
BIFURCATION THEORY

✗ il Beneck
Spaces . We want to study

problems of the form

FIA, a) ⇒ ,
F : /Rx ✗ → Y , E

% parametri
We shell counter situation in which

711,0) ⇒ KA c-IR →
neo ↳

tunnel sol

look for me tniid sol i Lefne

S - { ( Air) c- IRXX: in -1-0 , FIA, a) }
We want LE fond sone vales of A for which
thee on 1 or more Solutions

a

which solutions brand off¥-0,
" " e- ' a

ore celled

B /Function POINTS

DEI kit is a KLEE point he F if
3- (An , a)← C- Rx X with un -1-0 tu

/ Flan, un) ⇒ tu

/ (An , un ) → ( Afo)

Trivalente È
- Asero

,
FIA.se)=D- Ase

F : IRXIR →R a 2=0 is a sol A =
al x2 - A)



If Icio is the orly sol
1> o

also It are sol te⇒ 1--0 is a bif . point y

Necessary condition For À to be a bifneetcar
--

point, ben dutta;D not

inuuhiblefd-hauiseifdut-lkdisinvut.be with bd inv
,

by 1ft 3 heidi BEE ) × BEH st

Flan) ⇒ in ⇔ cio

in this und sol is Unique
and we know

Uto is gol

Interesting Ese Flair) = An - atu) with Gold
-

then if IF bif . point =D È c- 6 / GY» )

Intel : da FIATO) = 1*151 - G' 10)

so di FIATO) is inuehibh ⇔ Arte f / G'(d)
not "

⇔ Mercato)

they it is not suff . :
È can be in 6/ C'G)

but not be bif . points :

Firmare
,
fai:)) = 11 ;) - ÈÉT

g- xD
then G' ( (8) ) =# so 1%1 is eigenvahe .



But Flat:D » ⇔ Al:) - LI?)
⇒ se

"
+ g

"
= o =D se-9--0 (no bifmcetua)

↳ melting itq by set
2ⁿᵈ ys

ante sum

LYAPUNOU - SCHMIDT REDUCTION

His e geniale method to Lel with bifencetun problems:

Felt (Rx ✗ N ) st FIAP ⇒ FA

We know Het data;D net invertibile if
At bifurcetion .

Ne assume Net

,
/F- Vtw ,

Vnw-109V
, W closed

(A1) V : - ha duflÈ) -10 is complementoble

*2) Rio In d. FIATO) is closed and complementare
( Y = Rt 2-

,
Rif closed , Roz -103 )

Lef P : Y → Z ( pagarne caplenent d- range)
Q : il → R (

prog
over range)

Pill are continuous became Riz are eonplementohle

We project Flair) =. using P ,
a and

we also decompose

le = V 1- w c- V + W (head + eopl)

Futile ⇔ { IFCA,
vtw) ⇒

QF (A
,
vtw) -0



CEAL :
salve the Q

eq :

start by writing Fan) - La
" "

Fair) = Fitto) + dattilo) -11 + FIA , n)

÷ ÷
A-pply Q

, a
= vtw :

◦ = QFCA
,
tw) = Q / ↳ lvtw) + f- ( A

,
vtw ) )

set folk, v.w) : - Q↳ lvtw) + Qflttvtw)

we know d c- è ( Rx Vxw
,
R )

& / Afo , o) = Q f- Afoso) = @ FATO) -0

Gol : given Hiv ) , finta W - wiki ) solving DIAN , w) 0

so dw 0 ( 17,0) : W → R must be invertibile

dw ∅ / È , a)[ a] -Alzi + Q duf /È a) [ù]

apro> over - 4¥
'

+ a /E.FI?j-d-4.xI)R--imdut-%fd--Lyx-≈

Consideri
. La:* W → R a) continua ✓

"

conplenutofhal
"

range ↳
•) suzgecfive ✓

°) inzecfive ✓
•) Wir closed → Beneck



open mapping th
.

→

Là /w
i W → R is invertibile with bd invase!

We cpply IFT to d and solve it body
with respect b- W

Precisely we finte e function

8 : BEH) ✗ BEH → BIG)
A

,
v → NIAN)

so that È / IN / NIAN)) ⇒ KIAN) c- BEH)✗B

and it is the vigne sol in B
"? ) ✗ BEH ✗ BIG)

811,07=0 V-Ao-BI.IM)

dv 81470) ⇒ / dvstatoktl-l-dwt-EJ-d.DE
= - [ J' 4¥ =)

So we have salvato for w , how we can

Substitute w = HAN) in the P eg

I FIA , ✓+ VIA,
'

⇒
BIFURCATION
EQ

We are in grado pos if
the P- eg is simple

then the original ore .

This is the case la example if

Jim beh
,
colin 1mL < a

Lotus see on example when the dim are 1
.



This ( Crandell - Rabinowitz ) Fae?Riki) ,
◦ c- N opere in X with FI 1,0) ⇒ FA

Assone Het

(1) ✓ = ben Lu FIATO) = < cit) (a-din)

(2) Ra Im du FIATO) closed with colin 1 ( tim YIR --1)

(3) ( 2,1, a F) / Ho) [ cit] ¢ R
TrasversaliTY Condition

then (ATD is a bif . point and 3- G>◦ and

a local bùf cure parametriset by E c- ( - G, Eo)

{ (Ale) , HEYER ✗ ×} of class ct

so that Fl Ale) Intel ) -o K Kl Eso

and

f
Ale) = 1¥ + ok)

NEI = EH + HEY

Finally { Air) a Rxre : ato ad Finirla}
al

{ (Alsina)) c- U : KI ≤G)

Prot We apply Lyapuwv - Schmidt decomposte
"

heel
"
confutare

Fog couplem unge
I #( A

,
vtw) ⇒ ,

✓ c- V
,
NEW

pro] . range
QFIA

,
aw) ⇒

We soba the
range eg : w = I (AN) golves Q - eq :

Q FIA, ut si / AN) ) ≤ 0 FA ,
v in autan neighh.



So we not to solve : I FIA , vt NIAN) /coerente
←completate

Lotus compte E : recall Y = R + 2-
,

cobim R = 1 -D 2- = < 2-0> 1 - din

t y c- Y : y = dzo + r
,
2 C- R

,
< c- R

so the operator P : Y → 2-

g- a z.

'
• • ↓ ✗

yH⇒≠◦
E

R closed him sub ⇒ by Hahn - Beneck
, ] yitc-YT.jo -10

with Jt / a
⇒

→ yitly ) = il azotr) = Litto) → 2=1%1,
so we finte : Py ⇒ «I y

' ly) ⇒

↳ PEIA
,
virtù) ⇒ ya ( FIA, ✓+NANI ) -0

We set A = Htm and sine ✓ c- ha duf ' a) = < ùt)
we can write ✓ = tutt and put

plait) e y
' / FINN, tutt Olàfr , tù))

p is real what and Lefned in a verghe of Gio) in RXIR

and it is of class C2
,
sine F IN anca

Gal : soba pluteo using classic IFT

In particolar re want
, given

t
, funk Nt) Soling

p / miti it)
-o



Problemi ftp.d-yt/FlAT-m'sMAHn-o)--oVy
(fr) In Plon) (CHECK Then ! )
(PD at Plon) = o

se ho IFT unire Liddy : we week b- " Lesingulanize
"

Pfnif)

Define hint) : = { PY ha toto

7pm» ha 1-⇒

Then for t -10 hint ) -- o ⇔ pleut) ⇒
so we try lo epply IFT lo h

Nde Het
.

h c- et ante Hao) = 2+7197--0
Moreau :

Intimo) = 2Mt flop)

at htm) = him Hadji) =

{ →o

= him - scippo)
. È÷

= hm
È / Mme) -1¥

- • 2-⇔ )E -10

= ; Enim)

se ne vedo lo compie 2-
µ pian

ad SEPIA)



We have

(pt ) 7, più = y
' / In, FAYDEE))

¢5) 2-* plaid = it ( 2am Finito) [ ùtiùt))
het vs prove (PG ) :

7- plmt-jld.T-lei-mtw-i-HAM-mtn.tl/ [ + dormienti .-49)
→ 7pm ) = it / delitti, Y;ù) [

n' + tiratrici )

= y
' / {Flatts , a) [ n' + d. Nemo) [un ] )

How the an:

77 ppno) = y
' / 2µm Fittizio) [ n'+ donazione) ) )

+ y
' / du Flàvio) [ In.nu#quo)-ln*I)

→ 77 Mad = Manuelito) [ +LÉO) )

+Y(↳FHD[¥;NAID[ù-
= y
' / Iniettato) cit )

5) is pronte similnhy .

Gong baek b- hlpyt) .
We have Het

Yukio,» = y
' / 2mn Finito) [ùt))

By assumption ; amati ED [cit) ¢ R → Zyklon) =/o



We can apply 1ft lo h and set e mep

1- E
,
E)→ IR with Not ⇒
t - mt) ) hpnk) / f) co t HE

t → pit) c- ed

↳ so in particolare, for tto we have

PINK) ,t) ⇒ A KI ⇐ e

so we have sold the P eq !

→ F ( Finiti, tè + Al # pit) ,
tutt )) -0 V-H.is

.

÷
and it is not tniwcl since Ha'+più , ti) = Ott)

•



A-pplicett.ae Non lineare Sturm- Liouville problem

G) |
- "

"
+ In + fin) eo

ulo) = v11) ⇒
I

f- c- C2 , f-G)
1-407=0

Solutions are Zeroes of

Flair) = -u" + In + fin)
,
F : Rai → Y

✗= { ne Elton) ) : ulo) = alta) eo}
✗ = In c- Colton) ) )

clearly FIA, 07--0 FA

Bifmcction vdnes : du FIATO) the] = - L
"
+ Ah+ fkd.hr

= - h" + Ah

not invertibile

d. FIATO) invertite ⇔ gol? 3 ! hect sol of

f- h
"
+Ah =g

Ha = had) =o

⇔ hom problem has only tiudsol

{
-4" +Aheo

hlo) =L/1) ero

⇔ A ¢ { - VFITZ , n c- IN}



Moreau
,
il A- - NÉ, ] sol of }

- n'' + In -7
ulo) centro) eo

⇔ f- la sol of Loony problem with
D= -ciuf

⇔ < f , sin / uita) ) = O

TI
Equivalente f- e In duflaf.io) ⇔ ftsininitx)

AF = -ità
can we apply Crandell - Rabinowitz to feud Solutions
in case

.

1=-7*2 ?
.

Put ✓ = ben dotati
,
o) = < sincroni)

R= In duf latino) = { f- c- Y : ffixsinlnitx)» }
→ dimv = codini R =L

,
R closed

* = y
"
/ 0 ) with

y : ✗→ R bin - fuit

411-1- Jfk) sinuose)
it remain to clade the Kansu usohty condition :

( 2am F) lato) [ è ] ¢ R

As (2, du F) natio)
[TI = so
,
l -Titti ) =L

,

we week ✗ duF) Hai;D [ ] = it ¢ R

But u" c- R ⇔ fitta≥ = o false ! So Feansueseltt
Conahan ✓ !

CR ⇒ fa
, 3 a continuous family of naturel

Sol of ta) with

tele) = E sinistre) + o / et)

| Ale) = -
Rif + o (E)


