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Abstract

We study the small-time controllability problem on the Lie groups SL, (R) and SL; (R) x
H,;(R) with Lie bracket methods (here H;(R) denotes the (2d+1)-dimensional real Heisen-
berg group). Then, using unitary representations of SL,(R) x H;(R) on L2(R%,C) and
L' (T*R%,R), r € [1,00], we recover small-time reachability properties of the Schrédinger
PDE for the quantum harmonic oscillator, and find new small-time reachability proper-
ties of the Liouville PDE for the classical harmonic oscillator.

Keywords: Geometric control, unitary representations, harmonic oscillator, Schrodinger
PDE, Liouville PDE.

1 Introduction

1.1 The model

Let G be a connected Lie group with Lie algebra g. In this paper, we study left-invariant con-
trol affine systems of the form

k
q(t)=q(1) (a+ Z ui(t)b,-) €TynG, q()eG,a,bjegtel0,T]. 1)

i=1

The controls are real-valued and piece-wise constant, u = (uy, ..., ux) € PWC([O, T1,R%). The
solution of (1) associated with the initial condition g and the control u at time ¢ is denoted
by g(qo, u, t). When the initial condition gy = id¢ is the identity of G, we drop it from the
notation and simply write the associated solution as g(u, f).

Definition 1. @ — An element q € G is reachable by system (1)) if there exist T > 0 and u €
PWC([0, T1,R¥) such that q(u, T) = q. The set of reachable elements is denoted by < .
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— An element q € G is approximately reachable by system (1) if for every € > 0 there ex-
ist T =0 and u € PWC([0, T],[R?k)_such that |q(u, T) — gl < €. The set of approximately
reachable elements is denoted by o .

— An element q € G is small-time reachable by system if for every T > 0, there exist
7 € [0, T] and u € PWC([0, 7], R%) such that q(u,t) = q. The set of small-time reachable
elements is denoted by ;.

— An element q € G is small-time approximately reachable by system (1)) if for every e >0
there exist T € [0,€] and u € PWC([0, 7], R%) such that lq(u, 1) — ql < €. The set of small-
time approximately reachable elements is denoted by ;.

The system is said to be controllable (respectively approximately controllable) if of = G (resp.
if o/ = G). The system is said to be small-time controllable (respectively small-time approxi-
mately controllable) if oZs; = G (resp. if .sz(TS[ =G).

Note that the set </ presented in Definition|[1]is the attainable set from the identity. Since
system (1) is left invariant, it is controllable from the identity if and only if it is controllable
from any point of the group. The same statement holds true for small-time controllability.

Note that one could also define the reachable sets w.r.t. L* controls. Then, the (small-
time) approximately reachable sets w.r.t. piecewise constant controls, or L* controls, are the
same. This is a consequence of the density of piecewise constant functions in L*, and the
continuity of the endpoint map L*°([0, 7], R*) 5 u— qu,1)eq.

1.2 Good Lie brackets

In this work we use the following notions of geometric control theory.

Definition 2. An element X € g is said to be a good Lie bracket for system (1)) if e’X € <f,; for
everyveR.

Definition 3. An element X € g is said to be compatible with system (at time t) if eX €
o for (at time t). Another control system is said to be compatible with system 4 if its
approximately reachable set is contained in .

It is well-known that every element in the Lie algebra [ := Lie {by,..., br}, generated by
by, ..., by, is a good Lie bracket (see e.g. [10, Lemma 6.2] and [8, Theorem 3.3]).

It is also well-known that, if the drift of (1) is recurrent or Poisson stable, then —va, v > 0,
is compatible with the system for a time large enough (see e.g. [3, Proposition 8.2]). In this
work, we shall study systems where the drift a is a good Lie bracket, a stronger property than
compatibility, since the system is able to displace along the drift not only with positive and
negative coefficients, but also in arbitrarily small times. The notion of good Lie bracket was
recently introduced by the first author for more general control affine systems [4], and studied
also in the context of bilinear Schrédinger PDEs by Karine Beauchard and the third author
(6} 5].



1.3 Asmall-time controllability result on SL, x H;

We introduce the following Lie algebras:

— sb(R):={M eMat,(R) | tr(M) = 0};

0 X =z
— hd(R):z{(O 04 ;7*)eMatM(R)w,yeRd,zeR}.
0 0 0

Here, 0; denotes the d-dimensional square zero matrix, X is a row d-dimensional vector and
y' is a column d-dimensional vector. To ease notations, we shall simply denote them as b4
and sl,. Let 0er(h,4) denote the derivations over the algebra ;. We define a homomorphism
p:sly — der(hy) as

It induces a semi-direct product structure on sl & b4, called sl x , b4, with bracket
[(a,X),(b,Y)]=(la,b],[X,Y]+p@Y —p(D)X), Vabesh,X,Yebh,. )

We shall simply denote this Lie algebra by sl, x b4, and its associated Lie group by SLy (R) x
H;(R) or simply SL, x H;. We also fix basis {a, b, ¢} of sl, and {X1, Y1,..., X4, Y4, Z} of b4 in
such a way that the following commutation relations are satisfied

[br a] =, [ay C] = 2a7 [br C] = _Zb)

(X;,Yil=2,1X;,Z2]=1Y;,Z] =0, i=1,...,d.

We first study the controllability of the following left-invariant control-affine system:

d
%q(t) =qt)|a+up(t)b+ Z uiX;+r@®Z|, q()eSLy x Hy. 3)
i=1

System (3) can be lifted to M, x H,; for every n € NuU{oo}, where M,, denotes the covering space
of SL, of degree n € N, and M, denotes the universal cover (see Sectionfor the definition
of the covering spaces).

Our first result is the following small-time controllability property.

Theorem 1. Equation (3) is small-time controllable on SL, x H; and also on M,, X Hy, for any
n € N. Moreover, equation (3) with u;,r =0 fori € {1,...,d} is small-time controllable on SL;
and also on My, foranyn e N.

As it will be clear from the proof given in Section[4} both statements of Theorem([I]are false
on the universal covers My, X H; and M,,. We remark that the second part of the theorem
states the small-time controllability of a scalar-input system with drift on a non-compact



connected Lie group, SL,: such a result would be impossible on compact Lie groups such
as SUn(C), N = 2, where scalar-input systems with drift are never small-time controllable
(see, e.g., [2, 1] and we refer also to [9] for recent advances on the subject). To the best of
our knowledge, Theorem 1]is new. The large-time controllability of system (@) could also be
proved by evoking the Lie bracket generating condition in combination with the periodicity of
e'(@=D) but the small-time controllability property is more subtle and necessitates a different
proof inspired by the recently developed techniques of good Lie brackets [4].

1.4 Consequences for harmonic oscillator Schrédinger equation

The choice of studying SL, X H; in this article is motivated by the description of two physical
systems, namely the quantum and the classical harmonic oscillators. In this section we state
the consequences for the quantum harmonic oscillator. The relation between SL, and the
Schrédinger equation for the harmonic oscillator is known as the Weil representation (see
e.g. [11, Chapter XI]).

The Schrédinger equation for the quantum harmonic oscillator is given by

. A X & 2
0y (1,3) = | =5 + (D= + D w0 |y (6,0, Y=0=ye LR, @)

J

with control u = (g, ..., ug) € PWC([0, T],R4*1). The control uy models the frequency tuning
of the trapping potential, and the u;, j = 1,...,d model the dipolar interaction with the spa-
cial positions of the oscillator. Such system is among the most relevant quantum dynamics,
widely used in physics and chemistry to model a variety of situations, such as atoms trapped
in optical cavities or vibrational dynamics of molecular bonds.

The Lie algebra generated by the linear operators Lie{%, %} equipped with the commu-
tator is isomorphic to sl» (R), the algebra of real 2 x 2 traceless matrices, and the Lie algebra
generated by Lie {%A, %, ixy,...,ixg} is isomorphic to sl; x ;. We thus have introduced
infinite-dimensional representations of the algebras sl,,sl, x 4 acting on L2(R%,C).

Quantum states are defined up to global phases, hence we shall say that a state v is
reachable if there exists a number 6 € [0,27) such that e/, is reachable. Since the generator
—%A + uo% + Z?Zl ujx;j is essentially self-adjoint on C?(Rd, C) for any uy,...,uq € R4+ (see,
e.g., [13} Corollary page 199]), equation (4) is globally-in-time well-posed, meaning that for
any ¥g € L2[R%,C), u € PWC(R,R*1) there exists a unique mild solution (¢ — y¥(t, u,y)) €

C[R, L2(R%,C)) of @).

Definition 4. A statey, € L2(R%,C) is said to be small-time reachable fromwyg € L2([RY,C) for
system if for every time T > 0 there exist T € [0, T], a control u € PWC([0,7],R%*') and a
global phase 6 € [0,27) such that the solution v of @) satisfies w(t, u, o) = e'0y,. The set of
small-time reachable states from wg € L2(R%,C) is denoted by Z st (wo).

As a first consequence of Theorem(I} we have the following characterization of the small-
time reachable set of (4).



Theorem 2. Foranyyg € L2([RY,C), system (4) satisfies

is(A—|x|2)ei(a|x|2+px)0d/2

Rsi(Wo) = {e wolox+pP),s,a€R, p,feR?, 0 >0}

Intuitively, the control of each component p; and §; is obtained thanks to the presence
of the control operator x;, while the control of o, @, and s follows from the presence of |x]2.

Such a result was already found in [6, Theorem 23] with analytical methods, and we pro-
pose here a geometric proof, based on an infinite-dimensional representation of SL, X Hy.
The statement of this theorem tells that we can control in small-times some physically rel-
evant quantities, such as position, momentum, and spread of the initial state. We cannot
control the global phase of the wavefunction with system (4). However, in order to recover
the control on the global phase, it suffices to add an additional constant-in-space control of
the form 14, 1(#)-1 to {@). The corresponding controllability analysis for system (4) with ug =1
was performed in [12], and a weaker statement was obtained in [14]. More general small-time
controllability properties of Schrédinger PDEs were recently obtained in [5].

1.5 Consequences for harmonic oscillator Liouville equation

In this section we state the consequences for the classical harmonic oscillator. The Liouville
equation for the classical harmonic oscillator is given by the transportation of a density p €
L' (T*R%,R) along a Hamiltonian vector field

0:p(t,q,p) = ﬁup(t, a.p), p(t=0)=pgeL (T*RY, Q)

where the Hamiltonian function is given by

" _IpP lq1> &
u(q,p)—7+uo(t)7+zuj(t)qj, (6)
j=1

and the Hamiltonian vector field is the first-order differential operator defined as
. m
Hy:={Hy,}=p-Vg—u(q-Vp— Y uj(00,,, @)
j=1

and {,-} denotes the Poisson bracket on T*R? (that is, {f,g} = Vpf-Vqg—-Vg4f-Vyg for
any f = f(q,p),g = g(q,p) € C°(T*R%). The Lie algebra of smooth functions generated

by Lie {g, @, qi,---,q4}, equipped with the Poisson bracket, is also isomorphic to slp x hg.
Since the vector field (7) is globally Lipschitz, the solution of the Liouville equation p(¢) is
globally-in-time well-posed, meaning that for any py € L™ (T*R%,R), u € PWC(R,R4*1) there
exists a unique mild solution (£ — p(f, u, po)) € C(R, L’ (T*R%,R)) of (5). Such a solution writes
as p(t,u,pg) = po©° dequ(q, p) where (I)It‘iu is the flow solving the Hamiltonian equations on
T*RY,
dd)ﬁ,u(q,p)_ Vp Hu(®}; (q,p)
dt B —VqHu(CDEIM(q,p))

Notice that @, is an Hamiltonian diffeomorphism hence orientation- and volume-preserving.

), (g, p) = (4, p). (8)



Definition 5. A state p; € L' (T*R%,R), r € [1,00], is said to be small-time reachable from pg €
L' (T*RY) for system @) if for every T > 0 there exist 7 € [0, T] and u € PWC([0,7],R4"1) such
that the solution p of (5) satisfies p(t, u, po) = p1. The set of small-time reachable states from
po € L (T*R%,R) is denoted by Z:(po).

As a second consequence of Theorem 1} we have the following characterization of the
small-time reachable sets of ().

Theorem 3. Forany po € L (T*R%,R), system (5) satisfies

Rt (po) =
{po(a(qg + s)cos(t) + ofl(p+ rq+ w)sin(f),—a(q+ s)sin(f) + a_l(p +rq+ w)cos(1)) |

a>0,t,r€[R,s,w€le}.

To the best of our knowledge, Theorem[3]is new, and gives some first insights on the con-
trollability of Liouville Hamiltonian equations, a research direction almost unexplored. It is
obtained thanks to the specific nature of the Hamiltonian function (6). Extensions of such
technique to more general Hamiltonians will be the subject of future investigations.

A study on the relation between classical and quantum controllability appeared in [7];
however, their work deals with the control of a single classical particle following Hamilton
equations, while here we consider the control of a density of classical particles described
by p following the Liouville equation. In particular, the harmonic oscillator equation of a
single classical particle (described by (8)) is clearly globally controllable, while the associated
Liouville equation is not (as we can only reach the states described in Theorem 8). In this
perspective, our geometric approach based on the representations of SL, x Hy highlights an
analogy between classical and quantum controllability of quadratic Hamiltonians.

The article is organised as follows: in Section [2 we recall a useful compatibility property
for system (1)); in Sectionwe recall the covering spaces of SL,(R); in Sectionwe prove a
slightly more general version of Theorem I} in Sections 5| and [6| we prove resp. Theorems
and Bl

2 Compatible elements on Lie groups

In this section we recall a property (found by the first author in [4, Corollary 1] for general
control affine systems) in the specific Lie group framework introduced above.
We associate to the Lie algebra [:= Lie {by, ..., by} its Lie group

L:={e"X __emXn | meN* Xq,... Xm €1, 11, ..., Ly € R}
The following result is a particular case of [4, Corollary 1].

Theorem 4. For 1 = 0, every convex combination of elements of the form Ady(ra)+ is com-
patible with system (1)) at timet.



Proof. The driftless system

k
G0)=q® ) ui(b;  qO)€Gbicg u(eR, 9)
i=1
is compatible with system (). More precisely, every g € L is small-time approximately reach-
able by : indeed, thanks to [10, Lemma 6.2], g = eSNbiy | eS1hi for some S,..,SNER,N€
N, {i1,...,in} = {1,...,k}. Consider then a piecewise constant control u defined as u;, () =
s1/f for a time interval [0, £1], ..., u;, () = sn/ty for a time interval [0, fy]: the associated
solution writes g(t; +--- + ty, u) = eivatsnbiy - phatsibiy hence for t,..., ty small enough
q(ty +---+ ty,u) is close to g.
Moreover, e'“ is reachable in time T = 7, using a free evolution of the system (i.e. a control
u =0 on a time interval of size 7). Let q € L, then ge**q~! is approximately reachable in time
T =7 + ¢ for every € > 0. Thanks to the properties of the exponential map on a Lie group,

qeraq—l — eAdq(ra)‘

Thus Ad,(7a) is compatible with . Finally, according to standard relaxation technique,
every convex combination of compatible vector fields is also compatible (see e.g. [3, Propo-
sition 8.1]). O

To pass from approximate to exact controllability, we shall need the following corollary of
Krener’s theorem (see e.g. 3, Corollary 8.1]).

Proposition 1. Ifa system defined on a finite-dimensional manifold is approximately control-
lable and Lie Bracket Generating, then it is controllable.

3 Covering spaces of SL,(R)

In this section we recall for completeness some properties of SL, (R) that we shall need. Their
proofs are standard and we thus omit them (see, e.g., [L1, Chapters I & I1I] for details).

The representation formula given in the Proposition below is known as the Iwasawa de-
composition.

Proposition 2. Every element g € SL»(R) has a unique representation g = kan, k€ K, a €
A, ne N, where

_ [(cos(@) —sin(0) f(r o 1 ox
K_{(sin(e) COS(Q)),BE[O,ZTE)}, A—{(O r_l),r(—:IR>o}, N—{(O 1),x€|R}.

The covering spaces of SL, (R) are defined in terms of the Iwasawa decomposition.

Proposition 3. The function y : R3 — SL(R) defined as

cos(0) —sin(H))(er 0)(1 x)

sin(@ cos@ J\0 e 7)J\0 1 (10)

x0,1r,x) = (

is the universal cover of SLy (R).



Definition 6. The covering space M, of degree n € N of SL»(R) is obtained by identifying (6 +
2km, r,x) € R3 with (0,1, x) € R3 for every k € nZ. The cover M, of degree2 of SL,(R) is called the
metaplectic group. The cover My of degree 1 is identified with SL,(R), and the universal cover
M, is identified with R3.

4 Proof of Theorem[1]

4.1 Proof of the second statement of Theorem 1]
Owing to (2), we have
la, Xi]=Y;,[b, Xi]1=0,[c, X;] = X;,[a,Yil =0,[b, Vil = X;,[c, Vil =-Y;, i=1,...,d,
la,Z]=1[b,Z]=[c,Z] =0,

where we simply denote a and X the elements (a,0) and (0, X) for any a € sl,, X € h4. Thanks
to Proposition every element of SL, can be written in the form e (@=b)ptaColsb \yhere 1, 1y, 15 €
R, and this decomposition is unique.

System (3) can then be lifted to every covering space of SL, X H; (notice that H; is simply
connected).

Theorem 5. The elements b and ¢ are good Lie brackets and for every t; =0, e is small-
time approximately reachable for system (3) defined on any covering space M, n € NU {oo}, of
SL,. System (3) with u;,r =0,i € {1,...,d} is small-time controllable on every covering space
My, neN, of SLy but not on the universal one M.

Proof. We apply Theoremwith [=Span{b} and L = {e"? | v € R}. Every element of the form
Ad,. (ta) + ub with u, v € R, 7 > 0 is compatible. Thanks to the properties of the exponential
map on a Lie group,

+oo 5,k
Ad,w(ta) = et (1) = > y—(adb)k(ra) =ta+vrc—v°Th.

k=0 k!
By taking v = r/7, the elements Ta + rc are compatible for every r € R, hence c is a good Lie
bracket. Then, the following system

g=¢q(a+ub+vc) u,veR, (11)

is compatible with system (1). We apply Theorem [4to the system (11), with [ = Span {b, c}.
Then every element of the form Ad,u-+.c (@) + sb + tc, u, v, s, t € R is compatible. In particular,
Adere(a) = exp(ad,c(a)) = e 2 a is compatible for every v € R. Thus wa is also compatible
for every w > 0. Then every element of the form e/'(¢ DekCell 1 >0, f,, t3 € R is small-
time approximately reachable by the compatible system, thus it is small-time approximately
reachable by system (I). If the considered covering space is not the universal one, for every
t € R there exists ' = 0 such that e!@ 9 = ¢?(@D_ Hence (1) is small-time approximately
controllable on every covering space M, n € N, but not on the universal one M. Moreover,
system (3) is Lie Bracket Generating so, according to Proposition[1} it is small-time control-
lable on every covering space M,, n €N, of SL,, but not on the universal one M. O



4.2 Proof of the first statement of Theorem/1]

Thanks to [10, Lemma 6.2], and since (3) is Lie Bracket Generating, we are left to prove that
X;,Y,i=1,...,d and Z are good Lie brackets. It is clear that X;,i € {1,...,d}, Z are good Lie
brackets. Thanks to Theorem (4} every element of the form Ad,.x, (@) + uZ with u,v € R is
compatible. Thanks to the properties of the exponential map on a Lie group,

+oo ;,k VZT

Adyx, (Ta) = 9% (ra) = Y %(adx) (ra)=Ta+vr¥-—Z.
k=0

By taking v = r/7, u = v?7/2, the elements Ta+rY; are compatible for every r € R, 7 > 0, hence
by taking 7 small enough Y; is a good Lie bracket.

5 Proof of Theorem 2

Forany y € C?O(Rd), we compute
A, i|x21y = —A(xPp) + | x> (Ay) = —2dy — 4x-Vy = (-2d — 4x - V).

Analogously, one checks that [zA +x-V] is proportional (as an operator acting on test func-
tions) to iA and [llxl2 =+ x-V]is proportlonal to i|x|%. Hence,

) {m ilxlz} {m ilx|? d }
Lie{—,—— ¢=spany{—,——, - +x-V¢.
27 2 2’ 2’2

Every element of this Lie algebra is an essentially skew-adjoint operator on L*(R%,C) with
domain C°°([Rd O). Moreover the application 7 : sl (R) — L1e{’A "x I =} defined by n(a) =

n(b) = L 'x 2 ,7(c) = + x-V and extended by linearity, is a Lie algebra isomorphism.

In Theorem lwe showed the small-time controllability on every covering space of SLy
(except the universal one). In the following section we translate this property for the Schrédinger
equation ({4). We denote with U(X) the group of linear unitary operators on a normed space
X.

5.1 Unitary representation of SL,

The construction of the following group morphism, sometimes called the Weil representa-
tion, is standard hence we omit the details (see, e.g., [L1, Chapter XI]).

Proposition 4. There exists a group morphism f from the universal cover Mo 0f SLy toU(L? (R4, C))
such that f(e®) = €™ for every a € s((2).

The following lemma tells that it is possible to restrict the representation from the univer-
sal cover to lower degree covers.



Lemma 1. If d is even, there exists a unitary representation f : M,, — U(L2(RY)) such that
f(e® = ™D for every covering space My, n € NU {oo}, of SLy. Ifd is odd, such a unitary rep-
resentation f is obtained if My, is a covering space of even degree 2n,n € N, or the universal
cover M. In particular, if d is odd, we have a unitary representation from the metaplectic
group M.

Proof. We denote f : My, — U(L?) the unitary representation of the universal cover, which

exists according to Proposition and which verifies f(e%) = " (@ n order to obtain a repre-

sentation of a covering space M, m € N, of SL,, we have to check that f is well-defined on

every homotopy class of loops. Every loop ¢ — y(#) € SL, is homotopic to one of the loops

[0,1] 3 t — wi(t) = 2@ D) ke N If 2[R, C) 3¢ = chj(pj is decomposed on the Hilbert
jeN

basis of Hermite functions {} jcne, then !

it(A-1x%)
2

e (p: Z e—lt(]1++]d+%)cj(p]. (12)

(j1yeerja)ENE

According to , we obtain f(wg (1)) = ik (A-1x?) _ (-Dker 1t d is even, then the definition
of f coincide on every wy, k € N*. If d is odd, this is true for the loops of even degree, and so
we obtain a representation of the covering space of degree 2m, m € N*. O

5.2 Conclusion of the proof of Theorem 2|

Let M> be the metaplectic group, for which there exists a unitary representation whatever the
dimension d of the space is (cf. Lemmal[l). Since Hy is simply connected, the strongly con-
tinuous unitary representation f can be extended in a standard way to M, x Hy. It satisfies
FetXiy = eit%i f(etVi) = e/ tZ = ¢l e R.

Given any v of the form S~ gi@lx+px) 5di2y, (5 x + B), for some s,a € R, p,f €
R4, 0 > 0, there exists an element g in M, x Hy such that ¢, = f(g)y,. Since the element
g is small-time reachable for system (3) (cf. Theorem|[1), for any T > 0 there exists a control
u € PWC([0,7],R%*1), 7 € [0, T, such that g(u, T) = g. Since f is a morphism and u is piecewise
constant, ¥ (u,7,¥o) = f(qu,1))wo = f(g)wo = w1, hence v, € Z (). Conversely, given
any ¥ € Z () there exists ne Nand #,...,, =0, ull,,ul” €R,i=0,...,d such thaty; =
H;}:l ei(tjA/Z—u£|x|2/2—Z’,f:1uixk)wo‘ Hence, Y, = f(g)'(//O where g= H;'l:l e—tja+uéb+):gzlu£Xk.
Since g can be written as in Proposition w1 has the form e?SA-131) i @ +p0) Gd 12y, (0 x4 §),
for some s,a € R, p, B € RY, 0 > 0.

The proof of Theorem|2]is concluded.

6 Proof of Theorem/3|

For proving Theorem 3} one follows the same exact lines of the proof of Theorem 2} we only
point out the needed modifications. First of all a direct computation shows that

Lie{lp|®/2,1q1%/2, q1, ..., qa} = spani|p>/2,1g1*12,q1, ..., G4, P G, P1,---» Pa> 1.

10



We thus have an isomorphism of Lie algebras 7 : sl, x h; — Lie{|p|2/2, |q|2/2, qi,---,q4},and a
group morphism [ : Moo X Hy — U(L" (T*R%)) satisfying f(e%) = @ forany a € sl x b4, and

n(a)

<D§{( p,q) ACts N po € L' (T*R%) as pgo d)}l(p e Finally, as a slight difference w.r.t. to Lemma
notice that (D([pz_qz)/z (g0, po) = (go cos(t)+pgsin(t), —qo sin(t)+ pg cos(t)) hence GD?;J’Zk_qz)/z =1,

irrespectively of d being odd or even; the corresponding Lemma 1] for the Liouville represen-
tation f : M,, x Hy — U(L" (T*R%)) hence holds for covering spaces of even and odd dimen-
sions n € NU {oo}.
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