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Singular extremals of optimal control problems with L' cost
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Abstract
We study the optimal control problem for a control-affine system, where we want to minimize the L' norm of
the control. First, we show how Pontryagin Maximum Principle (PMP) applies to this problem and we divide the
extremal trajectories into two categories: regular and singular extremals. Then, we obtain a strong generalized
Legendre-Clebsch condition for singular extremals and we show that this condition together with the absence of
conjugate points is sufficient to ensure local strong optimality. We provide also some geometric examples where
we apply our results. Finally, we prove that generalized Legendre-Clebsch condition is necessary for optimality.
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1 Introduction

In this paper, we study with the following optimal control problem. Let M be a smooth manifold of dimension
dimM = n and take fy, f1,..., fm : M — T M, smooth vector fields. Define also U to be the radius one closed
Euclidean ball, that is U = {u € R™ | Ju| < 1}. We take as set of admissible controls

U=L>(0,T),U) ={u:[0,T] = U | u measurable}.

Problem 1 (Optimal control problem (OCP)). Consider the control-affine system:

q=folq) + > ui(t)f;(a), (1.1)
j=1
where ¢ € M and w = (uy,...,uy,) € U is the control acting on the system. Given any two points on the manifold

qo,qr € M, we want to find & € U such that the corresponding solution q to (1.1) satisfies
q(0) =qo, a(T) = qr,
and the L' norm of @ is minimal:

T
J(u) = /O fu(t)]dt = min.

We will denote by ¢, (t; go) the solution of with control u and initial point g evaluated at time t € [0, T.

This optimal control problem is relevant for many applications. Indeed, the L' norm is a natural choice for every
model in which the optimal trajectories are expected to have some inactivated arcs, that is arcs along which the
control is identically switched off. For instance, this is the case when you want to minimize the fuel consumption
of a vehicle, see [14],|23] and references therein, which has important applications in aerospace engineering.

Another circumstance where the minimization of the L! arises is the motion of biological systems. In [11],[18],
the movements in animals and human beings were studied and the authors found out that such trajectories have
inactivated arcs. They found that these kind of movements minimize the “absolute work”, which can be modelled
using the L' norm of the control.

The aim of the present paper is to provide effective general tools to study this kind of problems. As a first step
we apply the Pontryagin Maximum Principle (PMP) to describe the extremals of this problems. As we are going to
show in Section [2| according to PMP, any optimal solution of Problem [I}is the concatenation of one of the following
three types of controlled arcs:

e arcs with controls taking values values at the boundary of U, i.e. |u| = 1;
e inactivated controls, u = 0;
e singular controls, taking values in the interior of U, that is |u| < 1.

We will call the first two kind of controls regular, in opposition to the singular ones. For such extremal trajectories
many efficient necessary or sufficient optimality conditions have been developed over the years|8| [22} 9] (19} [20].



Figure 1: Graphical representation of Local Strong Optimality

In this paper, we focus entirely on controls which are purely singular. We prove a generalized Legendre-Clebsch
conditions. For the L'-problem the Legendre form has a non-trivial time-dependent kernel, making it somewhere in-
between the usual regular trajectories, when the Legendre form is non-degenerate, and classical singular trajectories,
when the Legendre form vanishes completely. We determine the second variation that allows us to prove the Legendre
condition for this type of extremals and reformulate it in a ready-to-use form.

To formulate this result in a clean way, let us introduce the hamiltonian functions

hi(A) = (N fi), AeT*M,i=0,1,...,m, (1.2)

where f; are the vector fields appearing in Equation . The angled bracket (-,-) stand for the duality pairing
between tangent and cotangent spaces. Moreover, we denote by {-,-} the Poisson bracket between functions
fyg € C(T*M) (see Sections 4.1 and 4.2 in [17] for an introduction to the subject).

Now we can state one of the main results of the paper.

Theorem 1.1 (Necessary optimality condition). Let u € U be a singular control which is also an optimal solution
of Problem . Let A\(-) be its corresponding extremal solving the Hamiltonian system of the PMP. Define
he =" h?. Then

{he, {ho,hc}}(/\(t)) >0, fortel0,T]. (GLC)

In the literature, the conditions like the one in (GLC|) are usually called generalized Legendre-Clebsch condi-
tions, or sometimes simply generalized Legendre conditions. The strengthening of this condition gives local strong
optimality of short singular arcs.

Definition 1.2 (Local strong optimality). We say that an admissible trajectory ¢,(-) and its corresponding control
u are locally strongly optimal if there exist a neighbourhood O of ¢,(-) such that for any other admissible control
v € U satisfying

qv(') co, QU(O) = Qu(0)7 qv(T) = qu(T)a

we have
J(u) < J(v). (1.3)
We say that ¢, () is locally strongly strictly optimal if the inequality in (|1.3) is strict.
Notice that this definition can be equivalently restated saying that ¢, (-) is locally strongly optimal if it is a local

minimizer among other admissible trajectories, where the topology on the set of the admissible trajectories is the
one induced by the uniform topology of C°([0,T]; M).



Theorem 1.3 (Sufficient conditions, small time). Let u € U be a singular control for Problem . Denote by q(-)
and A(+) its corresponding singular trajectory and extremal respectively. If

{he, {ho,he}}(A()) >0, for t €[0,T], (SGLC)
then for every t € [0,T] there is some T > 0 such that q[ 115 is strictly locally strongly optimal.

Conditions like are known in the literature as strong generalized Legendre conditions, where the word
“strong” emphasizes that the inequality here is strict, while in the equal sign is allowed. To prove this
theorem, we use the method of overmaximized (or super-) Hamiltonians (see [25] and references therein for other
use cases of this method).

In order to complete the local optimality study, we need to quantify the time 7 in Theorem [1.3] This is done
via the theory of conjugate points (see Definition . They are usually defined through solutions of the Jacobi
equation, which is a linear non-autonomous ODE associated to a given extremal. We give an explicit form of the
Jacobi equation for singular extremals in of Section dl To explain the connection between conjugate points
and optimality of a control function, we have to introduce the concept of corank of an extremal trajectory.

Definition 1.4 (Corank of an extremal). Let ¢(-) be an admissible trajectory for system (1.1)) on M satisfying all
necessary conditions prescribed by PMP (see Theorem [2.1). The corank of ¢(-) is the maximum number of linearly
independent curves () C T*M which are solution of (2.1) and ¢(-) = w(A(-)), where 7 is the canonical bundle
projection.

Theorem 1.5 (Necessary condition, conjugate points). Let A(-) be a singular extremal for Problem |1| satisfying
condition and let q(-) be its corresponding trajectory on M. Suppose that q(-) has corank r. Moreover,
assume that there are N isolated conjugate points counted with multiplicity along q(-), fort € (0,T). If N > r, then
q(+) is not solution of Problem|l]

It is worth to notice that, if the vector fields fy, f1,..., fin are analytic, then the conjugate points are always
isolated. On the other hand, in more singular cases for which condition is violated or the conjugate points
are not isolated, it is always possible to apply the theory of Maslov index to obtain similar results, see (3} [4].

After this, one can apply the following sufficient strong local optimality condition.

Theorem 1.6 (Sufficient condition, absence of conjugate points). Let uw € U be a singular control for Problem
. Let A(+) be its corresponding extremal and q(-) its corresponding trajectory. Assume furthermore that strong
generalized Legendre condition holds and that there are no conjugate points along the trajectory q(-), for
t €[0,T). Then q(-) is strictly locally strongly optimal.

It should be stressed that Theorem [I.6] can be implemented numerically and used for concrete problems as it
was done in [12] for regular extremals.

The structure of the paper is following. In Section [2| we describe the extremal trajectories of our problem. After
that we proceed in studying second order conditions. To simplify the exposition we invert the order of the proofs.
First, we prove sufficient small time optimality of Theorem in Section [3] After that we introduce the Jacobi
equation, prove Theorem [I.6]in Section [4 and provide examples in Section [§] The rest of the paper is dedicated to
the study of necessary conditions and derivation of the Jacobi equation. The reason for this, is that the proofs of
sufficient conditions are purely geometric, relying on methods of symplectic geometry and dynamical systems. In
contrast, the proofs of necessary conditions are more technical, analytic in nature, and requires a careful study of
the infinite-dimensional Hessian and the spaces of variations. Therefore, we postpone them to the second half of
the paper. This does not create any problem for the first part, since only the correct form of generalized Legendre
conditions and the Jacobi equation is needed for the proof of sufficient conditions. Finally, to make the main body



of text more readable, in the Appendices [A] and [B] we prove a number of propositions which are required for the
proofs of the three main theorems, but which constitute long technical calculations.
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2 Description of extremal trajectories

In this Section, we fix the notations used in this paper. We mainly follow the book [17]. Then, we describe extremal
trajectories of the Problem [1| using PMP and separate them into two categories: regular and singular extremals.

2.1 Definitions and notations

The cotangent bundle 7*M has a canonical symplectic form o, that allows us to define Hamiltonian vector fields
on T*M as follows. Given a function h € C°°(T*M), the corresponding Hamiltonian vector field h is defined by

dh = o(-,h).
We recall that we have the following identities, that are used extensively throughout the paper:
{a,b} = @(b) = (db,a) = o(@,b), a,be C®(T*M).
To shorten the formulas, we introduce two useful notations. First, we use
hij = {hi, hj}, hiji = {hi, {hj, hi}}
to indicate nested Poisson bracket. Second, we set fr(q) :== (f1,..., fm). so that system can be abbreviated to
q = folq) + (u, f1(q)).

We do the same for hy(\) := (hq,...,hn), and define |hr|(A) == \/h?(\) + - -- + h2,(\) to be its Euclidean norm.
Finally we will often consider differentiation along the flow of a Hamiltonian system

A=H().
We will often abbreviate a function h(X) just to h when there is no confusion, and abbreviate h(A(t)) to h(t), when
we consider the values of h along an integral curve A(t) of the Hamiltonian system above.

2.2 Description of extremal trajectories

To solve the Optimal Control Problem [1} a key tool is Pontryagin Maximum Principle (PMP). We recall here a
statement adapted to Problem [1] (see 7] for a more detailed discussion about PMP and some of its applications).

Theorem 2.1 (Pontryagin Maximum Principle). Let @ € U be a solution of the Optimal Control Problem |1| and
denote ¢ the corresponding solution of (1.1). Define the Hamiltonian function

H(w,A\u) =\ fo+ (u, fr)) +vlul, XeT*M,ucUveR.



Then there exists a non-trivial pair
(A1) #0,  A(t) € TgyM, v €R,

such that the following conditions hold:

At) = H\(®),a(t), for ae. tel0,T], (2.1)
H(v,A(t),u(t)) = glea(}(H(l/, A(t),w) for a.e. t€[0,T], (2.2)
v <0.

We call extremal trajectory any solution A\ of the Hamiltonian system ([2.1)).
By definition (1.2)) and notations of the previous subsection, the Hamiltonian function H € C*°(T*M) in PMP
can be written as:

H=ho+ (u,hy) —|ul, hr=(h,..., ).

We will study in detail only the normal case, that is, when we normalize v = —1. The abnormal case, corresponding
to v = 0, coincides with the time-optimal problem, which is already well studied (see [6} |5]).
Using spherical coordinate of U, that is by writing u = rv, r = |u|,v € S™~!, the Hamiltonian H takes the form

H=hg+ 7“(<U,h]> — 1),
and the corresponding Hamiltonian vector field becomes
H = ho+ (v, hy).

According to PMP, an optimal control u must maximize H for almost every time. This can only happen if v is

collinear with hy. Therefore,
O Tl
which yields
H=hy+ T(‘h[| —-1).

If |hy| > 1, the maximum is achieved when r = 1, while if |h;| < 1, the Hamiltonian is maximized for r = 0.
Therefore, if along an extremal A\(t) we have |h;(t)| # 1, at each moment of time the maximum in (2.2} is attained
at a unique point in U and the control u is completely determined by

hi(t) .
u(t) = 4 mrop lhr()] > 1,
0, if |hr(t)] < 1.
We will call these controls regular.

Now, we want to analyse the case |h;(t)| = 1, which gives no direct information on r since any r € [0, 1] realizes
the maximum in (2.2). We will call these controls singular. The Hamiltonian vector field reads

- - —
H = hg+rlhr], () €][0,1].
—

We define h. = %|hs|?. Notice that on the hypersurface |h;| = 1 we have he = %|h;|3 = |hs||hs] = |h1]. So, every
singular extremal A can be described as a solution of the Hamiltonian system

A= ho(\) + r(®)he(N), e L®(0,T];]0,1]).



Since we are on the surface |h;| = 1 we also have h.(t) = §|h;(t)|> = 4 for all ¢ € [0,T]. We can differentiate this

equality in ¢:
d

0=—

dt

This equation does not give us any information on r. However, it puts an additional constraint on A(¢) in order to
be a singular extremal. If we differentiate in ¢ the previous equality, we obtain:

(hc(t)) = {hO + Thca hC}(t) = hOc(t)'

d2

w (hc(t)) = {ho + Thc, hoc}(t) = hooc(t) + Thcoc(t> =0.

If heoe(A) # 0, we obtain the following equation for the control r:

r(\) = ~ hooc () = h’OOC(A).

thc hccO
Hence, the singular control is completely determined, that is
u(A) =r(A)hr(A) (2.3)
and the Hamiltonian system reads o .
A =ho(A) +r(N)he(N). (2.4)

Tt is easy to check that the flow of preserves the submanifold {\ € T*M | |h;(N)] = 1, hoc(A) = 0}.

In this work, we focus only the case he.(t) # 0. The case hee(t) = 0 can happen as well and can be
treated similarly although it is a bit more delicate. One can go on and differentiate the equalities hqo.(t) = 0 and
hooe(t) = 0. Then, there are two possibilities: either a non-trivial relation involving r is found after a finite number
of differentiations, or you obtain an infinite number of relations. In the first case, a similar analysis to the one that
we are going to show can be performed. In the second case, since T*M is finite dimensional, there is some k£ € N
such that all the relations that we obtain after k differentiations must be linearly dependent. Again, from this fact,
one can obtain some information on the optimality of the solutions.

3 The super-Hamiltonian function and sufficient conditions for strong
local optimality of short arcs

We now describe sufficient conditions for local strong optimality (see Definition for singular extremals of
Problem 1] In the previous section we assumed that heo.(t) # 0 to derive the equations for the singular extremals.
The goal of this section is to prove that heo. > 0 implies strong local optimality of short arcs (see Theorem and
explanations before). This condition can be derived as a necessary condition for optimality, and this will be done
in Section @] For now, we will consider it as an educated guess.

A general strategy for determining sufficient conditions is the so-called method of field of extremals (see, for
example, [7], Chapter 17). It is mostly used when the control determined by PMP is unique. More precisely, one
must have that

Vi, Au e U st. H(A(t),u) = rvneaéiH()\(t),v). (3.1)
This way, the maximized Hamiltonian function and the flow of the corresponding Hamiltonian vector fields are
well defined on the whole T M. This is not true any more for singular extremals, for which the maximum in
is attained for infinite many values of w € U. However, it is still possible to adapt the technique of the field of



extremals to the singular case. It was first carried out in [24], and then the technique was extended also to other
cases (see, for instance 15| 21} [16]).

Now, we recall a particular version of this principle, which is well suited to our case. Let a € O (M), Hg €
C>(RxT*M) be a time-dependent Hamiltonian, ®¢ the flow of H s onT*M. We define the following submanifolds:

Lo ={(g,dga) € T"M [q € M},
Ly = @7 (Lo),
L={tN]te[0,T], xe L} CT"M xR.
We recall the definitions of the Hamiltonian function from PMP and the relative maximized Hamiltonian

H(\u) = (A fola) + (u, f1(0))) — lul,  Hu(A) = max H(A, u).

Theorem 3.1 (Stefani, Zezza). Let u(t) be a singular control and let q(t) and A(t) be its corresponding solution of
(1.1) and (2.1). Suppose that Hg € C°(R x T*M) is a time-dependent Hamiltonian satisfying

1. Hg(t,£,) > Hy(£y), where £y = ®3(Ly), ®F the flow of Hg, by € Lo;
2. Hg(t,\t) = Hpr(Ne) for a.ce. t €10,T);

Hg(t,\r) = H(\g,u(t)) for a.e. t €[0,T);

e

there are open neighbourhoods V C T*M and O C M of the singular extremal \(-) and the trajectory q(-)
respectively such that the function id xmw: L - R x M

(id xm)(t, bo) = (¢, (L)),

is a smooth diffeomorphism from ([0,T] x V) N L onto [0,T] x O. Here w: T*M — M denotes the standard
bundle projection.

Then, q is strictly locally strongly optimal.

The proof of this statement is a straightforward adaptation of Theorem 17.1 in [7]. A more general form of this
result, which applies also when ®7 is not C*°, was proven in [25].

The geometric interpretation of this method is the following. The submanifold £, represents the a set of initial
conditions for extremals of PMP. If there would have been a unique maximizing control for the Hamiltonian, there
would have been no need for Hg. We could have used Hj,; to propagate Ly along its flow to obtain a field of
extremals. In essence, if the projection id x7 restricted to R x L is not one-to-one, then there would be several
extremal trajectories arriving to the same point. Therefore, we can not guarantee optimality. If the projection is
a local diffeomorphism, then one can prove local optimality using the integral of the Poincaré-Cartan form (see |7,
Chapter 17]).

In the singular case there is no nice smooth Hamiltonian in the neighbourhood of a singular trajectory that
would also describe the extremal trajectories in its small neighbourhood. Nevertheless, we saw in Section [2] that
one can define a smooth Hamiltonian if we restricted to the level set |h;| = 1. The idea is to extend it to the
Hamiltonian Hg, which under the conditions of Theorem allows one to prove minimality.

So what we claim is that the condition h.o.(t) > 0 is sufficient to construct such a Hamiltonian Hg. This will
give the proof of Theorem that comes next.



Proof of Theorem[I.3 The proof is separated into two parts. First, we find the Lagrangian manifold £y and a time-
independent Hamiltonian hg which satisfy points 2 and 4 of Theorem . After that, we show how to obtain
from hg a time-dependent Hamiltonian Hg that satisfies all four points. We fix a singular extremal trajectory A(t)
that satisfies the assumptions of the theorem. Since the statement is local in time, we can prove it at £ = 0. Then
the same argument applies for any ¢ € [0, T.

We begin with construction of the Lagrangian manifold £y. Define

Y={teT*"M| |hi(¢)] =1}
S={¢eT*M| ho.(f) =0}.
First, we find a € C*° (M) such that A(0) € Ly and £y C X. Notice that this is equivalent to the equation

m

dyoya =M0), Y |{dga, fi(g)> =1.

i=1

We can solve this equation locally using the method of the characteristics. We have to find a non-characteristic
hypersurface N C M and take a;y = 0. We can choose in particular any N such that T, N C ker Ao, so that N is
transversal to the distribution span{fi,... f,} at go since |(Xo, fr(qo))|?> = 1 (and by continuity is transversal also
in a neighborhood of ¢p), so our equation satisfy the non-characteristic assumption. This will ensure that point 4
of Theorem holds for sufficiently small time if ¥ is preserved by the super-Hamiltonian, since

1 *
d U = .
(0,X(0)) <0 d)\(o)ﬂ>

Now, we want to find an Hamiltonian function hg such that point 2 and 4 of Theorem holds. Our reference

control is
_ hooc(t)

u(t) hcoc(t) h[ (t),

and hg must satisfy along the trajectory A(t)

which is satisfied if, for instance, we set
hs(€) = ho(f) forleSNX.
In order to have g tangent to ¥ (which implies £; C ¥ for £ > 0) we can solve
(dghe,hs) =0, LeT*M (3.2)
hs(€) = ho(£), tesS.
We have from (3.2))
(dehs, he) = {hs, he} () = —(dehe, hs) = 0.

This implies that hg is constant along the flow lines of k. In addition, since hq(|hs|) = {he, |hs]|} = 0, the flow
he preserves X. Also, since h¢(hoc)(€) = heoc(£) > 0 for all £ € S sufficiently close to A(0), the flow of h, is locally

transversal to S. So, for £ € T*M close enough to S, we have that ¢ = ¢, = exp(tﬁc)(fo), for a unique couple
(Lo, t) € S x R, and the solution of Equation (3.2)) is

hs(€t) = ho(fo),



"M

Figure 2: Construction of hg.

as depicted in Figure [2] This choice satisfies point 2 of Theorem [3.1

Now we start constructing the Hamiltonian Hg and focus on point 3 and then on point 1. First, we show that
de(hs — ho) =0, (3.3)
for £ € SN 3. To prove the claim, we can consider the splitting
Ty(T*M) = T;S & Rhe(f), (€SNI

By definition of hg, we have that hg(¢) = ho({) for any ¢ € S, so, if v € TyS, then (d¢(hs — ho),v) = 0. Moreover,
we have

(de(hs — ho), he) = (dehs, he) — {deho, he) = {hs, he}(€) — {ho, he}(£) =0,

where the first Poisson bracket vanishes by the definition of hg and the second by definition of S.

Next notice that in all of the previous discussion we only used that {hg, h.} = 0. It means that we can freely add
to hg any function that Poisson commutes with h. and is zero on X. We define the final Hg as the time-dependent
Hamiltonian

Hs(t,0) = hs(0) + r@)(|h:(0)] = 1),
where r(t) = % and the hamiltonians are evaluated along the reference extremal A(t). From (3.3) we obtain
point 3, i.e. Hg(t, A(t)) = H(A(), u(t)).

It only remains to prove that Hg satisfies point 1. For ¢ € ¥, we have

Hs(t,0) = hs(l),
Hpy(€) = ho(£).

Since by construction £; is contained in X, it is enough to prove that the difference hg — ho is positive in a small
neighbourhood of A(0) € ¥ N S inside X.

10



We have (hg — ho)|zns = 0 by construction. Therefore, it is enough to study the local behaviour of hs — hg
along directions inside ¥ transversal to X NS. Previously we have seen that h, is transversal to X NS and preserves
Y. Hence, given [ € ¥ NS, it is enough to check that 7 = 0 is a local minimum of the function

hs(exp(The)(£)) — ho(exp(The)(£)).

Using the definition of hg and expanding into Taylor polynomial the second summand we find

- - 72 72
hs(exp(The)(€)) — ho(exp(The)(£)) = ho(€) — <h0(£) + Theo(€) + thco(é)) +o(r?) = 3hc0c(€) + o(7?).

Since hepe(Aog) > 0 for £ in a suitable compact neighbourhood of Ao contained in ¥, we have the desired inequality
of point 1 of the Theorem. O

4 Jacobi equation and sufficient conditions for optimality

In the last Section we proved that, under the strong generalized Legendre condition, short arcs of a singular extremal
are locally strongly optimal. Now, we want to give a procedure to quantify how long these optimal singular arc can
be. To this aim, we introduce a suitable Jacobi equation and the notion of conjugate points. These concepts are
classical in Riemannian geometry and they have been successfully generalized to some instances in optimal control
theory, see |7, Chapter 21].

4.1 Linear symplectic geometry and conjugate points

In the classical calculus of variations the Jacobi equation is essentially the linearization of the Hamiltonian equation
along a given extremal A(t), and it is used for studying the behaviour of extremals in a neighbourhood of A(t).
The Morse index theorem states that under the strong Legendre condition, the number of negative eigenvalues of
the Hessian of the second variation can be computed by counting solutions to a certain boundary value problem
involving the Jacobi equation. In the singular case, that we study, this is also true. However, definition of the
Jacobi equation is more involved.

As before we fix a singular extremal A(¢) with A(0) = Ao that satisfies the strong generalized Legendre condi-
tion . For this section we will shorten the notation value of the symplectic form at Ag as o := o,. To define
conjugate points we need to introduce some standard tools from symplectic geometry. For more details about this
topic, we refer to [13].

Let V be a 2n-dimensional vector space and o a symplectic form on V. We say that a subspace W C V is
symplectic if o|y is non-degenerate. Contrary to that, we say that a subspace A C V' is isotropic if o)y = 0. A linear
subspace A is called Lagrangian if it is isotropic and maximal, which is equivalent to dim A = n. Alternatively, we
can define the skew-orthogonal compliment of A as

A ={NeV:o(\p) =0,Yu e A}.

A subspace A is isotropic if and only if A € A“ and Lagrangian if and only if A = A. Given a Lagrangian
subspace A and a isotropic subspace I' we can construct a new Lagrangian subspace such that it contains I" and
has a maximal intersection with A:

AT = (A+T)NT<4. (4.1)

For the proofs of sufficient conditions we will need to understand the structure of the set of all Lagrangian
subspaces of V, denoted by L(V). It is an (n + 1)n/2-dimensional compact submanifold of the Grassmannian,

11



called the Lagrangian Grassmannian. A convenient choice of local coordinate on L(V') is constructed as follows.
Take II € L(V) and fix any A € L(V) such that A @ Il = V. Then, there is a one-to-one correspondence between
Lagrangian subspaces transversal to A, which we will denote by A™, and the set of symmetric matrices of dimension
n, which we will denote by Sym(n). More precisely, if we choose Darboux coordinates for (V, o) such that

I={(p,0)} A={0,9}, peR™ geR"

then, for any Lagrangian subspace A transversal to A there is a unique S € Sym(n) such that

A ={(p,Sp) | p € T0}.

Now we can define the Jacobi equation and the conjugate points. Let Z; : Ty, (yU — Tx,(T*M) be the time-
dependent map defined by

Zuo(t) = (v(t), [(@71).1i1] ), (4.2)

where @, is the flow on T* M of the Hamiltonian system (2.4). We can split T, U = (Rhz(t))@® (h7(t))* by defining
v(t) = ¢(t)hs(t) + w(t). To shorten the notation we will abbreviate Z;(t) := Z;hr(t). Then, using the previously
defined splitting, we define '

Zw(t) = Zyw(t) — Z1(t)o(1).

In addition, we define the Legendre form on T, (yU © R as

B 1 o(Zi Z1(1)) ) (w
li(w, ¢) = (w ¢) <J(Zt -,Zj(t))T U(Z[(t),ZI(t))> (¢) ,
where w € (hr(t))*.

Definition 4.1. Let A(t) be an extremal satisfying the strong generalized Legendre condition and denote by
Iy =T}, (T(;"O M). A moment of time T is conjugate to 0 on A if and only if there is a non-constant solution to the
following boundary value problem

n= —Ztlt_la(Zt-, 77) for a.e. t € [0,T], (4.3)
n(0) € (Ho + RZI(O)) N (RZ(0) = TIEZ© (1) € T, (4.4)

Equation (4.3)) is called the Jacobi equation along the extremal A. Moreover, if T is conjugate to 0 on A, we say
that the point ¢(7T') is conjugate to ¢(0) along the trajectory g. The multiplicity of a conjugate point is the number

of linearly independent solutions of (4.3)),(4.4)).

We have the following property that will be used several times.
Lemma 4.2. n;(t) = Z1(t) is a solution of (4.3)).

Proof. If we take the variation w(t) = 0 and ¢(t) = 1, by definition of I; we have [;(0,1) = o(Zs-w, Z1(t)) —
o(Zi(t), Z1(t)) = o (2, Z1(t)). So

—ztz;la(zt-, zf(t)) = —2,00,1) = Z;(1).
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The Jacobi equation is obtained by pulling back all of the information along an extremal. An explicit
example involving Jacobi equation written in this form is given in Subsection where we study a concrete
example on SU(2). One can also give an equivalent definition of the Jacobi equation using the previously introduced
super-Hamiltonian Hg. To do this, one should note that the Jacobi equation is a linear Hamiltonian equation on
Ty, (T*M) with a time-dependent quadratic Hamiltonian

<UA0 (Zt 777) l Uko (Zt 777)>

bt = 9

(4.5)

It should be noted that invertibility of I; is guaranteed by the strong generalized Legendre condition (see Lemma
that we prove after we introduce the second variation). So it is enough to rewrite this Hamiltonian in terms
introduced in the previous sections.

Let @, the flow of the hamiltonian vector field H(u(t),-) and ®5 the flow of Hg(t,-). Consider the composition
d_,0d7

This is diffeomorphism of the cotangent bundle which fixes the point A\g. We want to write it as the flow of another
Hamiltonian function, i.e.

o ®? eﬁ/ Ps ds. (4.6)
It follows by the variation formula (see [7]) that this is
@i(0) = (Hs(t,-) — H(u(t),-)) o ®; (¢), €€T*M,te[0,T].

Indeed, we have

= (Hs(t;) = Hu(t),)) o & = (@), (Hslt,) = H(ult),).

hence, by the twisted variation formula (see Equation (2.28) in [7]), we obtain
t ¢ . .
exp / G, ds = exp / (@), Hs(s,) — (D), H(u(s),") ds =
0
—@/ dsmﬁ/ ®,), Hs(s, ) ds =

_ (er)/o H‘(u(s),-)ds> oeﬁ%/o Hs(s

We have the following relation with the Jacobi equation.
Proposition 4.3. Under the previous notations, we have that for \g € &
HeSS)\O [(Hs(ta) 7H(U(t),)) O(I)t] = <O'>\0(Zt'an)al;lo')\o(zt'an)> ne T)\O(T*M) (47)

The proof of this proposition is given in Appendix [B]

Finally, we note that there is an important connection between the Legendre condition in Theorem [I.3] and the
Legendre form I;.

13



Proposition 4.4. Given a singular extremal A(t), we have the following equivalence:
l;} >0 <— thc(t) > 0.

and a similar equivalence holds for strong inequalities.

The proof is lengthy computation that we postpone to Subsection[6.3} An important corollary of this proposition
is that the strong Legendre condition ensures that the Hamiltonian b; in (4.5)) is non-negative. We will use this fact
in the proof of Theorem presented in the next subsection.

4.2 Sufficient condition for optimality

This Subsection is entirely devoted to the proof of Theorem The argument follows closely the idea of the proof
of Theorem 21.3 of [7].
We recall the following Lemma, which is proved in [7]. It will play a crucial role in the proof of Theorem [1.6

Lemma 4.5. Let V be a symplectic space and let hy be a time dependent quadratic Hamiltonian function on V.
Define (¢1)ier the flow of hy. For a given Ag € L(V), let Ay = ¢+(Ao). Suppose moreover that Ay N A = {0} for
every t € [0,T] and let Ay = {(p, Stp) | p € 11}, St € Sym(n). Then

Si(p) = 2hi(p, Sip), p €L
In particular, if hy is positive definite for every t € [0,T)], then also Sy is positive definite for everyt € [0,T).
We recall the statement of the Theorem that we are going to prove.

Theorem 4.6. Let A(t), t € [0,T], be a singular extremal for Problem . Assume furthermore that it satisfies the

strong generalized Legendre condition (SGLC) and that the Jacobi equation (4.3)),(4.4) has no non-trivial solution.
Then A(t) is strictly locally strongly optimal.

Proof. We want to apply Theorem We already saw in Section [3| how to define the overmaximized-Hamiltonian
Hg. So, to prove the Theorem, we have to find a suitable function a € C°°(M) such that, denoting £y = {(q,dqa) €
T*M?} the graph of da and £; := ®7 (L), the canonical projection

7Tt5£t—>M

is a smooth local diffeomorphism from a neighbourhood of \; onto its image for any ¢ € [0, 7] and T, Lo C Th, 2.
This is equivalent to require that the tangent space T, L; has zero intersection with the vertical space 1l:

Ty, LN Ty, (T M) = {0}, te[0,T]. (4.8)

Define T, Lo = Lo. Recall that Ty,L; = (®7).Lo. Also, since ®; is the lift of a flow on M, we have Ty, (Tq*(t)M) =

(®1) T (T;UM). Moreover, we know that ®7 = ®; o (ﬁfot Psds, where ¢; was defined in Equation (4.6]). So,
putting everything together, from (4.8)) we obtain

(@) Lo N (Py). 1o = {0}, t€[0,T],

(¢t)*BtLO N (¢t)*H0 = {0}7 te [O7T]7
B.LoN1lp = {0}, tel0,T],
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where

t
B, = (aﬁ/ @Sds) .
0 *

Recall also that d%\o ¢ is the Hamiltonian function b; of Jacobi equation. So, we have

t t
(aﬁ / ngds) = oxp / byds.
0 * 0

Now, we know, by assumption, that there are no conjugate point along the trajectory A, that is, there are no
non-trivial solution
BiAgNIlg=C, te (O,T],

where C; is the space of constant vertical solutions and Ag is the linear subspace of initial condition for Jacobi
equation .

We first consider the case of C; = {0}. Then, we will see how we can reduce the general case to this simpler
one. If C; = {0}, the idea is the following: once we fix € small enough, in every neighbourhood of Tl it is possible
to find a suitable Lagrange subspace Lq for which there are no conjugate points for t < e:

BiLoNIly = {0} forte]0,¢]. (4.9)

Notice that, for every ¢ > 0 and any neighbourhood V of Ag, there are Lagrangian subspaces L € V such that
B,L NIl # {0} with ¢t < e (see Figure 3, so Ly must be chosen carefully. Once we have chosen Ly in a sufficiently
small neighbourhood of Ay and satisfying , the continuity of the flow B; ensures that there are no conjugate
points also for ¢ € [¢,T]. In order to find a suitable Ly tangent to X, we can use the local coordinates introduced

in the previous subsection. Since we want Ly to be tangent to X, first of all we can restrict to a symplectic
subspace of Th,(T*M) of dimension 2n — 2. More precisely, since Z;(t) ¢ Il for every ¢t € [0,T], there is some
¢(t) € Iy such that o({(t),Z1(t)) # 0 and then we can fix any subspace I'(t) C Ty, symplectic such that
I'(t) @ RZ;(t) @ R¢(t) = Th,(T*M). Moreover, since B, is symplectic on Ty, (T*M), B, restricted to I'(t) is also
symplectic.

Now, we must have dim(I'(¢)NIly) = n— 1. In particular I'(¢) NIy = T'(t)NAg =: IIy(¢) is a Lagrangian subspace
in T'(t). So, if we find some Ly Lagrangian in I'(0) and satisfying

ByLoNTy(t) = {0} fort € [0,¢],
then Lo := Lo ® RZ;(0) satisfies (4.9). Moreover, L is a Lagrangian subspace since I'(0) C Z;(0)# implies
o(Z1(0),v) =0, Yve Ly CT(0).

So, from now on, our ambient space will be this subspace I'(t). Notice that there are always non-trivial choices of
I'(t)if dimM =n > 2.

Now, we can choose any Lagrangian subspace H (0) such that [IoNH (0) = {0} and, denoting by H(¢) = B;H (0),
consider the local chart H ()™ in which IIy(¢) corresponds to the null symmetric matrix.

Recall that as a corollary of Proposition [4.4] we have b, > 0. This means that, by Lemma if we choose
any initial Lagrangian subspace Z¢ corresponding to a matrix Sy > 0 and we let it evolve by the flow of By, then,
denoting by S; the matrix corresponding to =; := B;=(, we have

St207
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Iy N AO
V
= Lo | v
- - 11
@) H o) H
(a) Good choice of Lo, corresponding to So > 0 (b) Bad choice of Lo, corresponding to Sp < 0

Figure 3: Graphical explanation on how the initial subspace Lg should be chosen, for n = 1 (so, L(T\,(T*M)) ~ S1).
Supposing that a curve with positive velocity moves clockwise, you see that if we choose L in the right-half of V
(case (a)), then B;Lg does not cross the vertical space Il for small times. If instead we choose Lg in the left-half
of V, then there can be an intersection with Ily in arbitrarily small time.

and in particular S; > 0. Therefore, L; stays in the chart H(0)" and we have S; > 0 for ¢ € [0,¢] for ¢ sufficiently
small, and this implies that S; do not cross the vertical subspace Il, since it corresponds to the zero matrix.

Now, if in addition we choose Sy > 0 close enough to zero, then by continuity of the flow B; there will be
no conjugate points also for ¢ € [¢,T]. Indeed, suppose, by contradiction that there is a sequence of matrices
S*) >0, limy_,00 S*) = 0, for which the corresponding curve of Lagrange subspaces (Eg’“))te[w] has a non-trivial
intersection with the vertical space at time t; € [0,7]. Then, since [0,7] is compact, there is a limit point
of the sequence (tx)ren. Moreover, by continuity the flow B; is continuous, also the curve B;Ag has a non-trivial
intersection with the vertical space at time %.

So, we have proven that

Proposition 4.7. IfC; = {_0}, then, for e >0 small enough, there is a sufficiently small neighbourhood V of T1y(0)
and a Lagrangian subspace Lo € V such that BiLo N1y = {0} fort € [0,T].

We have to consider now the case C; # {0}. It is possible to reduce it to the previous case C; = {0} passing to
the quotient (C;)“/Cy. Indeed, the family of subspaces C; is monotone non-increasing:

Cy, C Cy ift) < to.

We set Cy = IIy. The family C; is continuous from the left (see, for instance, [3]). Denote its points of discontinuity
as
0<s1<s89<...8,<T.

Hence, the family C is constant on the segments (s;, s;+1]. We can then decompose each C; as

C;=FEit1®FEi11®--®Ey, te(siSit1]
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so that Cy = F1 @ --- @ Ey, for t € (0,81], Ct = Ex & --- @ Ej, for t € (s1, 82, and so on. We can construct the
corresponding dual splitting in I’

HZFl@”-@Fk, O'AO(E,‘,F]‘):O, 1f7,7é]
We have the following Lemma |7, Lemma 21.3.].

Lemma 4.8. Fiz Hy any Lagrangian subspace in I' such that [IoNHy = {0}. Then, there are Hy, ..., Hy Lagrangian
subspaces, H; N1l = 0, and 1 > e 2 el > 0 such that, for any Lagrangian subspace Lo, Lo N Hy = {0},
corresponding to the matriz eId in the (1o, Hy) local chart, we have

1. BtLO ﬂﬁo = {0}, fOT t e [O,Si];
2. BiLoN H; = {0}, fort € [0,s;] and Sy > 0 in the (Ily, H;) local chart.

From this Lemma, for i = k, we obtain that B;Lo NIl = {0}, for ¢ € [0, 7], provided that Ly corresponds to the
matrix Sy = €ld, for € < g, in the (IIg, Hy) local chart. Thus, if we take any of these Lo, then Ly := RZ;(t) @ Ly is
a Lagrangian subspace in T),(T*M) satisfying , which was exactly what we wanted to prove to complete the
proof of the Theorem. O

Notice that, in the proof of Lemma the subspaces H; are necessary because in general there can be a
non-trivial intersection B;Lg N Hy. But we want to avoid it since we want to use the local coordinates in H m, for
some Lagrangian subspace H, and this is always possible by means of small perturbation of the H;.

5 Examples

5.1 An example: the Heisenberg group with a drift

We are going now to show an example of Problem [I| modelled on the Heisenberg group. We will show that there
are some nontrivial singular extremals, but, thanks to the necessary condition of Theorem [I.1] one can easily rule
out their optimality.

Consider R3 with coordinates (x,%,2). Let X,Y, Z be the generators of the Heisenberg algebra, which can be
written as

9. Y
X =0, -0,
X
Y =9, + 50,
Z=0..

The three vector fields satisfy
[X,Y]=Z, [X, Z] =0, [Y,Z] =0.

We consider the following control system
¢ =aX(q)+BY(q) +7Z(q) + u(t) X (q) + u2(t)Y (q),
q(0) = qo,

where «, 3,7 € R, ug,ug : [0,T] — B1(0) C R As before, we consider the cost functional J(u) = |jul|z:. The
Hamiltonian function for this problem is

H(\u) =ho(N\) + <u, h[(/\)> — |ul
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where

ho(A) = (A, aX(q) + BY (¢) +vZ(q)) = ahx(X) + Bhy (A) +vhz(N),
hi(\) = (hx(N), hy (V).

and hx(A) = (X, X(q)), hy (A) = (X, Y (q)), hz(X) = (X, Z(q)).
The condition u = r% reads

(hx,hy)
VI +hy
So, the singular control u is such that h% + h3. = 1 along the whole trajectory. If we differentiate in time this

equation and simplify, we obtain

L] = hoe(h) = (aby (V) — B (W) bz () =0,

d2
dat?
If hy = 0 identically, then the two previous equations are trivial. If instead hy # 0, we obtain that
a, /
(hX7hY):_ ( B) , = 042+52,
Va2 + 52

Where we have chosen the negative sign for hx and hy in order to have r > 0. The formula for the singular control
u reads

(u1,uz) =r(t)

[he(M)] = {ho + The, hoe} = (o2 + B2 + r(ahx + Bhy))h% = 0.

u(t) = (—a, =p).
Thus, the system of equation for this control is simply
i=7Z(q).

Notice that heoc(A) = —v/a2 + 5% < 0 if (o, 8) # (0,0). So, by Theorem any piece of this extremal is not
optimal between its endpoints. On the other hand, if (o, 3) = (0,0), then the singular control is u = 0, which is
also a regular control.

5.2 A Martinet type example

We are now going to show an example, modelled on the flat-Martinet sub-Riemannian structure, for which the
singular extremals satisfy the strong generalized Legendre condition. Hence, Theorems and apply, meaning
that these extremal trajectories are strongly locally optimal.
2
Let M =R3, fo = ady, + B0y + 70, f1 = O, fo = 0y + %-0.. We consider the control system

q = fo(q) +ui(t) f1(q) + u2(t) f2(q). (5.1)
The brackets of these vector fields are (we define f;; = [fi, f;] and fiju = [fi, [f;, fx]])
Jor =0, Jo2 = az0;, fi2 = 20,
foo1 =0, foo2 = 0?0, Jio1 =0,
f102 = a0, J201 =0, Ja02 = 0.
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Let us also denote
px(A) = (N 0z),  py(A) = (A0y),  pz(A)=(A0;).

So, following the notation introduced above, we have:
hoe = %{ho7 hi + h3} = hihoy + hahoz = hahos,
hooe = {ho, hahoa} = hy + hahooa,
heoe = %{h% + h3, hahoa} = hihishoa + hihahigs.

Since for singular extremals we must have ho. = 0, we have either 1) hy = 0 or 2) hga = 0. In case 1) we must have

heoe = h1hi2hos = ap.p?,

__hooe _— hoa . 1
heoe hihia Pz wp%

As a result,
heoe >0 <= r <0,

so generalized Legendre condition does not hold in this situation.
In case 2), since hpa = 0 implies = 0, we have

Chooe _ hahooz  _ hooe . a’p. .«

heoe B _h1h2h102 B _h1h102 B _Pa:(apz) B Pz

Since h1 = p, and ho = p, (when restricted to = 0), we have that the
heoe = hihahio2 = apepyp- > 0.

and the singular control is

o Dy
u(t) =r(hi, he) = —— (P, ps <a,a>.
(t) = r(h1, ho) pz( y) .

The Pontryagin Hamiltonian written in coordinates (z,y, 2, ps, py, p») for this problem is

2
X
H(p,q,u) = apy + Bpy + vp- + w1ps + uo (py + sz) — |ul.

Hence, the corresponding Hamiltonian system is

T = U + o, px = —U2XPy,
Y =uz + 3, py =0,

. z? .

Z=upo 7, p- = 0.
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Therefore, if x = 0, the only possibility for p is to be constant.
The trajectory of (5.1)) corresponding to the control u starting from (0, yo, 2o) is

x(t) =0,
)= (522 ) t 4o,
z(t) = vt + zo.

We can choose the following normalization for p: assume that o > 0 (the case a < 0 is similar). Since (hy, he) =
(pz,py), we have p2 + pz =1, so that we can parametrize the singular extremals with (ps,p,) = (cos#,sinf). To
satisfy the condition 0 < r < 1, we have to choose cosf < —a. Finally, for any such 6, choosing p, = sign(sin(26)),
we have heo. = §sin(20)| > 0.

So, to resume, for any triple (o, 3,7) € [—1, 1] x R?, the control system has an infinite family of singular
extremals satisfying strong generalized Legendre condition. Their corresponding controls are constant and they can
be parametrized as

for m — arccosa < 6 < m+ arccosa  if a > 0,

u = (—a,—atanb), {

for — arccos|a| < 6 < arccos |« if a <O.

5.3 Left-invariant problem in SU(2)

In this section we are going to illustrate an example where we use all the optimality conditions developed in this
paper. In particular, we will write explicitly the Jacobi Equation and will find all the non-trivial solutions of this
system.

Let us consider the following system:

U=U(ad+ BB ++C +ui(t)A+ux(t)B), U(0)=1d,

where U € SU(2), o, 3,7 € R, (uy,uz) : [0,T] — B1(0) C R? is measurable and

i (0 1 1 (0 —i 1 (1 0
A__2<1 0)’ B__2<i 0)’ C__2<0 —1>'
From direct computations, we deduce the following relations:
[A,B] =C, [B,C] = A, [C, A] = B. (5.2)

Therefore our system is strong Lie bracket generating. We want to minimize

T
J(u):/o |u(t)|dt.

Let Fy = aA+ B +~C, F; = (A, B) and define the left-invariant Hamiltonians as functions leaving on the dual
of the Lie algebra su(2)

ha(h) =N A), he(A) = (A B),  ho(X) = (X, C),
hO()‘) = <>‘7F0>7 h[()‘) = (hA()\)7hB(A))a AE (5u(2))*
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The Pontryagin (left-invariant) Hamiltonian function for our optimal control problem is
H(A u) = ho(A) + (u, hr (X)) — |u]
= aha(\) + Bhp(\) +vhc(N) + T(<v, (ha(N), hB(A))> - 1)-
From the commutation rules it follows that

{ha,hg} =hc, {hc,ha} =hp, {hp,hc} = ha.

Singular extremals corresponds to
|hr| =1 <= 2h.=h% +h% = 1.

The first derivative of h, is

. 1
he = {ho,he} = {ahA + Bhp + vhe, i(hi + hQB)} = (ahp — Bha) {ha,hs} +v(ha{hc,ha} + hs{hc,hp}) =

= (oth - ﬂhA)hc.
We can further compute
ha = {ho+rhe,ha} = =Bhe +vhp = r(t)hgho,
hp = {ho + rhe, hg} = ahe — yha + r(t)hahe,
he = {ho +rhe,hc} = —ahp + Bha — r(t)hahp +r(t)hpha = Bha — ahp.

And the second derivative of h. is

he = (Oth — 5iLA)hC + (ahB — ﬂhA)f.Lc
_ ((a2+52)hc+(’l"hc —’y)(ahA-i-ﬂhB))hc, if ahg = Bha
0 ifhe=0.

So, from he = 0, we must have

_ (a2 + ﬂQ)hC 1
rt) = (7 ~ aha+ Bhp ) he

In particular, if h% + h% = 1 and ahp = Sha, then

So, ha, hp are constant. Let us assume a? + 52 = 1, so that

Notice that if ahg — Shy = 0, then hc(t) = 0. So, r is constant.
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In the end, the value of the singular control must be
w, = r(ha,hp) = (h”c - (il)) (o, B). (5.3)

Let us check when this control satisfies the generalized Legendre condition. A straightforward computation

shows that
heoe = he:(aha + Bhg) = +he/a? + B2,

Therefore, in order to have h.g. > 0 we need to choose the plus sign in (5.3)).
Denote u, = (uil),ug)) and

X=aA+B8B+~C+uVA+4PB= hl(aA + BB + heC).
C

So, to summarize, we have found that the singular control is constant and the solution to the Hamiltonian
system is
U(t) = X, p = const.

Now, we want to find the solutions to the Jacobi Equation of this problem.
Let us define hi = (—f3,a). Notice that P; = aA + 3B, P, = —A+ aB and C is again a basis for SU(2) and,
since we have assumed a2 + §2 =1,

[PlaPQ]:Ca [P27O]:P17 [Kapl]:PQ'
So, since the commutator relations are the same as (5.2]), we can assume a = 1, 3 = 0. Thus, we have

hr = (1,0), h1 =(0,1),
(hr.hr)=ha, (hi,hr)=hp.
Given an admissible variation v, we have that
v(t) = p(t)hs +w(t) = p(t)(1,0) + w(t)(0,1).
In order to write down the Jacobi equation, we have to compute
Zt’U = ((Dt):1<’l}, E]>
First, we have B
(q)t);l _ 6tadHu*'

Let us compute this exponential in a suitable basis.
As discussed previously, h¢ is constant along the singular trajectory. In order to avoid confusion in the following
formulas, we introduce a parameter

k= hc(Ao).
On T(T*M), we can take the basis

J1=h g (—kha+he), Hs=H,, = %(EA +rho), Om, Om,, Om,.
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Note that Om,, Om,, Om, are well defined, since all of those Hamiltonians are linear functions on the fibres. In this
basis, the operator adHs = Tad(ha + khc) acts as follows:

[ﬁ?nﬁl] :kﬁ% [ﬁ3’aH1] =0,
[Hy, Ho) = —kH;, [Hs,0m,] =0,
[H3, Hz) = 0, [Hs,0m,] =0,

where k£ = Vil’:"& Also
Lo 1.
[Hy, Hs) = %H&

So, the flow etadfs fyes the vertical directions OH,,0mH,,0m, and on the other directions it acts as a rotation
generated by the matrix

The exponential of this matrix is then

cos(kt) —sin(kt) 0 0 0 O

sin(kt) cos(kt) 0 0 0 O

Joaiiy _ |0 0O 100 0
0 0 01 00

0 0 0010

0 0 0 0 01

Now, since Z;hy = et®3Hs(J; 1) and [H,., h 4] = vhp, we have

d ] T 7 s g
% (Zthl) — etadH3 (ang(hA)) _ 'YetadHShB-

So that

zﬂzi%amwm+wmﬁmw=@@—WMkmm&F%Mw—wwkM%E:

= (w(t) —vo(t))( cos(kt)Hy + Sin(kt)ﬁg).
Now, to compute the r.h.s. of the Jacobi equation, we need to evaluate o(Z;-,n), for n € Ty, (T*M). We can write
n=mHy +n2Hy +nz3Hy + 170, + 130w, + 150, (5.4)
The symplectic form in this basis is

o(On,, Hg) = (dHg,05.) = bas,
o(0u,,0u,) =0,
U(ﬁa,ﬁﬁ) = Hozﬁ
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We can calculate the Poisson brackets in a straightforward manner

{Hy, Hy}(Mo) = {hB, %(f}m + hc)} (Ao) =

1+k

ﬁ(“hco\o) +ha(Xo)) = V1+ k2,

{Hy, Hy} (%) = {hz, L (ha + £ho) |} (o) = A(=ho(Xo) /i + ha(Ao)) = 0,

{Hz, H3}(\g) = {\/117(—/#”1 + he), %(hA + mhc)} (M) = ZE}I—:—%?hB()\O) =0.

Hence, we have
o (cos(kt)Hy + sin(kt)Hy, 1) =

= O'( COS(/ﬂt)ﬁl -+ Sin(kt)ﬁg, nlﬁl + 7]2]??2 + 773]??3 -+ T]ikaHl + ’17;({9[-]2 + 7];8]—[3)
= cos(kt)noHio — cos(kt)ny — sin(kt)n; Hi2 — sin(kt)n;

= V14 r2(cos(kt)ne — sin(kt)n) — (cos(kt)n; + sin(kt)n3).

Let us define ¢ (t,n) == v/1 + r2(cos(kt)nz — sin(kt)n1) — (cos(kt)ny + sin(kt)n3).
The inverse of the Legendre form is

N (5 o\ [ ok
lt_(—/{ ’y/€>:>lt —(r K) <I€ i)’

so that

Hence

i =—Zl; o(Z,m) = (5.5)
-7 (\/ 1+ k2 (n2 cos(kt) — ny sin(kt)) — n; cos(kt) — 13 sin(k‘t)) (cos(k;t)ﬁl + sin(kt)ﬁg).
K
First, we are going find six linearly independent solutions to equation (5.5)) and then we are going to determine
solutions corresponding to conjugate times. If we compare equation (5.5) with (5.4]), we immediately see that

N =05 =n5 =n3 = 0. To determine a solution of equation (5.5), it is sufficient to study the variables n; and n,
keeping the other fixed. Let us denote by n = (11,72, 03,0}, 75,75 ). Elements of the subspace

Span{(oaoa 17070’0)7 (0,0,0,0,0, 1)7 (Oa 1507 \% 1+ K27070)’ (1707070a -V1+ KQ,O)}

are zeros of the r.h.s. of (5.5), hence they form the space of constant solutions. So, by linearity of the system, we
can reduce to the study of a two variable ODE, with (11,72) # 0, n* = 0,73 = 0. Let a = cos(kt), b = sin(kt) and
recall that k = y(v/1 4 ?)/k. The previous system can be written in matrix form:

(Z;) =" <Z§ _ZZ) (Z;) : (5.6)

Notice that the matrix defining the system of equations is nilpotent:
ab —a? _fa =b\ (0 -1 a b
b2 —ab) ~ \b a 0 0 b a)’
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So, we can make a (time-dependent) change of variable

@) N (—ab Z) (Z;) (5.7)

and rewrite system (5.6)) in these new coordinates:

@)=+ 5) 6 D) E)+6 ) E)

Simplifying, one obtains

The solutions are

_(1 0 _ £1(0)
60 = (—kt 1) §0) = (—ktfl(O) +6(0))
Moreover, since the change of basis in (5.7) is the identity for ¢ = 0, we have £(0) = (71(0),72(0)) and

(771(15)) _ (a —b) < 71 (0) > _ <(cos(kt) + kt sin(kt))n1(0) — sin(kt)m(O))
n2(t) b a ) \—ktn(0) + n2(0) (sin(kt) — kt cos(kt))n: (0) + cos(kt)n2(0) )

So, we have obtained a family of six linearly independent solution for the equation (5.5)). We still have to determine
a solution with the appropriate boundary conditions, which are

n(0) € (T, (T, M) +RZ(0)) NRZ;(0)%,

N(T) € T, (T M). (5.8)
Recall that Z;(0) = ha=— 1’4‘_}{2 Hy + W(liﬁg)ﬁg =t coHy — c3Hs. A direct verification shows that

(T (T, M) +RZ;1(0)) = span{dp,, g, py. e},
RZI(O)4 = span{i_iA, ﬁg, OH, , 30, + c20H,, ﬁl — V14 k2%0m,}.
Therefore,
(T (T3, M) +RZ1(0)) NRZ7(0)* = span{fia, g, , c30m, + c20m, }-

and T\, (Ty; M) = span{0n, , On,, Om, }. Here all the vector fields are intended to be evaluated at Ao.

We have to find the solutions for 7(0) € span{h, d, , csdn, + c20x, } and see for which T > 0 we realize (5.5).
In order to determine these solutions, for each of the three vectors ha, 0n,, c30H, + c20mH,, We write it as the sum
of a constant solution of (5.5)) and a time-varying solution.

o If T](O) = ]_7:,4 = Cgﬁg — 031?37 then

n(t) = —sin(kt)co Hy + cos(kt)cyHy — c3Hs.
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o If (0) = V1 + w20y, = (VI + K20n, + Hy) — Ho, then
n(t) = (V1 + K20y, + Hy) + sin(kt)H, — cos(kt)Hy =
= /1 + K20y, + sin(kt)Hy + (1 — cos(kt))H,.
o If 9(0) = =1+ K2(c30m, + 20m,) = (=1 + £2(c30m, + c20m,) + csHy) — csHy, then

0(t) = —V/1+ k220w, + c3(Hi — /1 + £2)3p,) — c3((cos(kt) + ktsin(kt)) Hy + (sin(kt) — kt cos(kt))Hy) =

= —V/1 4 k2¢20m, — V14 K2c30p, + c3(1 — cos(kt) — ktsin(kt))Hy — cs(sin(kt) — kt cos(kt)) Ho.
We see that any initial condition of the form

alﬁA +asVv 1+ Kk20m, —asV' 1+ Kk%(c30m, + c20m,), a; €R,

results in a solution that has a nonzero component along ﬁg, unless a; = 0. So, since we want to satisfy (5.8)), we
can restrict to this case. Hence, we have to find as, az € R such that

azcs (1 — cos(kt) — ktsin(kt)) + ag sin(kt) = 0,
—ages(sin(kt) — kt cos(kt)) + az(1 — cos(kt)) = 0.

So, in order to have a non-zero solution, we must require that the determinant of the matrix defining the system of
equations with respect to as, az is zero:

(1 — cos(kt) — ktsin(kt)) (1 — cos(kt)) + (sin(kt) — kt cos(kt)) sin(kt) = 0,

which simplified is
2 — 2cos(kt) — ktsin(kt) = 0,

and applying the half-angle formula, we obtain

2
2 sin ﬁ — ktsin ﬁ cos @ = 0.
2 2 2
Therefore, we have a conjugate point for ¢ = 27 /k and for ¢ that satisfies
tan k—f = kj
2) 27

6 Second variation and the generalized Legendre condition

6.1 Definition of the end-point map and the Hessian

When dealing with control problems, a central object is the Endpoint-map.
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Definition 6.1 (Endpoint-map and extended Endpoint-map). We will call Endpoint-map based at g9 € M the
map Fy, r that to any control u € U associate the Endpoint of the solution of (|1.1)) with starting point go:

qu,T U = M, qu,T(u) :(IU(T;QO)'

We will call extended Endpoint-map based at gy € M the map E,, 7 that to any control u € U associate the couple
made by ¢,(T; qo) and the value J(u):

Egpr:U—MxR, Egru) = (q.(T;q0),J(u).

In the following, we will drop the subscript gg whenever there is no ambiguity.

Remark 6.2. If u is an interior point of U, then it is possible to reformulate PMP in terms of the extended Endpoint-
map. More precisely, if u is a solution to the Optimal Control Problem [1} then it is a critical point of the extended
Endpoint-map, that is there is some non-trivial (\,v) € T;(T)M x R such that

((\v), DyEr[v]) =vDyJ + XDy Fr =0, for every v € T, U,

where D,, denotes the differential at a point u € U.

As for classical optimization problem on finite dimensional spaces, once we have found the critical points of
the functional that we want to minimize or maximize, we can look at the second derivative in order to distinguish
minimum points from maximum and saddle points. In our case, we have to look to the second variation of the
extended Endpoint-map.

Now, we recall the main facts about the second variation. For a general introduction to the second variation
of Endpoint-maps coming from optimal control problems, see [7], Chapter 20. See also [1], Section 2, for a concise
summary on this topic, and 10} |2] for more properties of the second variation.

First, we have to introduce the notion of Hessian. Let U be a Banach space and F' : if — M be a smooth map.
Let u € intl be a critical point of F', that is D, F is not surjective. The Hessian of a map F at the point u is the
bilinear map

Hess, F' : ker D, F' x ker Dy F' — Tp( M/ im D, F

defined by
AHess(v,w) = W(V(ao F)),

where A € (im D, F)*, a € C°(M) with dpya = A, and V,W € Vec(Ud) with V(u) = v, W (u) = w. It is possible
to show that indeed W(V(ao F)) = V(W (a o F)) and that this definition does not depend on the extensions V, W
and a but just on the values v, w, A (see [7]).

More explicitly, in the particular case of Er, one has that its Hessian is

(\,v)Hess Ep = (VDZJ - <)‘7D121,FT>)|ker D.Er

which, if v # 0, also coincides with the second derivative of Er restricted to the level set Fi. Hw).

Definition 6.3 (Locally open map). A map F : U — M is called locally open at u € U if for every open
neighbourhood O, of u it holds that
F(u) € int F(O,).

Of course, if the Extended End-Point map Er is locally open at a point u, then the control w cannot be optimal.
Indeed, in this case, there are controls arbitrarily close to u realizing the same endpoint with a smaller cost.
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Definition 6.4. The negative index of a quadratic form @ : V — R is
ind_ @ = sup{dim L | L subspace of V, dim L < +o00, Q|z\{0} < 0}.
We have the following criterion for local openness of a map.

Theorem 6.5. Let F': U — M be a smooth mapping and suppose that uw € U is a critical point of F' such that
im D, F has corank r. If
ind_ AHess, F >r VAe€imD,F*,

then F is locally open at u.

Now, we go back to the optimal control problem. We see that, if ind™ (A, v) Hess,, E7 = 400 for a critical point
u, then we immediately know that E7p is locally open at u, hence u is not optimal. So, our first goal is to compute
the Hessian of Ep and then to find a condition that ensures ind™ (A, v) Hess,, Er < +00. Moreover, in Subsection
we show how that it is possible to compute ind™ (A, v) Hess,, Er finding the solutions of the Jacobi equation,
which together with Theorem [6.5] will prove Theorem

From now on we fix a critical point u € U of Ep and we assume that it is a singular control of the form .
Moreover, we denote by A its corresponding singular extremal, which is solution of the Equation . For sake of
brevity, we will also use the notation

Q1 = (A, v)Hess, Er.

6.2 Explicit expression for the second variation form

The formula of the Hessian of the endpoint map Er for a general control system is computed in [7]. It reads as:

Qr(v) = /O ! (M(u(w,v(t» o (Ztv(t), /O " Zuo(s) ds)) dt. v € ker Dy By,

du?

where the first summand is the Hessian of the PMP Hamiltonian with respect to the control variables. The map
Zy : TyyU — T, (T* M) was defined in (4.2), but we recall the definition here:

Zy(t) = <U(f)> [(‘1’?1)*51]()\0)>7

where @, is the flow on T*M of the Hamiltonian system (2.4) defined by the PMP Hamiltonian. We also recall that
this quadratic form must be evaluated on the set of admissible variations given by the kernel of the first differential.
In symplectic language a variation v € T,/ = L>°([0,T],R™) is admissible if and only if (see |7])

T
vekerD,Er <= / Zy(t) dt € I, (6.1)
0

where IIg = T}, (T, M) as before is the vertical fibre.

It is important to note that both the form Q7 and the first differential in are continuous in a weaker norm
of L2([0,T],R™). As a first step we extend them to this weaker topology.

As before we separate the component of v in the direction Ay, which is the singular control, from all the others.
Namely, we write v = ph;+w, where v € ker D, Er and (h;,w) = 0. A direct computation, using the short notation
Zi(t) = Zihs(t), shows that

d®H (o, u(t)) W (hrv)?  Jwf?
7 Gl e
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Then we obtain
o= ' ( oz + ), | ' Zu(p(hr(t) + u(s)) is) )i = (6.2

e
+ /0 . <p (S)ZI(S)dS> dt+ (6.3)
+ /O ' Txo (p w(s)ds) dt+ (6.4)
+ /O . ( )Zj(s)ds> dt+ (6.5)

; / - (ztw< ) / u(s)ds ) .

The form Q7 is not coercive in the L?-topology. To see this, we can consider the family variations of the form
w =0 and p.(t) = pi(t/e), 0 < e <1 and for any admissible p;. A direct computation shows that Qr = O(g?) for
e — 0, while ||p|| = O(g). To obtain coercivity we introduce as a new variable

o) = [ ot ds

and integrate by parts to replace the p variable with ¢ variable everywhere. For example, if we integrate by parts
the first order condition (6.1)), we get

T T
/ Zeo(t) dt = / Z, (p(t)hs (M) + w(t)) dt =
0 0
T
(T 2y (T /¢ V21t )dt+/0 Zow(t) dt = (6.6)

= (1) Z1(T) +/0 Zy(t)dt € T,

where we have shortened )
Ztv(t) = —d)(t)Z[(t) + Zt’lU(t)

Similarly, integrating parts in the formula for Q7 (see Appendix we obtain an expression:

Qr(v1,v2) = o1 (T /Zt’UQ dt /<v1(t),ltv2(t)>dt+/0 0<Ztv1(t),/025v2(s)ds> dt (6.7
where ( )
= - o(Zs - Z1(t)

o <U(Zt-,Zz(t))T U(Zj(t),ZI(t))>' (6.8)

and [, € Rm+Dx(m+1) with Id € R™*™,
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From here we can notice that the operator in and the quadratic form (6.7]) will be continuous on the space
of variations

(H(T), p,w) € R x L*([0,T]) x L*([0, T],R™1).

Here ¢(T) and ¢ are considered as independent variations. It is not a problem, since the image of the map

A ( /0 " e, A | p(t)dt)

is dense inside R x L%([0,7],R). We will slightly abuse the notation from now on and write v = (w, ¢) for the
admissible variations.

6.3 Proof of Theorem [1.1]

To prove Theorem we restrict the form Qr in (6.7)) to the finite-dimensional subspace with ¢(7") = 0. Then,
essentially we have

T
Qr(v) :/ (v(t), lzv(¢t))dt + other terms. (6.9)
0
Following the approach in |7, Chapter 20], we have to check that the form Qr has a finite negative index.

Proposition 6.6. If the quadratic form Q1 has finite negative index, then the Legendre form l; is non-negative for
almost all t € [0,T]. Moreover, if the Legendre form l; is strictly positive definite for almost every t € [0,T], then
for every T € [0,T) there is € > 0 such that the form Qr restricted to variations supported in [7,7 + €] is strictly
positive definite. In particular, Qr has finite negative indez.

The proof is analogous to the proof of Proposition 20.1 of 7] and we do not repeat it, but only give the main idea.
The proof is by contradiction. We assume, that there is a small open interval I C [0,7] on which the Legendre form
is not non-negative definite. Then choose ¢ € I and consider variations concentrated on a small interval [¢,t + €].
This will give us a family of quadratic forms parametrized by the parameter € > 0. A suitable rescaling can be
used to transform it into a continuous family of forms on L? functions on the interval [0, 1]. By writing down the
asymptotic expansion in &, we find that the dominating term is given exactly by the integral of the Legendre form
(it is already written as highest order term in ) By assumption, at every moment of time the Legendre form
has a non-trivial subspace on which it is negative-definite. By taking any bounded variation v, such that for a.e.
moment of time t it belongs to the negative subspace of the Legendre form, we, hence, obtain a variation that for
€ > 0 small enough will be on the negative subspace of the Hessian. We can multiply this variation v by any smooth
function and it will still belong to the negative subspace of the Hessian. Therefore, its Morse index is infinite and
the extremal trajectory is not optimal.

Notice that technically we need to consider the form (l;v,v) restricted to the subspace (h;(t),w) = 0. Keeping
an extra variable simplifies the exposition, and we will show that this additional direction does not change the sign
of the matrix [;. Let us now see when [; > 0. Since r > 0 by assumption, by Sylvester’s criterion it suffices to check
that the determinant of the matrix is positive. Notice that

g\ _ (Id o) /4 0 Id ra
a’ o) \ra® 1)\0 a-rla?/\0 1

where a = o(Z; -, Z;(t)) and a = o(Z;(t), ZI(t))) Hence, the previous matrix is non-negative if and only if

o (21, 211)) = rllo (2, Z1) I > 0, (6.10)
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We point out that the form [, is non-negative definite for (w,®) € (T,)U Nht) x R if and only if it is non-
negative definite for (w,¢) € T,»U x R. One implication is obvious. Concerning the other one, if you take
(w,¢) € Ty)U x R, then, writing w = @ + phy, with @ € ht, we have

(0 4 phr,0)1:(0, )T = ¢po(Z (w0 + phr), Zihr) = ¢po(Zy (W), Zihy) = (0,0)1:(0, $)T.

Hence, assuming (0, ¢)l; (@, )T > 0, we obtain that also (w, ¢)ls(w, #)T = (0, @)l (0, p)T > 0, as we claimed.

Let us rewrite condition (6.10]) explicitly in terms of the Hamiltonians h;. Recall, that in Proposition {4.4| we
claimed that I; > 0 is equivalent to hqoc(t) > 0. So, to prove the Proposition, we only need to shows that (6.10)) is
equivalent to h.oc(t) > 0.

Proof of Proposition[{.f} From the definition of Z;, we have

Zr(t) = (@7 1)« ((hr(Ao), ) ).

If we differentiate in ¢, we obtain

So, we can compute oy, (Z[(t), Zl(t)):

oxa (200, 218)) = oy | S mORr, Boe +7(8) > hi)hsihis | =
i=1 ij=1
= heoe + 1 Z hihihgihy.
igl=1
The second sum is (every function now is evaluated in A(t))
2
m m m m m m m m
7 hibgihihi =" hihad hahy =Y [ > hahy | > hiha| =Y (D hihy
ilj=1 il=1 j =1 j i =1 \ j
= (i he}? = e b} = herl?
!
where h is the vector whose i*" component is h.;. Thus, putting everything together, we obtain
oro (2100 Z1(1)) = heoeA) + (A her (). (6.11)
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On the other hand, for any admissible variation v the second addendum in (6.10)) is

30 (Zev, Z1(1)) = o2, ((0(1), (2771)<Fr), (hr (M), (B71)<R0) = D vilO)hy (Ao (i hy) =

(2]

= Zvi(t)hj()\t)h’ij'

4,5

Thus )

loxo (Ze, Z1 (1)) = Z Zhjhij = |het”. (6.12)

Finally, using (6.11) and (6.12)), the left hand side of Equation (6.10) reads
Oxo (Zf(t)7 Zl(t)) —rllox (Zt " Zf(t)) ||2 = heoc + 7"|th|2 - r|hcl‘2 = hcoe,

which proves the result. O

6.4 Derivation of the Jacobi equation and proof of Theorem [1.5

We consider a singular extremal for which the strong Legendre condition is satisfied. In this subsection we shorten
0 =0)\,-

In Proposition we saw that the second variation is positive definite on short intervals if strong generalized
Legendre condition holds. Now, we describe how we can quantify the length of these intervals. We define

Vi = {(o(t), ¢, w) € R x L*([0,T]) x L*([0,T],R™ 1) | supp ¢, suppw C [0,t]} Nker D, Ep
t. = sup{t € [0,T] | Q7| is positive definite}.

If t, < T, we say t, is conjugate to 0 along the trajectory A. The remaining part of this Subsection is devoted to
the proof of the equivalence between this notion of conjugate time and the one already given in [4.1| are equivalent.
We have the following result.

Proposition 6.7. Let A\ be a singular extremal of Problem 1] satisfying strong gemeralized Legendre condition.
Suppose that t. € (0,T]. Then Qy, |y is singular.

The proof of this fact follows very closely the proof of Proposition 21.1 in [7], so we omit it. Now, we show how
this result can be translated in a more geometric framework and obtain the so called Jacobi equation. Since now
we are interested only on the dynamics up to time t,, to simplify notations we simply rename ¢, to 7.

To derive the Jacobi equation, we look for admissible variations o in the kernel of Qp:

QT(',E) =0.

On the other hand, an admissible variation must satisfy or, equivalently,

T
‘7( "$(T) (ZI(T)) +/ Zi dt,u) =0, Vvell,.
0
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Therefore, ker D,, E7 can be identified with a common kernel of a finite number of linear forms. Since, by assumption
Qr(-,0) =0 on ker D, Er, it follows that there is v € IIy such that

T

QT(',ﬁ) = O'( "6 (T) (ZI(T)) + Zy -y dt, l/)7 on T, U. (613)

0

The equation (6.13]) splits into two equations:

U(ZI(T), /0 ' Zﬂ‘)dt) = a(Z,(T), 1/) (6.14)

T T t T
/ li(-y,0)dt + / o (Z“, , / Zst) dt = / O’(Zt - V)dt (6.15)
0 0 0 0

n(t) :=v— /Ot Z,odt. (6.16)

We denote

Since we have the equalities for the forms in (6.15)), we can pass to equality of the integrands :
Li(-,0) = 0(Z;,n(t)) forae. te(0,T]
Then, since by assumption l;(-,7) is an invertible linear map, we can write

o(t) = l;la(Zt v, n(t)) for a.e. t € [0,T7.

Finally, using (6.16) we find
i(t) = — Zyo(t) = —ztz;la(zt-, n(t)) for a.e. ¢ € [0,7].

which gives us a non-autonomous linear ODE for 7. Therefore, we have derived the Jacobi equation.

Concerning (6.14)), we have
o(n(T), Z(T)) =0. (6.17)

It is common to rewrite this condition using skew-orthogonal complement as in (4.1]). Using this notation, we can

take into account both and (6.17) as
n(T) € (Tly + RZ,(T)) N (RZ(T)) = Tig 2",
This motivates the following definition.

Definition 6.8. A time T is a conjugate time for 0 if and only if there is a non trivial solution to the following
boundary value problem:

i(t) = —Ztlt_lo(Zt-, r](t)) for a.e. t € [0,T], (6.18)
n(0) € Iy, n(T) € 157" (6.19)

The corresponding point 7(A(¢)) is said to be conjugate to m(A(0)).
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Recall that previously we have given a slightly different definition of a conjugate point in Definition But
the two definitions are actually equivalent, even though the Definition is more convenient in practice.

Proposition 6.9. Definitions and [6.8 are equivalent.

Proof. We show that solutions of Equation (6.18]) satisfy boundary conditions (6.19) if and only if they satisfy
also the boundary conditions (4.4). By Lemma ({4.2)) n(t) = Z;(t) is a solution of the Jacobi equation. However,

Z1(0) ¢ Ty and Z;(T) ¢ IIy. Therefore, this solution never satisfies or So, if T is conjugate with
0 there must be some vector v € Ily such that the corresponding solution to Wlth n(0) = v is such that
n(T) € Ty N Z;(T)#. Hence, we must have o(n(T), Z;(T)) = 0. Since the Equatlon | (6.13) is hamﬂtoman we will
have that if and only if o(n(0), Z;(0)) = 0. O

Finally, we can prove Theorem

Proof of Theorem[I.5 Let X be a singular extremal for Problem [I] corresponding to the singular control v and let ¢
be its trajectory on M. If the conjugate points along ¢ are isolated, the previous argument shows that the negative
Morse index of Qr is equal to the number of conjugate points, counted with multiplicity. Let N be the sum of
these multiplicity. By Theorem [6.5] if ¢ is of corank r, we have that if N > r, then Er is locally open at u. In
particular, v is not a solution of the optimal control problem. O

A  Proof of formula

Here we are going to show how to obtain from (6.2). We have just to integrate by part p in every integral
where it appears.
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For the first integral (6.3)), we have

[ e (210, [ i za(opas) i =
e | " pilt)o (2002100 - [ t (5255 ) i =
=~ [ oo (w0, [ saz1(opas) ™2 - [0 (/fpl(t)o(Zf<t>,¢>z<s>z'1<s>)dt) ds
- [ oatore ( [ mwziwa, Z&(s)) ds =
wisree [ o (it~ [ oo 70 -
- <¢1<T>ZI<T>, [ ¢2(S)ZI(S)dS> +
.

e 61(5)a(5)0 (z,(s),z'l(s)) ds + / o (d)l(t)Z'I(t)’ Ot ¢2(5)Z](5)d5) dt.

0 0

A similar computation for (6.4)) yields

T ¢ Fubm T T
/ a(m(t)ZI(t), / Zsm(S)dS) ar"en [ o< / 01(f)Zz(t)dt,stz(S)> ds
T T
— [ 6u(TD)o (Zi(T), Zowa(s)) ds — /O 61(5)0 (Z1(5), Zaws(s)) ds—

0 . . |
_ /O - ( / 60 (1) 271 (D), st2(5)> ds =

o<¢1<T>ZI<T>,/O Zows (s ds> /m 0 (Zgws(s), Z1(s)) ds—
[ (602100, [ Zuwsts >ds)dt

And similarly for (6.5
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/OTJ (thl(t)’ /Ot p2(s)Zl(8)ds) dt =
i /OT el (0 210 4= /oT 7 (thl(t)» /Ot ¢2(S)Zz(s)ds> dt

So, in the end, we can write Qr(v1,v2) = Q1(v1,v2) + Q2(v1,v2) + Q3(v1,v2), where

T [ w w 2 .
Aonin) = [ (W+¢1<t>¢2<t>a(Zf<t>,zf<t>)+

+ ¢1(s)o (Zewa(t), Z1(t)) + ¢2(t)o (Ziwa (1), Z1(1)) > dt,

Q2(v1,v2) = /OT <0 (¢>1(t)Z'I(t),/0t ¢2($)ZI(8)d8) — 0, <¢1(t)21(t),/0t stz(s)d5> -
—0 (thl(t), /Ut gbg(s)Z](S)ds) >dt,

Q3(v1,v9) =0 <¢1(T)ZI(T)7/O (—¢2(5)Z1(s) + Zsﬂ&(S))dS)

One can recognize in @) the principal part of formula .

B Proof of Proposition 4.3

First, we derive a general formula for the left hand side of :
Hys(t,0) = H(u(t),£) = hs(€) = ho(€) + r(t)(|h1(€)] = (hr(t), hr(£))).

The first derivative is

de(Hs(t,-) = H(u(t),-)) = de(hs — ho) +r(t) (M(hl(l)vdehﬁ — (ha(t), deh1>) :

and the second derivative at \g is

d3, [(Hs(t,) = H(u(t),-)) o @] [n1,m2] = d3) (Hs(t, ) — H(u(t),")) €1, 6] =

= d*(hs — ho)[&1, &) + T(t)(<dhl[§1] . dhy[&]) = (hr,dhi[&]) (b, dh1[£2]>), (B.1)

where & = (®;).n;, i = 1,2 and every differential and function in the last line is evaluated at A(t). Here we have
used the linearity of h;(!) and that A; € ¥. Now, to compute explicitly both sides of , for every fixed ¢ € [0, 7],
we consider the splitting

Too (T*M) = (7). (RR(A(1) @ ThyS) = RZ () @ (D) (TaS)-
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So, by bilinearity, it sufficies to check (4.7)) for

(7717772) € {(Zf(t)v Zf(t))v (Zf(t)a ((I);l)*X)’ ((¢;1)*X7 ((I);l)*X)}v
where X € Ty S. Thanks to this choice, the Lh.s. of (4.7) will be avaluated at & = (®¢).n; € {he(A(1)), X},
simplifying the two differentials. We compute the right and the left hand-side for each case separately. First,

consider the case (11,12) = (Z](t), ZI(t)). We start by plugging it into the right hand side of (4.7). First, we have

oo (21, Z1(1) = 0o (Zivwws Z1(1)) — 602, (Zl(t)» Zi(t))

Comparing this with the matrix expression for I; (see (6.8])) we find

o0 (2o, Z1()) = 1, (?) .

Hence
(030 (2t Z1(1)), 1 oxo (B, Z1 (1)) = =05 (Z1(1), Z1(1)). (B.2)

Now, let us compute the left-hand side. Since by construction hg is constant along integral curves of ﬁc, we get

d34y (hs = 7o) [(®0)- Z1(t), (24).Z1(1)] = —d3 iy ho[e(Ae), Be(Me)] = —heco(t) = heoc(?),
So, substituting (n1,n2) = (Z1(t), Z;(t)) into (B.1), we obtain

- o2 o2

@By (Hs () = Hu(t), ) Fel® = heoelt) + 1(t) (|arpha el [* = (ha(8), dyo ha[Re])?) (B.3)

where every function and vector field is evaluated at A(¢). Notice that
(hi(t), dxyhilhe]) = dayhelhe] = 0.
Since dhr [Ec] = h.r, by applying (6.11]) we get
- - 92 .
8oy (Hs(t,) ~ Hu(t), ) el = heoet) +r(t) (|dohrlFell”) = ong (Z1(0), Z2(1).

and the equality between (B.2) and (B.3) follows.
We consider now the case (71,712) = (Z1(t), (®;').X). We have that

=7(t) Y ha(D)hij(t) dawyhy[X] =

ij=1

= r(t) <d)\(t) hr [flc]y d)\(t)hI [X]>7
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where we used the simplification o) (X, ﬁoc) = (dxtyhoe, X) = 0, since X € TS = ker dx(4)hoc-
For the left-hand side of (B.1]) we note that, since hg(l) = ho(l) for all | € S, we have

3y (hs — ho) [X, X] = 0.

Also, we have that .
31y (hs = ho) [he(A(1)), X] = 0.

This follows because hg, by its definition, is constant along the flow of Hc, hence
3 hslhe(A(t)), X] = dge) (da hs[he])[X] = 0.

On the other hand, we have di(t)ho [he(A(1)), X] = dx#yhoc[X] = 0. Moreover, it holds that

—

(hi(t), dxyhilhe]) = {he, he}(t) = 0.

Hence, we have

A3 (Hs(t,) — H(u(t),-)) [Re(A()), X] = r(t){dr@yhrlhe], da hi[X])
= {02 (2, (27 1) X), 17 ong (2o, Z1 (1)) -

So, the equality between Lh.s. and r.h.s. of (£.7) in the case (11,72) = (Z1(t), (®;1).X) follows.
It remains the case 71 = 7o = (®; ). X € (D7) (Tr(1)S).

Claim B.1. It holds that
_ t
O )Xo (Zt'a ((I)t 1)*X) - lt <w(() >) 9

where w(t) = r(t)dxqhr[X].

Indeed, we have that

w(t) Gw(t)
lt = T(t) .
0 O’)\O (th(t),Z[(t))
So, in order to prove our claim, we have to check that the following two equalities hold true:
oxo (Ze (271 X) = (-, dawyhe[X]),
e (Z1(0), (971).X) = o3, (2 [r(®)dno b [X]), Z1 (1))

Concerning the first one, we have that, for any y € R™:

-

oxe (Zey, (B 1) X) = ZijAU (((I)t_l)*hjr ((I)t_l)*X) = Zyjd/\(t)hj[X] = (y, da@)hr[X]).

So, (B.5) is proved. For the second one, we have already seen (see (B.4)) that the Lh.s. is

30 (@712 X, Z1 (1)) = r(t)(dapyhalhe] , dayhi[X]).
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While the r.h.s. is

7o (2O X1]. 21(1) =

= T(t)O')\O(Zd)\(t)hi[X]((I);l)*Ei,Zhj(t)(@;l)*ﬁj) =
=1

j=1

= r(t) Z d)\(t)hz[X]h](t)hlJ(t) =
ij=1

= r(t){drphrlhe] , dxpyhr[X]).

So, also follows and the claim is proved.
Now, we are ready to prove (4.7)) for n; =1y = ((I)t_l)*X € (<I>t_1)*(T>\(t)S). As a consequence of the Claim that
we have just proved, the r.h.s. of (4.7) reduces to

<% (2o, (@7).X), 17 o, (20, (@;1)*X)> = r(t)ox, (Zt [dsyh[X]], (cp;l)*x),

and a similar computation to the one above shows that (we write w(t) = r(t)dx)h[X] for brevity)

o (Zewte), (@7 ) = 3wy (), (07115 (07). ) =

Now, the Lh.s. of is
612(1{5@7 ) — H(u(t), ))[X, X] = T(t)(|d/\(t)h][X]|2 — <h[,d)\(t)h][X}>2),

Since dy()hs[X] must be an admissible variation w(t) orthogonal to hy(t), the term (hy(t),dy)hr[X]) in the
previous expression vanishes. Thus, the desired equality follows.
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