LA-UR-12-22743

Approved for public release; distribution is unlimited.

Title: Mimetic finite differences and virtual element methods for diffusion

problems on polygonal meshes

Author(s): Mangzini, Gianmarco
Brezzi, Franco
Cangiani, Andrea
Russo, Alessandro

Intended for: IMA Journal on Numerical Analysis

e
)
» Los Alamos

MATIONAL LABORATORY
EST.1543

Disclaimer:

Los Alamos National Laboratory, an affirmative action/equal opportunity employer,is operated by the Los Alamos National

Security, LLC for the National NuclearSecurity Administration of the U.S. Department of Energy under contract DE-AC52-06NA25396.
By approving this article, the publisher recognizes that the U.S. Government retains nonexclusive, royalty-free license to

publish or reproduce the published form of this contribution, or to allow others to do so, for U.S. Government purposes.

Los Alamos National Laboratory requests that the publisher identify this article as work performed under the auspices of the

U.S. Departmentof Energy. Los Alamos National Laboratory strongly supports academic freedom and a researcher's right to publish;
as an institution, however, the Laboratory does not endorse the viewpoint of a publication or guarantee its technical correctness.



Mimetic Finite Differences and Virtual Element Methods
for diffusion problems on polygonal meshes

Franco Brezzi ®%? | Andrea Cangiani® , Gianmarco Manzini ®®¢ | and Alessandro Russo ¢

aKing Abdulaziz University (KAU) in Jeddah, Saudi Arabia
b Department of Mathematics, University of Leicester, University Road - Leicester LE1 7TRH, United Kingdom
¢Los Alamos National Laboratory, Theoretical Division, MS B28/, Los Alamos, 87545-NM, USA
d Centro di Simulazione Numerica Avanzata (CeSNA) — IUSS Pavia, v.le Lungo Ticino Sforza 56, I-27100 Pavia, Italy
¢ Istituto di Matematica Applicata e Tecnologie Informatiche del CNR “E. Magenes”, via Ferrata 1, [-27100 Pavia, Italy
f Dipartimento di Matematica e Applicazioni, Universita degli Studi di Milano Bicocca, via Cozzi 58, — [-20125 Milano, Italy

Abstract

We show that the nodal mimetic finite difference method for the discretization of diffusion problems on unstructured
polygonal meshes can be recast in a generalised finite element framework herein denoted Virtual Element Method.
First, we introduce a family of low-order virtual element spaces, i.e. finite element spaces that contain the linear
polynomials plus other basis functions that are never defined explicitly; then, we show that each particular choice
of the virtual basis functions yields an instance of the mimetic finite difference method. The case of quadrilateral
meshes is analysed in details and some numerical examples are given.
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1. Introduction

Mimetic discretizations incorporate important physical and mathematical properties of models based
upon partial differential equations into the discrete framework. The list of investigated properties includes
conservation laws, solution symmetries, positivity and monotonicity. The mimetic approach is in many ways
a development of the pioneering work on the numerical treatment of diffusion problem with heterogeneous
permeabilities on meshes with highly distorted cells carried out in [15,21,22]. Among the most recent
developments, the Mimetic Finite Difference (MFD) method for elliptic problems in mixed [3, 5,6, 8,10, 11,
18] and nodal [4,7] form combines the flexibility of the mesh that characterizes the finite volume methods
with the solid mathematical foundation of the finite element method.

In the MFD method we consider a discrete variational problem that is formulated directly in terms of
the degrees of freedom, while the underlying basis functions that would make a finite element interpretation
possible are not specified explicitly. This approach allows us to use general polygonal and polyhedral meshes,
even with non-matching and non-convex elements. The nodal MFD method was proved to be convergent and
first-order accurate in a mesh-dependent energy-like norm in [7]. Here, we complete the analysis of the nodal
MFD method by establishing a finite element type interpretation. First, we introduce a virtual element space,
i.e. a finite element space whose basis functions are never defined explicitly but such that it contains the
linear polynomials; then, we interpret the mimetic method as a Virtual Element Method with a particular



choice of the basis functions. This approach constitutes a new framework for the generalisation of conforming
linear elements from triangular to polygonal meshes; see also [1] where an arbitrary order Virtual Element
Method is introduced. Analogous extensions of the finite element method to general meshes of polygons and
polyhedra can be found in [19, 23-25], while connections between the MFD method and other schemes such
as, e.g., the finite volume methods are established in [2, 13].

The paper is organized as follows. In Section 2 we introduce the model problem, and in Section 3 we briefly
present the family of nodal MFD methods. In Section 4 we define the virtual element space and we introduce
the finite element interpretation of the MFD method, while in Section 5 we analyze the inverse problem,
i.e. to give conditions under which we can reproduce a given MFD method with a virtual element space. In
Section 6 we show that the relationship between the two approaches is independent of the particular matrix
representation used to analyse them. In Section 7 we discuss the particular but very important case of
quadrilateral cells. In Section 8, we assess the robustness of the MFD method by studying how the accuracy
of the numerical solution depends on the mimetic stabilization parameters. In Section 9, we offer our final
remarks, perspectives for future developments, and conclusions.

2. Model problem

Let  C R? be a polygonal domain and I' = 9 its boundary. The diffusion of the scalar variable v in
is governed by the Poisson problem

—div(KVu) = f in Q, (1)
u=g on T (2)
where K is the diffusion tensor, f is the source term, and ¢ is the Dirichlet boundary data. We assume

that f € L?(Q) and g € HY/2(I') N C°(T). We also assume that K is a uniformly elliptic symmetric positive

definite tensor in (WLOO(Q))QXQ. From this assumption it follows immediately that K(x) is a non-singular
matrix for every x € 2, and that K~1(x) is also a symmetric and positive definite matrix for every x € .
We consider the affine subspace of H!(Q)

Vy={ve H'(Q)|vr =g},
and the linear subspace Vy for g = 0. The variational form of problem (1)—(2) reads
find w € Vg such that
/ KVu-VodV = / fodV Yo € Vo(Q). (3)
Q Q

The existence and uniqueness of the weak solution follows by proving that the bilinear form in (3) is
continuous and coercive, see, for instance, [16].

3. The family of nodal MFD schemes
3.1. Notation and technicalities

A mesh, denoted by €, will be a polygonal partition of € in IR2. Note that the polygons in €, are not
necessarily convex. A mesh is labeled by its diameter h, which is defined by h = maxpeq, {hp}, where hp
is the diameter of the polygon P. We denote a generic mesh vertex by v and its positional vector by x,; a
generic cell interface or boundary edge by e and its length by |e|; the area of the polygonal cell P by |P|,
its center of gravity by x5 and its boundary by 9P. We further denote by mp the number of vertices (end
edges) of P and, for any edge e C 9P, we denote by np . the unit normal vector pointing out of P along e.

Subscripts referring to local numberings will be omitted: the vertices and edges of a given P € Q; will be
respectively denoted by v; and e;, for i = 1,...,mp, with the edge e; connecting the vertices v; and v;;1.
Further, we assume that items indexed by j + mp and j coincide for all j. We also denote the positional
vector of v; by x;, instead of x,,. The local indexed notation is shown in Figure 1.
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Fig. 1. Polygonal cell notation. The degrees of freedom are associated with the vertices (circles).

We generally denote the restrictions of a set of mesh items, e.g., vertices or edges, to a given geometrical
object () by the subscript (-)g.

3.2. Mesh regularity

We assume that each mesh in the mesh family {25} is conformal, i.e., the intersection of any two distinct
polygons P; and Py of a given mesh ), is either empty, or the union of mesh points, or the union of mesh
edges (two adjacent polygons may share more than one edge). Furthermore, we assume that for each mesh
Q) there exists a sub-partition obtained by decomposing each polygon in a uniformly bounded number
of triangles, whose union is a conformal and regular mesh in the sense of Ciarlet [12]. Mesh regularity
assumptions are derived as a restriction to the two-dimensional case of the three-dimensional assumptions
considered in [7] and formally stated below.

Assumption 3.1 (HG - Shape-regularity) There exist two positive real numbers N5 and ps such that
every mesh Qp admits a sub-partition Sy into shape-reqular triangles such that

— (HG1) every polygonal cell P € Qy, admits a decomposition Sy|p made of less than N* triangles;

— (HG2) the shape-regularity of the triangles T € Sy, is defined as follows: the ratio between the radius rt
of the inscribed circle and the diameter ht is bounded from below by the constant pg:

T

ht

These minimal assumptions imply some restrictions on the elemental shape in order to avoid some patho-

logical situations as h — 0. Nonetheless, the meshes of {§2;}, may contain very general elements including
non-convex or “singular” elements, as the ones that may occur in adaptive mesh refinement strategies [20].

> ps > 0. (4)

3.3. Degrees of freedom and mimetic discretization

Let V}, be the linear space of the nodal grid functions vy, = {v,} that associate one real number v, with each
mesh vertex v. These numbers are the degrees of freedom of the numerical method and thus the dimension
of the linear space V}, equals the number of mesh vertices. The restriction of the nodal function vy to the
cell P, i.e. vy p 1= vpp, belongs to the local set Vj, p := Vj,p with dimension equal to the number of vertices
of P. To ease the notation, the subscript (-)p will be dropped whenever possible. Figure 1 illustrates the
degrees of freedom of a pentagonal cell.

We use the grid functions space V, to represent scalar fields. More precisely, given v € H(Q) N C°(Q),
we denote by v! € V;, the grid function obtained evaluating v at the grid nodes, that is

vy = vl = o(xy) W E Q. (5)

Further, the restriction of v* on P € Q4 is denoted by vg, thus vf = vt p = {v] }veor € Vi p.
The idea of the nodal mimetic methods is to approximate the left-hand side of (3) by a discrete bilinear
form A; : V, x V5, — R such that



Ap (ut,v") z/ KVu-VodV,
Q
and the right-hand side of (3) by a linear functional £, : V, — R such that

Eh(vl)%/QfUdV.

The construction of the bilinear form A;, and the linear functional £y, is fully detailed in the next subsections.
We treat the Dirichlet boundary conditions of non-homogeneous type by seeking the mimetic solution uy
in Vp g C Vi, the subset of the discrete fields vy, such that:
v =g(x,) We rP.

The subspace V}, o is defined by setting g = 0 in the definition of V), 4. The mimetic finite difference method
for the approximation of the variational problem (3) reads as:

Find up, € Vi 4 such that:
Ap, (Uh, Uh) = Eh(vh) Yo, € Vh 0. (6)

3.4. The mimetic bilinear form Ay,

Let vy p € Vi, p be the degrees of freedom of the nodal grid function vy, € V}, restricted to the polygonal
cell P. The mimetic bilinear form A, assembles the local bilinear forms App : Vi, p X Vi p — R defined for
each mesh cell P, which acts on the local degrees of freedom:

Ap (un,vp) = Z Anp (unp,vnp) Yup, v € Vi (7)
PeQy,

The bilinear form A p is required to satisfy a stability and a linear consistency condition. In view of
defining the stability condition we endow the space V,, o with the H}-like mesh-dependent norm

[lvn| %,h = Z ||vhHih,Pa (8)
PeQy,
where the local norm is given by
2
Vyr — V)
PRSI R il o)
e=(v,v/)COP |e|

Here, e = (v,V') is the edge that connects the vertices v and v/. The two above mentioned conditions read:
(S1) stability: there exists two positive constants o, and ¢* independent of P such that for every vy p € Vj, p
there holds:

oullonpllinp < Anp(vnp,vnp) < o*llonplli jp;

(S2) linear consistency: for every p € IP1(P) and every v, € V), there holds:

An.p(vnp,p") = KpVp- Z nPs% (o +vv),
e=(v,v/)COP

where Kp is a suitable constant approximation of K within P.

The constant tensor Kp appearing in (S2) can be obtained by averaging K over P. Since the diffusion
tensor K is uniformly elliptic, Kp is symmetric and positive definite and this is sufficient to ensure the well-
posedness of the numerical formulation. The regularity assumption on K stated in Section 2 ensures the
following property:

max_sup |[(Kp)ij — Kij(z)] < Cghe, (10)

4,J=1,2 yep
where C}; is a non-negative constant independent of hp and P. Inequality (10) is used to prove the convergence
of the method, see [7]. Another possibility is to take Kp = K(x§) where x§ is the centroid of P.
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Remark 3.1 To explain condition (S2) we note that, for any p € P1(P) and v € H'(P), an integration by
parts yields

/Kpr-VvdV :/ KpVp - -npvdS =KpVp - Z l’lp,e/UdS. (11)
P oP e

eCOP

If we approzimate the right-hand side integral on the edge e in (11) by the trapezoidal rule, which uses only
the values of v at the end points of the edge e, we obtain the right-hand side of (52). Thus, the bilinear form
App is an approzimation of the bilinear form associated with the continuous problem.

The construction of bilinear forms satisfying assumptions (S1)-(S2) is detailed in Subsection 3.7.

3.5. Discretization of the load term

According to [7], the discretization of the load term Lj, is based on an integration rule that is exact on
constants. Let {wp}veap be a set of non-negative weights, associated with the vertices of P € Qy,, such that

> wey=P|. (12)

veorP

Let fp be either the cell average of f on P, or, when f is sufficiently regular, the pointwise value f(x&).
Using the weights wp ,, we approximate the forcing term by using the linear functional £;, : V, — R defined
by

Eh(vh) = Z [f? Uh]p where [f7 ’U}JP = fP Z UVyWp v - (13>

PEQ, veEDP
3.6. Conwvergence theorem

For completeness, we recall the convergence result in the mesh-dependent norm defined by (8)-(9) in the
theorem below. The proof is found in [7].

Theorem 3.2 Let u € H2(Q) N HE(Q) be the solution of problem (1)-(2) (with g = 0) in variational form
and u? = (u(xy))vey the restriction of u to the mesh vertices in Qp. Let up be the numerical solution
provided by (6) where Ay, is built in accordance with (S1)-(52) and Ly, is provided by (13). Let h be the mesh
size parameter and assume that the mesh family {Qn} satisfies (HG1)-(HG2). Then, there exists a positive
constant C' independent of h such that

lun = w'll1,n < Ch (Julmz) + Ifll2)) -
3.7. Construction of the local stiffness matriz

Let P be a polygon in €2,. As it is standard in the presentation of the MFD methods, we define the two
mp x 3 matrices N and R which are used to give an explicit formula of the local mimetic stiffness matrix
M™ associated to P.

We recall that x;, for i = 1,...,mp, is the coordinate vector of the i-th vertex of cell P, e; is the i-th edge
connecting x; and X;11, |e;| is its length and n; is its unit normal vector pointing out of P. The mp x 3
matrices N and R are given by

N=[1N] and R=[0R], (14)

where 1 =[11 ... 1]7 and N and R are the two mp x 2 submatrices defined as:



x{ leme | 0, + e/ 0]
= _ ler|nf + le2| ny
N = and R= - Kp. (15)
_X%p ] _|emP71|n£P71 + |emP|n£Lp_
The following algebraic identities hold (see [7]):
0 0 0 0
RN = = : (16)

0 RTN 0 |P|Kp

It is shown in [7,17] that assumption (S2) is equivalent to the algebraic condition M™N = R. Matrix M™
can be decomposed as

M™ = MT + MT (17)
where the matrices M{' and MY are defined as follows. Matrix M{' is given by
Kzl
MT = RI—FF;| R, (18)

and is such that M{'N = R thanks to (16). Matrix MJ' satisfies (S2) but has clearly rank 2 so that (except
possibly for triangles) cannot satisfy (S1), since (S1) implies that the rank of M™ is mp — 1. Hence, M has
to be corrected with an appropriate matrix M' that must satisfy the condition MT'N = 0. The role of this
matrix in the splitting of (17) is, thus, to guarantee that the stability property (S1) of the mimetic scheme
is satisfied. For this reason, we will refer to such term as the mimetic stabilization term. A stability analysis
of the MFD method is beyond the scope of this paper, which is focused on establishing the relation between
the mimetic and the virtual discretizations. More details are found in [7].

The choice of M is not unique. As discussed in [9], the family of matrices MT" with the right rank in view
of (S1) and such that M"N = 0 can be constructed as

MT = DUD?, (19)

where D is an mp x (mp — 3) matrix such that N'D = 0 and the columns of N and D span R™", i.e.,
span{N, D} = R""; U is any (mp — 3) X (mp — 3) symmetric and positive definite matrix of parameters.
A popular choice that leads to a single parameter family of schemes is given by

U = ,ulm,,_g, (20)

where p is a real positive parameter.
Alternatively, we can set

U=v»D'D)",
where v is a real positive parameter, and we obtain MT" = vD(D”D)~'D”. Now, we observe that
D(DTD)~!'DT + N(NT"N)~'NT =1,,,, (21)
since span{N, D} = R™® by construction, and D is orthogonal to the columns of N. Thus, in this case
MT = v (I, — N(NTN)INT) (22)

The matrices D and U, and, consequently, the parameters u and v depend on P and have to be chosen in
such a way that assumption (S1) is satisfied.



4. Virtual element setting

We now introduce a finite element framework, herein named wvirtual element method, for the family of
MFD methods described in the previous section. We show in this section that to each virtual element space
there corresponds a MFD method, while in the next section we analyze the inverse problem, i.e. given an
MFD method, find the associated virtual element space.

4.1. The virtual element space

Let us consider a set of functions {x;}i=1, .m, belonging to H'(P) and such that:

(P1X) Xile, the restriction of x; to e C 9P, is a linear polynomial on each edge e;
(P2X) x;(x;) = di53
(P3X) the monomials 1, z, y belong to span{x1, X2, - - - Xmp }-

We denote the local space generated by the linear combinations of these functions by Vjp, ie., Vap =
span{ X1, X2+ - -5 me}. The spaces Vj, p can be joined together to yield a conforming finite element space
Vi, C HY(2). Note that, since any element of V}, can be identified with its nodal values, the dimension of V},
equals the dimension of the discrete space V}, introduced in Section 3.
Remark 4.1 The functions x; that satisfy conditions (P1)-(P3) are also known as barycentric coordinates
and are a possible basis for the polygonal finite element method, see, for instance, [24].

As the construction and properties of V}, are local, we shall concentrate on a single cell P and consider
the local space V3, p.

Our goal is to investigate the relation between the mimetic matrix M™ and the local stiffness matrix MX
associated with the functions y;, whose ij-th component is

(MY), = / KeVxi - V; dV. (23)
P

ij
To this end, let us first investigate the properties of such functions.

A straightforward consequence of (P2X) is that (Xi)I is the ¢-th vector of the canonical basis of R™?. This
fact implies that the functions {x;}i=1,...m, are linearly independent and thus dim(thp) = mp. Moreover,
every function v of V}, p has the representation:

mp
v(x) = Zv(xi)xi(x) a.e.x €P. (24)
i=1
In particular, by taking v =1, v =z, and v = y in (24) we obtain the decompositions:

mp mp mp
in =1, inxi =z, and Zini =y, with x;=(z;,y:),i=1,...,mp. (25)
i=1 i=1 i=1

The first identity in (25) is the partition of unity and together with the other identities expresses the linear
completeness of Vi, p, cf. (P3X).

If P is a triangle, we actually have that V}, p coincides with P;(P). Otherwise, properties (P1X)-(P3X) do
not determine uniquely the space V, p. Indeed, (P1X)—(P2X) determine the behaviour of the trace of each
function y; on each cell edge of P, while the behaviour inside P depends on the specific set of functions.
However, these functions exist and a very special and important case is provided by the solutions of the
harmonic problem on P where the boundary conditions on 0P are determined by (P1%)-(P2X), cf. [1].

Since any v € Vj, p is linear along any edge of P, its integral there is completely determined by the end
points values. It follows that the integral of Vv over P only depends on the value of v at the vertices of P.
Indeed, introducing the vector g; defined as the cell average of Vy;, we get

1/ 1 1 & 1
gi=— | VxidV = — npy; dS = — n~/ XidS = ——(n;_1|e;_1| +n;le;l ), 26
Pl P o Pl 2™ [, 149 = ey (e eneled). (0
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as the trace of y; along the cell boundary 0P is different from zero only along the edges e; and e;_;. The
average gradient of any v € V} p can now be obtained by linearity.
By comparison with (14)-(15), it follows that

RT = |P| Kp[gl g ... gmp}. (27)

It also holds that R71 = 0; indeed, using equations (26) and (27), rearranging the argument of the summation
and the integral, and using the partition of unity (25) yield:

§T1:|PKpigi:Kpi/vde:Kp/v(ixz-) dV:Kp/V(l)dV:O. (28)
i=1 i=17P P i=1 P

Now, we can easily prove the following lemma.
Lemma 4.1 Let R be the matriz defined by (15), or, equivalently, by (27). For every function v € Vj,p it
holds that

RTov = / KpVudV. (29)
P

Proof. The representation of v given in (24) implies that

/KvadV:Zv(xi)/KpVXidV.
P

i=1 P

To complete the proof, we note that Kp is constant on P and we express the integral of Vy; using the
formula for matrix R provided by (27):

/ KpVx; dV = Kp / VxidV = Kp g; |P| = i-th column of RT fori= 1,...,mp. (30)
P P

O

Now, it is convenient to introduce another set of basis functions that also generate the functional space

Vh,p. This basis is provided by mp linearly independent functions ¢1, @2, ..., ¢, defined on P as follows:
(P1¢) (bl =1, ¢2 =, ¢3 =Y,
(P2¢) ¢; for i = 4,...,mp are linearly independent combinations of the functions y; such that
/KPV@-V@-dV:O i=1,...,3 and j=4,...,mp. (31)
P

The advantage offered by the set of basis functions {¢; };=1,... m, is that they permit to separate the part
of the stiffness matrix that reflects the inclusion of the linear polynomials in V}, p from the part that depends
on the other functions generating Vj, p. Both properties (P1?) and (P2?) are crucial to this purpose as they
provide a structured form of the stiffness matrix of the functions ¢;, here denoted by M?. This topic will be
the subject of the next section.

The existence of the functions ¢;, j = 4,...,mp, satisfying (P2%) can be proved as follows. Let us first
decompose Vj, p as:

Vi,p =span{1} @ span{z,y} & S. (32)

Then, we note that the bilinear form
U, U > / KeVu - VodV (33)
P

is a scalar product on span{:c, y} @ S. Hence, we choose the subspace S’ as the orthogonal complement of
span{x, y} in span{:v, y} @ S with respect to such scalar product. Moreover, since there must hold that

Vip =span{1} @span{z,y} & 5, (34)

8



we have that dim(S’) = dim(Vh,p) — dim(span{l}) — dim(span{m,y}) = mp — 3, and every basis of the

subspace S’ is a proper choice for the mp — 3 functions ¢;, j =4,...,mp.
Arguing as in Remark 3.1, we note that the integral in (P2?) depends only on the degrees of freedom of
the functions ¢4,...,¢m, and, in particular, is independent of their internal values. This fact allows us to

determine the stiffness matrix transformation between the basis {¢;}i=1.... me and {xi}i=1,...mp-
Let A = (a;;) and B = (b;;) be the matrices transforming the basis {x;}i=1,... mp int0 {P;}i=1,  m, and
viceversa so that

mp mp
¢i =Y aijx; and Xi =Y bijo;. (35)
j=1 j=1
By definition, the matrices A and B are non-singular and such that A = B~'. Moreover, the stiffness

matrices associated with the functions {x;}i=1,...me and {¢i}i=1,....mp are transformed in accordance with
the formulas:

M? = AMXAT and MX = BM?B”. (36)

By setting v = ¢; in (24) and comparing with the left-most expression in (35) we obtain that a;; = ¢;(x;).
Then, we reformulate the relations in (25) as

mp mp mp

G1=_Xi» b2= TiXi» 3= UiXi, (37)
i=1 i=1 i=1

and we note that the first three rows of the transformation matrix A coincide with the matrix N7 defined

in (14). The remaining rows of A contain the coefficients of ¢; for j = 4,..., mp with respect to the basis
functions {x;}i=1,... me and are denoted by alT for i =4, ..., mp. Thus, collecting the latters into the matrix
A =[as ... an,], the matrix A can be written as
1 1... 1
T o ... Tmp NT
T T
Y1 Y2 ... Y a N
A = e = 4 - ~ (38)
aq1 Q42 ...  Q4mp - AT
T
a,,
_ampl Amp2 -+« Qmpmp |

Lemma 4.2 The orthogonality condition (P2?) is equivalent to RTA = 0.
Proof. As noted before, each vector a; collects the degrees of freedom of the corresponding function ¢;.
As ¢ = x and ¢3 = y, we have that Vo = [1 0]7 and Vg3 = [0 1]7. Now, Lemma 4.1 implies that

1 1| -
oz/va¢2-v¢j dv = -/prj dv = ‘RTa,
P of Je 0

and similarly for ¢3. The orthogonality condition RTA = 0 follows by considering all such relations for
j=4,...,mp. O

Remark 4.2 Conditions (P1?)-(P2%) do not determine uniquely the set of functions {¢; }i=1....me- In fact,
a unique set of “¢” functions is determined as linear combinations of the “x” functions once a couple of
non-singular matrices A and B = A~! are fived provided that A has the structure shown in (38) and its
submatriz A satisfies the orthogonality condition of Lemma 4.2.

The basis transformation given by the matrices A and B is fully characterized by the following lemma.
This lemma also shows that the matrix D? introduced in the lemma to define B has the same properties of
the matrix D used in (19) for the mimetic stabilization term.
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Lemma 4.3 Let N and R be the matrices defined in (14) with submatrices N and R such that (16) holds.
Let A be a full rank (mp — 3) X mp matriz, whose columns are linearly independent of the columns of N and

satisfying the orthogonality condition RTA = 0. Let A be the matriz defined in (38) and B = A~1. Then, the
matriz B can be written in the following way:
B= {bl,ﬁ, Dﬂ (39)
with )
. KZ ~Ks N -1
B_R oo (1, — bt R T A(ATA) . 10
|P| ’ ( P 1 |P| ) ( )
Furthermore, D? is an mp x (mp — 3) matriz such that NT'D? = 0 and the columns of N and D? together
are a basis of R™".
Proof. We derive the formulas in (40) by writing explicitly that B is the inverse of A:

BA =b;17 + BN” + D?A” =1,,,,. (41)
To derive the expression for matrix §, let us multiply (41) from the right by R:
b, 17R+BN7R+ D¢ ATR =R
As 1TR = 0, NTR = Kp |P|, and ATR = 0, we obtain that
BKp|P| =R,
from which the expression for B follows. To derive the expression for matrix D?, we substitute B into (41)

and multiply the resulting equation from the right by A:

K PPN
by 17A + RITF;I NTA +D?ATA = A. (42)
As A is full rank, so is matrix KTK, which is, thus, nonsingular. We multiply (42) from the left by the inverse

matrix (,&Tﬂ)_l and rearrange the terms to obtain the expression for D? stated in (40).
To prove the last part of the lemma, we use the relation AB = I,,,,. A straightforward calculation yields

17 1", 17B 17D? 1 0 0
AB = |N” [bhEDﬂ: N”b, NZB NTD?| = {0 |, 0 | =lmps (43)
AT ATb, ATB ATD? 0 0 lpps

from which we have that NTD? = (17, NT)D¢ = 0. Therefore, the three columns of N and the (mp — 3)
columns of D? generate two linearly independent and orthogonal subspaces of R™" and are such that
span{N} @ span{D?} = R™". O

We complete the characterization of the inverse of matrix A by providing an explicit formula for vector
b;. Let us multiply equation (41) from the right by 1:

b; 171+ BNT1 + D?AT1 = 1. (44)
Using the expressions of matrices B and D? in (40) yield
~Kot SKo b\ ey
b1171 + RﬁNT + (|mp — 17 - R“§|NT> A (ATA) AT1 =1. (45)
Then, we rearrange the terms and we get
PPN N K 1 Kz 1
by (]1T11 - 11TAT(ATA)—1AT]1) + (I ~R-E |P| N) AT(ATA)T'AT =1 —R ||§| N7, (46)
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from which we readily obtain

1 SK SO
by - RPNT> (|mp - A(ATA)—lAT) 1. (47)

= I
17 (I,n, — A(ATA)~1AT)1 ( v Ld
Substituting (47) in the formula of D? in (40) gives an explicit expression for D?:

Kzl 1 e~ PPN
D? = (1 — RoP-NT ) |10, — S — (me - A(ATA)*lAT) 117 | AATA)L. (48)
IP| 17 (I, — AATA)=1AT ) 1
4.2. Stiffness matrices

Since ¢; = 1, ¢ = x, and ¢3 = y, from condition (P1?) and due to the orthogonality condition (P2?),
the stiffness matrix associated with the functions ¢; has the form:

0 O 0
M? = 0 |P| Kp 0 with ('\/h(b)i,g’j,g = / KpV¢; - V¢] dV, i,7=4...,mp. (49)
R P
0 0 M?

Proposition 4.1 The matriz block M in (49) is a symmetric and positive definite matriz and can be
reformulated as

M? = AT MXA. (50)
Proof. The matrix formulation (50) is a consequence of (36) and the matrix partitioning of A introduced

in (38). Matrix M is symmetric and non-negative definite by (49); furthermore, it is nonsingular because
the functions ¢4, ..., ¢m, are linearly independent of ¢; = 1, which spans its null space. O

Now, we split the matrix M? in (49) as

0 0 0 00 0
Mé =10 |PIKpO|+ |00 0 |=M)+M] (51)
0 0 0 00 M?

and use the basis transformation (36) to define the matrices
MY =BMSBT and M} =BM{B. (52)

With the following proposition, we show that M} coincides with the mimetic matrix M defined in (18)
and that MY is an admissible mimetic stabilization matrix, i.e, it can be taken as matrix M7 in (17), cf.
Subsection 3.7.

Proposition 4.2 The identity MY = M holds. Moreover, MY = D¢|\/|f(D¢)T and this matriz is an admis-
sible mimetic stabilization term. R

Proof. We use the expression of matrix B given in (39) with the definition of B in (40) and we exploit the
structural pattern of matrix I\/IS’ to see that

N N R K—l K—l N N K—l R
MY = BM{BT = BKp |P| BT = R—E—Kp |P| =&-RT = R—E_R” = M,
Ld Ld Ld
where the last step follows from (18).
We show that MY = BM‘fBT is an admissible mimetic stabilization term by considering the block parti-

tioning B = [bl B D‘ﬂ of Lemma 4.3. The particular sparsity pattern of matrix Mf implies that:
-~ T
MY = BM{BT = D’M?(D?) ", (53)

11



which has the same structure of (19). Indeed, the matrix D® provided by Lemma 4.3 has the properties
required by the formulation of M} in (19). Moreover, M? is a symmetric and positive definite matrix of
dimension (mp — 3) X (mp — 3) in view of Proposition 4.1, and, thus, can play the role of the matrix of
parameters U in (19). O

Remark 4.3 The matriz My = M can be expressed in terms of the vectors g; as follows:

. K71 . . K71

(M3) ;= (M7),; = (R|;|RT) = (PIKeg)" 5 IPIKeg; = &1 Keg [Pl
ij

Moreover, matriz M{' approximates the stiffness matriz of the “x” functions by taking the cell average of

their gradients:

™ _ oTKog. [P| — 1 ). (L , ~ Uy
(M7, =& Kpgj|P|—/PKp(|P|/PVXZdV> (|P|/vajdv) dVN/PKPVXz Vy; dv.

5. The reconstruction problem

In this section we study if we can reproduce a given MFD scheme with a virtual element space. More
precisely, given a full rank mp x (mp — 3)-sized matrix D such that NTD = 0 and span(N,D) = R, and
a (mp — 3) X (mp — 3)-sized symmetric and positive matrix U we study if there exists a set of functions x;
satisfying properties (P1X)—(P3X) such that the local stiffness matrix MX is equal to MY + DUD?, where M}
is defined in (52). If this is the case, since by Proposition 4.2 we have MY = M{', the two methods coincide.
We will see that the answer is positive if U is “not too small”.

The role of matrix D will be investigated in Lemma 5.1, where we prove that we can always define a couple
of transformation matrices A and B = A~! with A satisfying the orthogonality condition of Lemma 4.2 once a
matrix D is properly assigned. The role of matrix U will be clarified by Theorem 5.1, where we investigate the
conditions under which we can find a set of basis functions {¢; }i=1, ...m, that reproduce U as the submatrix
Me.

Lemma 5.1 Let N and R be the matrices defined in (14) with the matrices N and R defined in (15). Let D
be a full rank mp x (mp — 3) matriz such that NT'D = 0 and span{N,D} = R™?. Then, the matrices

17
A= |NT and B = [bl, B, D] (54)
I&T

are nonsingular and satisfy the conditions AB = BA = |,,,, with RTA =0 if and only if

by = — (1 fﬁK—ElNT 1+D (55)
1 — mp mp |P| 77
~ Kz?
B= Rﬁ, (56)
~ 1 AKilA
A" = (D"D)" D (lmp —by1”" - RENT) (57)

where 7 is an arbitrary vector in R™P~3, N
Proof. The proof will be organized as follows. First we show the “if” part, i.e. we show that if by, B, and
A have the expression above, then AB = |. Then we show the “only if” part, i.e. we show that if AB = I,
then by, B, and A must have the expression above.

“if” part. R R

We assume that by, B, and A have the expressions above, and we check that BA = I. This is equivalent to
prove, after rearranging the terms in (41), that

12



0= ln, —by17 — BN — DA”

T AKglAT T -1 T T ’\KilAT
:Imp_bl]l _RWN _D(D D) D Imp_bl]l —RWN

- ~K5T
- (|mP —D(D"D) 1DT> <|m,, —b17 - R|'|;NT) . (58)
By hypothesis, the columns of N and the columns of D span all R™" and the latters are orthogonal to the
formers. In terms of the orthogonal projectors, as we have already observed in (21), we have:
D(DTD)~!'DT + N(NTN)~!NT = 1. (59)
Using (59) in (58) we obtain the condition
1 ~Kol o
N(NTN)" N <|mp —by17 — R“DNT) =0,
which is satisfied because it holds that
Kzl
NT (lmp —b17 - R“§|NT> = 0. (60)
To prove (60), we recall that N7 = [17 NT], cf. (14), and we preliminarly check that 17b; = 1 and NZb; = 0.
Indeed, since 17R = 0 and NTD = 0 implies that 17D = 0, we multiply the expression of by provided by (55)
from the left by 17 and we find that
1

mp

1 ~Kpt o
17b, = — <1T — ]lTRPNT) 1 +1"Dy=—171=1. (61)

mp P

Similarly, since NTR = Kp |P| and NTD = 0 implies that NTD = 0, we multiply the expression of by provided
by (55) from the left by N7 and we find that

_ 1 (e wra K5l ~ 1 fem
NTb, = — (NT - NTRPNT) 1 +N'Dy=— (NT - NT) 1 =0. (62)
mp ‘P| mp
Now, we split (60) in two independent identities according to the splitting of matrix N, i.e., N = [1, ﬁ],
cf. (14). Using (61) and 17R = 0 in the first row of (60) imply that
Kzl . Kzl .
17 <|mp —b17 - R|I§|NT) =17 —17p17 - ]lTRﬁNT =17 17 =0. (63)
Likewise, using (62) and N7R = Kp |P| in the remaining rows of (60) imply that
B Kzl o ~ B o~ KZY ~ ~
NT (ImP — b 17 — RENT) =NT —N"b; 17 - NTRI—FP’|NT =N —NT =o0. (64)

Relations (63) and (64) yield (60).

“only if” part. R N
In this part of the proof, we assume that by, B, and A exist such that AB = | and we derive their expressions.
As in the proof of Lemma 4.3, we consider the matrix formula for BA in (41). To start with, formula (56) is

obtained by the same argument used in the proof of Lemma 4.3. To derive the expression for matrix A, we
substitute B into (41) and we multiply the resulting equation from the left by D”:

Kzl . ~
Db, 17 + DTRﬁ N7 + DTDAT = DT. (65)

As D is full rank, so is matrixADTD, which is, thus, nonsingular. We invert DT D and we obtain the character-
ization in (57) of the matrix A. A straightforward calculation allows us to verify the orthogonality condition
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ATR = 0. In fact, we multiply (57) from the right by FAQ, we use the fact that 17R = 0 and NTR = Kp |P]
and we obtain that

i _ ~ ~ Kol _ ~ o~

ATR = (D”D) ' D” <R — by 17R - R“§|NTR> —(0"D) D" (R-R) =0, (66)

In order to derive (55) for by, we first note that 1, the two vectors forming the columns of matrix /R\, and
the mp — 3 columns of matrix D are linearly independent. Indeed, let

la+RB+Dy=0 (67)
where o € R, B € R?, and v € R™ 3. We multiply (67) from the left by 17 and we obtain:
0=1"1a+ 17RB + 17Dy = mpa + 0 + 0; (68)
hence @ = 0. Then, we multiply (67) from the left by N7 and we obtain
0=N"RB+NTDvy = Kp [P| B+0; (69)

hence B = 0, and also v = 0 because D is a full rank matrix. Therefore, these vectors are a basis for R
and allow us to decompose by as

by = al + RB + D, (70)

where a, 3 and v are a set of (scalar and vector) coefficients to be determined. Since we also require that

AB = l,,,,, see equation (43), vector by must satisfy the conditions 17b; = 1 and NTbl = 0. To derive o we
multiply (70) from the left by 17:

1"b; = 171a + 1"RB + 17Dy = mpa + 0 + 0.

As 17b; = 1 we immediately obtain that o = 1/mp. To derive 3, we multiply (70) from the left by NT, we
substitute « = 1/mp, and we obtain

_ 1 -~ PPN 1 -
N”b; = —NT1 + N"RB+NT'Dy = —N"1 +Kp |P| B +0,
mpe mp
from which we have that

since NTb; = 0. Substituting these formulas for a and 3 in (70) and leaving - as a free vector we obtain (55).

O

Remark 5.1 As17b; =1, ¢f. (61), and NTb; =0, cf. (62), we multiply by from the left by the expression
of AT given in (57) and we find that

ATb, = (DTD)~ DT (b1 —b,17b; — §NTb1> = (DTD)~'D7 (by — by) = 0. (71)

Relations (61), (62), and (71) together prove that by is the first column of the inverse of A.
Remark 5.2 By substituting the formula for by in A, we obtain:

~ - ~Kot o 1
AT = (D'D) ‘DT (lmp - R“§|NT> (|mp - mP]lILT) — 17, 4y e R™ 3, (72)

Thus, the i-th row of A is defined up to a constant factor (the i-th component of vector ) times the row
vector 17.

We now come back to the question posed at the beginning of the present section, namely the reconstruction
problem of finding the conditions under which a local mimetic matrix is the stiffness matrix associated with
a virtual element space. Let D and U be given and defining the local mimetic matrix M™ through (17), (18),
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and (19). We seek a set of basis functions {x;}i=1
stiffness matrix is given by M™.
As D is set, let A, B be the transformation matrices given by Lemma 5.1. It easily follows that

mp Obeying (P1X)-(P3X) and such that the associated

.....

0 0 0
AM™AT = | 0 |P|Kp O | - (73)
0 0 U

If we can find a basis {¢; }i—1,.._m, obeying (P1?)-(P2¢) and such that M? is given by (73), then transforming
back this basis we find the required basis {x;}i=1,... me. Thus, the reconstruction problem stated above is
equivalent to find a set of functions {¢; }i=1,....mep, such that

(¢) they are linear on the boundary of P;

(47) their values ¢;(x;) at the vertices of P coincide with the coefficients a;; of the last mp — 3 rows of

matrix A defined in Lemma 5.1, i.e., the entries of the matrix A defined in (57);

(¢i7) it holds that

(U)i_3j_3:/va¢i-v¢j av  fori,j=4,...,mp. (74)
’ P

Remark 5.3 As each row of matrixz A contains the degrees of freedom of one of the function ¢;, for i =
4,...,mp, Remark 5.2 implies that all such functions are defined up to an additive constant. However, this
fact is irrelevant here since the quantity fp KpV¢; - Vo; dV remains unchanged.

Let us consider the set of harmonic functions {y? }i=1,...,mp that solve the problems

—div(KpVx/) =0 inP, (75)
X2 =6, onoP, (76)
where 6;, ¢ = 1,...,mp, is the piecewise linear function on 0P such that J;(x;) = d;;. This set of harmonic

functions satisfy (P1X)-(P3%). The transformation rule established by matrix A determines a set of harmonic
functions {¢};—1,. m, satisfying (P1%)-(P3%), the requirements (i) and (i7) above, and such that

mp
(UH)Z._&],_3 :/PKPW{I-WJH dV = Z aikajl/Pvaka VxPav, i,j=4,...,mp.  (77)
k=1

In Theorem 5.1 that follows below we prove that we can suitably modify the functions ¢ so that the new
set of functions satisfy condition (74) if and only if U — U is a non-negative definite matrix.

The choice of modifying the harmonic functions is a key point in solving the reconstruction problem.
Indeed, the solutions of the harmonic problem (75)-(76) provides a set of functions in H'(P) with the
minimum possible energies among those functions that satisfy the assigned boundary conditions on OP. In
this sense, matrix U is a sort of “minimum energy threshold” below which the reconstruction problem has
no solution. Nonetheless, in the next section we will show that in the special case of a mesh of quadrilateral
cells, it is possible to relax this energy threshold at the price of slightly modifying the definition of the space
Vi.p.

Theorem 5.1 Let U be a symmetric and positive matriz with size (mp—3) x (mp—3) and D be a matriz with
size mp X (mp — 3) such that N'D = 0 and span(N,D) = R™", and let M™ be the associated mimetic matriz
given by (17), (18), and (19). Let U¥ be given by (77) using the coefficients of the transformation matriz
A defined by Lemma 5.1. Then, a set of functions {X;}i=1,.. me Satisfying (P1X)-(P3X) and with stiffness
matriz given by M™ ezists if and only if U — UH is a symmetric non-negative definite matriz. Moreover, the
functions x;, i =1,...,mp, are given by

Xi = Xi' + vi, (78)
where xH are the harmonic functions defined by (75), (76) and v; € Hi(P).
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Proof. Let the transformation matrices A and B be fixed in accordance with Lemma 5.1, and let {gbf{ Yie1, me
be the set of functions obtained by applying the transformation matrix A to the set of harmonic functions
{XHE}i—1...mp given by (75) and (76).

We wish to find a set of functions w; € H}(P),i = 1,...,mp such that ¢; = ¢ +w;, i =1,..., mp satisfy
conditions (P1%)-(P2?) and such that (74) holds.

Condition (P1X) requires that ¢; = 1 = ¢ g =z = ¢l 3 = y = @Il It follows that wy = wy = w3 =0
and we are only allowed to modify the basis functions ¢, ..., (Z){,{LP by the functions wy, ..., wmn,.

A straightforward calculation yields:

/Kde)i-Vqﬁj dV:/KPV(¢f+wi)'V(¢f+wj)dV
P P
:/prf’-wf dV+/Kpri-ij av
P P

+ / KVl - Vw; dV + / KpVol - Vw; dV, (79)
P P
for ¢,5 =4,...,mp. We integrate by parts the last but one term and we find that
/prf’ Vw; dV = —/div(prff)wj dV+/ np - (KpVoi') w;dS =0, (80)
P P P

as ¢! is a harmonic function on P and Wj gp = 0. The last integral of (79) is also zero by the same argument
(just interchange the indices ¢ and j). Hence, relation (79) becomes

/ KV -V, dV = / KeVo! - Vol dV +/ KpVw; - Vw; dV. (81)
P P P
Equation (81) can be expressed in the matrix form

U=U"+w,

where we have introduced the matrix W defined by
(W)l',g’j,;; = / Kpri . V’LUJ‘ d‘/, i,j = 4, oo, Mmp.
P

Let Q be the (mp — 3) x (mp — 3) orthogonal matrix that diagonalizes W = U — U¥ and A = diag()\;)
the diagonal matrix of the eigenvalues of W; it holds that W = QAQT. As we assume that W is nonnegative
definite it holds that A; > 0 for each ¢« = 1,...,mp — 3. Now, let us consider a set of linearly independent
(mp — 3) non zero functions ¢; in Hg(P), such that

/ KpVib; - Vab; dV = A6y,
P

where 0;; = 1 for i = j and zero otherwise. The functions 1); are easily found by taking mp — 3 functions
in H}(P) that are orthogonal in the sense of condition (P2?) and rescaling them with the coefficients v/);.
Then, for i =4,...,mp, we set

mp
w; = Z Qi—3,j—3%j_3.
=4

We claim that the functions w; resulting from this construction are a proper choice that allows us to modify
the functions ¢ and obtain the functions ¢; and, consequently, the functions y;. We first note that wijgp =0
for i = 4,...,mp because each w; is a linear combination of the functions v; that have zero trace on OP.
Furthermore, for i,j =4, ..., mp, it holds that
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/ KeVw; - Vw; dV = Z Qi73,k73Qj73,l73/ KpVp_3 - Vi _3dV
P k=4 P

mp
E Qi—3,k—3Qj—3,1-3Ak—30k—3,1—3
k=4

= (QAQT)z?S,jfB
=W,;_3,-3.

We are left to derive an expression for the functions x;. This is quickly done by applying the transformation
matrix B to the functions w; to define

T T

[v1v2 ... Ump]” =B[000 wy ... W], (82)

and then x; can be expressed in the form of equation (78).
It remains to show that the condition in the statement of the theorem is also necessary. This is easily
verified by contradiction. Assume that there exists ¢ = [cl, .. ,cmp,g]T such that ¢TWe < 0, where W =

U — UH: also, assume that a set of functions {¢i}i=1,....mp with all the required properties exists achieving
U as energy matrix. Then, for ¢ = Y"7"" ¢;_3¢; and ¢ =37 ¢; 3¢, we have

0>c'we=cl(U-U")c= / KpVo - VopdV — / KpVoll - Vot av. (83)
P P

We notice that the two functions ¢ and ¢! have the same boundary values as this is true for each couple
of functions ¢; and ¢. Thus, equation (83) yields a contradiction as ¢ is harmonic and hence it must
achieve the minimal energy among all functions with a given trace. |

6. Matrix invariance

In this section, we address the problem of the relationship between the mimetic scheme and the mimetic
matrices D and U that are used in its formulation.

There exist an infinite number of pairs (U, D) that provide the same matrix MT'; nonetheless, we will see
that the reconstruction problem, which we discussed in the previous subsection, only depends on the scheme
and not on its particular matrix representation.

Let (D,U) and (Df,U") be two couples of mimetic matrices that specify the same mimetic scheme, i.e.,
the same matrix M™ in (17). In view of the matrix representation (19), it must hold that M7 = DTUTDTT =
DUD?. Now, D is a matrix of size (mp — 3) x (mp — 3) such that N”'D = 0 and span(N,D) = R™". The key
observation is that any other matrix D with the same properties can be written as D = DS where S is a
non-singular (mp — 3) x (mp — 3) matrix. Indeed, since the columns of D are a set of linearly independent
vectors forming a basis of the space orthogonal to the columns of N, any other basis of this space can be
expressed as DS. As a consequence, the couple of matrices (D, U) and the couple of matrices (Df, UT) leads
to the same mimetic method provided that Ut = S~1US~T. For, the equation DfUTD'” = DUD” implies

(DS)UT(DS)T = DSUTSTDT = DUD” (84)
and if we multiply on the left by D7 and on the right by D we can simplify at both ends by DT D, which is
nonsingular, and we obtain SUTST = U, which is equivalent to Ut = S~1US~T.

Let us also investigate the relation between the stiffness matrices with respect to the “¢” functions. The
matrix AT that corresponds to DT is given by equation (72)

N _ ~K5T 1
AT = (DITDT) 'piT <Imp - R;NT> (Imp - mPMT> ; (85)

after taking v = 0 in view of Remark 5.3.
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Since
-1

(DI”D!) ™' DIT = (S"DTDS) ' STDT =5~ (D”D) ' sTSTD” =5~ (D'D) ' DT (86)

we have -~ ~
ATT = S=IAT, (87)
The rows of Af” are the degrees of freedom of a set of (mp — 3) basis functions o = (oh, ..., ¢5,,)7 (recall

that gZ);r for i = 1,2,3 are determined by (P1?)), and related to the set of basis functions $ = (P4 s Omp) T
by the relation

¢ =579, (88)

and it follows that .
¢ =5 IM?s T, (89)
We conclude that, if the reconstruction problem can be solved for a couple of matrices (D, U), then it can

be solved for any other couple of matrices (D, U) providing the same mimetic scheme, i.e., such that
DUDT = DTUD'T. This remark will be useful in the next section.

7. The case of a quadrilateral mesh

In this section we exploit the computations of the previous sections in the case of a quadrilateral cell,

setting also for simplicity K = |. We provide a geometrical interpretation of Lemmas 4.3 and 5.1 and we
prove a stronger version of Theorem 5.1.
We consider the quadrilateral cell P, not necessarily convex, with vertices v; = (x;,;), for i = 1,...,4,

taken counterclockwise. We denote the signed area of the triangle formed by all the vertices of P excluded Vi
by TZ, see, for example, Figure 2 where Tg and T4 are shown. We can express T17 Tg, T37 T4 as determinants

\Z

Fig. 2. The quadrilateral P.

1 11 1 11 111 111

A 1 A
T, = = det To T3 T4 7T2:

. 1
9 det |zy xy xp |, Ta= idet x1 w9 wg| 5 (90)

idet T3 T4 T1| T3:§
Y2 Y3 Ya Y3 Ya Y1 Y4 Y1 Y2 Y1 Y2 Ys
and note the following identity R . . A
T+ 13 =T+ T, = |P|, (91)
whose geometrical meaning is obvious.

7.1. The transformation matrices A and B

We characterize the transformation matrices A and B defined in (35). For a quadrilateral cell, the matrix
A consist of a single column vector in R*, and thus the matrix A is to be determined in the form

18



1 111

NT Ty To T3 X
A _ | T T2 T3 T (92)

AT
A Y1 Y2 Y3 Ya
a; ag as a4
for some aq,...,a4 € R.

We first derive an algebraic identity that will be useful later on. Using (90), the Laplace expansion of the
determinant of A by the last row is given by:

det(A) = —aa 2T1 + a2 QTQ — as 2T3 + aq 2T4 (93)

We seek now the conditions on ay,...,as to ensure that A is a basis transformation matrix. In view of
Lemma 4.2, we know that the orthogonality condition (P2?) is equivalent to the algebraic relation RTA = 0.
Equation (27) then implies that

a181 + a282 + azgs + asgs = 0. (94)
For a quadrilateral cell the vectors g;, which are defined in (26), are such g; = —g3 and g = —g4 and
equation (94) becomes:

(a1 —a3)g1 + (a2 — aq)g2 = 0. (95)

Furthermore, since g; and gy for a nondegenerate quadrilateral must be linearly independent vectors, con-
dition (95) implies that a; = a3 and as = a4. In conclusion, the transformation matrix A must be such
that

KT:[S t s t], withs,t€Rand s#t, (96)
where the condition s # ¢ is to ensure that A is non singular. Note, indeed, that (93) and (91) imply that
det(A) = —s 211 + 2T — 52Ty + 2Ty = 2 (t — s) |P|, (97)

which is different from zero if and only if s # ¢.
The matrix D? given by (48) also consists of a single column vector in IR*, and, more precisely, is the
fourth column of B = A=1. A direct inversion of matrix A in (92) yields the formula

+17
1|73
(5=t |47y
i

: (98)

with Ti' = T}/ |P|, providing an interpretation of the result of Lemma 4.3 in terms of the geometric adimen-
sional quantities T{, TQ’, Té, and Tzi

We recall that ¢1 = 1, ¢2 = z, ¢35 = y. In view of (35) with the coefficients a; provided by (96), we have
the following formula for the fourth basis function:

pa=sx1+txa+sxs+ttxa=s(+xs)+t(x2+xa) (99)
Since x1 + x3 =1 — (X2 + Xx4), we can also express ¢, as
pa=s5—(s—t)(xa+xa) = (s —t)(xa +x3) — t. (100)

For the quadrilateral cell of Figure 2, the harmonic functions x* that solve problem (75)-(76) are displayed
in Figure 3. In Figure 4 we show the function ¢ = (s — t)(x + x&) — ¢ corresponding to s = 1, t = —1.

Now, the matrix M? is in this case 1 x 1 and its value, herein denoted by the same symbol, is given by
W= [Vl av = (s [ W0+ x &V = (=07 [ WOa )l dv. (o
P P P
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Fig. 4. The function (bf for s=1and t = —1.

And, using (101) and (98) we can express the mimetic stabilization term (53) as
+17
_TQ/
+14
~T

My = 09°(0°)7 = [ [V0u +xo)l? av | 2| [+ 71— 3 + 0 — 1), (102)
P

Note that, when P is a parallelogram, Tz’ = 1/2, hence the matrix M} is simply given by
X (=1 2
(M) = 4 ) IV(x1+x3)|” dV. (103)

7.2. The reconstruction problem for quadrilateral cells

We consider the reconstruction problem of Section 5 for a quadrilateral cell. We show that, in this particular
case, a modification of the virtual finite element space allows the reconstruction problem to be solved
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unconditionally.

Recall that a mimetic matrix is determined by the choices of the matrices D and U, see equation (19), and
the reconstruction problem on a quadrilateral cell consists in finding a local basis {¢; };=1,... 4 that reproduces
this mimetic matrix.

In the present case, the matrix D is a single column vector in R* and U is a positive scalar. As ¢; = 1,
¢2 = x, and ¢3 = y, only one basis function, namely ¢4, is at our disposal. Moreover, the vector D must be
orthogonal to the three columns of N (which are equal to the transpose of the first three rows of A) and this
condition is sufficient to determine it up to a constant factor. If we substitute [al as as a4] with [1 11 1],
[ml To T3 sc4], or [yl Yo Y3 y;d in equation (93), we must have det(A) = 0, as the matrix A is clearly singular
in these cases. Therefore, all vectors orthogonal to the columns of N must be of the form

+T1
T
D=d| °|, withdeR, d=0. (104)
1Ty
T
A direct application of equation (72) yields
+1 +1
-~ 1 —1 +1
A=s—0r - ; 7ER, (105)
2d|P| | 41 +1
-1 +1

which is again of the form [s ¢ s t]T (notice that s # t) in accordance with (96). The one-column matrix

A determines a function § defined on OP that is linear on each edge and whose values at the four vertices of
P are given by the entries of A.

The parameter matrix U has size 1 x 1 and is, thus, determined by a single positive scalar factor that
we denote by the same symbol U. To reproduce the mimetic scheme, we need to find a function ¢4 that is
equal to § on the boundary JP and whose energy fP |V¢4\2 dV is equal to U. Since in view of Remark 5.3
the energy of ¢, is independent of the parameter 7, from now on, we take v = 0. With such choice of v, the
integral of § on each edge is equal to zero.

The harmonic choice ¢}’ is the solution with boundary trace § and with the minimum possible energy
U#. Therefore, when U > U, we can apply the procedure described in the proof of Theorem 5.1 and find
a modified function ¢4 with energy U. Instead, when U < U the reconstruction problem has no solution as
for the more general polygonal case considered in Section 5. In Figure 5 we show, for d = 1, a possible choice
for the function w4 and the modified function ¢4 = ¢4 + w, defined in Theorem 5.1, while in Figure 6 we
show the corresponding modified functions ;.

Fig. 5. The function wa (left plot) and the modified functions ¢4 = ¢f + wyq for d =1 (right plot).
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Fig. 6. The functions x1, x2, X3, and x4, (from left to right, top to bottom), which are obtained from the functions ¢ = 1,
¢2 =z, ¢3 = y and the modified function ¢4 shown in Figure 5.

We show now that for a quadrilateral cell we can slightly modify the space V}, p and take into account all
positive values of the parameter U. To this end, we replace assumption (P1X) with the weaker assumption:

(P1X)*: Xiles the restriction of x; to e € 0P, can be integrated exactly on each edge e by the trapezoidal
integration rule.

All the theoretical developments considered so far still hold, but, now, we can use the boundary values of
I to decrease the harmonic energy threshold.

We shall modify the local spaces V}, p without compromising the conformity of the global finite element
space V. Conformity is ensured if the edge values of all local basis functions are completely determined by
the values attained at the edge end points. Hence, as the energy diminishing procedure is dependent on the
nodal values, we need to rescale ¢4 first. To do so, we rescale the piecewise linear function & so that its
nodal values are given by alternating +1 and —1. And, as the nodal values of ¢ are given by the entries of
A, we need to consider a modified A. This can be done using the matrix invariance property of Section 6.

We fix S=1 = 2d|P| so that from (88) and (105) with y = 0 we get AT = [+1 -1 +1 - 1}T

DI = DS = g [+ Ty — Ty +15 —Tu]"

. Consequently,
and UT = (2d|P|)2U and, as noted earlier, the reconstruction

procedure will still yield the same mimetic local stiffness matrix as DfUtD!” = DUDT.
Now, for each edge e we consider an edge bubble function be belonging to C§°(e) and such that

/bedS:O.

Let v} and v2 be the end points of e. As C5°(e) is dense in H= (e) (see e.g. [16]), the edge bubble b, can
be made arbitrary close in H %(e) to the linear function that takes the values —1 and +1 at v} and v2,
respectively, see Figure 7.

Then, we consider the function ¢4’ that is the solution of the harmonic problem on P with boundary value
on each edge e given by gje + be if g(ve) =1 or ge — be if g(vs) = —1. Since the energy of ¢ satisfies the
relation
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we can construct a modified function ¢4 with arbitrarily small energy. Further, the same edge bubble
function can be chosen to modify the edge value of the basis function relative to both cells sharing the same
edge, thus ensuring that conformity is maintained.

Now assume that, for each P, the function ¢¥ has been modified in this way in order to achieve UH < UT.
We can now apply the general procedure to fix a bubble function wy such that the new basis function
¢4 = UP 4w, has exactly energy U, thus solving the reconstruction problem.

We end this section by showing how the strategy discussed herein acts on the basis functions x# and
#f. In Figure 8 we show the modified function ¢I. The corresponding modified functions y? are shown in
Figure 9.

Fig. 8. The harmonic modified functions ¢! for d =1 in (104).
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8. Numerical Experiments.

We investigate, on a fixed quadrilateral mesh, the effect of the mimetic stabilization term (102) on the
accuracy of the MFD solution by varying the parameter

TP = / IV(x1+ x3)* 4V,
P

by which we express the energy of ¢4, cf. (101).

As discussed in Section 7, on a mesh of quadrilateral cells a relation between a mimetic method and a
corresponding virtual element framework can always be established, that is even below the harmonic thresh-
old parameter, herein denoted by 7',%{ , corresponding to the special case of harmonic basis. Nonetheless, the
choice of 7p has a great impact on the accuracy of the solution on a given mesh due to the stability condition
stated in (S1). An accurate numerical solution is provided by such methods only when the parameter 7p is
chosen in the range imposed by the stability requirement (S1). For non-quadrilateral meshes, the behavior
is similar.

Errors are measured in the mesh-dependent norm (8)-(9), which mimic the energy norm, and the mesh-
dependent L? norm defined by the relation:

lull, = > 1P fu?, (106)
PeQy, veoP

and the associated relative error by

oy = M=l 07)
’ [l
We consider the Poisson problem (1)-(2) on Q = (0,1)? with K equal to the identity matrix. We subdivide
Q) into the uniform 21 x 21 square mesh and choose the same value for 7p in all cells in view of showing that
the instability phenomenon may appear also on very regular meshes. The forcing term and boundary data
are determined in accordance with the exact solution
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Fig. 10. Sketch of the test case (left) and exact solution on the 21 x 21 mesh considered for the calculations (right).

1 r—1/2y 1\
u(z,y) = (”atan(y(l—y)> * 2> for y(1 —y) #0

0 for y(1—y)=0and z < 1/2
1 for y(1 —y) =0 and z > 1/2.

At the horizontal boundaries y = 0 and y = 1 the solution is piecewise constant, showing a discontinuity

located at = 1/2, and its normal derivative is zero for 0 < z < 1/2, cf. Figure 10.

We run two test cases varying the boundary conditions. In the first, we impose Dirichlet conditions
everywhere (labeled by Dirichlet everywhere in the figures), while in the second test case we impose the
homogeneous Neumann condition for 0 < z < 1/2 and y = 0 or y = 1, (labeled by Dirichlet-Neumann in
the figures) and the appropriate Dirichlet condition elsewhere. The reason for these particular choices will
be evident from the discussion below. In Figure 11 we show the approximation errors for the two test cases
in the range 7p € [10’4, 104], while in Figures 12 and 13 we show the numerical solution at mesh vertices
provided by 7p = 1074, 7p = 7/ = 2/3 (harmonic choice), 7p = 2 (a value close to but bigger than 7¥') and
7p = 10%. Note that the approximate solution is acceptable for a quite large range of values of 7p. However,
when the value of 7p is much smaller or much bigger than such acceptable range, the quality of the solution
visibly deteriorates. Let us discuss the solution’s behaviour in these two extreme cases.

— Case 1p small. In the current setting, it is easy to show that when 7 = 0 the MFD scheme reduces to
the finite element method related to the so-called hourglass instability. Our experiments show that the
hourglass instability is present already for small enough 7p and it manifest itself with the presence of
spurious oscillations; when 7p = 0, the resulting matrix can even be singular (see, e.g., [14]), depending on
the boundary conditions. Oscillations are not always present; for instance, they appear when the Dirichlet
boundary data have a sharp transition between two values and such transition is not resolved by the mesh
and in the case of mixed Dirichlet-Neumann boundary conditions. We note that, when P is a parallelogram,
the hourglass stabilization term proposed in [14] coincides with M} given by (103) for a particular choice
of the parameter 7p.

— Case 1p large. When 7p becomes large, the approximate solution degrades, regardless of the boundary
conditions.

9. Conclusions

We established a finite element characterization of the family of Mimetic Finite Difference methods for
diffusion problems presented in [7]. We provided the condition under which the nodal grid functions and
the bilinear form used in the MFD discretization can be interpreted as the degrees of freedom and the
implementation of a conforming virtual finite element method on polygons. The finite element is never
constructed in practice, but its existence permits us to reinterpret the approximation and stability properties
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Fig. 13. Profile of the numerical solution at mesh vertices for different values of 7p; boundary conditions: Dirichlet-Neumann.

of the MFD method in a Galerkin framework. In addition, we have shown here that in the particular case of
quadrilateral meshes it is possible to drop the condition under which the identification with virtual elements
is possible.
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