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Abstract. We consider memory retrieval in a network of M modules. A module consists
of N neuronal units, each of which is connected to all N ~ 1 other units within the same
module, and to L units distributed randomly throughout all the other modules. Both
short- and long-range connections are symmetric. The units are threshold-linear with a
continuous positive output. Each module can retrieve one of D local activity patterns, or
‘features’, stored on the corresponding short-range connections. Furthermore, P global
activity patterns, each consisting of combinations of M local features, are stored on the
dilute long-range connections. When M 3 1 the longrange connections endow the
network with attractor states correlated with a single global pattern, and we study its
storage capacity within a mean-field approach. If P = DD, and each feature appears in
only one pattern, our model reduces to an intermediate case between fully connected
and highly dilute architectures, whose capacities we recover in the appropriate limits. As
P/ D takes larger (integer) values, the maximum P grows, but it remains asymptotically
proportional to /N rather than to L + N — 1 (the total number of connections per
unit). The maximum amount of retrievable information per synapse, on the other hand,
decreases. Moreover, as P/ D) grows, retricval attractors have to compete with a ‘memory
glass’ state, involving the retrieval of spurious combinations of features, whose existence
and stability we describe analytically. We suggest implications for neocortical memory
functions.

1. Introduction

Ever since Marr [7], local excitatory connections among pyramidal cells (the recur-
rent collaterals) have often been hypothesized to provide patches of neocortex with
the properties of an autoassociative memory. The role of the collaterals, much as
in many formal network models, would be to retrieve one of a set of several local
activity patterns on the basis of a partial cue. However, some neurobiologists, e.g.
Braitenberg [5], tend to regard the whole of neocartex, or at least its so-called associ-
ation areas, as a kind of associative memory device, in which some of the long-range
cortico-cortical connections, alongside short-range ones$, would also implement the
storage and retrieval of global activity patterns, This view inevitably poses the prob-
lem of the storage capacity that such a device would have, and whether it would be
consistent with broad constraints of plausibility and efficiency.

We address this question by considering a formal model which includes, as its
crucial aspect, the operation of both short- and long-range connections in memory
retrieval. This involves both a specific architecture, or connectivity, and a particular

§ Note that there tend to be about as many long-range connections as there are short-range (~ 10%) [1].
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organization of the memory patterns (which can be conceived as resulting from a
separate storage process). The remaining ingredients of the model, such as the
type of processing units, the representation of inhibition and so on, are taken as in
[12,14], where an appropriate framework has been suggested for discussing issues of
memory capacity in a cortically plausible context which includes both sparse coding
and inhibitory control of excitatory activity.

The model is introduced in section 2, and the capacity analysis presented in
section 3. The main results are briefly discussed in the last section, while some of
the formal derivations are included in the appendices.

2. A modular model

Without necessarily subscribing to the view that cortices can be chopped up into
discrete modular elements, we consider a network in which units are grouped into M
modules, each containing N units. In each module, units receive both what we shall
call short- and long-range connections. Short-range are those inputs which come from
the other NV — 1 units within the same module, while long-range connections originate
at L units distributed randomly, and differently for each receiving unit, throughout
the remaining modules (see figure 1). All connections are taken to be symmetric.

3
s
w
=
w

J
1
K
I
K
1

Dwx oo =
PO rWO M
zzoZ =2
N =N

1
2
3
4
5
6

Figure 1. Schematic representation of the architecture of the network (top) (only the
connections relative to one module are drawn for clarity} and of the corresponding
memory organization (middle). Full lines represent short-range connections while the
broken lines denote long-range connections. The table at the bottom gives an example
of how features could combine into patterns when p = 2. Boldface letters denote one
particular pattern being retrieved.
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P patterns are stored on both the short- and long-range connections. However
each of these (global, network) patterns is made up of M featres, one per module,
each drawn from a repertoire of D features siored in that module. We assume
that the distribution of firing rates n representing each feature d within a module
m (occurring during a learning phase not described here, and which would result in
Hebbian-like synaptic modifications) is given independently for each unit ¢ (and d, m)
by some probability distribution P,(#{ ). Notethat: =1,...,N,d=1,..., D and
m=1,...,M. A globai paitern, labelied p (with p = 1,...,P), is then a random
combination {d7,...,d?,,...,d},}. For simplicity, we shall assume that P/D = u
is integral, and that features are assigned to patterns by randomly partitioning the P
patterns in each module into D groups of u elements (there are Pt/(u!)? possible
such assignments).

Note that for ¢ > 1 different pattcrns will share some common features, but
that any pair will on average be represented by the same feature in only & fraction

1/ D of the modules. One need not wotry about setting an upper limit on #, as the
calculation will show the model to be viable for only relatively low values of 4.

The total number of connections to a neurone is given by €' = L+ ¥ — 1, and

we define

—
)
R

¥ = =
'Y=
as the fraction of long-range connections.
As in [14] we impose that the probability distribution P, satisfy (n} = (n?) = a.
The variable « thus defined is a measure of the sparse coding, while Ty = ({n*) —
{m?)/a® = (1-a)/a sets the natural scale for the inverse of the gain, to be defined
below. When necessary for explicit calculations, we shall take a simple binary form
for P,, since it has been shown [14] that more realistic distributions produce similar
results.
The short- and long-range connection strengths are given by ‘Hebbian’ covariance
rules [14] of the form

D d d
gonore = B (T ) (e )
D e
2
| P " (2}
- () ()

(each feature is repeated u times while storing memories within a module). The
variable ¢; ; reflects the dilution and is 1 with probability ¢ and ¢ with probability
(1 —gq) where
L
= NM-D )
Strong dilution is imposed on the long-range connections by letting ¢ < 1. We

take the equilibrium states of the net to be equivalent to those obtained through a
dynamics with random asynchronous updating of the form

if by (1) < Tipe

0
Vi (r+67)= {g(h (r) = Ty if h; (1) > Ty,
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where g is the gain of each unit, Ty, its threshold, h; () is the local field at unit
m at time T and is given by

Ri ()= 3 0T Vit D0 DJTEV;, 4 b(a) 4T i )

Jm(#im) n(#m) jn

where b(z) expresses the feedback control of the mean activity, « = (V), by in-
hibitory interneuroncs which are assumed to react very quickly to the average exci-
tatory activity z. The form of b(x) is irrelevant to a determination of the pattern
storage capacity and its integral is denoted by B(=) such that

B(z) = /-’" da'b(z"). (5)

Note that the positive output V' has a threshold linear dependence on the field
h; , which has been argued to approximate the current-to-frequency transduction
of typical pyramidal cells. The last symmetry-breaking term represents a persistent
external stimulus used as a cue for retrieving a particular pattern o.

3. Attractor states and storage capacity

The attractor states of the system [2] are studied by looking for the minima of the
free energy. The first two terms in the system Hamiltonian

H=-Y" 3" gttty v, = > Y Jl8V, V, - MNB(2)

Lt (imxjm) (m ‘"-)'-ms.?n
ny,
ceytay, ©
m,i

represent the contributions of the short- and long-range connections. The significance
of the other terms has been explained above. To average over the quenched random
patterns in the free energy, one adopts [3] the replica trick based on the identity

zmy, -1
{In 2}, = lim 54——
n—0 n

Q)

which results in the generation of an n-replica thermodynamic partition function

(27), = <Tr{m}exp(-ﬁ§m)>n. ®)

The average over the dilution (appendix A) is straightforward (equivalent to the
approach first used by Sompolinsky {11] in which the dilution is treated as a random
synaptic noise subject to a Gaussian distribution) as long as L >» 1 and D — oo, To
allow for the existence of states which have a finite correlation with no more than
one pattern, we also have to assume that M > 1.
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Thg states of the system can be characterized by macroscopic order parameters.
Labelling v, é individual replicas, the order parameters are the overlap of the state
of the whole network with the one pattern being retrieved

[+ f—
277 = -——1 E ————-—n"" ¢ v ($)]
N £ a im
M,im
the overlap with feature d within module m
d
1 n —a
A YE im v
EM = ~ - L34 (10

the mean network activity

1
2= VAL (11)

Myim

and the mean square activity in a module
1 5
ym = 2 Vil Vi (12)

Since it was shown [13] that replica symmetry breaking is less significant for a
system of continuous output units subject to a global activity constraint than for a
system of binary, locally constrained units [10], we are justified in assuming a replica
symmetry ansatz. With such an ansatz the final form of the free energy is (appendix B)

_ u(l-7) =1 32 1 i1 sl L BC NS NPT IV N

PT,(1-

A2"/2 1
+ 2NMFY) Zym°+ﬁ 4 (yg_yf)—ﬁ E(Tm()ymo_rm1ym1)

BAZNT S — \ o s
— Yo ¥mo— V1 ) _Ymi ) ~ 8 (& + &) - Biz)
2 \Yo 2 Y1 )

- _élﬁ %«f: Dzln Tr(h,h2)>>n

+ QﬂﬁN ; (ln[l = BT, 1t{1 = YYo= Yumr))

~ BT = V) ymy ) a3)
[1 - ﬁToJu(l - 7)(ym0 - yml)]
where
NN £ A =27 . hezr . —7
h=—-t—{(1 +im)(——;——)—2\/ 3 2= "mi 'm0

(14)

dz -.32/2.

Tr(h,hy) = Tryyy exp(BhV + Bh,V?) Dz= \/§;e
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The order parameters characterizing the equilibrium states of the system at an
inverse temperature 3 are arrived at by minimizing the free energy with respect to
the variables of integration, yielding the saddle-point equations (appendix C). We
then use these equations to derive the storage capacity of the network. We define

_ 1 =274
T Th+e(-0IV B

and consider only the zero temperature limit in which

Y =BT, (y— ) p

(15)

0 if h < T,

1
lim = 1nTr(h,hy) = ! .
po : { Th-Tn)?  Hh>T,,

where 1/¢' = 1/g — 2h,. Note that y, — y, scales as 1/3 signifying the fact that
the system ‘freezes’ into a ground state in the low-temperature limit. Substituting
the saddle point equations for ¢,%° and ¢!, into the equations for h and letting for
simplicity s — 0 gives

b=y a1 =) [b) + 27 (7~ 1) - zo1] (16)
L \a / |

where b(x) is the rescaled function b(x). :
Parameter p measures the amplitude of the slow noise due to the multitude of
uncondensed patterns. We define the following two signal to noise ratios:

w=(b(x) — & — T, ]/oT, (uniform) v=[#7]/pT, (pattern specific) .
(17)

We write the final equations using the pattern averages defined in appendix D.
Of the two equations which have to be satisfied on the v, w plane, one yields the
capacity o as the maximum value of

o= g (18)

for which there are still solutions to

Y

1 -—
A% = aAB(r ; #(/. ‘Y) Ava + [ /17 YR \ N (19)
My +all =) YT UL —TJH]/

and, when solved together with the first, the other equation determines the range
allowed for the gain, g:

1 -4 —
Ay + a1~ )] = 2 —of; 7.( —da) _y DAsd-ml g
g7, \Y T L= [y+ul-v)3] /

Once P, has been chosen (19) can be solved numerically to give «_. For simplicity
we choose a binary P,, such that » = 1 with probability ¢ and n = ( with probability
(1-a), and begin with the case u = 1, i.c. when there are as many patterns as there
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are features in each module. In this case, as v — 0 (short-range connectivity only)
the equations reduce to those for a fully connected network of N neurones storing D
patterns (having M such networks—uncoupled—does not affect their capacity), while
for v — 1 (long-range connectivity only) they reduce to those of a highly dilute [6]
n-etwork storing P patterns [14]. For 0 < v < 1, «, interpolates smoothly, at any
given a, between the two limits, This is illustrated in figure 2, where a, is plotted
against o for v = 0,0.5 and 1. In the dependence on a (approx o,  1/[e1n(1/a)})
the figure reproduces the well known effects of sparse coding. As cortically realistic
values of the sparse coding parameter are very difficult to determine, here and in
some of the following figures we display the results for all values of a, so as to make
the conclusions valid irrespective of whatever particular range might apply in a given
system. .

0.001 T 0.01 01
a

Figure 2. Storage capacity oc as a function of sparseness of coding a for v = 0.0, 0.5
and 1.0

The decomposition of the patterns into features becomes relevant when u > 1,
and it is again convenient to consider first the two connectivity limits. When v =0
one is left with the equation for a fully connected network, with o replaced by
a/p = D/ C. This simply reflects the fact that each of the modules is limited by
its own capacity c, but, without coupling between the modules, there is no limit on
P as such. When v = 1, u drops out of the capacity equation. This signifies that
in this dilute connectivity limit the fact that a feature may belong, locally, to several

patterns, has no effect because of the connections being all long-range.

The interesting result is that for intermediate ~+ one again obtains intermediate
capacities. In particular, as u grows, o, also grows—asymptotically as u(l—~).
Once again it is the limit on D/N, the capacity of the modules, which constrains the
capacity of the network.

This is misleading though, unless proper account is taken of another type of
attractor state, which appears with the modular organization. It is the state in which
the features that are retrieved in each module do not combine into any global pattern,
so that none of the pattern overlaps is finite (for M — co). This state could Qe te@ed
a ‘memory glass’ as the network is, as it were, frozen into a disordered configuration,

not of single unit states, but of memory fragments. It can be seen that, whereas there
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are no thermodynamic solutions corresponding to k-mixtures of network patterns
(with k > 1), there is a solution corresponding to one feature overlap being non-zero
within each module, but all patterns overlaps vanishing (as 1/ D).

The ‘storage capacity’ equation for such a solution can be derived from the saddle
point equations already found. It turns out to be

A2=aA( G S ) (21)
2 A\u(l-vA] * p3(1-9)?

Analysing such a solution, one finds a stability line of the form
YAy = Ay[u(l =) + 7] (22)

beyond which the memory glass state is unstable to the emergence of a global
pattern—it has become a saddle point of the free energy—and thus the network
evolves into a retrieval state.

For very low values of u, the value of « at which the memory glass solution be-
comes unstable, according to (22), falls well below the critical loading of the retrieval
state. For slightly larger values of g, the memory glass solution disappears, when o
grows and crosses the limit expressed in (21), before ever reaching the instability line
of (22). For larger u, however, the difference between the «-value at which the mem-
ory glass solution disappears, and «, at which retrieval states disappear, becomes
narrow, and with increasing p the two limit have the same asymptotic behaviour.
Hence at large p most of the o range useful for retrieval, up to o, is ‘infested’ by
the memory glass state. While the rate at which the two capacity limits approach each
other depends on the fraction + of long-range connections (figure 3), it is only for
~ — 1 that they are still substantially far apart for x > 1. As the P memory patterns
represent but a negligible proportion of the DM possible combinations of features,
it is likely that in such a situation any kind of dynamics would result in the memory
glass basin of attraction dominating over the tiny retrieval basins. Admittedly, the
presence of a persistent external stimulus (which has been taken to vanish in the final
steps of our calculation) would enhance the capacity of retrieval states {12], and thus
provide some relief; but then it is the external stimulus, not the long-range connec-
tions, which succeeds in linking up the features retrieved locally into a meaningful
combination, the global pattern.

The question of the storage capacity is better understood by also considering the
information capacity [4] i.e. the total amount of information [9] that can be retrieved
from the neurons per synapse. For our network of continuous response units this
is defined as in [12], and depends on three factors; the information stored in each
activity pattern as determined by F,, the fraction of it that can be retrieved (in the
presence of interference effects due to the extensive memory loading), and finally the
number of independent activity distributions which can simultaneously be in storage.
The only proviso is that in the present case the independent activity patterns are those
characterizing the local features, rather than the global network patterns; hence the
total information per synapse is obtained by multiplying the retrievable information
per unit present in a feature by o/ u, rather than by a:

r= uﬁuz <l“ (Pr:brgf)(gﬁo?(m»n : (23)
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Figure 3. Comparison between the siorage capacity a. for the reirieval staie (Rs), and
the upper limit on the existence of the memory plass state (MG) as a function of g
(for the sake of clarity the lines are drawn as if x were a continuous variable)—in the
right-hand diagram overleaf one can also distinguish the stability line, above which the
memory glass becomes an unstable saddle point. (Us) is the uniform state in which there

is no retrieval, either locally or globally.

I, the retrievable information maximised over g and o, has been calculated to be
around 0.1-0.3 bits per synapse for several different cases of autoassociative memory,
with a mild dependence on the sparse coding parameter «. We calculate I for our
casec and the results are plotted in figure 4 for v = 0.5 and » = 1,2,3, 10, 100.

P AU PEURUVURE

Although the maximum f, occuis for a < a,, 4and itS dependence of a i§ more
complex than simply multiplicative, the asymptotic behaviour with y is determined by
the fact that the 1/x factor cancels out the main x dependence, in o, and [ (u)
becomes essentially constant. This occurs after an initial decrease, for low values

of 1+, as shown in figure 4.
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Figure 3. (Continued)
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Figure 4. Maximum retrievable information I, in bits per synapse, versus a, for 4 = 1,
2, 3, 10 and 100 with ~ = 0.5.

4. Discussion

The results we obtain are hardly surprising. Essentially, the number of patierns that
can be stored depends on the number of connections per unit and on the sparsencss
of the coding as in simpler autoassociative memory models, while the total retrievable
information is of the order of a fraction of a bit per synapse times the total number of
synapses on which it is stored. Even going into quantitative details, no strange effect
emerges. When u = 1, i.e. the global patterns are simply collections of non-repeating
local features, one is left with an ordinary autoassociative memory whose connectivity
is partly dense (locally) and partly dilute (globally). Its storage capacity interpolates,
as the fraction v of long-range connections increases, between the lower limit of a
fully connected network and the higher limit of an extremely diluted one.
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When the same local feature appears in more and more global patterns, i.e. for
increasing u, the local components of the signal and the noise gain importance, and
eventually dominate, over the long-range components. As a result, what constrains the
capacity is the (local) need to retrieve one of D features using only N -1 = (1-y)C
connections per unit. However, this does not allow a free ride on g, i.e. to increase
P at will, because soon the long-range connections become unable to link up the
local features into previously stored global patterns. This effect is manifested in
the emergence of a memory glass state corresponding to the network lapsing into a
spurious combination of features.

The conclusion of the capacity analysis is that the present network is not a viable
model, however simplistic, for the organization of memory in neocortex. Whatever
type of memory ability one might want to consider, and whichever way one might want
to estimate the storage capacity of a real brain, clearly having the number of memory
items scaling with the number of connections per unit, as is the case here, rather than
increasing with the size of the system, is wholly implausible from a biological point
of view.

If the model adequately defines the quantitative constraints implicit in a certain
theoretical view, then there may be several reasons why the theoretical view is itself
inadequate. One reason could be that memories are not processed in neocortex in
the form of activity patterns, coarsely spread on a temporal scale of tens of millisec-
onds, but of temporally finer ¢lements, defined for example by the synchronicity of
spike emission by selected groups of cells [1]. Another perhaps more economical
reason could lie in the long-range projections of neocortical cells being very different
from the sort of random, uniformly distributed connections considered here. A third
could be associated with the process of memory storage being very different in neo-
cortex from the autoassociative mechanism expressed by our ‘Hebbian’ learning of
statistically independent patterns, which may be more immediately relevant, instead,
to hippocampal processing [8]. However one regards these issues, the analysis of our
rather crude model indicates that a simple-minded autoassociative memory approach
is probably unable to offer clues useful to understanding memory processing on a
cortical scale.
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Appendix A. Dilution

We take the average as follows.

01 <<exp [ﬁ'r Gl 3 ("‘P'"a_ ) ("?"a' “)V,l ‘GZ}))C

(m,n)im.jn ¥,p

= H H explnl[1+—LW
—a

(m,n)imin

< {exp [ﬁ—L"LZ (”'Pma (’&T'“)v,jnx{;;] - 1}]] . (24)

¥ P
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An expansion may be performed with respect to the argument of the second exponent.
This can then be expanded in the argument of the logarithm. Provided L > 1, only
three terms scale extensively. The first of these is the fully connected term, then
there are two corrections. The dilution term becomes

exp (ngz ST Sy ) 25)
aNM 3 Vin Vi

& (myn) 4§

where A comes from a self-average over network patterns. However, one must be
careful since the averaging over the dilution has introduced a coupling between the
activity of a given unit in two different patterns. These patterns may share, in the
module of that unit, the same feature—a possibility which must be accounted for in
the self-average. One finds that

P(1— 35T oT?

A=
L ¥

(26)

Appendix B. Free energy

Keeping only extensively scaling terms and having averaged over the dilution, the
n-replica partition function becomes

e 3 R ()

¥,d,m

ByYNM 1 ng. —a\ ]
xR Ty ZY:MNZ =) Vin

s

2A2 2NM
XeXp[ﬁ 1 Z(MNZ im tm)

Viyim

xexpﬁg[sf’ P N vy +MNB(MN Z V-:_)]. 27)

Mytm

One can perform the average with respect to n? for the uncondensed patterns i.e.
d > 1 by expanding to second order—higher-order terms do not scale extensively—
then averaging and re-exponentiating the result. It is then possible to integrate out
the order parameters relating to the uncondensed patterns; #7¢ and £4Y for d > 1.

N\ CEE M) n(2+%)
(2, = (5%) (52)
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(28)

it — ¥ and 1" — i we can then

equate this t0 exp —3N Mn f at the saddle point as N — oo. We assume a replica
symmetry ansatz. The trace over neurones can be simplified to a single site trace
using the Hubbard-Stratonovitch identity and simplifies further in the n — 0 limit.

Appendix C, Saddle-point equations

B = (=72}, &, = «("G; )di% “Tr(h’h2)>>n

o L
M
m
oo L
M
m

& 17 = —y&7 — 57 t=-b(z)~-s°

8
Yot =<< Dza%;% In Tr(h, h2)>> <<sz hz;lnTr(h h2)>>n (29)

1
Yo =372 Umo  and y1=ﬁzym1
me m
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—_— DTO N(]- - ’Y)[l - “(1 - W)IGTo(ymO - 2ym1)]
mo 2N [1— (1 =BT, (Yo — U1 )]

PT,(1—v) BAXMy,

r

+ 5N 2
, - DTO [#(1 - 7)]2ﬁToym1 - ﬁAz‘Yzyl
™ T TN 1 - w(1 = BT, (Umo — Y1) 2

The variables defined in the text become

p=ro(,.0),

p2 - D(ﬂ(l B ’7_)_)23;1 + A272_yl 130\
NTv + o1 — VP — w1 = DBE T T2 + u(1 - )2 '
b = DT, (1 —) AZny2qp _PT,(1-9)
PTAN[I-u(1-v)y] T 27, 2N

Appendix D. Pattern averages

e = (Z52) [ o2} - ),
= (25 [ (o2,
= {[ o2,

where the range of integration in each is over w + v(n/fa) — z > 0.

Appendix E. The memory glass solution

Beginning at the saddle-point equations we impose £° = 0, and ., non-zero for
only a negligible fraction of modules to give

h= b(ﬂf)+s"+[u(1—7)](n_a)@ln—ZTop#(l—’r) (32)

@
and, defining the pattern averages as before, we find that

1
g7,

Au(l—v) = (33)

allowing us to write (21). To derive the stability we look for the zero-valued eigen-
values of the Hessian matrix. This is quite straightforward and results in (22).
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