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ON REDUCTION OF A SMOOTH SYSTEM LINEAR IN THE CONTROL
UDC 517.977.1 + 5147

A. A. AGRACHEV AND A. V. SARYCHEV

ABSTRACT. A method is presented for reducing a smooth system linear in the control on an
n-dimensional manifold M to a nonlinear system on an (# — 1)-dimensional manifold. This
reduction is used to obtain sufficient conditions for a high order of local controllability of
the system, and the problem of a time-optimal contro! of the angular momentum of a
rotating rigid body is investigated.

Bibliography: 7 titles.

§1. Introduction

In this article a method is presented for investigating a controllable system of the form

x=f(x)+g(x)u (1.1)
on a smooth n-dimensional manifold M. Here x € M, u € R, f(x) and g(x) are
complete smooth vector fields on M, and the admissible controls u(z) are bounded
measurable functions of z. ‘

It is shown that (1.1) can be reduced to a system nonlinear in the control with an
(n — 1)-dimensional phase space. This reduction is used here to obtain sufficient condi-
tions for local controllability of high order for system (1.1), and also in the problem of
time-optimal control of the rotation of an asymmetric rigid body by means of a moment
applied along an axis fixed in the body.

§2. Preliminary material

We introduce some notation which mainly follows [1]. Denote by C*( M) the algebra of
infinitely differentiable functions on M. We must deal below with operators B and
families of operators B, (+ € R) mapping C*(M ) into itself. Following [1], we define the
properties of continuity, differentiability, integrability, etc., of a family of operators B,
with respect to ¢ in the weak sense: B, has property (x) with respect to ¢ if the function
B, has property (*) with respect to ¢ for all p € C®(M).

A vector field on M is defined to be an arbitrary derivation of the algebra C*(M), i.e.,
a linear mapping X of C*(M ) into itself such that X(o;9,) = (X))@, + ¢( Xe,). If we
introduce local coordinates on M, then the field X can be written in the form X =
YV X,d/0x,, where X, € C*(M). The value of a vector field X at a point x € M is a
vector, denoted by x o X, in the tangent space T, M.
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16 A. A. AGRACHEV AND A. V. SARYCHEV

The Lie bracket (commutator) [ X, Y] of vector fields X and Y is defined by the formula
[X,Y]g = X(Yop) — Y(Xop). In local coordinates, [ X, Y] = 0Y/9xX — 0X/dxY. As we
know, the commutator [X, Y] is also a vector field; the Lie bracket introduces the
structure of a Lie algebra in the space of vector fields. For a vector field X the linear
operator ad X is defined on the space of vector fields by the formula (ad X)Y =[X, Y]
Finally, a nonautonomous vector field X, (¢ € R) is defined to be a family of vector fields
integrable with respect to .

Consider a diffeomorphism P of M onto itself. It determines an automorphism of the
algebra C*°(M) by the formula (P)(x) = @(P(x)) for ¢ € C*(M). This automorphism
of C*(M) is also called a diffeomorphism and is denoted by the same symbol P. So that
there will be no confusion, we denote the image of a point x under a diffeomorphism P
by x o P, and the value of a function ¢ at x by x o ¢.

Following [1], we define a flow P, to be an absolutely continuous family of diffeomor-
phisms. It is easy to show that the composition P, o(d/dt) P, is a family of derivations of
C*(M) that is integrable with respect to ¢, i.e.,, a nonautonomous vector field X,. It
follows from the equality P, o(d/dt) P, = X, that

(d/dt)P,= P, X,. (2.1)
Thus, any flow P, is generated by some nonautonomous vector field X, in view of the
differential equation (2.1). A solution of (2.1) will be denoted by &5 fg X, dr and called [1]
a chronological exponential. If the vector field X, is autonomous, i.e., X, = X, then the
flow generated by this field is denoted by e’*.
According to [1], the chronological exponential can be expanded in a series

—

t t t (7
ex Xdr=1+ | X dr+ X, e X.dndr+ ---. 2.2
pf X [ xear+ [1[ X0 X.dn (22)
We also give a variational formula for the chronological exponential [1]:
oxp [ (X, + Y,)dr = exp [ exp f ad X, dsY,droexp [ X,dr.  (2.3)
0 0 0 0

In (2.3) the operator exponential Q, = &Bfo’ ad X, ds is an absolutely continuous family
of operators on the space of vector fields that satisfies the equation

(d/dr)0.Z = Q,°(ad X,)Z

for any vector field Z. The flow % N e‘iﬁfg ad X, dsY, dr (see (2.3)) was called a
perturbation flow in [1].
We consider a controllable system on M of the form
X = X(x,u), ue U. (2.4)
The right-hand side of (2.4) can be regarded as a family Z'= { X(x, u): u € U} of vector
fields depending on the parameter u € U. It will be assumed that the vector field X(x, u)
is complete for any u.

The orbit @ of system (2.4) at the point x € M is defined to be the set of points of the
form

O = {xo(e’l’(loetzx20 - oeX) 1, € R, X,-EQ”}.

X

Obviously, if x” € 0, then 0. = 0,.
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THECREM 2.1 (SUSSMANN [2]). For any point x € M the orbit O_ is a smooth submanifold
of M that is invariant for system (2.4).

The positive orbit @7 of system (2.4) at a point x € M is defined to be the set of points
of the form

@\* = {xo(ench oeuXA): [iER’zi>09 Xl_egg"}.

Obviously, 07 C 0..
Denote by Z[%Z] the smallest Lie algebra of vector fields such that Z[2]| 2 Z. The
rank of the controllable system (2.4) at a point x € M is defined to be

dimspan{xe X: X € £[Z]}.

THEOREM 2.2 [2]. The value of any vector field X € L[] at a point x" & O is a tangent

vector to O_. In particular, the rank of system (2.4) at a point x’ € O, does not exceed
dim O,

The following condition is assumed in what follows (it is true, in particular, for all real
analytic systems): the rank of (2.4) at any point x" € @, coincides with the dimension
dim .. What is more, for our purposes it suffices to consider the restriction of system (2.4)
to the orbit @, which enables us to assume without loss of generality that the orbit @, of
(2.4) coincides with the manifold M, and that the rank of (2.4) is equal to dim M at each
point. In this case we have

THEOREM 2.3 (KRENER [2]). If the rank of system (2.4) at each point x € M is equal to
dim M and O_= M, then the set of interior points of the positive crbit O is dense in O .

THEOREM 2.4 (SUSSMANN AND JURDJEVIC [2]). If the rank of system (2.4) at a point x is
equal to dim M, then for any T > O the set of attainability A _ . of (2.4) from the point x in
a time < T has nonempty interior, and int A _p  is densein A _ .

Along with the Lie algebra #[%'] we consider the smallest Lie subalgebra #°[Z ] of it
containing all the fields of the form X' — X% (X', X*e€ %) and [YLY?) (Y, Y? €
L1Z)). We call dimspan{xe X: X € £°[Z]} the exact rank of the system. Obviously,
the exact rank of the system does not exceed its rank.

THEOREM 2.5 [2]. If the exact rank of system (2.4) at a point x is equal to dim M, then for
any T > 0 the set of attainability Ay , of (2.4) from x in the time T has nonempty interior,
and int A is dense in A .

§3. Reduction of the controllable system (1.1)

We consider a controllable system (1.1) and an admissible control u(z). The flow P,
generated by the differential equation

x=f(x) +glx)ulr) (3.1)

can be represented in the form of the chronological exponential

P, = EE[O’ (f(x) + g(x)u(r))dr.
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According to the variational formula (2.3),
eTp)ft (f+ gu(r))dr = %)f[ eloulrdsiadgg jr o gUsuridng (3.2)
0 0
or, with the notation v(7) = [Ju(s)ds,
oxp [((f+gu(r))dr=exp [ ersfdree s, (3.3)
0 0

The right-hand side of (3.3) is the composition of the flows generated by the respective
nonautonomous vector fields e*(732f and v(1)g.

Consider a neighborhood V of a point ¥ € M such that g|, # 0. We define on V an
equivalence relation that puts in a single class all the points lying on a single trajectory of
the vector field g|,, and we denote by V¢ the quotient set by this equivalence relation.
We can regard V'8 as a set of segments of trajectories of the vector field g. Obviously, V4
can be parametrized by the points of the set NNV, where M D N is an (n — 1)-
dimensional submanifold of M transversal to the trajectories of the field g in the
neighborhood of X.

Suppose that g # 0 on the whole manifold M and, moreover, satisfies the “nonrecur-
rence” conditions: for each point x € M there exist a neighborhood V. 2 x and an
{(n — 1)-dimensional manifold N, € M (x € N,) transversal to g such that any trajectory
of g intersects the set V. N N, in a unique point. In particular, the “nonrecurrence”
condition holds when M = R” and g is a constant vector field. Under these conditions
the equivalence relation can be defined globally on the manifold M. The corresponding
quotient manifold (the manifold of trajectories of g) is denoted by M.

We consider the family of vector fields F, = e"2d8f (v € R), and prove that it is well
defined on M3, ie., under the action of the diffeomorphism (e’8), a vector field in the
family F, passes into a vector field in the same family. Indeed, under the action of (e’g )«
the field F, = e"24%f passes [1] into the field e'2d8F = e?8d8pvadsf = prtvadgf
i.e., the group of diffeomorphisms (e’8), carries the family F, into itself. We prove

t+v7

PROPOSITION 1. Let M# be the quotient manifold described above, = the canonical
projection of M onto M¥, and Dr. ;, (D _r ;) the set of attainability in the time T (< T) from
a point y for the controllable system

y=yeF,=ye(e™f) (3.4)
on the manifold M8, where essentially bounded measurable scalar functions v(t) are taken as
the controls. The set of attainability Ay ; (A _75) of (1.1) in the time T (< T) from a point
X is contained in the inverse image 7w (Dy. w(3)) (m YD, T.n(3)))> and if the exact rank (the
rank) of system (1.1) .at X is equal to dim M, then the interior of AT 2 (A <7.%) IS dense in

T (DT w(x)) (7~ (D<T77(x)))

REMARK. In other words, Proposition 1 means that the sets A, ; (4 _7;) and int A ;
(int A _ ;) are contained and everywhere dense in the “cylinder”; that is “swept out” in
the motion of the set Dy 5 (D1 ,(z)) along trajectories of g.

PROOF OF PROPOSITION 1. Let @(¢) be a fixed admissible control of (1.1), and T a fixed
time. Setting 0(z) = [{ &i(7) dr, we get by (3.3) that

%’fj (f+ gi(r)) dr = &B/ Fy dt o e*Ms, (3.5)
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Obviously, the point X o (exp T Fynydtoe®D#) is contained in 7 (D ;). since
%oexpf F,(ydt € Dy, and this proves the inclusion Ay ; € 77 ( Dy 5.
To prove the second part of Proposition 1 we use the auxiliary

LeMMA 2 [1]. The point

po B [ Fgde) =5 e( o [ eiar]

depends continuously on v(-) in the metric of L|[0, T].

Suppose that % € w'l(DT’W(i)) and 0(-) is a corresponding control carrying system
(3.4) from the point 7(%) to m(X) in time 7. We consider on M the differential equation
% = xo(e?M8f) and the trajectory X(¢) of it satisfying %(0) = %. Let £(T) = 2. Since
5(-) carries system (3.4) from #(X) to w(%) in time 7, the points % and ? lie on a single
trajectory of g in view of (3.5), i.e., ¥ = £ o ¢*%. Choose an absolutely continuous function
v®(-) in the §-neighborhood of v(-) in the L,[0, T']-metric and satisfying the conditions
v3(0) = 0 and v®(T)=s. We let u®(r) = ©°(¢), and consider the Cauchy problem x =
f(x) + g(x)u’(r), x(0) = %. According to (3.3), a solution x°(z) of this Cauchy problem
is defined by

xé‘(,) =3 o(—"exp /l eL;“(T)adgde o o8

By choosmg § sufficiently small it is pos51ble by Lemma 2 to make the point
% o(expfl e’ s dr) arbitrarily close 1o 2 = % cexp/J e"V*&fds, and thereby to make
x%(Ty arbitrarily close to & = 3 o 7%,

Thus, it is proved that the set of attainability A ; is dense in 7 ~'(Dy ). According
to Theorem 2.5, int Ay ; is dense in A7 ;. Consequently, int A ¢ is dense in 7Dy pizy)-
Analogous arguments can be carried out for the set 4 _ ;. Proposition 1 is proved.

It follows from Proposition 1 that the investigation of the set of attainability of the
controllable system (1.1) of order n can be reduced to an investigation of a system (3.4) of
order n — 1 which, contrary to (1.1), is nonlinear (and often nondegenerate) in the
control.

Proposition 1 admits a natural generalization to the case of a system linear in the

vector-valued control u = (uy,. .., u,;) and of the form
/

x=f(x)+ X g(x)u, (3.6)

i=1
Suppose that the fields {g,(x), i=1,...,/} are linearly independent at each point
x € M and generate an involutory /- dimensional distribution G on M. By the Frobenius
theorem, there exist functions b, (x), i, j = .1, such that the vector fields g,(x) =
Z/=1 b;;(x)g;(x) form a basis for the dlstnbutlon G and have commutator [§;, §,] = 0 for
any i and J. Obviously, the determinant of the matrix B = ||;,(x)]|| is nonzero on M. Let
Bl(x) = C(x) = |l;;(x)|}; then
!

g(x)= Y ¢;(x)g,(x), i=1,...,1L (3.7)
Jj=1
Substituting (3.7) into (3.6) and introducing the new controls v, = ﬂ:lc,_/(x)u,, J
1, ..., 1, we get that (3.6) can be reduced to the system

/

X=f(x)+ Z gi(x)vi (3-8)

i=1
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with pairwise commuting fields §,(x), i = 1,..., [, which generate the same distribution &
on M.

According to the Frobenius theorem, M is stratified into the integral manifolds of the
distribution G. A literal repetition of the arguments given above with the integral curves of
g replaced by the integral manifolds of G enables us to define from G an equivalence
relation on M and an (n — [)-dimensional quotient manifold M by this equivalence
relation.

PROPOSITION 1. Let M€ be the indicated quotient manifold, w the canonical projection of
M onto M, and Dy ; (D ;) the set of attainability in the time T (< T) from a point
§ € MC for the controllable system

y=yoleHmadiy) (3.9)
on M€, where the essentially bounded scalar functions w/(t) are taken as controls. The set of
attainability Ay ; (A .7 ;) of system (3.6) (or (3.8)) in time T (< T) from a point X € M is
contained in the inverse image w'l(DT‘W(i)) (m Y(D_ T.a(x)))s and if the exact rank (the
rank) of (3.6) at X is equal to dim M, then the interior of A (A_ryz) is dense in
"T_I(Dr,ﬂ(x)) (7 (D, Tom ()

Thus, by Proposition 1/, the investigation of the system (3.6) of order n with /-dimen-
sional control reduces to the investigation of the system (3.9) of order n — /.

§4. Sufficient conditions for local controliability

Let us consider a controllable system (1.1) and a trajectory x(¢) of this system with the
initial condition %(0) = X generated by an admissible control #(7). We introduce a special
norm in the space of controls u(-); namely, we let

||“(') “[o,T] = sup
n,1,€[0,T]

j;tz u(r)dr|.

This kind of norm is used in investigating sliding regimes [3]; therefore, the metric
generated by it is called the sliding regime metric.

For what follows it is convenient to introduce the notation A% . for the set of
attainability of system (1.1) in time T from the point ¥ by means of a control u(-) with
Nu( o7 < e

DEFINITION. Let X(-) be the trajectory of (1.1) generated by the zero control, X¥(0) = x.
Then system (1.1) is weakly locally controilable from the point X in time T if X(T) €
int A%  forall e > 0.

ProprosiTION 3. Consider on M the two-parameter famzly of vector fields Z
etadlevadsf — f and let

O, (%) =con{x°Z :0<r<T,|v|<e}, (4.1)

Er (%) = con{® (%) U{xog X(-g)}} (42)

(here con B denotes the convex cone generated by a set B; O (X) and Z (X) are thus
convex cones lying in the tangent plane T, M ).

Suppose that % (t) is the trajectory of system (1.1) generated by the zero control, %(0) = X,

and y(s) (s = 0) is a curve on M with y(0) = %. If y'(0) € int =, (%) for all € > 0, then
for any € > 0 the point y(s) e’/ lies in int A7 for all sufficiently small s > 0.

N
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PrOOF OF PROPOSITION 3. For an arbitrary control u(-) we represent the trajectory of
(1.1) generated by it in the form of the chronological exponential exp[; ( f + gu(r))dr.
According to (3.5),

Eﬁa’fOT (f+ gu(r))dr = Qp’forevmadgfdw (M8, (4.3)

where v(2) = [ju(r)dr. We represent the vector field ¢*(?*#f in the form

ev(t)adgfzf+<ev(t)adgf_f)'

By the variational formula (2.3),

a;freu(t)adgfdt — %’fT etad/(ev(t)adgf_f) dt o elr
0 0

= a)’for (e'2dferadsf — £) droe™, (4.4)
Combination of (4.3) and (4.4) gives us that
o [ (f+ gu(r))dr = oxp [ (et 25— f) droeTo e,
or [1]

—

efo (f+ gu( ) T = €Xp j(;T tadfeu(t)adgf f)dtoe”(T)‘-’ o™

= P [ Zy gyt o e 50 T, (4.5)
0
We prove that
con(@7,(%) U{xe(£e"*g)}) = 27 (%) (4.6)

(cf. (4.2)). To do this we first show that (% o (+e’24/(ad f)g)) € O (X). Since (X o Z
€ 04 (%) for1 €[0,T]and |v| < ¢, and O (%) is a convex cone, it follows that

t+ l?)

d . -
3], (FoZi) € Or(0).
A direct computation yields
d - -
a0l (FeZi) = %e(xeVadg)f) = %o (Fe(ad [)g) € O7,(%).

We now prove that

(2o(xe*g)) € =, (%). (4.7)

Obviously, ‘
d - — =

L (o (o)) = xo(+e(ad [)g) € Op (%) € Zy (%),

On the other hand, (ScO(ie’adfg)) = (Xo(+g)) € Er (X) for t = 0. Since Z, () is a

convex cone, we get (4.7) and, in particular, (% o(+e”*/g)) € Z; (&), which implies that

con(@,, (%) U{xo(+e™Vg))) c ().

To prove the reverse inclusion we show that (% o(+(g — ¢”1/g))) lies in © (). Indeed,

(5 o(2(g - ) = (30(FeS(ad 1)) € 0. ()
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Since g — e’®/g = 0 for = 0, we get that g — e'*/g € @, (%) for all 1 € [0, T]. The
equality (4.6) is proved.
We consider the set

— T . a
Ci.= {SCO(expfO Z,YU(,)dloe"(T)"T “g)},

where the v(-) are absolutely continuous functions with |v| < &. By (4.5), it suffices to
show that for small s > 0 the points of the curve y(s) with y'(0) € int =, (X) lie in C7 ;.
Let Y, ., = v(r)e’**/g. Then

Ci ;= {XO(exp fT Z,‘U(I)dtoey’f-w)}. (4.8)
0
Note that Z

roiy = Yoy = 0 for v(-) = 0. Using formula (2.2) for the exponentials on
the right-hand side of (4.8), we get that

— T v T
expfo Z, ydtoerin =1+ fo Zy i di+ Yoo 4 e (4.9)

where the dots stand for terms of higher than first order of smallness in Z and Y. Let
W(v(-)) = fOTZ,‘Um dt + Yr ., The range of the mapping W when v(-) is replaced by
the set of absolutely continuous functions with |v| < € is a convex subset of 7. M. The
interior of the cone spanned by it coincides with int =, (X) by the definition of = (%).
Therefore the points of any curve y(s) (s > 0) lying in int =, (%) for small s > 0 also lie
in the interior of the range of W for |s] < § if § is small.

Arguments analogous to those used in proving the maximum principle (see, for
example, [3], Theorem VIL.1) imply the existence of a §’, 0 < §” < §, such that for |s| < §’
the points of the curve y(s) lie in C5 ;, and this proves Proposition 3.

The next result follows directly from the proof of Proposition 3.

ProposITION 4. If
0 €intZ; (%)
= intcon({xo(e™feradsf — f):0<t< T, |v] <e) U{Zo(2g)}), (4.10)
then system (1.1) is weakly locally controllable from the point X in time T.

§5. Algebraic conditions for weak local controllability

Everywhere in this section we consider a controllable system (1.1) with the extra
condition X o f = 0. Denote by ® the Jacobi matrix ® = % ¢(3//dx). Then % o(e’2/X)
= % o(e'®X) for any vector field X on M. In this case condition (4.10) for system (1.1)
takes the form

0 €intZ, (%)
= intcon({e’q’()"cO(e“‘dgf)): 0<t<T, o]l <e} U{)"CO(ig)})- (5.1)

Since the matrix e’® determines a linear transformation of the tangent space T, M, it
follows from (4.6) that

= (%) = {e®(con({ %o (™8 ): [v] < e} U{Xo(2g)})):0<r<T}.
Let us investigate the set con({Xe(e"?d¢f): |v| < e} U {Xo(+g)}). To do this we
consider the smallest even j > 0 such that

()?O((adg)”f)) & span({XO((adg)if): 1< <j} U{)"cog}). (5.2)
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If condition (5.2) does not hold for any even j, then we set j = + oo. Let

X Span({XO((adg)lf):1<i<j}U{fcog}> if j < +o0,

o span({io((adg)'f>:1<i< +oo}u{5cog}) if j= +oo.

PROPOSITION 5. The linear space £, and the vector % o((ad g)’f) (if j < +o0) are
contained in the cone

F = con({Fe(e™5f): |v] < e} U{fe(+g)}) C T M.

The proof is by contradiction. If this assertion is false, then, since .%, is convex, there
exist a vector ¢ € .%, and a covector y € TXM (¢ # 0) such that with the notation

() = (¢, (X o(e"*Ef))) we have
(¥ (2e(@ag)7))) > 0) v (4.9} > 0))

A(Vo: [v] < e, 9(v) <0) A((Y,Fog) =0). (5.3)
Obviously, ¢(0) = 0. It follows from (5.3) that the first nonzero derivative ¢*(0) must be
even, and ¢'“)(0) < 0. We prove that k > j. Indeed, if k < is even and ¢'(0) =
(Y, (X°((ad g)'f))) = 0 for all / < k, then by the definition of j

(io((adg)kf)) IS span({fco((adg)/f): [ < k} u{fc'og}),

and, consequently, ¢'*(0) = (¥, (¥ °((ad g)*/))) = 0. Thus, k > j, and hence ¢/(0) =
(¢, (X o((ad g)’f))) < 0, which contradicts (5.3). Proposition 5 is proved.
A consequence of Propositions 4 and 5 is

PROPOSITION 6. Let X be the cone generated by the space ¥, and the vector
(%o((ad g)’f)) (ifj < +0). If ® = %°3f/0x and con{e’®¥# 0 <t < T} ="T.M, then
system (1.1) is weakly locally controllable from % in time T.

PrOOEF. By Proposition 5, %, 2 2, and hence
0e€intTyM = intcon{e®#:0<1< T}
Cintcon{e®Z:0<t< T} =intE, (%),

i.e., condition (4.10) of Proposition 4 holds. Proposition 6 is proved.

We deduce from Proposition 6 that system (1.1) is weakly locally controllable from the
point X in some sufficiently large time 7.

Let &, be the subspace of T, M defined above, and let £ be the smallest ®-invariant
subspace of T, M containing .,?5(. In this case @ is well defined on the quotient space

T.M/LL 1f L0 coincides with T; M, then by Proposition 6 the system is weakly locally
controllable from % in any time 7 > 0. In the opposite case we have

PROPOSITION 7. If the vector (% o ((ad g)’f)) does not belong to any nontrivial ®-invariant
subspace of T.M /%L and all the eigenvalues of ® on T, M /¥ are nonreal, then system
(1.1) is weakly locally controllable from % in a sufficiently large time T > 0.

PROOF. We consider an arbitrary covector ¢ € (T, M/Z2)*, ¢ + 0. If

(. (% (e ((adg) 7)) =0,
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then this means that the ®-invariant subspace span{ % °(e‘®((ad g)’f)), ¢ € R} contains
the vector (% o((ad g)’f)) and is orthogonal to ¢, i.e., does not coincide with Ty M /%,
which contradicts the condition.

Suppose that (1) = (¢, (X °(e'®((ad g)’f)))) # 0. We prove that w(¢) changes sign
on some interval {0, 7). Indeed, let R(A) be the characteristic polynomial of ® on
T, M/L, R(®)=0, and consider the differential operator R(d/dr). Obviously,
R(d/dt)w = 0, i.e,, w(t) is a nonzero solution of a linear homogeneous equation with
constant coefficients. Since all the eigenvalues of @ are nonreal, w(7) has the form

)‘ (5.4)

On the right-hand side of (5.4) we single out all the monomials corresponding to the
largest of the «,, and then we single out those of them for which the power r, of ¢ is
maximal. Obviously, for large ¢ the sign of w(¢) is determined by the sum of these
monomials, i.e., by an expression of the form

n

N
w(t)= X e (P, (t)cosB,r+ Q,(r)sinft) = % asea,\.,tn(
s=1

k=1

cos 3.t
sin B¢

m

e*t"| Y. (a,cosft + b,sinB,t)), B, # 0.
-1

As is known, any nonzero trigonometric polynomial of the form
m

P(t)= ) (a,cosB,t + b,sinB,t)

(=1
is a function of variable sign on any interval of the form (Z, + oc), which proves that w(z)
is of variable sign.

Since the choice of { was arbitrary, what has been proved implies that the cone
Hr = con{e'®(Xo((adg)’f)): 0 <t < T} is a complement of £ for all sufficiently
large T, ie., #p+ %0 =T.M, and hence, by the inclusion #, +.% C con{e’®¥":
0 <t < T}, we find ourselves under the conditions of Proposition 6, i.e., system (1.1) is
weakly locally controllable from % in a sufficiently large time 7. Proposition 7 is proved.

We now investigate weak local controllability of system (1.1) in an arbitrarily small time
T > 0. Obviously, if there is a number m such that span{ ®*%.: 0 < k < m} = T, M, then
for any arbitrarily small T > 0 the conditions of Proposition 6 hold for the system (1.1);
hence we have

PROPOSITION 8. Let j be the index defined in Proposition S. If there exists a number m
such that

span({%°((adf)*(adg)'f): 0 < k< m.1<i </} U{fog})=T:M, (5.5)
then system (1.1) is weakly locally controllable from X in any (arbitrarily small) time T > 0.

ReMARK. The following condition for local controllability of system (1.1) in an
arbitrarily small time T > 0 was presented in [4].

THEOREM [4]. Suppose that S*(f, g) is the linear hull of the values at a point % of all
possible commutators of the vector fields f and g, with g appearing at most k times. If
Xof=0and

1) SX(f, g) coincides with T, M for some k,

2) S;1(f. 8)=S.(f.8) for any odd i,
then system (1.1) is locally controllable from % in an arbitrarily small time T > 0.
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A comparison of condition (5.5) in Proposition § with conditions 1) and 2) in the
theorem shows that these two assertions do not reduce to each other.

§6. Time-optimality in the problem of controlling the angular momentum
of a rotating rigid body

The free rotation of a rigid body is described by the Euler equation (see [5]):
K = K X BK, where K € R? is the angular momentum vector in a coordinate system
connected with the body, B is the symmetric 3 X 3 matrix inverse to the inertia tensor of
the body A, and the sign “X” denotes the vector product in R*. Denote by I, < I, < I,
the principal central moments of inertia of the body (the body is dynamically asymmetric),
and by J;, > J, > J; the quantities inverse to them (J;, J,, and J; are the eigenvalues of
the matrix B).

If a controlling moment is applied to the body along an axis L passing through the
center of mass, then the controlled motion of the angular momentum vector K is
described by

K =KX BK + Lu, (6.1)
where L is the unit vector on the axis L.

We assume that the axis L is in general position: L does not coincide with any of the
principal axes of inertia of the body and does not lie in one of the planes of the

separatrices II, and IT, given in the principal axes by the equations |J, — J, K,
+ =L Ky=0.

It follows from results in [6] that the exact rank (and thus also the rank) of system (6.1)
is equal to 3 when L is in general position. The same is obviously true for the
time-reversed system (6.1), denoted by (6.1 — ). Hence, the conditions of Theorems 2.4
and 2.5 (see §2) and Proposition 1 in §3 are satisfied for systems (6.1) and (6.1 — ).

For a controllable system (6.1) we consider the time-optimal problem

T — min (6.2)
with boundary conditions '
K(0)=K, K(T)=K. (6.3)
To investigate problem (6.1)—(6.3) we apply the reduction described in §3 to system (6.1),
setting f = K X BK and g = L. As a result we get the planar system
K =K o(e”adgf) = Ko(e”gofo e‘“g)’
which, since g = L is a constant field, is equivalent to the system K = K o(e?%f) or
K= (K+vL)XB(K+vL). (6.4)
We remark that in the case of a constant field g = L the quotient manifold (R>)¢ can be
identified with the plane P passing through the origin O and perpendicular to the axis L.
Under this identification system (6.4) on (R?)# is carried into the system
K= (K+vL)xB(K+vL)—-{((K+vL)XB(K+vL), L)L
=(K+vL)XB(K+vL)— (KX B(K+vL), L)L, (6.5)
whose right-hand side is the projection of the right-hand side of (6.4) on P. Any trajectory

of system (6.5) generated by an absolutely continuous control v(#) is the projection on P
of some (nonunique!) trajectory of (6.4).
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We introduce the Cartesian coordinate system Oy, y, on P by directing the Oy, axis
along the vector L X BL and the axis Oy, along the vector L X (L X BL). In this
coordinate system (6.5) takes the form

J1 = byys +(=byy +(by — byy) ;v + 0%,
= =bi3 i +((b22 - b11))’1 + b23y2)v, (6-6)

where the b, ; are the components of the tensor B in the basis L, L X BL, L X (L X BL).
Obviously, b, = b;;, and a direct computation gives us also that b,; < O and b,, — by; # C.

For the controllable system (6.6) let us consider the time-optimal problem with the
conditions

y(0) =3, HT)=3, T-min (y= (3. n) (6.7)
We establish a connection between the optimal trajectories of problems (6.1)-(6.3) and
those of problem (6.6)—(6.7).

DEFINITION. A control #(¢) and the trajectory K(¢) generated by it for system (6.1) are
said to be strongly locally optimal if for any points K' = K(¢,) and K? = K(t,) there
exists a 8-neighborhood of #(¢) in the sliding regime metric (8 is the same for all the pairs
of points K, K? of the trajectory K(¢)) such that T > ¢, — ¢, for any control u(-) in this
8-neighborhood that carries system (6.1) from K! to K* in the time 7.

DEeFINITION. A control 0(¢) and the trajectory y(¢) generated by it for system (6.6) are
said to be locally optimal if there exists a §-neighborhood of o(¢) in the L [0, T }-metric
such that 7 > ¢, — ¢, for any points y! = j(¢;) and y* = j(t,) of the trajectory y(¢) and
any control o(-) in this §-neighborhood that carries system (6.6) from y* to y? in the time
T.

Let 0(¢) and y(r) be locally optimal for system (6.6), with v(-) absolutely continuous,
and let #(r) and K(¢) be a control and the corresponding trajectory of (6.1) that pass
under the reduction of (6.1) to (6.6) into #(¢) and ¥(¢), respectively. By the definition of
the reduction (see §3), the d-neighborhood of u(-) in the sliding regime metric is mapped
under the reduction inside the é-neighborhood of o(-) in the L _ [0, T ]-metric. This implies
immediately that the local optimality of v(z) and y(z) for system (6.6) yields the strong
local optimality of the corresponding pair #(z), K(t) for (6.1).

It turns out that the time-optimal problem (6.1)-(6.3) under consideration has many
strongly locally optimal trajectories, but does not have any globally optimal ones. Namely,
we have the following assertion.

PROPOSITION 9. For any point K € R® there exists a one-parameter family of strongly
locally time-optimal trajectories K*(t) of system (6.1) emanating from K and generated by
the corresponding controls u®(t).

ProOF. For the reduced controllable system (6.6) we form the Hamiltonian
H = y,(bi3y; + (=byy +(by — by3)yy)v + 07)
+‘1’2(‘b13)’1)’2 +((byy = b))y + b23)’2)0)> (6.8)
and write out the conjugate system
Yy = —3H /3y, = byyoyy + (b33, —(by — byy) o)y,
Yy = -H /3y, = ~(2by3y, +(by; — by3)v) Yy + b3y — byv) s (6.9)
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Obviously, if i, < 0, then the Hamiltonian H, which is quadratic in v, attains for

L v
0T 75(“b23y1 +(byy = bs3)y,) = 2—4/21(([722 — b))y + b)) (6.10)

a maximum equal to

Hoo = b13(¢1)’22 - ‘Pz)’l)’z) — B*/4¢,
where, for brevity, B denotes the coefficient of v in (6.8). Obviously, the strengthened
Legendre condition 92H /dv? = ¢, < 0 holds for ¢; < 0, and H_,, > 0 under the addi-
tional condition sgny, = sgn y, y, (with the inequality b;; < 0 taken into account), i.e.,
the corresponding transversality condition holds in problem (6.6)—(6.7).

Substituting (6.10) into (6.6) and (6.9), we get a system of fourth-order differential
equations. Specifying the initial conditions y,(0) = #;, »,(0) = §,, ¥,(0) = -1, Y,(0) = a
(a is a parameter, and sgna = sgn y, y,), we get the family of trajectories y“(-), ¢*(-) of
this system, and from (6.10) the corresponding family of controls v*(-). The maximum
principle in combination with the strengthened Legendre condition and the transversality
condition ensures the local time-optimality of some part of any of the trajectories y*(-).

By the foregoing, any pair u°(-), K*(-) passing under reduction into the pair »°(-),
y2(+) is strongly locally time-optimal for system (6.1). Proposition 9 is proved.

ProrosITION 10. In problem (6.1)—(6.3) there exists a minimizing sequence of controls
{u,(-)} carrying system (6.1) from K to K in time T,, where lim T,= 0. In other

n—oC R

words, system (6.1) can be carried from K to K in an arbitrarily small time T > 0.

REMARK. Generally speaking, an assertion stronger than Propositions 9 and 10 is valid.
It can be shown that for any fixed compact set C C R* (for example, a compact ball)
containing K and K and for the set of trajectories y of (6.1) going from K to K in a time
T, while remaining in C we have that inf T, = T z x> 0. If C, is a collection of
compact balls such that C, € C, € --- and U,C; = R?, then lim,, _, Te xx=0.

PrOOF OF ProposiTION 10. We first formulate and prove an auxiliary lemma.

LeMMA 11. The statement of Proposition 10 is true for the reduced system (6.6).
ProofF OF LEmMA 11. In polar coordinates (#,¢) (y, =r cosg, y, = rsing) system
(6.6) takes the form
F=r-F(cose,sing)v + cospv?, (6.11)
@ = —by,rsing —(1/r)singv* + G{cos g, sing)v, (6.12)
where F and G are homogeneous polynomials of degree 2, and G(+1,0) = b,, — b;; # 0.
We prove that (6.6) has trajectories y beginning and ending on the positive semi-axis

Oy, and encircling the origin O. We remark that the first and second terms on the
right-hand side of (6.12) have (since b, < 0) different signs. Setting

0, sing > &,
b.(r. ) = 0.(9) = { £K, sing < -, (6.13)
(b — b11), [sing| <&,
we get that for all p, > 0 there exist a sufficiently large k& and a sufficiently small ¢ > 0
such that for |r| = p, we have (by (6.12) and (6.13))
¢ =a>0, (6.14)
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i.e., @ is monotonically increasing along any trajectory y of system (6.11), (6.12) generated
by the control (6.13) and contained in the region r > p,.

We prove the existence of such a trajectory. Since p, > 0 is arbitrary, it suffices to prove
the existence of a trajectory of system (6.11) generated by the control (6.13) and not
passing through O. It follows from (6.6), (6.12), and (6.13) that any trajectory (6.6) passing
through O at the time 7 is tangent to the axis Oy,, and lim,_,;_p(¢) = 7 — 0.

Let us fix p, and take the initial point ¥ on the axis Oy, with polar coordinates
r=p,¢=0(p; > py). Since 0,(¢p) is a bounded function, the right-hand side of (6.11)
admits the estimate

|Fl < pr+v. (6.15)

It follows [7] from the differential inequality (6.15) that as ¢ varies along the trajectory
from @(0) = 0 to @(¢,) = arcsin ¢ we have that r(z) > p,e ** — vz, or, by (6.14),

r(t) = pye "¥Sine/e — yarcsine/a.

As ¢ varies along the trajectory from arcsin ¢ to = — arcsin ¢ the control §,(¢) is equal to
0 in view of (6.13), and (6.11) implies that r(¢z) = const. As ¢ varies along the trajectory
from 7 — arcsin ¢ to 7 we get from (6.14) and (6.15) that

r(t) = r(t)e *aine/a — yarcsine/a,
or

#(t) > py - e 2aesine/a — Jyarcsine/a.

Obviously, by choosing & sufficiently small we can get that r(¢) > p,, which is what was
required.

Thus, the trajectory y of system (6.6) generated by the control (6.13) and beginning on
the positive semi-axis Oy, does not pass through the origin and, in view of the monotone
variation of ¢ along v, returns to the positive semi-axis Oy, in a finite amount of time ¢,,.
Similarly, it is possible to construct a trajectory I' of (6.6) that completes two circuits
about O in a finite amount of time T (see the figure) and is generated by the control

o(-).
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We remark that system (6.6) (as well as (6.1)) has an obvious self-similarity—it is
invariant with respect to the change of variables y, = ay,, y, = ay,, v = av, t > a™lt
(a > 0). Consequently, the curve I'* = oI also is an admissible trajectory of system (6.6)
generated by the control 9*(¢) = ad(¢), and its circuit time is Tr« = a ' T}..

We prove that if § and § are arbitrary points of the plane P and & > 0, then § can be
reached from j by means of (6.6) with the help of some control w(-) in a time T < e.

Choose a > 0 such that 1) the points  and j are covered by the trajectory I'*, and 2)
a 'Tp < &/3. Tt follows from the form of the right-hand side of (6.6) that by choosing v
large in absolute value we can ensure an arbitrarily rapid motion of system (6.6) in the
positive direction of the axis Oy, along a trajectory close to the horizontal. Similarly, for
the reversed-time system (6.6) a control v large in absolute value ensures an arbitrarily
rapid displacement in the negative direction of the Oy,-axis. Consequently, there exists a
control v'(¢) carrying system (6.6) from j to a point y' on the trajectory I'® in a time
n<¢e/ 3 as well as a control v?(z) carrying the reversed-time system (6.6) from § to a
point y* € I'* in a time 7, < &£/3. The latter means that system (6.6) goes from y? to ¥
W1th the help of the control v?(¢) in the same time 7, < e/3. Passage of (6.6) from y! to
y? by means of the control §%(¢) = ad(a"'t) along the trajectory I'® takes place in the
time 7, < T« < £/3 (see the figure).

The desired control w(-) is determined by

M), O0<r<y,
w(t)={0%(r), 7 <t<

+ 1,
(1), Mt T <t<T A+t

T

Obviously, w(r) carries the system (6.6) from 7 to $ in time 7, + 7, + 7, <'e. Lemma 11
1s proved.

Let us consider again the time-optimal problem (6.1)-(6.3). We project the points K
and K onto the plane P into the respective points 7 = #(K) and § = «(K), and
consider the §-neighborhood U;(7) of ). By Lemma 11, for any ¢ > 0 and any y € U;(D)
there exists a control w(¢) carrying system (6.6) from j to y ina time <e&/2.Let D, ) ;
be the set of attainability of system (6.6) from j in a time < &/2; then Uy(J) C D,y
By Proposition 1, the interior of the set of attainability 4 _, , ¢ of system (6.1) from K in
a time < e/2is dense in 7~ (Us(§)) € 7 (D, ;). L., in the cylinder C; with base
U;(7) C P and generator parallel to L. Obviously,

Rea(p)CintG, [%edosintAgg/z,f(-

As mentioned above, Theorem 2.5 in §2 is applicable to system (6.1 — ) (system (6.1)
with reversed time). In partlcular the set of attainability 4 __ , ¢ of this system in a time
< ¢/2 from the point K has a nonempty interior that is dense in A _ <e2. i 1t follows
from the inclusions

Ke A_nks KeintC;, Ke closintA_, » g 2 Gy
thatint A_, » x N Cy # &, and, consequently,

MtA_, ,gNintAd_ _,z# &.
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If K'e intAd_, ,zN 1ntA<5/2 #» then (6.1) can be brought from K to K! in a time
< &/2 and from K' to K in a time < &/2, hence from K to K in a time < e
Proposition 10 is proved.
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