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A SECOND ORDER OPTIMALITY PRINCIPLE FOR A TIME-OPTIMAL

PROBLEM
UDC 519.3

A. A. AGRACEV AND R. V. GAMKRELIDZE

ABSTRACT. In this paper, a general necessary optimality condition of second order is
proved for a time-optimal problem. Necessary optimality conditions of second order are
applied, in general, in studying singular optimal regimes which can not be found with the
aid of the first-order necessary condition for optimality, i.e. with the aid of the Pontrjagin
maximum principle.

Bibliography: 4 titles.

Recently, second-order necessary conditions have been intensively studied in view of
their importance in the theory of singular extremals. Here, we give a general approach to
the solution of this problem for a time-optimal problem with fixed end-points and linear
control. For the case under consideration, the necessary condition that we formulate,
Theorem 2.2, is apparently definitive. The general nonlinear case can be reduced to the
case considered in this work with the aid of sliding regimes. However, this case requires a
special investigation and will be published later.

The work consists of four sections. In §1, basic notions are introduced and the
methods necessary for subsequent presentation are developed. In §2, the basic result of
the work, i.e. the optimality principle in the form of Theorem 2.2, is stated. This principle
is proved in §3. Finally, in §4 the basic operator necessary in order to formulate the
optimality principle is expressed in terms of the right-hand side of a differential equation
with the aid of Lie brackets. The expressions thus obtained are identical with the
expressions contained in the work of A. J. Krener [4].

There is an extensive literature devoted to the problem studied here; we have made
use of the works [1]H4].

In conclusion, the senior author would like to express his gratitude to Professors Pavol
Brunovsky (Czechoslovakia), Claude Lobry (France), Czeslaw Olech (Poland) and
Henry Hermes (USA) for useful discussions at the Banach Cenfer in Warsaw during the
winter of 1974.

§1. Legendre families (packets) of perturbations,
Legendre representations of the second variation, and
Legendre forms and operators
The controlled equation that we consider has the form
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x=f(t, xu)y=g(¢ x)+G(t x)u, ueUCR, 1.1

where g(, x) is an n-dimensional infinitely differentiable column vector and G (¢, x) is
an n X r infinitely differentiable matrix.(*) The set U of admissible values of the control
parameter is an arbitrary closed convex polyhedron in R” (not necessarily compact, so
that coincidence with R” is not excluded).

An arbitrary measurable function u(¢), t € R, square-integrable on every finite inter-
val and assuming values in U will be called a control.(*)

Let us fix a solution

4y, x@t), 0<t<a, (1.2)

of equation (1.1). We shall denote by 8u(¢) an arbitrary perturbation of the control #(?)
on [0, @, i.e. 2 measurable and square-integrable function on [0, a] which satisfies the
condition #(¢) + du(t) € Uforallt € [0, a].

Let us write down the Taylor expansion in dx and 8u of f(¢, x + &x, u + du), up to
terms of third order:

fFl, x+0x, u+t0u)y=Ff( x, u)+f. (¢, x, u)dx+fu (£, x, u) Su
'%‘fxu (tv X, u) [6u., 6x]+’;_fxx (t», X, u) [(Sx, 6x]+ e

We denote the linear and bilinear forms
Felt, %, 0) 8%,  fullyx, )8, feu(t, %, u)[8u, 8], fux(f, x, u) [0x', 82},

evaluated along the solution (1.2) respectively by

Fe®dx=Fc(t, X (), u(®) 8%, [fu@)u=f,( X (), 1 (t))8u,
Fru (8) 01, 8% = fra (¢, X (O), u (£)) [Bu, Ox],
Frex () 8%, 8%") = frx (F, % (), T (1)) [8%, 8x"].

The solutions §,x(#) and 8,x(?), 0 < ¢ < a, with zero initial values §,(x) = 8,(x) = 0, of
the equations (linear in §;x(¢) and §,x(f) and having the same matrix f (f) in the
homogeneous part)

dx =fr()8x+fulf)bu (t),
8% = fx (£) 8% 4~ fru (£) WOu (2), 8 ()1 + ';_'fxx (®) [8yx (9), 8.x ()],

will be called the first and second variation of the trajectory (1), 0 < t < a, corresponding
to the perturbation du(t).

Next, we denote by I'(¢), 0 < ¢t € a, the fundamental matrix of the equation I' =
f.(OT, and let T(z, r) = T(#HT'"'(7). Finally, let h(#) with t €R be the Heaviside
function:

ht)=0 for ¢<0, h(0)=-;—, ht)y=1 for £>0.

(") It is assumed that finite-dimensional spaces are arithmetic spaces; consequently matrix notation is used.
Vectors denoted by small Roman letters are always columns, while vectors denoted by small Greek letters are
always rows; the scalar product is formed only from a row and column of the same dimension. The operation
of taking the adjoint matrix is denoted by a star.

() Since equation (1.1) is linear in u, for controls we can also take a wider class of functions, integrable on
finite intervals. The definition given here has been adopted for purely technical reasons, namely for termino-
logical convenience in investigating the integral quadratic forms that are defined below (“Legendre” forms).
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We shall show that the end-point of the second variation 8,x(a) corresponding to the
perturbation 6u(#) can be expressed as an integral quadratic form in du(?):

8yx (a) = ” h (t—s) B (¢, s) [du (1), du(s)] dt ds,

0

where B (¢, 5)[p,, p,] is an n-dimensional bilinear form in the r-dimensional columns p,
and p,, the explicit expression for which is given below.
The formula for the solution of a linear nonhomogeneous equation yields

805 (@) = [T (@, &) {feu () 186 (), Byx O1-+ - Fex () By (9, Bz (1} .

Substituting here the expression for the first variation

dx ()= f T' (4, 8)fu(s) duu(s)ds = fh (¢—s)T' (¢, s) fu(s) Ou (s) ds,
we obtain

8% (@) = f fh (t—5)T'(a, £) fru (&) Bu(2), T (¢, 5) fu () dut (5)] dtds 4 % f I'(a, ©)dv

a

x((AE—08 @9 @ T D F O30, T 9 du(]dds
Introducing the bilinear forms

Fl (t9 S) [plv pz] = fxu (t) [pl’ F (t§ S) fu (‘S) p2]s

1.3
Fy (v, 8, ) [Py Pol =[x () [T (T, 2) fu () P T (¥, 8) fu (5) Pol, 3

we write
a

8,x (@) = j j h(t—s)T (a, {) F, (¢ ) [du (), du(s)} dids

0

(1.4)
a a
+% 5 T'(a, v)dv j 5 h@—Hh(t—s)F, (v, t, 5) [0 (2), duu (s)] dds.
0 0
Since the form f  (7)[8x’, 6x”] is symmetric, the form F, satisfies a relation of
“selfadjointness with respect to ¢, s and p,, p,”:

F2 (17’ t; S) [Pp pz] :Fz (T» S, t) [pzs P1] (15)
Therefore the function under the double integral in the second term in (1.4) is symmetric
with respect to ¢ and s. Moreover, the identity A(z — s) + hA(s — ) = 1 holds. Thus

-;— g j’ h(v—2)h (t—s) Fy (v, £, 5)[8u (), du ()] dt ds

— ”h (v—1tyh (v —s) b (t—s) Fy (x, ¢, ) [8u (1), du(s)] di ds.
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Hence
T (a, v) dv 55 h(t—2)h (t—s) F, (v, £, 5) [u (t), du ()] di ds

[}

A
2

Py

= ﬂ-h (t—s) dtdsfh (t—1)h (t-—s) T (a, ©) F, (t, ¢, s) [bu (), du (s)] dv.
= S“j- h (t—s) dtds f ['(a, 1) F,(x, t, s) [8u (¢), du (s)] dv.
0 {

Substituting this expression for the second term in (1.4), we arrive at the required
representation
a
8,% (a) = S S h (t—s) B (¢, s) [du (£), du (s)] dt ds,

]

(1.6)
" B(t, 8 [py P =T (a, ) F, (¢, 5) [p1, P} + j I'(a, 1) Fy (v, ¢, s)[py, poldr,
t

where the n-dimensional bilinear forms F, and F, are given by (1.3), and F, satisfies the
selfadjointness condition (1.5).

Generalizing the notions of special variations introduced by Kelley, Kopp, and Moyer
[1], and of packets of variations (Gabasov and Kirillova [2]), we shall now define
Legendre families, or packets, of perturbations. )

Let o be an arbitrary point of the interval (0, a). We perform a parallel shift of the side
of smallest dimension of the polyhedron U C R’ containing the point #(o) to the origin
of R’, and denote by R, the subspace spanned by the transferred side. If ¢ is a point of
continuity of the control (), we denote by 7, the orthogonal projection of R” onto R ;
in the contrary case, 7, denotes the projection of R” into the origin. Note that, if #(o) is a
vertex of the polyhedron U, then 7, is the zero mapping.

We denote by P™, m > 0, the set of all measurable and square-integrable r-dimen-
sional column vectors on [— 1, 1] which satisfy the conditions

l .
S't‘p(t)dl‘zo, i=0, ..., m (1.7)
-1

Thus the set P is the subspace of the Hilbert space L} containing all measurable and
square-integrable r-dimensional functions p(¢) on the interval [ —1, 1] which consists of
those p(¢) all coordinates of which are orthogonal to the first m + 1 Legendre polynomi-
als on [— 1, 1]. For convenience, we shall assume that functions in L] are defined for all
t € R and vanish outside of [— 1, 1].

Let there be given an integer m > 0 and an arbitrary point ¢ € (0, a). For any
function p(f) € P and any two positive functions a(e) and B (¢), ¢ > 0, which tend to
zero as ¢ — 0, the family of functions

du (£; &) =@ (e) 7o p (’ﬁ'(e;’), 0<t<a, (1.8)

will be called the Legendre family of perturbations or the packet (of perturbations) of mth
order determined by the point o, the functions p(¢) € P, and a(e) and S (¢).
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Obviously, for all ¢ > 0 sufficiently small, every function in the family (1.8) is a
perturbation of the control #(#).

Let us evaluate the end-point of the second variation §,x(a) “on the packet” (1.8), i.e.
let us substitute the packet (1.8) into (1.6) in place of an arbitrary perturbation Su(¢).
Then we obtain

8% (a; &) = o2 (&) 55 h(v,—7,) B (T, 7o) [n:gp (‘lﬁ = )‘”) , P (T}; )0)] dt dr,,

or, introducing the new variables

t

17— _Tp—0C
Ble) B (e)
and taking into account the relation 8(¢) — 0,

y

d,x (a; &) = a2 (e) B2 (e) Sl‘g h(t—s)B (6 + P (e) £, 0+ P (e) 8) [ap (£), tep (s)] dlds. (1.9)

One can give a concise expression for the expansion of the bilinear form B under the
integral in a power series in 8(g)¢ and B(e)s at the point (o, 0), without mentioning each
time the order to which such an expansion is possible (which obviously depends on the
order of differentiability of the control #(¢) at the point o). One can do it by adopting the
following notation and conventions, which we shall use throughout the presentation.

Any interior point of the set on which all partial derivatives up to order m of a

function ®(7, 7,, . . . ) of several variables exist and are continuous will be called a point
of m-fold differentiability, m > 0, of this function.
Next, we introduce the differential operators D,, D,, . . . with respect to the variables

Ty, T2 . . . . The symbol
DiDy ... ® (¥, Ty - ) o

will mean the corresponding partial derivative at the point (e, o, . . . ) if this point is an
(i; + i, + ... )fold point of differentiability of the function #(¢); in the contrary case
this expression is equal to zero.

We shall make use of formal power series in the commuting operators D,,
D, ..., especially exponential series:

- t; .
eBOD, — 1 ® (?1) ) Di, ePEEDHD) _ Be)D, BesD;
L
i=o

where the product of two formal power series is meant in the usual (Cauchy) sense.
We replace the kernel B in (1.9) by its formal expansion into an infinite Taylor series
in powers of B(g)t and B8(¢)s at the point (6, 6). We obtain the correspondence

801 (@5 &) ~ @2 (©) B (2) [ [ A (1) RONPPIB (1, %) [5ep (1), ep (5)] s

. 1 (1.10)
= (0B ) 3} L2 [ [ (=9 (D, 45Dy B (v, 1) Iiop (0, op () s,
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where the kernel of the (i + 1)th term

(D, +sDy)' B (vy, t,) [Py, Pl =Bi(t, s; 0) [Py P, £=0,1, ..., (L.11)

is an ith order homogeneous polynomial in ¢ and s with n-dimensional coefficients which
depend bilinearly on the r-dimensional vectors p, and p,.

Obviously the meaning of this correspondence is that, at every point o of m-fold
differentiability of the control #(¢), the series in question yields an asymptotic expansion
of the end-point 8,x(a; ¢) of the second variation up to order m with respect to 8(¢).
This means that the relation

1
8¢ (e)

1 i 1
br@e) < BE(Ch¢—gBit, s f), wop (5)]dtds | 0
a? (¢) B2(e) 20 i 3"_5*% s)Bi (t, s; 0) [ (1), Wop (5)] dtds | —

(e—>0)

holds for any / < m.

Independently of the order of differentiability of the control #(¢) at the point o, the
correspondence (1.10) will be called the asymptotic expansion of the end-point of the
second variation on the packet (1.8) at the point o.

Let us represent the kernel B; as the sum B; = S; + K; of self- and skew-adjoint parts
S; and K, where

St (t, s 0) [y, Pyl = % (Bi (¢, 53 ) [p1y Pl + Bi (s, £ 6) [Py, Pi))s
(1.12)
Ki (4, s; o) [py, pel = _;_ (Bi (¢, 85 0) [Py Pol—Bi (s, £ 0) [Pys pi)-

The fact that the bilinear functions S; and K; are selfadjoint and skew-adjoint, respec-
tively, means that

Si(t, 85 0) [Py Pl =Si (5, £ 0) [Py P, Ki (¢, 83 0) [Py Pyl = —Ki (s, 15 6 [Py, £yl

Replacing the kernels B; in (1.10) by their skew-adjoint parts, we obtain the correspon-
dence

bt (@5 &) ~ 2 () B @) S, EO 1, 0) 10 (),
= (1.13)

Li(©) 1p O] = [ {ht—5)K: (, s 6) [7ap (&), 70D (5)1dtds,

which will be called the Legendre representation of the end-point of the second variation
on the packet (1.8). Since the coefficients of the representation L;(o)[ p(#)] do not depend
on the functions a(e) and B(¢), but only on ¢ and p(¢), we shall also speak of the
representation on a packet defined by the point o and function p(#), or even of the
representation at the point g, if the coefficients L,(o)[ p(#)] are viewed as quadratic forms
of p(?) that depend on the parameter o.

In order to clarify the meaning of this definition, which is expressed in Proposition 1.2,
we shall first prove Proposition I.1.

PROPOSITION 1.1. Let S (¢, s)[p,, P,] be a polynomial of degree < m (m > 0) in t and s
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with vector coefficients that depend bilinearly on the r-dimensional column vectors p, and p,,
and let this polynomial satisfy the selfadjointness condition S(t, s)[p,, p;] = S (s, O)[ P2, p1)-
Then the integral quadratic form

1

SS h(t—s)S(t, s)[np(l), mn.p(s)]dtds

in p(t) is identically zero on P™:

ﬁ h(t—s)S (1, 8) [7top (), 7iop (] dtds =0 v p (&) € P™.

PROOF. Since, together with p(f), m p(f) also belongs to the set P, and since the
degree of the polynomial S does not exceed m,

S (¢, ) [Py Pal = Z tiSjSii [Py, Pl = 2 Sij [tipv sip,),

i+j<m i+j<m

we have by (1.7) .
({5t 8)lap (), ap (s)) dtds

=3 f j Sij[tnap (¢), sinap (s)] dids

i+jigm -1

= > Sy [ jl tasp (?) dt, jlsingp (s) ds] =0.

ig<m -1

Therefore, making use of the identity A(¢ — s) = 1 — h(s — ) and of the fact that S is
selfadjoint, we obtain

j lj h(t—s) S (¢, s) [7tp (), TWp (5)) dids

-1

=— ﬂ' h(s—2#) S (s, ?) [op (5), nep (£)] dids,

which proves the proposition.
As an immediate corollary, we obtain

PROPOSITION 1.2. The first m + 1 coefficients Ly, . . ., L, in the Legendre representation
(1.13) of the end-point of the second variation on an arbitrary mth order packet coincide
with the first m + 1 coefficients

({1 =9 B. (5 0) brop (), mop (1 s, =0, ..., m,

of the corresponding asymptotic expansion (1.10).

We now define the third basic notion of this section, namely the notion of Legendre
forms.

We denote by Q" the convex cone spanned from the origin in R” by the set of first
variations §,x(a) that correspond to all possible perturbations du(¢) of the control @(¢).
This cone will be called the first order cone for the solution (1.2). We denote by N, c R”
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the maximal subspace contained in the closure O c R” of the cone Q(V, and we
denote by OV the cone dual to @ (and therefore dual to QV), i.e. the set of all
n-dimensional row vectors x such that x8x < 0 V8x € Q. The subspace N, is the
intersection of all the supporting hyperplanes to the cone Q. Therefore we can write

Na: n Nx, (114)

where N, is the subspace of R” orthogonal to x. If 9’ = R”, then N, = R", and the
right-hand side of (1.14) is to be understood as the intersection of an empty set of
subspaces N, .

To every coefficient L,(o)[p(?)] in the Legendre representation (1.13), there corre-
sponds a family of integral quadratic forms in p(¢) depending on the parameter x:

Om (K 0) [P ()1 = [ { & (¢—3) XKm (¢, 53 0) [1top (1), 5P (s)] ditds, 1eQP, (1.15)

which will be called the Legendre forms of the solution (1.2) at the point o.

The following proposition gives an explicit expression for the kernel of the Legendre
form xK,(t, s; 6)[ P;, P,] in terms of the form B (¢, s)| p;, p,] in a particular case. Such an
expression is necessary for the statement of the optimality principle (Theorem 2.2).

PROPOSITION 1.3. Let a vector x € é}'), an integer m > 0, and r-dimensional vectors p,
and p, be such that all the polynomials xK/(t, s; 6)[p,, p,] in t and s vanish identically for
any point o of the interval O C (0, a) and any | < m — 1. Then

1Ko (t, 53 O) [Py, Pg) = %(s —H)"Qum (%, 6) [Py Pal,

(1.16)
Qm (X, 0) [Py, Pl =% {DZ'B (0, ) Ip1s pz]“‘“D;nB (v, 0) [Py P} VOEO,
where
Qr (X, 0) [P1, Pal =R (X, 0) [P, P1] 1.17)
for odd m, and
Qr (X, 0) [Py, Pl = —Cm (X, 0) [P, p1] (1.18)

Jor even m.

PrOOF. We denote by B the permutation of the variables p, and p, in the expression
for B(ry, m)py, P2l

PB (1, T2) [Py, Pol =B (T4, T5) P2, P4].
On the basis of (1.11) and (1.12), one can write

© i

S ED K2 (0,55.0) [ps, pal = - {eHOND w300 ghONDMDIY B (1, %) [py, Pol

i=o0 (1.19)
— _;,eme)t(o,wa (eBeXs-Ds _ oB@Xs-0Du8) B (1,, Ty) [Py, Pal,

where the derivatives are taken, as before, at the point 7, = g, 7, = 0. Since the
application of the operator D, + D, to an arbitrary function ®(r,, 7,) at the point
T, = 7, = o can be expressed in the form of the total derivative



AN OPTIMALITY PRINCIPLE FOR A TIME-OPTIMAL PROBLEM 555

= DD (v, 0) +D,D (0, 1,),

T=0

d
— O
L 0,9

(1.16) follows from (1.19) by an obvious inductive argument.
Since K, (1, s; o)[p,, p,] is a skew-adjoint polynomial in 7 and s, the equality

(S—t)mgm (%, o) [P;’ Pl = —k(t'-s)mgm (X, 0) [pg, Pl

holds for all m > 0; which is equivalent to (1.17) and (1.18).

The expression (1.16) for 2, can be further simplified. In order to do this, we replace
the form B in the difference within the braces in (1.16) by the expression for B from
(1.6). We obtain

Dy'T (a, o) F, (o, 72) [Py, Psl —D7'T (a, ) F1(Ty, 0) [P pil

a a
+ D3’ 5. I'(a, t)F,(, 0, 7,) [P, pldv—DY 5 T'(@, ©) F5 (v, 7y, 0) [Py, Pl dr.
o Ty
We introduce the operator D, of differentiation with respect to 7, and by the
symmetry property (1.5) of F, we write
a a
D7’ [ T(a,7) F3(x, 0, %) [py, pal dv— DY { T'(@,¥) Fy (v, 1y, ) [y, pi) e
o

T
Ty
=D" (T (@, 7) F, (v, 7y, 0) [p5, pul dv
(2

m Ty m-1 (‘l.'—o)i ;
=D [ 3~ Dil'(a, %) F, (1, %, 0) [Pa, pildT

g =0

'—-DTE '(TI?—!G]'D:J:_II‘ (a’ To) F2 (1:01 Ty 0) [va p]_]

i=1

By the identity I'(a, ¢) = I'(a, 0)I'(a, t), we arrive at

Qp (x, 0) [pl- pz] =xr (a» 0) {D’an1 (0', 172) [Pp pz]'
—DI'T (0, 7)) F, (%}, 9) [Pz, pil
. m i
+ Dy’ 2 -(TI—EO)— D{™T (0, Tp) Fy (o, T, 0) (2, p41),
=1
where the function in parentheses is evaluated at the point 7, = 7, = 7, = 0, and the
third term is to be set equal to zero for m = 0.

The expression in parentheses is an n-dimensional bilinear form in the r-dimensional
vectors p, and p,, and it can be viewed as the result of applying a certain operator 2, to
the function f(z, x, u) “along the solution %(¢), #(¢) at the point ¢t = ¢.” The operator ,,
has a “local character”; namely, it is expressed explicitly in terms of the partial
derivatives of f at the point (o, X(0), #i(c)) and the derivatives of #(¢) up to order m + 2
at the point o. Indeed, the values D{D{I'(t,, 7,) evaluated at 1, = 7, = o are expressed in
terms of these derivatives. This follows at once from an obvious inductive argument,
since I(1y, ,) = ['(r)I' "!(7,), and since the functions I'(r,) and I'~!(r,) satisfy the
adjoint differential equations

L) =fe@)T(x), T (1) = —TI (1) fx (zy).
The operator &,, will be called the Legendre operator of order m (> 0); and the result
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of its application to the function f(7, x, ) along the curve X(¢), é(¢) evaluated at the
point ¢ will be denoted by

Luf (0, X (0), 1(0)) [91s Pal = &uf (0) [0, Po)-
Thus
ﬂmf (Go z(0-)! 17(0.)) [plv p2] :D;npl (Gy 172) [pl’ pz] —-DTP (Gv 171) Fl (rl’ 0) [pz, pl]

i— m-i (120)
+5 DD Ir (0, T) Fy (5 T 0) [Py, P,
ilel (m — i)

In conclusion, we shall prove two auxiliary propositions, which are made use of in the
sequel.

PROPOSITION 1.4. Let §(¢, s)[ p,, p,] be a skew-adjoint homogeneous polynomial in t and s
of even degree m > 0 with scalar coefficients that depend bilinearly on p, and p,,
Q(t, s)p1, po]l = — QUs, O p,, p,). Assume that the quadratic form in p(t)

@ lp 1= [ [ RU—92( 910 (0. p ]dtds

has a constant sign, e.g. is nonnegative on P:
olp®I>0 Vp(t)ep™.
Then the form «[p(t)] is identically zero on P™, and therefore, by Proposition 1.5,
Q(, 5) Ipy, P]=0. 4
PROOF. Since the degree of  is m, the condition p(f) € P™ yields (see (1.7))

wlp 1= [ 1—h(s—0)Q, 910 (O, p (N drds

- j j h(s—8)Q(, s)[p (&), p (s)] dtds.

Further, since m is even,

Q(t, s) [Pu pZ] =Q(—t, —s) [P:, pz]-

Moreover, together with p(f), the function p(f) = p(—t) belongs to the subspace P™.
Therefore, performing the substitution ¢t = — ¢, s = — s’ in the double integral, we
obtain

olpOl=—([hE—s)QE, )P (), pE)1drds = —o [p ().

Since w does not change sign on P, we have [p(f)] = 0 Vp(¢) € P™.

PROPOSITION 1.5. Let K (t, s)[p;, P,] be a skew-adjoint homogeneous polynomial in t and
s of degree m > 0 with vector coefficients that depend bilinearly on the r-dimensional
vectors p, and p,. If, for some | > 0 (which does not depend on m), the form

L= [ (h(—9 K9P0, p@ldids=0 Vp(H)eP”,

-1

then the kernel K(t, s)[p;, 2] = 0.
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ProOF. It is sufficient to assume that / > m, because PY? c P® for I’ < /”.
Moreover, it can be assumed that K is a polynomial in ¢ and s with scalar coefficients.
Therefore it can be represented in the form

K (t’ S) [pp p2] ZPIK (t’ S) va

where K (¢, s) is an r X r homogeneous matrix polynomial of order m which satisfies the
skew-adjointness condition K (¢, s) = — K*(s, ?).

In the Hilbert space Lj of r-dimensional square-integrable functions p(¢) on [—1, 1],
we define the (completely continuous) “Volterra operator” V by the formula

t
Vo= K 9p©ds. (1.21)
Then for any p,(?), p,(?) € L; we have

1 1 t
([ hE—9 K 5o, @, p () dtds= [ p; ()t [K(t,5)py(s)ds

= j p1(t) Vpy () dt = (p, (), Vp, (1)),

where (-, - ) is the scalar product in L;.
It is easy to see that

(. (8), Vpo () =(Vp, (8), P2 (8)) VY py(8), P2 () € pY, (1.22)

Indeed, since the degree of K (¢, s) does not exceed m, and since p,(), p,(¢) € PO,
! > m, it follows that

[§ PLOK 5 a5 dids =0,

Therefore, making use of the identity A(t — s) =1 — h(s — ¢) and of the fact that
K (1, s5) is skew-adjoint, we obtain the required equality

(P (), Voo () = — [ [ b (s—0pi () K* ¢, 9 py (0 s

= (Th =0 A O K 6, 0 7y () dids = (o4 (0, VP, ()

We denote by % the orthogonal projection of L} onto the subspace P ). The mapping
NV takes P into itself, and by virtue of (1.22) it is selfadjoint on P®. Moreover,

PO VPO =@p(®), Vp () = (0, RVp () Vp(1)€ PO
Therefore, the fact that the form L[p(#)] = (p(¢), Vp(t)) vanishes on P is equivalent to

the fact that the selfadjoint operator R ¥ vanishes on PO,
We shall show that

RVp(H=0 Vp()eP? (1.23)

implies K (¢, s) = 0.

The dimension of the orthogonal complement of P c Lj is finite (it is equal to
r(m + 1)). Therefore (1.23) implies that the dimension of the subspace VL; C Lj is also
finite (and does not exceed 2r(m + 1)).
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The proposition will be proved if we show that the Volterra operator (1.21), whose
kernel is a nonzero r X r homogeneous matrix polynomial, cannot map L; onto a
finite-dimensional subspace.

Let K;;(¢, 5s) be a nonzero element of the matrix K (¢, 5). By virtue of the homogeneity,
it can be expressed in the form

Kij (b, s) = S| Fas™* (t—s)",
k=l

where F, # 0, 0 < / < m. We take an arbitrary, linearly independent sequence of
infinitely differentiable scalar functions b,(¢), by(¢), . . . on [—1, 1] which vanish on an
interval —1 < ¢ < g, ¢ > 0. It is easy to see that the Volterra integral equation of the
first kind

t
f Kij (¢, 8) 2z (s) ds = bx. (¢) (1.24)

is solvablein z,(¢), —1 < 7 < 1, forevery k = 1,2, e
Indeed, differentiating both sides of the equation / + 1 times, we obtain

. 4 ’
NF ™2 () + f W (¢, s) 2 (s) ds =b§™™ (8),
-1

whose solution z,(#), —1 < ¢ < 1, is zero on the interval —1 < ¢ < ¢, and coincides on
the interval e < ¢ < 1 with the solution’of the Volterra integral equation of the second
kind

t
UFE™2 () + [ W (¢, 5)2(5) ds =66 ().

Therefore the function z,(¢) is a solution of the original equation (1.24).
With the aid of the solutions z, (f), we construct an infinite sequence of r-dimensional
functions

pe) =k (t)s ... PEQOYELL E=1,2, ...,

defined by the conditions pf'(#) = 0 for k' = j and p{(f) = z,(¢). The mapping V takes
this sequence into a linearly independent sequence Vp,(f), k = 1, 2, ..., since the jth
coordinate of the vector Vp,(¢) is equal to z,(f). This completes the proof of the
proposition.

§2. Statement of the optimality principle
Beginning with this section, we assume that
u@), x(), 0<t<a, (2.1)

is a time-optimal solution of the control problem (1.1) with fixed end-points. We denote
by ¥ the set of all nonzero solutions Y(z), 0 < ¢ < a, of the equation

V= —pf. (t, X (&), () = —Vf» (1), (22)

which satisfy the maximum condition

YOO =supv (O] x(¢), u) (2.3)



AN OPTIMALITY PRINCIPLE FOR A TIME-OPTIMAL PROBLEM 559

for almost all t€[0,a] A solution ¢(#) of (2.2) obviously belongs to the set ¥ if and
only if y(a) € QY and Y(a) # 0.
The basic optimality criterion is expressed by the following theorem.

THEOREM 2.1. There exists a function (t) € ¥ such that the following two assertions
hold for an arbitrary point 6 €~(0, a): )
(A) The Legendre form wy(y(a), 6)[ p(¢)] = Y(a)Ly(6)[ p(¥)] vanishes identically on PO;

0 (b (@), 0) [P ()1 =0 Vp(f)ePY. (2.4)

(B) If m > 1, and if a function p(f) € P is such that the equalities
o; (1, 0) [0 (N =0 VXEQY, VoeOs, Vi=0, ..., m—1, (25)
hold for a neighborhood O; of the point 6, then

om (f (a), 0) [0 (HT< 0. (2.6)

The assertions (A) and (B) are trivial if § is a discontinuity point of the control #(z), or
if @(6) is a vertex of the polyhedron U. This is so because in these cases #; = 0, and
therefore

o; (%, 0) [p ()] = 0: (X, 0) [75P ()] =0

for an arbitrary x and i =0, 1, 2,.... For this reason, Theorem 2.1 does not yield
anything new for such points 6, since the condition §(#) € ¥ is the Pontrjagin maximum
principle.

The assertions (A) and (B) can be given a simple geometric interpretation.

The assertion (A), i.e. (2.4), means that the first coefficient in the Legendre representa-
tion of the end-point of the second variation of the optimal trajectory x(¢) on an
arbitrary packet of zero order lies on the supporting hyperplane N;, to the cone Q"
which is orthogonal to the vector y/(a).

The assertion (B) can be reformulated as follows. If, in the Legendre representation of
the end-point of the second variation on the mth order packet defined by an arbitrary
point 6 € O; and a fixed function 7;5(t) € P, the first m coefficients

Lo(o)[naf)(t)], voes Liyy (0) [na;;(t)]

lie in the subspace N, (see (1.14)), then the (m + 1)th coefficient L, (6)[7;5(?)] =
L,(6)[p(9)] in the representation defined by the point 6 and the function j(¢) lies on the
same side of the supporting hyperplane N, as the cone Q". If, moreover, the vector
L, (6)[ p(#)] does not lie in N, then the chain of equalities (2.5) terminates ati = m — 1,
and nothing can be said a priori about the coefficient L, , ,(6)[ p(¢)]. But also in the case
L,.(6)[p()] € N, one cannot draw any conclusions concerning L,, , ,(6)[ #(#)]. This is so
because in order to pass to the (m + 1)th coefficient we must have the relations
L, (o)m;p(t)] € N, forany o € O;.

In the form presented, the assertion (B) is entirely useless in practical application.
Indeed, if the integral quadratic forms in p(¢)

o (F (@), 0)[tzp O] =V (@) Li (@) [t3p ()], 6605, i=0, ..., m—1,

vanish not identically in p(¢) € P but only for particular values of p(¢) € P, then
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we have to verify the relations (2.4)«2.6) for these particular values. However, there are
no effective criteria (using, for example, the kernel of the form) that would allow one to
find the particular p(¢) at which the forms vanish, or to verify for these p(¢) the sign of
the form without a direct computation.

Nevertheless, from Theorem 2.1 and the auxiliary assertions proved in §1 we at once
easily obtain an optimality principle convenient for actual application, namely Theorem
2.2.

An arbitrary point 6 € (0, a) will be called a stationary point of rank no less than m
(m > 0) of the Legendre representation of the second variation end-point at § if there
exists a neighborhood O™ such that the first m coefficients of the expansion of L,
satisfy the conditions

Li©)[nzp ()] €Nsy Vo€O, Vpn)eP™, Vi<m—I1,
ie. if
0i (X, o) [1sp (1 =0 onP™, VXEQY, Voeo®, Vigm—l.

A stationary point ¢ of rank no less than m is said to be a stationary point of rank m if
there exists a row ¥ € O such that w,,(%, 6)[p(1)] 2 0 on P™.

The set of all stationary points of rank m is denoted by D,,, and the set of all
stationary points of rank no less than m, by E,. The closure of D,, is denoted by D,,.
The sets D,, and E, are open, E, D D, and it follows from Proposition 1.5 that
E, C E,. form’ > m". Moreover, E, = (0, a).

An obvious induction argument shows that

0,0 _lglljv_lﬁz UEm Vm>0 (D =)

Therefore, for any m > 0, the open set U,,,_,D; U E,, is everywhere dense in the
interval (0, @), since this set is obtained from U,.,_;D; U E, by deleting the
boundaries of the open sets D,.

We shall say that the solution (2.1) satisfies the optimality criterion of rank m > 0 with
a function y(t) € ¥ at a point é € (0, a) if there exists a neighborhood O™ such that for
any / < m the conditions

©; (X, 0) [ap (H]=0 on P¥ V%EQY, Voeo, Vigi—1, 2.7)
imply the inequality
o (@), AP H<0 Vp@eP® (2.8)
which for even / is equivalent to the identity
o1 ($ (@), 0)[p®)I=0 onp?
(see Proposition 1.4). _
Theorem 2.1 implies the existence of a function y(¢) € ¥ such that, for arbitrary i > 0
and i/ < m, the optimal solution (2.1) satisfies the optimality criterion of rank m at all

points of the sets D, and E,,. Therefore the successive construction of the sets D, and E,,
i=0,1,2,...,yields at the mth step the open set

U DiUEn, m=0,1,2, ..., 2.9

Km-1
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which is everywhere dense in (0, @). The optimality criterion of rank m holds at every
point of this set.
If the intersection E_, =_N JE,, is nonempty, then, at every point 6 € E_,

om0 [P(OI=0 onP™ VXeQY, Vm=0,1,2, ...,

and the optimality principle cannot yield anything new at these points in comparison
with the maximum principle. A typical example of points of this kind is the points in a
neighborhood of which the control #(z) is constant and concentrated at a vertex of the
polyhedron U, because then m; = 0. Also, interior points of the set of discontinuity
points of #(¢) are of this kind. Indeed, by the formal definitions that we adopted in §1,
all the Legendre forms vanish at these points. In fact, we introduced these definitions in
order to obtain uniform statements for the basic Theorems 2.1 and 2.2, and formally not
to exclude from consideration those discontinuity points of the control at which the
Legendre representations (essentially local) are not meaningful.

We combine what we have said in the following proposition.

PROPOSITION 2.1. For any optimal solution (2.1), there exists a function y(t) € ¥ such
that for a~11 m > 0 the solution (2.1) satisfies the optimality criterion of rank m with the
Junction Y(t) at every point of the open set (2.9), which is dense everywhere in (0, a).

PROPOSITION 2.2. The solution (2.1) satisfies the optimality criterion of rank m at a point
G if and only if the following condition holds at 6.
For some | < m, suppose all the bilinear forms in p,, p, ER’

P (0) Lif (0) [W5py, T5Pe), (2.10)
are identically zero, where Y (t) is an arbitrary function in ¥, ¢ is an arbitrary point near 6,
and i < | — 1. Then the bilinear form in p,, p, € R’

¥ (0) &f (0) [y, 5py] (2.11)

vanishes identically for even I, and for odd | the quadratic form in p € R with symmetric
matrix

I+3
(—1) * P (0) &f (0) [P, w5 p] (2.12)
is nonpositive on R’. Here the &; are Legendre operators (see (1.20)).

PRrROOF. By Propositions 1.5 and 1.3, and by (1.20), the identities (2.7) are equivalent to
the identities

AT (a, 0) &f (0) [zpp T3Pyl =0, VEEQD,

whose left-hand sides range over all the bilinear formg (2.10), since ¢(1) = xI'(a, ¢) is an
arbitrary function in ¥ when x ranges over the cone Q. Moreover, also by Proposition
1.3, the kernel of the form (2.8) is equal to

L s—0'U @ @), O Inapy 1ol = 5 (601 (6) &F ) Ingpy w50l

Therefore the bilinear form (2.11) is zero for even / (Proposition 1.4), and selfadjoint for
odd / (see (1.17)).
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Thus it remains to prove that for odd / the fact that the quadratic form (2.12) in the
r-dimensional argument p € R’ is nonpositive is equivalent to the fact that the integral
quadratic form (2.8) is nonpositive on P .

We have

W, ~ - . : )~ - ~
G @ 0= [ & [CSLFE 8 @) nsp 0, wep @)ds. @13

It follows from the convolution formula

¢ [ t t, Y
SQ-:UL)—p(S)ds= 5dtl Sdtz dt,Sp(s)ds (2.14)
-1 -1 -1 -1

that

ot t tiey .
{dt, {dty ... dtiy { p(s)ds€ PP, YpeP¥, Vi<l (219
-1

-1 -1

We integrate (2.13) by parts (/ + 1)/2 times. Making use of (2.14) and (2.15), we
obtain

I+3 1

3‘;;" @@, O B1=(—1* 5'1'11(5) f (0)[naq (), mgq(B)1dt,  (2.16)

where
ti-a

t t y
q(t)= gdz1 Sd@ 7 Sp(s)dsepm_
-1 -1 2 4

Since Y(6)Q,f (8)(7;, py» 7;, Do) is a scalar selfadjoint bilinear form in P, P> €ER, it has
r mutually orthogonal eigenvectors in R’, to which there correspond eigenvalues
AL ..., A. We denote by IR, the orthogonal projection onto the ith direction. It is easy
to see that, foralli = 1,. .., r, p;(f) € P? can be chosen so that the image M,q;(¢) of
the corresponding ¢;(#) (formula (2.16)) does not vanish identically on [— 1, 1]. Therefore
we obtain the equalities

3

200 @, &) O1=(—D* [ E) L ©) [15Rug: (), w5Rqs (D] dt

| (Rugs 00" Rugi ()t

which imply the proposition.
Combining Propositions 2.1 and 2.2, we arrive at the following basic theorem of this
paper. In its statement we employ the convention

_.f(o, x(0), #(c)) =0. Vo€ (0, a).

THEOREM 2.2 (OPTIMALITY PRINCIPLE). Let (2.1) be a time-optim_al solution of the
control problem (1.1) with fixed end-points. Then there exists a function y(t) € ¥ such that,
if all the bilinear forms in p,, p, € R’
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¥ () &f (0, X(0), u (@) [n5py, 5P VH()EY, Vo€Os,
Vi=—1, m-—1,

where O; is a nezghborhood of 6, vanish zdenttcally for an arbitrary ¢ € (0, a) and a given
m > O, then the bilinear form in p,, p, ER’

% (0) 8uf (6, X(0), u () [Py 5P =0 on R,

(2.17)

Jor even m, and the quadratic form inp € R’

m+3

(—1)* ) Lnf G, % (@), 2@ [75p, 15p1 <0 VpER"
for odd m.

We denote by E,, the open set of points 6 € (0, a) for which all the forms (2.17) are
zero, and by D,, the open subset of E,, whose points satisfy the following additional
condition: there exists a function y(f) € ¥ such that the form in p,, p, ER’

¥ (0) &nf (0, X (0), 4 (0)) [Py, WgPal 0.

Then the open set U,(,_,D; U E,, (D_, = ) is everywhere dense in (0, a) for any
m> 0.

The family ¥ consists of all nonzero solutions of (2.2) which satisfy (2.3). An explicit
expression for the Legendre operators {,, is given by (1.20).

The statement of the optimality principle given here combines the Pontrjagin maxi-
mum principle (the family ¥ is nonempty) with a second-order necessary condition for
optimality.

If m = 0, then the forms (2.17) are zero by definition (2_, = 0), and we obtain a
necessary condition for optimality for all 6 € (0, a):

$(6) ,f (G, X (0), & (9)) [5 py, mapal = 0.

As can be seen from (1.20), this condition is equivalent to the condition that the form
Y(6)F,(6, 6)[m;p,, m;p,] be selfadjoint. The latter condition is automatically satisfied
when the control u is a scalar (» = 1). Therefore in this case we can apply the optimality
criterion beginning with m = 1 at every point 6.
§3. Proof of Theorem 2.1

Let there be given a point 6 € (0, @) and a function p(¢) € P™. For brevity, we
denote by 8z(é6, p(¢)) the (m + I)th coefficient L_(6)[#(?)] in the corresponding
Legendre representation (1.13), if there exists a neighborhood O; such that

Li(0) [nzp ()1€Na VO0EO0;, Vi<m—1,

where the subspace N, is given by (1.14). In the contrary case, we set 82(6, p(¢)) =

We denote by T the union of the vectors 8z¢™(4, p(¢)) over all possible & d
P E P™withm=0,1,2,.

The cone spanned from the origin by the convex hull conv (Q" U T) of the union of
the first-order cone Q" and the set T will be called the second-order cone Q2 c R” of
‘the trajectory X(z) at the end-point % (a).

Theorem 2.1 will be proved if we show that the convex cone Q2 does not coincide
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with the entire space R":

&+ R, @3.1)
Indeed, let x be a vector orthogonal to a supporting hyperplane of the cone 09,
directed away from Q. Obviously x € Q. If §(#), 0 < ¢ < a, is the solution of the

differential equation
b= —fx (6 % (1), 1 (1),
satisfying the boundary condition y/(a) = x, then

2™ (3, p (1) = om (b (@), 6) [P (] < 0
forallm=0,1,2,...,ie. the assertion of Theorem 2.1.

Turning to the proof of (3.1), we note, first of all, that, if 8z™)(6, p(¢)) # O, then the
equality 7,7; = w; Yo € O; (which holds for a sufficiently small neighborhood O;)
implies

82m (0,75p (1)) =Lm (0) [ngp ()] VoEO;.
Further, it is clear that for fixed ¢ and j(¢) we have

82 (6,53 (1)) = Lm (0) [t P (O] —Lm (3) [715D (] = Lm (3) {p ()] = 82™ (3, p(t).

aso — 6.

Therefore, if we are given an arbitrary number of nonzero vectors from 82"'5')(61-, p;(9),
p() EPM™, j=1,...,1 from T, we can transfer the points 6, ..., 6, into distinct
points o,,..., 0, by an arbitrarily small shift, and thus obtain the vectors
8z("5')(ojw& (D), j = 1,...,1 from T which differ arbitrarily little from the correspon-
ding initial vectors.

Let us show that the equality 02 = R" leads to a contradiction.

If the equality holds, then there exist 1 + k£ + / nonzero vectors

(myp) m
8y, .. 2 OEQY, B2, =82 (0,0, (), ..., 82=02 " (onpi (), p;O)EPT?,
such that the origin of R” is an interior point of the convex hull of these points,
conv [8x,, . .. ,0xx; 02, ... ,82]CR", 3.2)

Moreover, by what we have said, we can assume that the points o, . . . , g; are distinct.
We shall now apply the following basic lemma, whose proof we postpone to the end of
this section in order not to interrupt the presentation.

LEMMA. Let there be given vectors 8x,, . . . , 8x, € QV, I distinct points oy, . . . , 6,, and
the same number of functions p,(f) € P satisfying the following condition: for each
Jj=1...,1, the first m; coefficients L(a)[p,(t)], i < m — 1, of the corresponding
Legendre representation lie in the subspace N,:

L; (G,i) [Pi(O1E€EN,, Vi<mi—1. (33)
Denote by A the (k + 1)-dimensional simplex

A={A="0q ... bt} [M: >0, A0+ ... +Apar=1)}.
Then there exists a family of perturbations 8u(t, A, €) of the control i(t) which is defined
for A € A and all sufficiently small ¢ > 0, and is such that the differential equation
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x=f (2,0 () +0u(t; ) =g (6, %) +G(t,x) L (t)+G(t,x)u(t;h, €)
has a solution
x(he), 0<t<a; x(0;A,8) =x(0),

which depends continuously on (t,\) € [0, a] X A for a fixed € and satisfies the condition

<Lo(e), VYAEA, (34)

'k 1
x @k, &) —% (@) —e (2 MdXi S sl (0) 1oy (t)])

i=0 j=1

where 0(e)/€ —> 0 as ¢ - 0.

Since 8z; # 0, we have éz; = Ln(o)lp(Dsj=1..., /,and (3.4) can be expressed in
the form

k !
x(ah, &) —x (a) —e (2 Aidxi+ ) }\.,-+k;+162,~) <Lo(e) VAeA. (3.5

=0 j=1

We define the family of continuous mappings Y (A, €); A - R”, ¢ > 0, by the formulas

Y (i ¢) = x(a;?»,e)—;(a)’ e>0,

€

k :
Y (35 0) =3} Abdxi + S Ajienndz;.

i=0 j=:1

Elementary geometric considerations allow us to choose in A an (n — 1)-dimensional
polyhedral sphere $"~! (composed of the sides of the simplex A) such that the mapping
Y (A; 0) is a (piecewise linear) homeomorphism of S”~! onto the boundary of the convex
set (3.2). Since the origin of R" is an interior point of the set (3.2), the image of S"~!
under the mapping Y (A; 0) touches the origin of R". Therefore, by (3.5), the image of
the sphere also touches the origin under any mapping Y (A; €) with ¢ > 0 sufficiently
small.

We identify the lower base {0} X S"~! of the cylinder [0, a] X S"~' with a single
point. We denote by C” the n-dimensional ball thus obtained, and we consider the
family of continuous mappings

W) X (0, 8) =MD —XO (4 360,01 x S™F, &3>0,
&

of the cylinder [0, a] X $” " !into R".

By virtue of the condition x(0; A, &) = x(0), VA € A, £ > 0, this family can be viewed
as a family of continuous mappings of C” into R”. Since the mapping X (¢; A, €)
coincides on the boundary 3C” = {a} X S"~! of the ball C" with the mapping Y (A; ¢),
¢ > 0, the image of the boundary dC” under the mapping X (¢; A, €) touches the origin
for all sufficiently small ¢ > 0. Therefore the image of the entire ball C” under the
mapping X (; A, €) covers the origin of R” for all sufficiently small ¢ > 0. Since the
image of the boundary cannot contain the origin, for any sufficiently small ¢ > 0 there
existat, <aandal € S"! C A such that

x(t; hey€) —x(@)

€

01

X (tei he,€) =
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or x(t,; A,, €) = X(a). This equality contradicts the assumption of the optimality of the
solution (2.1).

ProOOF OF THE LEMMA. Let a(e) be an arbitrary positive function of ¢ > 0 which tends
to zero as € — 0. For every function p;(f), we take the m;th order packet

a (g) n(,jp,-(t— i (3.6)

2

e 2+m]-

and prove the existence of a family of functions Svo{)(s, €), uniformly bounded in
absolute value, which is such that the end-point of the first variation of the trajectory
X (1) evaluated on this packet and added to the end-point of the first variation evaluated
on the family of perturbations a(e)e?dv{(1, ¢) is zero:

t— o; :

dox [ a5t (€) g py [ ——L | | + 8% (@ @ (e) &80 (¢, €))
2+m;
€

: 2

1 2
—a(e) a”"‘ff A (oj4-te"™ ) 7t p; (¢) dt 3.7

- 4a(e) e jA(f)&ﬂ’(t,a)dtzo Vi=1...,1,
where
A)=T@,f.(t)=T (a,8) G (¢, % (£))-

Expanding the kernel 4 in the first integral in powers of 72/@*™), and integrating
term by term with respect to ¢, by the condition p;(#) € P™ we can write (see (1.7))

a @™ [ A0+ 16 w0 () dt =a ) By (o),
-1

where the family 8y)(¢) is uniformly bounded in absolute value and

+ 8y (e) € QL, (.8)

t— g;
O
2+m]~
e

is the family of perturbations of the control #(r).
The existence of a family dv)(¢, €) follows easily. Indeed, let us take an arbitrary
simplex of maximum dimension contained in Q" and with center at the origin:

g

The condition (3.8) and the uniform boundedness of & “(e) imply that there exist
bounded nonnegative functions »“’(¢) such that
r

—8y (&) =3 v (e) 8y

=0

This is so because

r
Gyzz V:ﬁyt,vi>0,vo+...+v,:1} .

=0
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Since 8y; € @V, there exist perturbations dw,(¢) satisfying the equalities

a
dyi = f A () dw; (¢) dt,
Therefore we can set

r
& (t,e) = v (&) dw; (#).
i=0
We now construct a uniformly bounded family of functions §v$(¢, &) which satisfy the
condition
. L mymt 2
dx (a3 a () 0 (t,€) 0% (o) &7 S €™ —Li(0)) [p; (] = o (a* (e) €9)(3.9)
[ 2

i=o0

- This condition asserts that the end-point of the first variation evaluated on the family of
perturbations a(e)e’5o{(¢, ¢), added to the sum of the first m; terms of the Legendre
representation of the end-point of the second variation on the packet (3.6), is a quantity
of higher order than a?(e)?.

In order to accomplish the construction, we recall that the subspace N, (see (1.14)) is
contained in the closure of the cone QY. Therefore the conditions (3.3) imply the
existence of a nonnegative function ¢;(¢) (possibly increasing very rapidly as ¢ —0) and
of a family of perturbations 8w’ (z, €) such that the sum

4 my-1 2 .
, : m; 1
8% (@5 0; () 8w (¢, &) +e 1 D) & T o Le(0) [p; (O]
i=0 ,

tends to zero arbitrarily fast as ¢ — 0. We need only the estimate

1 mj-1 2L

8. (@9 (&) 0w (f,e) ke D) 8™ - Li(o) [py (O] =0(eH. (3.10)

=0
We choose a function a(e) which tends to zero as ¢ -0 so fast that, for each
ji=1...,1
g2
U |80 ¢, 2))

a (&) 91 (6) < @ (e) < & 3.11)

Moreover, we assume that a(e) is monotone.
It is easy to see that we can set

dw (¢, e),

D oy ()9
8ol (t,e) = —

since the first of the inequalities (3.11) yields

: (/)
3o t,e)| < | 8w’ (t, &) | 1,
80" (he) | < 14| 6w (te)| <
and (3.9) follows from (3.10).
The families of perturbations
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8u(t; My ) =a (B) VN m,!zt(,]p,( - "1)

2+m
€

7
+ae) e VA (te)fa(e) et (te), 0N <L, j=1,...,0 |

have a number of properties which are important for the proof of the lemma and which
can be verified directly. We shall now enumerate these properties.

The end-point of the second variation evaluated on the family du")(t; A, ¢) differs
from the end-point of the second variation evaluated on the packet

t—a
a(e)V A.,-mj!noipj( - ’)

B2+mi

by o(a®(¢)e?). Therefore

8, (a5 ulh (13 g, ) =85 (@i @ (¢) V Kgitglma ( U\ o e e
\ 82«1»mi
_4 mi~1 2f
=02(€) ™ Aj m,' 2 82+n ! L (G/) [ﬂ, ([)] +a? (3) 2}" iLm (0/) [p/ (t)] 0 (ﬂ'2 (E) 32)-

Thus (3.7) and (3.9) imply that the sum of the end-points of the first and second
variations evaluated on 8u"(; A;, ¢) differs from the vector a’(e)e*A;L,, (9)[7;(1)] by a
value of order o(a*(¢)¢?):

16, (@; 8u (t; Aj, €))+0px (a; 6u? (£ ), €)) —a () €%, iLm; (07) (p; (O] <o (a?(e)&?).(3.12)

Next, making use of the condition g; # ;. for j* # j” and the fact that

‘t—o.
0% (ﬂ; a (e) T, ( 20,')) =0(()e?) YO0,
82-1‘-"1['

we can also directly verify the equality

By (a, St 8ul (£ Ay, e)> 2 8,% (@3 duld) (£ Az, €)) + 0 (02 (e) €2) -

j=1 j=1

Hence, making use of (3. 12) we obtain

ox (a ) duth (¢ 7»,,5)) 4= 8% (a 1 duh (15 Ay, a))

j=1 =1

l
= 3 18, (@i 8u® (5 Ay #)) + 0,5 (@304 (6 Ay e))] + 0 (@ () &7)  (B13)

i=1
—at(e)e Z ML (0) 1p; (10 (@2 (e) €2).
We define the family of perturbatlons

k !
6[; (t; }v, ﬁ) = (],2 (8) 82 E Hiéu(” (t) + Z 6“(/) (t; }“1'7 8).

i=0 j=1
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where A= (g, .., s Ap...5A), 0< <1, 0<A; <1, and the perturbations
8u(f) are chosen so that

dx (@ 0ud (1)) =dxy, i=0,...,k
Then (3.13) implies

8% (@; 84 (£ A, €)) + 8% (a3 8uz (£ A, )

k 1 (.19
—a?(g) €? {2 Bds+ S| MLy (5 17 (z)1}+o(a2 () €).

i=0

We now note that the functions g(¢, x) and G (¢, x) are three times continuously
differentiable, and that the family of perturbations &i(z, A, €) is continuous in A,
uniformly with respect to ¢ and ¢, and satisfies the estimate

max |8z (£; M, &) | = R (A, &) < Const - a (g).

o<ia
Therefore, by a standard theorem on the dependence of a solution of a differential
equation on the right-hand side, for all ¢ > 0 sufficiently small and all A with 0 € p; <
1, 0 < A; < 1, the perturbed equation

x=g(t,x)+G({t,x)u )+ Gt x) du(t; A, €)
has a solution

X(the), 0<Lt<a, x(0;Me = x(0),
which depends continuously on the point

for every fixed ¢ > 0, and satisfies the estimate

max | (t; M, &) —x () —0.x (£; 81t (v; A, )

oI<a

— 8% (£ 8 (T A, £)) | < O (R3 (A, 8)) =0 (03 (&)).

Hence, by (3.14) and the second of the inequalities (3.11), for # = a we obtain the final
estimate

k '
% (@M, €)% (@) —a? (e)e? {z pdx 4 S\ Ak (0)) [y (t)]}
=1

i=0

< 0(0?(e) &),

which is equivalent to (3.14). Indeed, introducing the new parameter ¢ = a’(e)e? and
solving this equation for & (by assumption, the function a(e) is monotone), e = y(¢'), we
define the required perturbation by the equality du(z; A, €') = 8i(¢; A, y(¢")). The corre-
sponding trajectory is x(¢; A, &) = xX(¢; A, y(&)).

REMARK. We say that the necessary condition for optimality just proved is a second-
order optimality principle, since it has been obtained as a result of studying the Legendre
representation of the end-point of the second variation of a trajectory. A similar method
applied to the end-point of the first variation leads at once to necessary conditions for
optimality that are direct consequences of the maximum principle. An attempt to obtain
necessary conditions of higher order by the method presented, e.g., by the decomposition
of the end-point of the third variation of the trajectory on packets, does not lead to a
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successful result without additional assumptions.
§4. The expression of the Legendre operator in terms of
Lie brackets(*)

This section can be viewed as a direct continuation of §1. Here, we shall express the
operator ,, in terms of Lie brackets (formula (4.11)), whereas in (1.20) this operator was
expressed in terms of the fundamental matrix I'(z, 7). Naturally, both formulas are
equivalent, although it is difficult to say which one will turn out to be more convenient
for computations.

In order to simplify the formulas, we assume that we are considering the solution

w(=0, x(), 0<tLa,

of the autonomous equation

r=fx,)=gx)+G (%) u, “.1)
so that X(7) = g(%(¢)). The corresponding equation for y(f) has the form
b= —g: (¥ (). 4.2)

Further, we assume that U = R’. This saves us the necessity of introducing the corre-
sponding projection operator 7,. The case of an arbitrary control #(¢) reduces to the case
#(f) = 0 by a standard method. It is sufficient to add the scalar equation d¢/dr = 1 to
(4.1), assuming that ¢ is an additional phase coordinate and 7 is the new time.

We begin with several commonly adopted definitions.

Let v(x), x € R", be an n-dimensional, infinitely differentiable column-vector. It can
be viewed as an operator acting on the set of all infinitely differentiable vector-valued
functions g(x) (of an arbitrary, given dimension) by the formula
9 (1)

ox
This operator is said to be the differentiation of q(x) by virtue of the equation x = v(x), or
the field of the function v(x). The function v(x) can be reconstructed by means of the
operator v according to the formula v(x) = v ° x. The value of the function v(x) at the
point %(o) will also be expressed as v ° %(0).

The successive application of two fields v and w to g(x) yields an operation v ° w in
the set of all g(x) (of a given dimension), which, generally speaking, is not a field:

voq(x)= v (x).

vowoq(x)q&g%:)(vowox).
However, as can easily be verified by direct computation, the operator
[b, W] =vow—wouv,
which is called the Lie bracket of the fields v and w, is always a field:
[o, @] q (x) =(zngx) lv,wlox Vgq(x).

The set of all n-dimensional fields v(x) will be denoted by B.
We introduce the operator ad v, acting in 8 (and depending on the choice of v € B)

(®) This section was added to the initial text of the paper after the authors became acquainted with the work
of A. J. Krener [4], from which they took the idea of employing the notion of field for the corresponding
calculations.
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by the formula
(adv) w = [v, w].
A basic property of Lie brackets, besides the obvious property of skew-symmetry
[v, w] = —[w, v],
is the Jacobi identity
(ad v) [v,, v,] = [(ad V) v}, v,] -+ [0}, (ad V) 1],

which can be verified directly. Hence, denoting the ith power of the operator ad v by
ad’ v, we obtain the (Leibniz) formula

(ad'0) [o, vl = D} —— [(ad"v) v,, (ad"*v) v,]-

it ] 1! 2‘
by induction.
We shall consider formal power series of operators; in particular, exponential series
2
e°=1»+v+;’T+ oy @@=l tado b= ..

ad?v

Let us prove the simple formula
e%o W o g~ = gadoyy, 4.3)
We introduce the operator-valued function of the scalar argument ¢

P()=evcwoet—q O+t LOL 2200,

We have

do (1)
dt

and, by induction,

= Uoe!? ooe 1" —et? oolo et = et o (Vo —wov) o et =eW o(ad V) W 0 -7,

13 .
490 _ o, (ad'o) woete,
dt*

Therefore we obtain the equality

490 = (ad') w,
dtt
which implies the formula being proved.
Finally, for any solution y/(¢) of (4.1) and any n-dimensional infinitely differentiable
column vector g(x), an obvious induction yields

L0 EO) =Y 0 6dDge 70, )

We return to our basic problem of evaluating <,,.f.

Let p(¢), t € R, be an arbitrary, n-dimensional square-summable column vector which
vanishes outside the interval [—1, 0], and let 0 be a point of (0, a). We consider the
family of perturbations p((r — 0)/¢) of the control #(f) = 0 and the corresponding
family of perturbed equations

x =g (x)+Gp ((t—0)/e).
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We denote by x,(¢), with 0 < ¢ < a, the solution of the perturbed equation with the
initial condition x,(0) = x(0). We have x,(0 — €) = (o — ¢).

Let 8,x(¢, &), 0 < ¢ < a, be the second variation of the trajectory x,(f), 0 < 7 < aq,
corresponding to the perturbation p((t — 6)/¢). We shall now concern ourselves with the
Legendre representation of the end-point §,x(a; €) by a method different from that in
§1, and we shall obtain an expression different in form from the corresponding
expression (1.13).

First we find an asymptotic expansion in powers of & of the value of the trajectory
x,(t) at the point ¢ = o.

We denote by f, with —1 < 7 < 0, the family of fields which depends on the
parameter 7 and is determined by the family of the n-dimensional functions of x

f[x)=gx)+Gx)p(x), —1<LrLO.

Introducing the “fast” time r = (¢ — a)/e, we express the differential equation for
x,(o + er) in the form

dx,

=t @) +G(xe)p (1)), —1<1L0, x.(0—e) =x(0—¢).
For an arbitrary function ¢(x) and an arbitrary integer m we have

[}

g (% (0))=4 (x. (6 —¢)) +ej

-1

—q(r(0—e)+ & | duf oq(re(o+em) = (e (0—e)

5 _
M;f_em{g (xe (6+27) +G (xe (6 +e7))p(x)} dv

0 [} Ty
+of duf oq(r @—e)+e [ dv, [ duf of;eq(c(0+ew)
T, Ti-1

=...=qx:(0—8)+ 2 sij‘ dr, j dr, ... j" dT;ftiofT‘_lo...Of“oq (xe (c—ep
=1 -1 -1 -1

f“ o ... of’l’, oq (xa ((7 —l—ETm.g.l)).

o
m+1 m

[ Ty Tm
fomn [ dr, [dvy... | B,
-1 -1

~1

Setting g(x) = x, we obtain the required asymptotic expansion

Ti-1

2(0) ~ % (0—8) + e‘jdr,jdr,... [ dufo.. o oxo—e). @5

i=1 -1

This makes it easy for us to obtain the asymptotic expansion in powers of ¢ of an
arbitrary variation §;x(¢; €) at the point # = 0. We restrict ourselves to the evaluation of
the variation 8,x(o; €), which is of interest to us.

In order to do this, we obviously need to substitute for f, in (4.5) the corresponding
expression g + Gp(7;), and to separate the terms bilinear in Gp(7;) and Gp(7;), placing
them in increasing powers of &:
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o0 0 T, /"
Sx(ce)~e Nt N j dr, 5 dr, .. drh " dt 5 de, 5 .de;,
i=0 jytfatja=i-1 -1 —1 -1 -1
Oj s %,
5 ds§ do, g B j“ d®;,gis o Gp (s) o gira Gp (f) o glro x (T —e).
-1 -1

With the aid of the convolution formula (2.14), the interior sum can be written in the
form
o ¢

A . - /T
S «1+isl)g)’ “Gp(s) o ((t—j___? 8 .Gp (t)o«—-glg—)ox(c—e)dfds-
3 2!

jl+f!+i8=i -l-1

Therefore, by (4.3) and the equality p()=0fort >0,

b (Oie) ~e2 S W__E)g_)“ Gp (s) o (e(t—s)g)" o Gp (¢)
i=0 lt+l’!+]l—-i -1-1 12
. 0o ¢
J[f(=neh (’_‘ ? 8h .y (0—e) dids = azj j‘ = +9)80Gp (5)oes-98oGp ({)oe-t18ox (6—e)dlds  (4.6)
I
-1-1

1
=28 o [ ( h (t—s) e9%8Gp (s) 0 e21298Gp (£) o X (0 — &) dlds.
| )

-1

For an arbitrary function g(x) we have
;“—, g (7 (0 e1) = gt o (X (0 +eT)).
T

Therefore, the following asymptotic representation holds:
-~ 0 gigt ~ ~
GEE)~S g7 (0 —e) =etog (F (0—e)),

i=0
which allows us to give (4.6) the form

1
8% (038) ~ & | jﬁ h (t —s) es24eGp (s) o e542dGp (¢) o X (0) dids. 4.7)

-1
We show that, if p(z) € P, then the end-point of the second variation 8,x(a; €) and
its value 8,x(o; €) at the point o are connected by the relation
|82 (a5 8) —T (2, 0) 8,1 (05 &) | = O (e2e+m), (4.8)

Hence, by (4.7), we can assert that for p(f) € P the first m + 1 terms of the series

1
el (a, o) 5 j h (t—s) ers29¢Gp (s) o e£2deGp (£) o x (o) dtds (4.9)
-1
express the end-point of the second variation 8,x(a; €) to within O (¢™*3).
In order to prove (4.8), we write



574 A. A, AGRACEV AND R. V. GAMKRELIDZE

€

b (03 €) = fr'(c, HGGE WP (— ) dt
=e f ['(0,0--e1)G (x (0 +e1)) p (1) dv

=& [#0T(0,0) G () p (5) de—ermy (o).

Since 8, x satisfies the homogeneous equation
dx =g, (x () 8.
on the interval 6 < ¢ < g, we have
8% (50) =T (t,0) y (e), o<i<a.
Further, for ¢ < ¢ < a we have
~ 1 o~
Oax =gy (x (£)) Ox + fz'gxx (x (@) [Bx (1), 8% (B)],
and we obtain (4.8):

a2(2

- (ex GO0 9 (). T (o) y @1t

0,x (a;8) =T (@,0) 8,x (d;8) +

By Proposition 1.1, the property of the series (4.9) formulated above is retained if this
series is replaced by its skew-adjoint part, i.e. by the series

l .
-;—ezl‘ (@,0) Hh (t—s) [e=2%Gp (s), et2eGp (#)] o x (0) dids.
-1

Thus the latter is the Legendie representation of the end-point of the second variation
(1.13) (for a(e) = 1 and B(e) = ¢). Hence, by an obvious generalization(*) of Proposition
1.5, we arrive at the basic formula

~ o ‘
—;- I'(a,0) [ees2deGp,, et2deGp,] o x (0) = Z :“'—K i (¢,8,0) [P Pl (4.10)

i=0

We now note that one can derive the relation
2 ame
ml g¢Mm

T (@, 0) £uf (0) [y ol =

from (1.19) and the definition of &,,. Utilizing (4.10), we obtain from this the equalities

(¢,850) [Py, Pal

(*) The generalization consists in the fact that the identity K (¢, x)[p,, p,] = 0 follows from the equality

1
” h(t—s)K(t, s)[p(8), p(s)]dtds=0
-1 i

for arbitrary p(f) € P which vanish outside of a fixed interval in [—1, 1], but not necessarily for all
p(1) € PO.
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T'(,0) £nf () Py pel =~ =2 2 lems

[egiadng estadnggl X (G) I

£=0

em

=T (a, o) [(ad™g) Gp,, Gp,] - x (0),
which yield the required expression for ,.f found by Krener in {4]:

Luuf (©) [Py, Po] = 1(ad™g) Gp,, Gp,] » % (0). (4.11)

The operator series

o0

S, l(ad'g) Gy, Gp,l = e=*%Gp,, Gp

i=1

will be called the generating series for the Legendre operators &,,.f.
We denote by

Gi= 2 (g+Guy= L (x,0)
6u‘ du‘

the ith column of the n X r matrix G, i = 1, ..., r. By (4.11), the r X r matrix ||/;]| of
the scalar form ¥(0)8,,f (o) p;, P,] can be expressed in the form

14 ©) ] =¥ (0) l(2d"g) Gi, Gj1 = X (0) ],
Let us give a somewhat different representation of elements /;(o), which, in essence, is
contained in the work of Kelley, Kopp, and Moyer [1}. We have

(ai 2™ (g +Gu)|,,) Gr= 3 (ad'g) (ad Gi) (ad™""g) .
u . k=0

Hence by (4.4) we can write

w(a)( ad™f (x, u)|,_ )&f;ox@

m

— 9 (0)[G;, (ad™g) G, » % (0) + y, ""

¥ (0) [Gi, (ad™*g) G,] o X (o).

If the identities (in p,, p,)

P (') Lf (07) [Py, Po) = (0”) [(ad"g) Gp,, Gp,] o % (0')=0 Va'€0,, Vb=1,...,m—1,
hold for a neighborhood O, of o, then

(U) (0u adm+1f) af x (0) (0) (Gs, (admg)v Gi] o} (0) (4.12)

u=0 0“

Since the matrix ||/;(o)|| is symmetric if the conditions (4.12) are satisfied, we obtain the
required expressions

by @)= —% @)% 2 (a " = 2L 2% ) hums

which hold at any point ¢ that satisfies (4.12).
Received 11/MAR /76
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