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Spectrum

1. Let T ∈ L(X) be invertible. Prove that σ(T−1) = {λ−1 : λ ∈ σ(T )}.

2. Let H be a Hilbert space and U a unitary operator. Prove that σ(U) ⊆ {z : |z| = 1}.

3. Compute the spectrum of the following operators, and describe the puntual, continuous and residual

parts:

(a) T : L2([0, 1],C) → L2([0, 1],C), the multiplication operator by a function v ∈ C∞([0, 1],R), i.e.

(Tf)(x) = v(x)f(x).

(b) T as above, but now as an operator on C0([0, 1],C) and with v ∈ C∞([0, 1],R).

(c) U : `2(Z)→ `2(Z) the shift operator, (Ux)j = xj+1, ∀j ∈ Z.

(d) The orthogonal projection P : H → H over the span of finitely many linearly independent vectors.

(e) The operator K : L2([0, 1],C)→ L2([0, 1],C) defined by (Kf)(t) =
∫ 1

0
k(t, s)f(s)ds where

k(t, s) =

1, s ≤ t

0, s > t.

4. Consider the operator T on `2(N) defined by

T (x1, x2, x3, . . .) = (0, x1,
x2
2
,
x3
3
, . . .) .

Prove that T is compact and compute σ(T ) and its nature (point spectrum, residual, continuous).

5. Let X be a complex Banach space and A ∈ L(X). Prove that if A2 has an eigenvalue, then A also does.

Hint: use that A2 − λ = (A+ λ1/2)(A− λ1/2).

6. Let H be Hilbert and E1, E2 two closed linear subspaces such that H = E1⊕E2. Let T ∈ L(H) leaving

invariant Ej , i.e. T : Ej → Ej , j = 1, 2. Show that

σ(T ) = σ(T |E1) ∪ σ(T |E2)

7. Construct a bounded linear operator on the complex space `2 such that its spectrum consists of the two

points 0 and 1 that are not its eigenvalues.

HINT: consider first a compact operator without eigenvalues.
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