Z—i = ﬁ ffooo E%(t) dt

From Parseval’s theorem for Fourier transforms, we know that ffooo E%(t) dt=2m ffooo|l§'(w) |2 dw=4m fooo|l§'(w)|2 dw = % =c fOOO|E(w) |2 dw

ae

o = € |E'(a))|2 = energy/area/frequency in the entire pulse, NOT per unit time!

and we identify the energy per unit area per unit frequency:
Writing both dt and dw would violate the uncertainty relation between w and t. However, if the pulse has a timescale 7, we may formallywrite

e 1 dE

d€ 104
dAdwdt T dAdw

~ 2 1A 2 ~ 2 A 2
=%|E(w)| 7 (U(w)) = CdAdwdt=;|E(a))| . In the Coulomb gauge, E'(w)= —— = %A(w) = (U(w)) =%|A(w)| = p(w)

S(w) =
which is what we define (U(w)) = p(w) = spectral energy density (the total, bolometric energy density is, of course, (U) = ffooo p(w)dw.)

@ = p(w) isthe correspondence with the notation of the book Rybicki-Lightman chapter 10



Spontaneous emission

In the absence of any external radiation, we would not expect an atom in a given state to spontaneously jump into a state with a higher energy.
However, it is possible for such an atom to spontaneously jump into a state with a lower energy via the emission of a photon whose energy is equal to

the difference between the energies of the initial and final states. This process is known as spontaneous emission.

The rate of spontaneous emission between two atomic states can be derived using a famous thermodynamic argument due to Einstein . Consider a
very large ensemble of similar atoms placed inside a closed cavity whose walls are perfect absorbers/emitters held at temperature T. At
thermodynamic equilibrium, this cavity is filled with Blackbody radiation. Consider two atomic states labeled u and ¢ with E;, > E, . From statistical
mechanics, in thermal equilibrium the rate at which atoms from the ensemble leave state u due to transitions to state £ must be balanced by the rate

at which atoms enter state £ due to transitions from state u, irrespective of any other atomic states. This is the detailed balance principle.

. _ spont stim . .. spont
The formerrateis: W, = N,(w,-,  +w,,), wherewe introduced a spontaneous emissionrate w,_,
The latter rate willbe:  W,_,,, = N, wis
P1i1l s t [
In thermal equilibrium, Npwits = N, (WP + witp ™

If the levels are degenerate, the transition rates are found counting all the initial states and summing over the final states. In practice, the relation we

obtained for non degenerate states has to be corrected :

gewiss = g, wstim Replacing w3t in equation (*),
spont _ 9¢ (Negu abs _ 9¢/(NeGu 4> 2 et ics!
wePont = 9t (_ _ 1) wgbs = 9¢ (_ _ 1) o P(Wu)dus Known from statistical termodynamics
Gu \Nygy Gu \Nygy 3



From statistical thermodynamics, we know that, in thermal equilibrium, the number of atoms in an ensemble occupying a state of energy E is proportional

to exp(—E/kgT). Thisimplies that % = j—" exp(hwy,p/kgT) .

w3

m2c3 exp(hw/kgT)—1

We use the Planck law to derive this exponential, since the BB spectrum is p(w) = , and obtain:

spont _ ge 4wy, da

Although this result has been derived for an atom in a radiation-filled cavity, it remains correct even in the absence of radiation.

Finally, the corresponding absorption and stimulated emission rates for an atom in a radiation-filled cavity are

2.3 2
abs _ Yu T°C L,Spont 4T 2 .
We_u= g¢ hwd, p(wyp) W, e = p(wyr) 372 dye” ;
stim _ m2c3 spont _ ge 412 d 2
Wyuse = h w3 p(wuf) : Wu—>1,0 - E p((‘)u{’) 352 uf

ut

Spontaneous emission is a quantum effect, which in a semiclassical picture can be described as an emission which is stimulated by vacuum noise. It results
from an interaction with the quantum-mechanical electromagnetic field, which is influenced by the atomic or ionic environment. Spontaneous transitions
are not explainable within the framework of the Schrédinger equation, in which the electronic energy levels are quantized, but the electromagnetic field is
not. Given that the eigenstates of an atom are properly diagonalized, the overlap of the wavefunctions between the excited state and the ground state of the
atom is zero. Thus, in the absence of a quantized electromagnetic field, the excited state atom cannot decay to the ground state. In order to explain
spontaneous transitions, quantum mechanics must be extended to a quantum field theory, where the electromagnetic field is quantized at every point in

space. The quantum field theory of electrons and electromagnetic fields is known as quantum electrodynamaics.



Einstein coefficients

Be ], , the averaged (over solid angle) radiation intensity at frequency v,, ,and using |, = ﬁ [(vyp) = i—z [(wyyp) = % [(wyp)= gp(wu{;) )

we can relate the average values of the transition probabilities to the Einstein coefficients, so defined:

_ 1 spont _ 4wy ;2
Au{’ = _Wu—>€ - 3guhc3 uf
u g{’]vu{; u->? 39 ch? ut
B., = 1 wStim — 8m? d. 2
ut gu]vu{; u-¢ 3gych? ut

9eBey = 9uBus

Einstein relations

3
Zhvu{) B
o fu

Ayp =

Notice that 4,, v, . Spontaneous emission is expected to dominate at high frequencies.

Iy _
Example. For Hydrogen atom |Ap+1,n ® 5.3 X 109(;) s

Albert Einstein, 1879-1955

For example, the 5.0089 GHz H109a transition rate is Ay 1g9 i~ 0.3 s~

1




Selection rules: which transitions are possible?

Recall the definition of dipole matrix element between a final and an initial state: ds; = —e Il br 2T ¢;d3r. In a multielectron system, the

following rules apply to the jumping electron, and completely determine the spectrum for one-electon atoms such as HI and Hell, and the alkali

metals.

1) For the «jump» of a single electron , we can consider the single electron position vector: since the dipole operator d = —er changes sign
under parity (r - —r), matrix element (f|d|i) will vanish if |i) and |f) have same parity. For states with a given configuration, the parity is
(—1)Z% , where the sum is over the angular momenta quantum numbers of the individual orbitals: the configuration must change by at least

one orbital.

The parity of the wavefunction must change in an electric dipole transition

2) Separating wavefunction into spatial and spin components, |f)= |¢f> X |)(f) . Since the dipole operator only acts on the spatial part,

(fldli)z—()(f|)(i) | ¢r er ¢;d3r and the spin term vanishes unless |)(f) and |)(f) are identical, As = 0,Am, = 0.

The spin state is not altered in electric dipole transitions.



3) From the operator identity [Li, rj] = ihe; 1y it follows that [L,, z] = 0.

Then (n, £, m|[L,, z]|n',£',m"Y=A(m — m') (n, £,m|z|n’,£',m')=0 unlessm = m’.

Now consider the linear combination x; =x+iy. Itiseasily demonstrated that [L,,x; ] = +A x4

Hence (n,£,m|[L,x; ] — ax,|n", €' ,my=a(m —m' — 1) (n,€,m|x,|n’,£',m') =0 unlessm' =m — 1

Similarly, (n,£,m|[L,x_ ]+ hax_|n", ¢, my=a(m —m' + 1) (n, €, m|x_|n/,£',m’) =0 unlessm’' =m +1

Now, the electric dipole elements (n, £, m|x|n’, £',m’) and (n, £, m|y|n’, £',m’) are both zero if (n,?,m|x.|n’,€',m’) and (n, £, m|x_|n',£',m’) are both zero.

It follows that the dipole matrix element is not vanishing for m’' =m,m + 1.

The dipole elements between two states are non vanishing for Am = 0, +1.

4) Using operator identity [L?, [L?, r]|=2A%(rL? + L?r) we have:
(n, ¢,m|[L% [L2,x]]|n, &/, m)=R2[€' (£ + 1) — (£ + D)]*(n, &, m|r|n’, £/, m")=2R2 [£'(£' + 1) + £(£ + D] (n, ¢, m|r|n’, £',m’)

ie.(L+ &)+ +2)[(£—€)2—1](n, ¢, m|r|n’,£,m')=0. Since #,¢ > 0, dipole matrix elements are not vanishing only if #' = £ + 1 (note:f =

0 to ¢’ = 0 is forbidden because of the parity condition.

To produce an electric dipole transition, we must have A¢ = +1.



There are also selection rules for many electrons atoms, that involve the total quantities L, S and ]. One general result is that the transition from

J=0 to J=0 is forbidden: the photon carries off one unit of angular momentum. In LS coupling, we find:

1. AJ=0,+#1 with J=0- ]J=0 forbidden.
2. AM;=0,%1

3. Parity must change.

Additional set of rules, not rigorously satisfied by complex atoms (“propensity rules”):
4. AS =0 (butrelativistic effects can mix spin states, especially for high Z ions.

5. An arbitrary, Al=+1 Only one electron jumps: the configuration of the two states must differ

by only the movement of a single electron.

6. AL=0,+1, with L=0 — 0 forbidden (Note: no direct relation between L and the parity!)

In many-electrons systems, there can be transitions that violate rule 4 and change the total spin (semi-forbidden transitions): they are called
intercombination lines (e.g. CIII]). Semi-forbidden transitions, resulting in intercombination lines, are electric dipole transitions for which the

selection rule of spin conservation is violated as a result of the failure of LS coupling .

Transitions which violate the propensity rule 5 and/or 6 are strictly forbidden and are labelled by two square brackets (e.g. [CIII]).



* Examples

Species  f — i AMA)  Au(s™) AJ Parity' AS Al
NII 2p°°P, «2p3s°D; 10840 218x10®° -1 o—e 0 -1
CIO] 2s% 1S5 < 2s2p3P, 1908.7 114 +1 o—-e -1 -1

[CII] 2s%'S; < 2s2p3P, 1906.7 0.0052 +2 o—e -1 -1

* The quadrupole term can be # 0 when the dipole is 0 (semi -forbidden transition, second term of expansion of potential vector A). Similar
expression to the case of the dipole can be derived. But now we have to consider terms such as [ br er?¢; d3r . These transitions are termed

(semi-) forbidden, but their probabilities (4,,,), although much smaller than in the dipole case, may be relevant.
Selection rules: An arbitrary, Al=0, £+2; A]=0,+1,+2; AL=0,+1,+2; AS=0; AM;=0, £1, £2.
* The magnetic dipole refers to hyperfine structure transitions, where energy levels differ by very small quantities.

Selectionrules: An=Al=AL=0; A]J=0,+1; AM; =0,+1;AS5=0, +1.

Ayt quadrupole ~10_5 Aue magnetic ~10—8

and

Typically, a rough estimate gives
uf,dipole Au{’,dipole
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Grotrian diagram for Hydrogen atom

Line wavelength (A) osdllator strength Aut (5’1 )
Lyman o 1215.67 0.41620 4.70E+008
Lyman B 1025.72 0.07910 2.98E+007
Lyman y 972.54 0.02899 1.28E+007
Lyman limit 911.80

Ha 6562.80 0.64070 4.41E+007
HB 4861.32 0.11930 8.42E+006
Hy 4340.46 0.04467 2.53E+006
Hd 4101.73 0.02209 9.73E+005
He 3970.07 0.01270 4.39e+005
H limit 3646.00

Pa 18751.00 0.84210 8.99E+006
PB 12818.10 0.15060 2.20E+006
Py 10938.10 0.05584 7.78E+005
P limit 8204.00

Ba 40512.00 1.03800 2.70E+006
B B 26252.00 0.17930 7.71E+005
By 21655.00 0.06549 3.04E+005
Blimit 14584.00




NGC 6445, also known as the Little Gem
Nebula or Box Nebula, is a planetary nebula
in the constellation Sagittarius.
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Width of spectral lines

The set of emitted photons during radiative transitions IS NOT
monochromatic. The energy difference between the two levels is not

infinitely sharp, and it is described by the line profile function ¢@(v):
fooo o(V)dv =1

The line profile, peaked around v,,,, represents how effectively photons
with frequencies around v,;, can cause transitions: J= fooo J,o(wv)dv

Real spectral lines are broadened because:

- Energy levels are not infinitely sharp.

- Atoms are moving relative to observer.

e Three mechanisms determine the line profile ¢(v):

— Quantum mechanical uncertainty in the energy of levels with finite
lifetimes. This determines the natural width of a line (generally very
small).

- Collisional broadening. Collisions reduce the effective lifetime of a
state, leading to broader lines. High pressure gives more collisions (eg
stars).

- Doppler or thermal broadening, due to the thermal (or large-scale
turbulent) motion of individual atoms in the gas relative to the observer.

4.00

Spectrum: S7 Spiral Galaxy

galaxyspectrum.jpg

3.00
Emission lines

2.50 VT \\
2.00 // \
1.00 o O e \ =

Absorption lines
Wavelength (Angstroms)

0.00 +
3500 4000 4500 5000 5500 6000 6500 7000 7500 8000

The spectrum of an S7 Spiral Galaxy showing emission and absorption line features either side of the
continuum. Wavelength is measured in angstroms, while the flux is in arbitrary units.

Dataset: VizieR catalogue 11I/219, Spectral Library of Galaxies, Clusters and Stars (Santos et al. 2002)
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The spectrum of a G5IV star showing absorption line features below the level of the star's blackbody
continuum spectrum. Wavelength is measured in angstroms, while the flux is in arbitrary units.
Dataset: VizieR catalogue I1I/219, Spectral Library of Galaxies, Clusters and Stars (Santos et al.

2002)



Natural broadening

Absorption of radiation always produces an excited state with a finite lifetime: At = 1/4,,

The uncertainty principle relates the lifetime of a state to the energy width: the spread in energy, Ae, and the duration At in the state must satisfy

AsAt~nh.

Define the rate of disappearence (depopulation) of an excited state n (with energy &€,,) as % = — @ - £,(t)= &, e"t/™ where 1, is the lifetime

of the state n. The lifetime 7,, determines the width of the line, or the spectrum (intensity of emitted/absorbed radiation vs. frequency), i.e. the range of
possible frequencies at which the photon will be emitted.

Assume that the decay from a state n to other states proceed at a rate y, = Y;n<n Anm » SO that T, = 1/y,,. (If radiation is present, we add also the

induced processes). The conjugate energy width can be obtained from the Fourier transform of the life time function : f(w) = foooe‘t/fn e~lotqt

1 1/tn lw
—iw (1/tp)%+w? (1/10)%+w?

This Fourier transform is easily solved: f (w) = ~ which is a complex function , whose real partis a Lorentzian.

y/4m?
(V—vue)?+(y/4m)?

It can be shown that the line shape that will be observed for transitions that have no inhomogeneous broadening is ¢ (v) =

If both the upper and lower states are broadened, sum the y values for the two states.



Natural linewidth isn’t often directly observed, except in the line wings in low-pressure (nebular) environments.

Other broadening mechanisms usually dominate.

Collisional broadening

Collisions randomize the phase of the emitted radiation. If frequent enough, they (effectively) shorten the lifetime further. If the frequency of

collisions is v, then the profile is still a Lorentzian, I' =y + 2v,,;,

col’

. r/4m?
*OV) = Gt

Collisions dominate in high density environments, hence get broader lines in dwarfs than giants of the same spectral type.
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Doppler (thermal) broadening

Atoms are in (thermal) motion wrt the observer, and the rest (atom) frame frequencies can be either red- or blue- shifted. If v, is the radial velocity,

— — v _ . Yobs—Vem
AV = Vops = Vem = Vem ?T 2V =0

Vem

Maxwell's Law of velocity distribution gives number of atoms with a given velocity. For one component of velocity (we only care about the motions

along the line of sight),

2
dN(v,) < exp (— TZZ; ) dv,

07T 1T 1 I v T 1

Combine Doppler shift with the v,. distribution:

{a} Gaussian shape
2
e‘("obs“’e‘m) /AV%)

_ i _Vem ’ﬂ
p(v)= Avpin , where the Doppler width is Avp= . —

This is a Gaussian, which falls off very rapidly away from the line center.

1/2
Example, for Hydrogen atom, Avy, ‘= ’%= 13( 4 ) km/s

Vem 104K

(£} Lorentz shape

The centroid (“natural frequency ”) remains unchanged; only in the case that

Spectral absarption coefficient {refative scale)
|

the whole cloud is moving, then also the centroid is (Doppler) shifted.

Valid also in case of turbulence, once modified the Doppler width by introducing €,

. . . C . 2kT
the rms of turbulent velocities (with Gaussian distribution): Avy, =V‘Zm —

+ €.

This situation occurs, e.g., in observations of star forming regions or in Lorentzian and Gaussian lines with the same integrated

but the Lorentzian line shape has much more absorption
(or emission) in the far line wings.



Voigt profile

All broadening mechanisms coexist, with Doppler and Lorentz broadenings being dominant. The combination of thermal broadening with the
natural or collisionally broadened line profile is called the Voigt profile. This is the convolution of the Lorentz profile with a Doppler (Gaussian)

profile. No simple analytic form. Lorentz profile falls off slower than Doppler profile, so core remains roughly Gaussian, while the wings look like

a Lorentz profile.

10.0000 E ' ) ' 10.0000f T ‘ T
F Voigt \ ¥/ ¥ie=0.05 s Voigt Yir/ ¥ie=20
[ ---- Lorentz " 1 - - - - Lorentz
& 1.0000 E - Gouss T EE 1.0000 ¢ - Gauss 3
—p‘- F F‘: C :: -
~ r ~ i : 1
X 0.1000F = 0.1000f : E
= X “El’ i
Il |
< 0.0100f < 0.0100F E
Lo I
% 0.0010E € 0.0010F g
>~ E : 3 & ;
0.0001 F ' " 4 0.0001 E
-10 -5 0 5 10 ~400 -200 0 200 400
x=(v=v;)/7¢ x=(v=v;)/7¢
If  thermal/microturbulent  Doppler _
broadening is large with respect to If thermal/microturbulent Doppler

natural broadening, the Gaussian profile
dominates near the line center, but wings
of the Lorentzian profile can reappear far
from the line center.

broadening is small with respect to
natural broadening, the profile is similar
to a Lorentzian.



Bound-free transitions (photoionization)

Bound-bound transitions occur only for photons with exactly the right amount of energy, but bound-free transitions can absorb ANY photon with

more than a critical amount of energy . Therefore, the opacity of a material will increase at wavelengths shorter than one of these critical edges.

Bound-free transitions occur between atomic state and an unbound state, due to absorption in a continuous range of photon frequencies.
Free electron can have a range of kinetic energies => bound-free transitions produce continuous opacity (not just at lines).
A minimum photon energy is needed to ionize an atom from a given level, e.g 4 < 91.2 nm to ionize hydrogen from the n = 1 level.

For a hydrogen-like atom in a level with principal quantum number n, with ionization potential y,,, the bound-free absorption cross-section is:

g(v,n,z)

.5 otherwise.

opr = 0 forv < % and oy X
Here g is the bound-free Gaunt factor, a slowly varying correction factor to the simple scaling, and Z is the atomic number.

Absorption cross-section has sharp rises, absorption edges, at the frequency where the atom in a given level can be ionized.

lognq
i Schematic illustration of the frequency dependence of the absorption
coefficient. The sharp rises, absorption edges, occur at the frequency of

ionization of each level.
Slope = -3

,/
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Radiative transfer revisited
Integrating I,(t) = I e ™+S5, (1 — e"™) we have the well known cases:
1) L@ =1 +7,(5, -1 if 7,«1

2) L()=S, if t,»1

We know thatin LTE «a, = };—\;O¢(v) n, B, [1 — exp (— k::x)] , Sy= By,(Te,)

For a given frequency (transition), we can then express the intensity of the incoming radiation field in terms of its brightness temperature T, and the

population distribution of levels in atoms in terms of T, . Intensities are reopresented with temeprature scales:

1

1
hv - hv
eXp(kTex)_1 exp(ka

AT = ﬂ{ ) }(1 —exp(—1,) and,if hv/kT < 1 the equation can be simplified further:
-1

AT=(Tpy — Tp)(1 — exp(—T,))
\ J
! always > 0and <1

For line transitions (Lya, LyB,Ha,HB, CO, HI,...) the cloud is fully transparent (t = 0) for v # v, , giving I,(t) = I , while at the frequency of the line

(v = vy ) we have I(v).
The line is in emission if I(vy) > I1°(vy) or Tox > T

The line is in absorption if I(vy) < 1°(vg) or To <Tp
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