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Smooth dynamical system:

q(t) = f(q(t)), qe M, teR,

f(a)

generates a flow

P':M — M, Pt:q(0)w—qt), teR.



Control system:

Control: t— u(t), t > 0.

Trajectory: t— q(t), where q(t) = fu(t)(q(t)).

f,(a)

Special case: U = {1, 2}: V(q)
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J/fl(q)
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Fast-oscillating controls allow to uniformly approximate flows
generated by:

¢g=vfi(q) + (1 —-v)fa(q), 0<v <1

Similarly, for U = {1,2,...,k} we approximate dynamics
k
q: Z V’sz(q)v V’iz(:)? ZVZ': 1.
1=1 i

If O € relint (conv fr;(q)), then we can much more!



Consider the case

k

fuzzusz u:(u17'°'7uk)€U7
1=1

where U is a neighborhood of 0 € Rk,

Take a sample vector-function t — v(t), supp{v(-)} C [0, 1] and
let

qe(t) = fv<£) (¢e), q=(0) = qo.

Then, for any “observable” a: M — R, we have:



ala=() ~ ala) + Y &' [ [ fugeyor -0 fugeyyalao) dta .. dt,
i=1 7 A,

:a( )—I— 3 gi i(v(ti)),...,v(t ))dt ...dti,
90 z; /A/ip 1 1

where A; = {(t1,...,t;) :0<¢t; <---<t1 <1} and p; is a i-linear
form, pi(v;,...,v1) = (Wi, v; ® -+ - @ v1).

We set y(t) = [§u(r) dr, the i-th order term takes the form:

s%wjfwm»®~®mm».
L
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We set:
()= [ [ dyt) @ @dyty),
An

where ~ is a Lipschitz curve in Rk, ~(0) = 0.

In particular, D1(y) = ~(1). If ~ is a closed curve then principal
term is D2(~). Moreover,

D) = [ 5 A di 4 (1) © (1),



Let Qp ={y:D(y) =---=D""1(y) =0}.
We know that D"(Q2,) = Lie™(R*) c (RF)®n,

If v € Qn and D"(v) = w(eq,...,en), Where 7 is a ‘“Lie polyno-
mial’, then

¢=(t) = qo + "7 (f1,- -, fa)(g0) + O(" ).

We are looking for symmetries of D”‘Q in order to better un-

derstand the structure of . "

Let >, be the symmetric group and >, = {Z c;o; - 0; € Zp} its
1

group algebra. We set.:

Di) = [ [ @ty ® @ dy(toqy), Dy =S DR,
Ay



Let o € >4, the monotonicity type of o is a word wg = s1...5,_1
in the alphabet {«a, 5},

oo Jo o(i) <o(i+1);
’ B, o) >o(i4+1).

Given a word w, we set w = > o. The descent subalgebra
{wo=w}

of X,

Dﬁnzspan{w:wzsl---sn_l, S; € {Oé,ﬁ}}

It admits a homomorphism:

r My — 7, r(3T s 1) = (—1)#Flsi=0}



a——a=1, W=<1 g - ”f) r(B---8) = (-1)""".

Theorem. A curve ~v belongs to 2y if and only if

DI(y) = r(m)D"(7), Vm € M.
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Affine in control system:
g=h(g)+ Y u'fi(e), u=(u',...,u") €R" (%)
i
If h € Lie{fq,..., fr}, then we can neutralize the drift h, but this
inclusion is violated for many important apparently controllable

systems. Examples:

1. Acceleration control: & = Zuigi(w). We rewrite:
1

t=y, y=y u'g(zx);  q=(z,y),
)

i=h(@+> «'fi(e), [fif]=0, i,j=1,.. .k

2. “Fluid dynamics:” y = Ay + B(y,y) + X u'g;.
1
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Theorem. Assume that [f;, f;]1 =0, 4,5 =1,... k. If

conv {Z w'ud [ f;, [f;, h]] - u',ul e R}
1,]
Is a subspace, then system

g =h(q) + > u'fi(a) + > u(f; [, k()
L i,J
has “the same control properties’ as system (*).

If the fields [f;, [f;, h]], fo are all commuting then we iterate the
theorem etc.
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Hint: Use a fast-oscillating control variation:

ul(t) = %sin (6%) ;o ul(t) = %cos (8%)
to single out the desired bracket.
Indeed:
1
[utdt=0(), [[uitt)ul(tz) dtrdt = O(),
0 Ao
as € — 0.

13



	anm0: 


