
INTRODUCTION TO Topologiche DEGREE THEORY

( Tasche
, Nirenberg )

topologia.cl wethod Lo solve Ha egftat-y.nebddoma.ir
fin dim → Brouwer

Inf Lim → Schauder

examtue : f :[ 0, ☐ → Ti:D continuous

fi» = -1 ,
fai =L ¥n

⇒ lty c- [ti] , ] se : fla) =p

Naturel question : suppose va con deformi fin) la
← continuo» wey

b- false) for which we know we Love Solutions

=D deduce Het also f- 1×1=8 Les e col

Wc want a metà b-
" cont

" solutions stable mha defmetons

Fitzy lwwng) : U
Open

bd set of M", f : U →R
"

,
conti

.

y c-
a
"

, put
Alfio , y) e # lato : fai -7}

Is it stable unta deformata? No

2 yeccid]

{ go

" ( %
,
EH

, D= { 1 yea, esule}
o ottima

N / fa
,
Gio) , y) = {

1 latte]

0 offense

but for f1 via honohipy
So N is not iuvant by defamation



look at sol
" with signs

"

AT = #{ a : fine : f'G) so] - #{si : fai =p , f-
'

(a) <o}
then II ( fa

, t.at/y)-- {
1

?
"

.IT#wne1 yacine]
"

=

" # ffs, -6¥
( stel problems at

ya and at the bd)

GL Build a function
"

counting sol " stella unta perturbata
and Lefonnetons

AXIOMATKAPPROACH-i.tl c- Rt Open- bontate
, y c- R

"

Dylu ;D
") = { f : Ù → R

"

,
continuous

, ycfflau)
( y ¢ fiato) sina.ve want → ↳

stabilità unta perturbata )
•y

Exercise : Dylu ; /R
") e CTU ; in

") is Open

Det A Igraine is a function

tag ( • , U, y ) : Dylan
") → IR

f- → deglf, U , y)
S.t.

(Dl) tag (f) U , y) = deg ( f-y , u , o)
inumana onda
translation

④2) leg ( Fan ,
U
, y) = {

1 Jeu nomehzd-i.ae

o y¢U

(D) v1
,
v2 c- U Open , Ursua =P, y ¢ f- (Jiliiuua))

⇒ teglfiuiy) = deg lf, Us , y) + Leg /Guay) ohtitinb



→

☒4) it hltix) is ÷ÈTy , i.e .

• ) hc-CC-loixu.ir
")

r) hit, sei f- y Hx ) c- [ad ✗ au (⇒ hit,) c-Dylu ;D)ft

then Leg ( hit, .) , Uiy) Les mot depuis ont .

IF degree exists
,
it has imnihctef sone interesting properties:

trop het Leg be given ,
then

E) deglf, & , y) -0

È) it y ¢ f- ( ÙIÈ
,

vi)
, virus - lo fai#a

⇒ tag / f. Yy) = £ by If, vi , y)
i -1

Iii) f , g c- Dylu , mi) and

free su : List / fadiga ) < List ( y, fcau))

=D Ieglf, U
, y) = deg 1g, Uil)

In particular if fag on au =D dglfio, y) - dglg ,

iv) If deglf, Uiy) -40 =D I set U : f-(a) =p
( existence of solutions ! )

(v) the rap Dylu , 112
") → R ↳ loolly constant

f- → teglfu ;D
fa -1 c-Dylan

")
is body constant

the mep ifau) → IR

y → soffio ;D



In particolare i they are both continuous and constant on the

Connected components

pref (i) Use 433 ) with Us - U ,
va =P

Cit) (D}) + indnction

Iii) Define : hit
, a) = G-f) 7 + tg

check h is admissible : hit, a) =/y flutti ) c- fai] ✗su

iie . Lst ( y , hlt , au)) >o V-tc-to.is :

Lust ( y, hit, au)) = dist / y , Hau)) - 11h14 . ) -ftp.qau,
z Lost ( y, f- ( aus) - If -811µs, so

"È teglf , uiy) = seg / No, 7,44) - tglhlh.hu, g) = tglgiuiy)

(Iv) Ec. ycfflu) ,
we also know

g ¢ tou) ⇒ yctflu)
then (D} ) with Ur = v2 =D gives

Legit, uiy) = soffi +↳H÷↳ ° %

4) .) f- c- Dylu; in
")
, g c- CCJ , /ri) with If- gli,•« distinta)

⇒ g c- Dylu ; in
")

put hit, .) = set ) f- +tg is admisrble honotopy
( sane prof of Kin)

→ tag 17,0, y) e tylg ,
U
, ) → tepee ↳ loc .

constato
) the g- with it - y / < test ly , flan ) Uput ylt) i. = @A) y + 1- g-

flat
vs List ( ylt) , flau )) so



ns f-ylt) c- D.lu ; /12
") v-tc-to.is

"

{ g : -0¢ gcau)}
n Leg If , U , y) È by If-y, U , o)

Af - yitl) - (f- DI
te"" mit

Leg / f- yit) , U , a) V-tc-to.is→=

11 È -911<-117-411 « t.iq
= tag ( f-Ti 0,0)
H )

tog ( f , UIÌ)=

@

FAI : if if is a regular votre of f- c- CI

then (Dll -CDA) detenne tag umynely

DEI a) f : nein
"

→È
,
f-c- e
'

, yea
"

is
a

agitarleof f- ( f- Ha c- f-'( y) , dftx is invertibile

City ¢ flu) ,
Ken y ng

vole )

a) yis antica vale if y not regular vale

thm Gard) f- c- e
'

, the set of which vales Les nusmeo

Puoi U
Open

bd / ycfftau) regola vale ,
then

# { ne U : flx) -y} is finte and

if has , _ _ , sen ] = f-
'

( y) then I Usei heights of sei and

Uy Nigh of y : f- { Uni → Uy is biectiar
and f-

'
Ivy) = È

,

vai

prod f- ' /y) closed in J in it is caput
By the inverse function Hnm , f- la Ikon anand se fa : flxky
M f

"

/ y) compact set of soldato points
→ it has finte points . 0



thm f- c- Dylu ; IR
")

,
f- c- è , y regular vhe ,

then

any degree map has the four

tag (f) u , y) = E
nafta) su

%" ( detdf»)

( agreement : =
✗ c- ¢

= °)
Re in

D= ' this is ex - etty at

prof 1) y ng vole
, f-

' 4) = { ses . . .

,
sen}

d- v1 . . . , Un Open
sets st . 2¢ f- (Ji È , vi)

)

=D tag / f) U , y) = È teglf , Ui, y)
F- I

2) We com essere tht vi = Bp. . lui) with fiki ) =p
( dftei) is invertibile

,
so f-(qq.ge,

loc diffeom ,

sono due solutions of they in
Un - )

n

=D by If, uiy ) = ¥,
tag ( f, Balai ) , y)

3) Fa fi «1 , se c- Ben .la .)

ft) = LÌ
+ dflsei) la- sei) + oliva- sein)

put Lai (a) = y + df fai) la _sei)

We wwt a) Lui c- Dy /Bq. la:) , 112
")

) v-sec-2Bq.la) : distfxl , lui(a)< List/ ygftdpsgtai)



"""""

tag (f, Bq.lu;) , y) = deg ( lui , Bpitai) , y)=D

→ A Laila) -y H = Il tftai) .be- sei) Il 7 canini

Inf 11 La .IM -4117 c pi > °
sec-abg.tk)

→ Il f-HI - Laid / = o/ un-sei) )
• V-RC-DBq.lk) : Ilfcx) - la.la) Il _ o (g)

V-xc-DBg.la .) : Xy - fla) Il = ✗ dfte.) (se -sei) + attese-sei li))

z C fi - o lei)

7 § fi (provided fi suff sull)
7 drgtlflx) , la. . lui)

so far tag / f, Bq. la:) , y) = tag /yi-dftdita-diibq.ta.it , y)

È tag / dflailfa-aiibg.la:) , o)èÉÈ=
. ⇐ semi

→ f-( Balo) iBabe:)) -80
È deg ( dftri) la-a) , Balo) , o) , R»/

| µ
= dey ( definita , Brad ,

o)

to deck this identity : a) dftei) se c- Do /Balo)
,
o )

• ) fa c- 2Brio) ,
Han

dest/ definita-xD , dftn.tn) < desto , | definita- xD : sec-2Bp.BY
(exercise

,
the R soft large)

→ teglf , o , y) = E
nega,

↳ (dftei) se , Brb) , a)

So we not to understand the degree of a linea

mep L with set Lato



tenne Given Leila c- Gun)
,
then they are honotopic

insite Glln) è sgn ( Letta) = sgnlhetlz)

praof-ltese.tl ,
tenne 12.3)

thanks to this lemme
, any La Clin

) is honohtpic b-

(
saignldetl)

, o

• \
. )

trop If L c- Gun) ,
Ren degl Libs, a) = sgnldetl)

pref since L c- Glln)
,
Ken L is how topic b-

l' \
. ) a ["\

.)
it L - se È toglie, Bs, o) = Le sgnltetl)

Eni

17 L ~ [ '\) ,
ore aagues like this

they : constmet o function f- and sets Uau Ua CU

such Het

tag /f , 0,07=0

| tu, hombre lo | -111
,
) on the

| tu
,

" "

A- on v2

| f- " Io) = { sei, ne} , Reeve , 22 c- 02

Ha

0=417,40) = tegame ttglfgyk.io#



vs leg ( (
"

11) , Balo) , o) = -1

(Letoils : tasche thm 12.4 )
a

→ deglf , Uiy) = I sgn (dettate))
seeftly)

provided y regular ✓che se f- c- CI

what about y
antica vale ad f- c- è ?

Idee : •) critical vales; lat
y

whial vale
, pick game

regular vales with Iy - yd , / g- 121 « 1

vs by If , Uiya) = Leg It , U , ya) ( dura hoc
. constant

debe soy / f, UN) - him Legit, U , ya)
a-soo

with ya → y , ya regular ✓ che - the

•) f- c- C° : eppoximdé with et fructus : given f- c- li,
sole

fa c- CHUNY n C' IJ , mi) st fa → f- owfomly
'n it .

va tbt g- Lag (gum) loally constant

ha define

tag It, o / D= hm dog / fa, vi)
a-so

with fa c- e
'

, fu → f- unifomhy .



Application of Broom degree

thm (Brouwer's fixed point Him) het U open set with

Ù honeomaphic E BSI c- 112" and

f- i Ù → Ù Continuous

=D 3- se et : f- fa) ER

prod lat p : J → BÈ homeonoph.cm
Hin g = le • f- • è

'
i Belot → TÈ continua

IL 8 fixed point a: gluten vs ftp.hsei) = Été

→
we can assume U = Balo)

CI 3- seco 213110) : f- Ex) -2 : nothung to do

Carl f-Ge) f- se V-sec-abs.to)

Strategy : show tag ( a- fin) , Balo) , o) =/ o → 3- niflxkx

to computer degree
, put

hltix) = se - tffn) : hlqa) -se =#

hlsix) - se - ftx)

admissible . ⇒ hlt
, ×) #o V-sec-DBsldv-tc-E.is

ottenne se tffa) fa sone meaBalo)
,
1-c- Tai)

un ⇐ lui = ti fai < t no C-=L

ma se = fla) fa sore xe abito §

=D deg / se - f-(×), Bild, o) = Leyla / Baldi ) =L
¥ •



LERAY- SCHAUDER DEGREE

look fa a tepee fa F : Rex→×,✗Banali
eran

texane : F: Balo) C- è/N)→ IGN)
E-1dam

.
.
. ) → ( Enit, asper, . . .)

F continuare
,
F (Balo)) e 2816? - {nel? andai]

come of consequence of degree theory was Brauner

fixed point
F : BI → BT ,

assume 1- netta : Neffa )

→ Hull = Il Fia) Il =L → se = FINI

E
MI = 0

Reo § ⇐| sez = sei -0

Ha = o fa

un Brauner thin fail in 0 -din Spaces !

Need extra assumption : F ~ compact putnb
of b-

Del F : ne ✗→ ✗
, ✗ Bende

, F continuous
is soul to be compact eff .

¥ BEH bd ,
FIBT

is compact

Deve °) F is moulineau function . 17 FELIX)
and carpet according to def → olta motion of

companatico



a) ✗ = è ( Tail) : f : R-sir continues
t

F : ✗→✗ uns Finiti =) flats)) des
Fvs carpet ( Ascoli - 1-È )

Pgp het Ed
>»
,
Fa : U -→ ✗ caput ka

and such Het Fa →F in
the sup nom t

Save F : U→ X Continuous .

Then F is compact .

prof het B e U bomba .

Ne

darà KE>o ] NEGIN : FIBT c- U Belgi)
El

this is time fa FGCBT since if 's

totally boutet
.

Non given E >o,
tele y : IIF -Fatta 2- Ez

As FGI caput m ] § - net for TJIBT :

NCD

FI e U
in Bag Gi)

this is e- net la FIBT i . tty c-FIR) ,
] ya

a--1 , .
. .

,
Ncd ) with Il y - gel < E i indeef

y-1=121 , UEB

Il y
- Ya Il = ✗ Fiat - Gall a- Il Fini - Fateli

tllfglx) - yall



E IIF -Foto + llfylxl - golf

E § + {
→ the the go with

Fscx) c- Bag (go)

N N

M FIB) E U Belgi) → FTB) e ¥, Belyi)
F- I

•

Ce F : ✗→ ✗ and 3- (Fg ), st . Fa →F
in the sup nom and

tag : din ( In Fglb) ) <• FB bd

=D F compact

they For linear
maps

:

a) for Hilbert spaces , also converse was the
.

a) fa Beneath Space ,
it was false

Dropping liueanty ,
also converse ☐ vchd

Pre F : UE ✗ →✗ in Open bambola
,
and

F compact. then FE>o 3- FE Continuous

such that
pe - fan ± e al Sim ( linfa ) - •

prof Let E>°
, ys. . . , yp : Fat c Ù Belyi)

i -1

and we can Choose ( gi )
,» . . ,p

c- FÀ



Let YI ( y) : = maxfo , e- 117 -yyll)¥:*"
If
ye
FÀ

,
d- g : y; G) =/ o

→ ti (g) = jfiyY-y.is nel blues
for y e- Flot

and
§ rtjely) =L

Put Face) = È YÈ ( Fim) ya G)
a.=L

a) FE continuous function

a) In FE E speme ( ya . . . , gp) vs Fc caput

a) Il Flat - Feisal = Il É %
'

(Faa) FG) - Fda) //
a

•

'È È rifatta) ÉÉÌ< E
a -1 -

=/o onlyif HEIN - fallace
¥
Eretti
a-4

→ Il F-Fallo = E a

F : UE ✗ → × in open bed and↳"=
F compact ,

then ATF is closed

( it meps -
closed set into closed sets )



pw-ofB.EU closed
, tenne B : anti-fan) →y

ne ment lo show y = se + Fire ) .
since F compact , a cena ) st. Flann) →g-
so un =

zj-Eei-t-ej-n-s.is
-5

↳ IÈ c- B sua Bis closed

By continuity of F : una + Flan,) → se +Fia

→ y

a

Gray -Schianterà

the G = A- + F
,
F compact

Ne want £ define e Legree ha A-+F

satisfyng (DI ) - CD4 ) as in the finte
dimensionale case

de : tny with finte dimensionale appwximetons
Use prop b- approssimate F with finte Lin

range rap Fe eating on finito dim Space
Xe : CI + Felix

,

We shell Sofie the degree as a limit of

degl ☒ + FE )
/ ✗a) → Brauner degree of

this mep



To prove
that such - limit is wall defnet,

we week an otbitronel proprità of Brauner tepee

de : Ue Iri : f : Te → Rm
, man ,

y c- armi fisse) .
Put

of = Han + | f) 3 in caponata
o In- in componente

tale
y ⇐ in
"
~ È ✗ ho} c- Mt vs y =/ ! )Fm times

if u?
"

gcx) = µ) ⇐ a + |!" ) =L !)
E
NE Iam

→ kg / A- tf , ok , g) shared be the sane

as degl A- +7 / unum ,
Uniti
"

/ Y)

henry (Reduction poputy of Brown degree )

Let f : rt c- IR
"

→ 1dm
,

Continuous
,

man

U
open / bd i y c- 1km ' l A- +f) ( IU) then

Leg ( A-+7 , U , y) = degl + f)
1µm ,

Um
, y)

whee Un = Un Irm E Ha / llzmx } :3 }



Renzo) Rm = "" ✗ III.
yanez

± "
"

"

f : IRM → Nn

se - ( ti;) ) 3m
- componenti

} n- in componente
è

" H ) e ftp://iao)

a)

: " .

a) let ne Ù St
. se + finley ⇒ se= g- fix

In fin
→ ME 112

"

→ E +f) (a) = @+ f)punta) = y
→ a c- Attimi ly)
±» (II + f)

"

( y) = ( AI + f)1am)
"

ID



prod By usual approxinettu , we com assume feed
and y is regular value . It is enough le

prove
sign detto #+f) A) = sugndetdl#f)tanti )

ne ☒ +e-T' ly ) - ☒ +f)mm )
"

lui)

Recall fai ze ( Y ) mwnp
.

non
comp .

→ et ( d 111=+1-11×1) =

= " /
"=
.

+

È
"

/In° team ) "-m
→ ÷development .

lost n
-
mrows

=
detto/ A- m + f) (×)

vs the 2 da gas coincide 0h

Define

KIM
, × ) = { Felipe> X) , F caput}

F- (U, ×) = { FE City), 1mF finiti sin}



Dylu ,×) = { F c- Kinski, y ¢ #+F)(au)}
Fy lui) = { te Flrtix) : y ¢ ☒+F) 1801}

Nole Het if f- c- Dy (MN) , then

dist ( y , ☒+F) Iau )) > o

( exercise )

Put g : = List / y , ☒+F) Aut ) so

then approximdt F with FI C- 5- tk , × ) so

Net
HF - Fallo < E

un dist / y , @ + Fa ) Iau) ) >o vi Fa c- Fy#

Next
,
the ✗

&
CX funk Lim subspaeofi

with | Fsln) c Xa
y c- XI

and set Us : = Un ✗1 ,
then we

have also Fs c- Fy / V1, ✗ 1)

We put



[ tegla-i-F.my) : = deg / A-+Farei , y))
LERAY - SCHAUDER DEGREE

Prope the Levy - Schauder degree is nell posed .

prof Rick Fa c- Flat , X) : 11 Fa- Filo < %
✗2 as bloc

and define % : = X , +X2

vo = Un Xo

By rebnehon thm ( ya Xe , g c- X2)

deg ( a-+ Fa, no , y) = degl#+Fa , v4, y)

tag (A- + Fa
,
No , y) = degl ATTI, Ma, y)

Put Hit) = AI + G-f) Fa + 1-Fa

Itis ddwisnble homdopy since

Itta) - # +F) Ma E Il F1 -7%+1115-1--11 <f

→ deg ( A- +Faith , y) = Ley (A- +Fa
,
No
, y)

homotopy invasare

of Brauner = dly ( A- +Fa , No , y)
teme

= seg / A- +Farla ")
•



thm U
Open

ba
,
NEX

, T-c-DYM.it, GEX
then Leroy - schiantare degne folfills (Dl ) - CD4)

prof ( exercise :)

Ce Ne ebbi Lionel properties of Brown degree
dhiuiy from INI - CD4) hlds tre for

Leroy - Schauder degree .

Applicatore : Schauder fixed point thm

thm het D a closed connex BL snbset of ✗
Banach and

F:D →D compact

then I has a fixed point ( ie . 3- siti: Fat)

pronoto Assane that o c- D ( otham.se translate He
set )

case 17 d- see ad with Fbi) -2 ✓

Case frasi : Fise) f- se

so we can define tag ( A- -7, Dio) and show -10



Put hltx) = se- 1- Fin)
,

1-c- Tai ]

isec-DV-tc-T.mil
, hlt , .) = 1- + compact

het us show he is admissible: ne claim Het

hltx) =/ o t tti) c- [ai] ✗ AD

Ottavia : 3- (E) f) c- [oixsd with LITTI) -0 ie .

a- = I Fire)

a) Fiat # se tu c- ad ⇒ E < 1

a) F- (D) ED =D Fiat) c- D

a) D Convex =D I Flat) c- D

•) E < se ⇒ E Flat c- È §
8D -3 stretta)

→ hlt
.
.) otamissibll

⇒ Ley / 419 . ) , Dio) = by 1h11 ,» , Dio)
" "

hey / E , D, 0) dg / A- -F , Dio)
④ 2) 4 • c-☐

1

⇒ Leyla -F , Dio) #o ⇒ 3- sol of #Theta
•



AE.us :

peanothe-mfy-fta.it)
Jiao) =p

'
KNR

, yeah

→
Open

boulet

f : U → art of class è
,
ante trois) c-U

=D d- f > o and a sol ycxl :[ no- S, aotf ] → in" to

He Candy problem
✗

prof idee: (Tg ) (a) = yo +) f-IGNA) It
Xo

T is compact fan è → C°

exu-a.se : which is the set D ?
End it and apply Schauder !


