
FUNCTIONAL CALCULUS

We have seem how to tefra f-(A) for any
function f- nhen a is - carpet salhdgont
• perdon .

We want b- extent this construction when A
is a general bd selfadzant operatori

ultim-TE-AL.Def.ve fla) uhm f- =terreIR boolhem snbset

Indole it turns out net Bieca) ↳ -7psecEn
which generatione Me orthog. progettano over the

Spa
ha ( A- AI) .

Fast step : f continuous

Continuous FUNCTIONAL CALCULUS

this ( cont . fune. Cole) AELCH)
,
A- At

Then 3 ! § i Clan) → LIH)

f - difettawith those properties :

(1) È dgebraic *- homomaphism

Io / fg) = dito / g)
plafond -101171 + µ blog )
lo / 1) = AI

dif ) = 0117¥

(2) it f-(A) = A ⇒ dif) = A

(3) È is isometrie :

ff Il # ti / sai, = Fifa,
' HH - " tllccoias)



(4) Spectral mapping olta) = f / TIAD

(5) If Axe ha =D fla) se = fla) se

(b) 17 f- Io =D f-(A) go ( ie . < fiatare > o tre)

Schena of the poof
- _

=

[ Cath

1
.

For any polynonnd pe
¢ [t] , define

PCA) = È ca AK
ha

2
.
Fa AEFIH )

,
a-Àt prove that

I piatti = srp IN I - il p Neeson)LIH) beota)

p:-p (A) isometrie !

3
.

51A) is a caput set of IR
By Stone - www.tnsspolywnelsae dense in C ( tutt )
→ refe fla) = figo pin whee pn → f
and (Pn) ae polywnels

We split the prof in several lemna

Lemmy ( SPECTRAL MAPPING FOR DOCYNOMIALS)

Let a c- LCX) , Hen t p c- ICET] polynowl

si / pati) =p (rial) - { pia : beota}



pem-ith.lk in
Beneck

spee
and not self } . op .

prof Fix A c- ¢ , consideri the polynoml
pit - il

dvd tende by As
, . . , In the roots of it .

Then

(a) plichi) - A te i -1 ,
- un

(b) pit - A = e (t - As ) . . - (t - An )

=D pla) - A # = e ( A - As) . .
. (A - an) G)

het Cfo ( ottenere plt = A const out claim istnùd)

claim degl play ⇒ Ai c- GIA) ti

⇒ From G)
, [ (A- da) is inv .

wthbd inverse

so Plat - A is im . → A c- glpla)

=) B.ci assume d- Ai sont A-Ai notinuuhble .
Assume it is Is ( ottenute comunità the terms )

⇒ ha / A-12) -
• laida /A-Il -40

so ✗
he (a-da ) =p

1m (A- As ) =/ ✗ Imita ) la-41 . . /A- A) =/✗

so MIA - di) not invertita → de • IPIAD ↳
By claim we know Het

7 e- ripeti) ⇐ fi : Ai c- HA)

<È A c- piani)



È) ↳ (a) A = PH) onta di c- dai → deplora)

A = plz) fa sone 2- cola)

b) (b) ,
2- c- Hai - , In} so 3- i : dieta)

⇒ A e- tipa)
a

# ingetuut is isometrie popuhj bvtinly in

Hills space and for self of op .

Lenny Astin) ,
A- At . letpfctt] . Then

II play
fly

= " Pleura)
n

prof hot pit) = E Cat
"
. Sine ca c- ¢

fino

in quel pla) not self about end

plait = [ Era " =p ( A)

a) più pia) = ③ tu a
") ( E certe) = (pp ) (A)

⇒
=D Il piatto = Il più pia) / µ,&'"

È ✗ ☒pila> ✗
gin)

IFPIIAI selfdasont
Fat solfatare = 2 ( ☒ PXA))

2

liti = ICT)
= gp 11,1 Kplleioca»

le stlpplla) il

Spectre mapping
HENIN) = @pilota ) = III,

IRPINI = Ffa, IP
' 12
a



prof ( cont . fune ale ) ftp.olynomd ne set

Afp) = pla) ( home 0111) = HAI = 1=11)

The f- c- CINA) . As Ola) is caput , by
Stone -www.etressthmlpolynomels are dense in Char) )
3- ( Pn)

»,
polynomels with Il f- pnllcgya,

→ o

Canada (porca) ) u» : vent b-
pone
it is Candy synth)

Il pirla) - pmla) /Iggy = Il ( Pn - Pn) (A) | Liti)
him-3 a

= Il pn -

pm Ieconia) →
°

→ (putain is Candy m LIH) ! Dot

otf) : Etta) : = him puta) ( him in LHD)
noo

Exercise : verity Het limit beat Legend on appia
seg ,

i -e- if qn → f phen bing.la)= fa)
h-300

Prof of the properties :( Idee: verity Han la polynonds
and pass to the limit )

b) * - homonaph.sn : the f , g c-CINA)) and
show Hat di fg) =#f) Ng)

Approxiudt with polywwlc : Pn → f
m
Ciotti)

9in → g

→ pnqn → fg in CINA)

⇒ pirla) quia) → flat gia) ( limtm LIH)

(Putin ) (A) → f-g) (A)



otha identita proued similaly

[ in genere : properties tre for polynomls , they stay
time by they limits thanks to isonefypopehy ]

(a) flt)
=t c- ¢17) ⇒ 1017) = A by tof .

(3) Il fla) //
g.µ,

= lin Il pulmino,
= %: Hulegu)hisao

il
with pnpolynonels with pn →f in CHAD

Al-Harazi)

(4) o ( GIAD = flora)

(E) we show g / flat) 2 ( fioca) )
'

so the A c- ¢ with 1¢ftp.mptjoh-YI
Define glt) = fà c- Cloth)

By the pop of fine
' alchs GIA) is bdop.

gia) (flat - A) = [glf -11 / (A) = [ 1) (A) = #
"

(HAI -A) GIA) -

→ gia) is He inverse uf fa) -1 → I c- g (fla)
(2) het bettola) io A- f- IN with

µ
- ott)

tale pn → f- in CINA))

their pirla) - papino → fla) - f-G) sto in 21N)



CLEM : puta) -Pnln) A- is not inunhble Kn

↳ fla) - flirt is not inuuhble ( inv - ops fann an

Open set ) → ffn) c- offerti)
"

a

praof-d-haim.slpn.la) = pn ( da)
µ c- HAI =D pnln) o pacata) = - ( Pula)

(5) Anita ⇒ fiala = fase

tra la polynonds : piase =[ ceaakse -I Catha

e piase
then the

pn → f- in
Ciotti) .

pn /A) se = pn (A) se tu

t t

f- (A) se HAI a

(b) f- 70 ⇒ rf >o ad Tt c- Circa)
Nene pot

B :-c (Ff ) (A) it is seffotsomt ora

TE
= (E) (A) CENA) = (Tfr ) (A) = f- (A)

v) ( false, a) = ( Bra
,
se) = / Bae , Bn) - AB xp»

uniqnepess-bss.ve Het X is an dher

font. cclahs fnlflhg He save properties .



Then 411) = II
•

-

Nlp) = A fa pit) et

By the g- - honeonoydnsm pop , Xp c-Gtt]

Yip) = PIA) = lo / a)
↳ by our Laf of to

Any a cont - fune . alahs mnst coincide un polyromels
B. t polynomels ore dense → they connate everywhere :
f- c-CHAD , pn → f-

Il Ttt) - ✗ (Pn) Il = 114 / f-Pridgen, = Il f- Pufa,HM11 !
krill - otpn) Hein)

tiene d / pn)
→
117)

→ diè
a

corte A »
,
A-Ait , then I B. =D' st .

B
'
= A → B.= TE

prof Aso =D TCA) e [0 , to )
so f- A) = it e- CCOTAD

Deke B = f-(A) ,itflfllsB2__f2CA-_a@Coz2_A--At.Actoca)
=D Il -A)

" Il =↳àµj
prof Adda) ⇒ glt) = ¥ c- CINA) ah guitti -1

~> GIA) la-Al = LA-71gal -b- → gia) =@ - AH , /ben usa @



BOREL 6- AlLE@sEai.snellestr
- algebra

coutaininy Open
sets

t - algebra : o) closed under compliment
.) "

" contabile unione intasata

AEIIH) , A- A+ , by cont . funetalahs
we have a mep

CCOTAD → LIH)

f- - fla)

Non fà se c- H and consta the mep

la : Ciotti
,
R) → R

f → < false, se>
c-IR

this
map is -

nell tofned : fol ⇒ fa) - flat ⇒ <fiabe,a)

-
lineare : la /dfs +pt) =L la /A) + Plath)

- continuous : Itself / E KHANguglia"
"

E Atteggiati
- positive : < fiala

,
se > Io ha f- zo .

↳ i. e . lalf) 70 ha f-70

So fseet , la c- Cloni ; m)
#

and positive .

Can ne cdentify this functional ?
Thin ( Riesz - Markov thm) lat ✗ be a compact
Hausdorff spera . then 7 positive linea functional .
E con CCX ; R) thee is a unique

Radon

Measure (nel -robot , positive) on the Borel 5- algebra
of X for which

l (f) = { f dm tfelcx.IR)
RADON : a) NIK) < +so K compact

a) OUTER regular : ¥ E Borel
, mie) = int MIU

)

Prato [ RS , Thm iv. 1¢] uomo > e

a) INNER regular Fe Borel, n'E) <• : n'e) = LEE
,
I'Imput



Application : Ynet , 3 ! Rehan measure

µ
un

( sia , Borlotti) sit .

latti = < fase, a) = | f-(A) Insetti , V-fc-QHAI.IR)
TIA)

DI Mae is the Spectral meme of A associated base
ai

Panda) Malata) = | 1 . due (A) = < stare, se> -dakota
)

→ Nn is finte neque
with total mass Italia

.

(2) < fiatare, ✗a) = II < fama) = IN
" /fhddy.is)

"

/ fin qua, V-fc-CGA.HR)

By the
uniqeuss of spectral narra :

'✗Ffhx = fase

EXAMPLES-o.LA) a -7
'

,

let se be eigenuectoz : A se = In
•
Then

< fase, a) = < HI) se
,
se> = FIAT Italia V-fc.lk/AD

Il

Stadera ⇒ µ = Sy Italia (por pont)nacque

(2) L'¢91)) ,
(Anth) = tutt)

.

we know Hatton]

What is Nn fa na Eta ')) ?
Pn → f- in Ciotat)

f- (A) a = him puta) n =
hm putt) n = flt) n

nuo
"°

mulhptticehn
op by f-It)

< f- (A) un> = ) f- It) Iultifdt
"

=D fu = lulhfd.tl
a-e with respect

{¥ LYNN E Lebesgue )



Exercise :(1) H sepaehle Hilbert
space ,

1-⇒
* carpet

Given net , copie fa

(2) VIENI
,
1- = Mg moltiplicata op by gettoni;D

compiti nn fa ne E .

Ictus come back to He Tof . of Spectral mamme

< fase, as = f fa) Lund f f-c- Ciotti;R)
-

TIA) linea in 1 cap.↳ this is a qnehntic fann pcons.hn in Heath
From a quadretta form

,
ma con define e sesgnihunea fann

by polaizcttn

< f-(A) se, g) = f- [ < fla) taty), sexy) - < flotta-y ), se-y)

- i < fla) (se- iy) , a- iy) ti < fla) trtig) , latini))
( check it ! )

= g-[ / ftxldraay - Hay - i dme-iyi-itnm.iq
= | fla) Immy

whee Mary : = f- [ muy - Nay -
i

/niy + i/xiiy]
Mai is a Complex - Boal neque ( µ

: Borel ← algebra → ¢

← additive : µ % Mn) =-2µm)

[ t (Mda»

pairwisediyontsRem_1.Oya.yisfimlefrom@ya.y= mi } < flash)



⑨ se → play is linea Il

yms pay is consiste h") | flat Spini⑤ Mare =

fa

splitting f :
NA' →¢ as Ref + ilmf

,
ore

PIÙ <fiala» = / fontana, holhv-fc-c.com:o)

KEYOBK-rvationi-ffhdfmyitisbf.net al

⑧•(HAI i = { fida→ ¢ : Bad nacsmcble
bambola : sup lffxil < so}

Atala)

Intel just not that

A / faida , / E ' fait droit/ 'Haiphong
HAI

+ fifth dynaiy + fifth Hui)
E sup Italy (vamp + Negli+ laidi timidi)b-]

E 4 GP Iliad ( infiniti) < +0

So we define f- c- Bb ( sia)

Bg Issy) ' = | fla) dinny to)
HA)



Renz clearly we can Hine Bf for
a funeton f : IR→ ¢ with the save definition

.

BI Bf depends onhy on the riches off /gia

Similahy , given a Borel set e c- R
,
re

con ftp.yle) : =

ya , > ( Enoch)

Lemme Bg : H ✗ H → ¢ is a bambola sesgnihuan
four

If f- ⇒
nel vched

, Bf felfllsBflx.dc.bg#pnof-⑨ a ↳ Bflohy) lineare

y → Bflaiy) Cong .

linear
.

%p ' Btta ,» ) E 4 sp Item ( Neftali) a- 8

:p HAIAdlai A-J

1141141

① tal : Bflxiy) = ) fla) dia, A) =/ HAI YÈ
da) HA)

= ffindy, = BFHÌT
HA)

a

We can use Riesz - representation theohn b-

write a sesgwlzeen from es a Solar

product :



Thy B : Hxtt→ ¢ sesqilinear, bontate form

sp IBIXIDI = M < tooil
.

11×11,11411<-1

=D 3 ! 5 c-LIH) st .

Bla , y) = < Sa
, y ) fa

, yftt

If B Symmetric ( Bixy) - BÙ ) , thn 5=8 .

prof t se c- H ,
the

mep

ln : H → ¢

y → la /y) = BLÙ alam

is a

/
linea funtore ( la / ad =B(x→= a BÙI)
bandito : ( plait = .gg

,

llnlyil E spirti / EMMA)
414

So apply Riesa thm ⇒ 3 ! ✗se c-+1 with HANNEMAN
G)sii

la / y) = < I %>

{ ⇒ Bixy) = <Fail)È→

Put s : ti → H

a → a) i.
= ✗

se

5 il linear and boudet ( thanks to G))
↳ Blx, y ) = ( sa

, y) fa , yett



it B Symmetric : Bixy) =BY target
"

( sa
, y) (Ó = la , =/Stay)

↳ S =

•

Ne apply Riesz thm ho Bf

→ 3- ! Af c- IIH) st

<Afa , y ) = Bfteiy) = G fa) dura, /b) FXIYEH
HA)

Renz (1) f- ↳ Ag is
linear es f-↳ Bf ishnen

/ Bf → Af '

sangue

(2) f- ecco /AD
< Afa , Y) = Bfiyy) = / finita = <Hatay)

dal {
tefrite ne conte

finet alahs la fida)
vs Af = f- (A)

(3) clearly Af is nell deficit la

ony bandita Boel function f : J >sia) -34
la ] carpet, tepenhirgahy.ve fioca)



Thy / Boonded Bad funetalahs )

A- c- LIH) , a-7 ,
then 3 ! Ò :@(5) → LIH )

f → Tolti
nhee J compact

""TÌ > ott)
, sf

(1) § clgebraic * - homonorphism

Io / fg) = Tolti otto)
§ / dfxpg) = dà / f) + pong)
$ / 1) = #

¢17 ) = Il *

(2) far f- IN =D , Totti = a

(3) Il Bitty,
E

a :p
1ft I

(4) • ( folti) e f(o
(5) If Ase = la ⇒ § /f) se = f- (A) a

4) f- so ⇒ Idf) »

(7) (f) n , seymQ.MS/-/,:glfnkla-Mv-n
/ fuori → fa) ka

=D Òlfn) se → Òlflxv-sec-tli.e.to/fn) → § / f) stnoyly ( not uifouhg )



prof (1) exercise
,
but we prove IÒI = #f) Pdg)

Preliminary observation : It (f)
n» ,

with { A:B
'"" < M

fn →f pontwise
everywhere

→ < È / f) my) = / 7nA) Lynn → / falda ,
ora) ott) il

<§ / f) se , y)

by Lebesgue 's dominati d can . teoremi
.

→ è Itn) - § / f) G)

Next ne vada a
lenire fan mega theory

Lemme ke IR carpet .
Set Back) bandite

Borel - meesnable fandom aLettoc- Back) St .

4) U ? C ( K)

/ U closed anta " bantha pontina Convergence
"

,
te

.

( fine U
, [

IN → ti tra le

=D feci
a:p

lfntol < M tu

⇒ U = Balk)

praaf-exaa.se [ Werner
,
Lemme V11

. 1.5 ]

Beck lo
pare Òlhg) = $17) $18) G-*)



Tricky bunt procede : If fig £ Cts)
,
fdfkf.tt)

and we have E) .

17 g c- CCD ,
set U = { f- c- Bd > ) : ÒI =#À§

then Us CCJ) .

We show U is closed
with " b p . c .

"

.
the ⑦µ ,

e U
, { IP

lfuial EM km

fwsf punture

< Òlfn) Ólg) my > È < Ò /f) § /g) my)
a)

Il tneu

< Òlfng) se , y) è
< è / had my>

→ § / bg) = § It) è /g) ad f- c- U
"

I U = @ • (7)

Finally the f- e- Bbc ] )
, put

✓ = 1g c- BSIJ) : § / fg) - ÒÌIF) Ólg) }
We Just provate V0 CCJ) . Again are shows Het

V closed under "

bpc
"

=D V = ⑧• (J) .

(2) fa ) - A c- CCJ) → § (f) = f- (A) = A
( by continuo f.a ale )

(3) fred =D f- (A) selfctsomt
.

AHA) / = sup
' < fiatare > I s Egg Ithil

1121111



f- complex : WHIP -11^0114*01^4111=11^0 / f) FINI

(41-10) exaa.se 11 È / 1ft) /
IN

(7) µ → o pantm.se
Italia < M tu :p I flap

tloffn) all' = < Òlfnse
,
È / finta)

= < Ìolfnitolfn) sein)

= < È /Hahaha> → o

by Lebesgue don
. con . Hem -

uniquesness ✗ anotha fune .
cdc

.

4) +12) =D Hp) = bip) V7 polynomel
(3) =D 41ft = #f) V-fe.cc >)

by Stone - Weierstrass

(7) ⇒ rllfl = dif ) V-fc-Bb.IT)

indù put u : = { f- c- Bb / 3) : 411-1=0/171}
We have praed U2 CCJ)

tale ( fan C- u with { fu → f pòintwise
Ilfnll E C

then < ✗ lfn) se
,y)
→ < 41714»

< d'Ifn ) my > → < ollflsein )

⇒ f- c- U =D U = Biot ) a



ROAD Map
-

A- =#
,
A E LIH)

polynomnd fate Zca A
"

tpdynonicl

{
smt : OCPIAD - placai)
IIPIHH = llpllecoiai)

conte fune. acc : Clnai) → LCH)
f- fate %: puta)

by store
-We'ethos lpn ! pdyronels, fu →f

Fix seat : Circa
,
→ IR

f._ < fattoria)

this
up is

linea out continuo» : e CLNAI)
#

Riesz : 3 ! Ma special metterei

< fiatare) = / HA due Afeltra)
oh

By polemiche.
< fitta,» = f fai dm, tfeaoa.it

HAI ↳ by polaizeta

-

sesqilveen brutale operatore



It also nakes serve ¥ f E B, (5)
,
Jzota)

J caput

Bagdad ÷ pagina demand , ttgetdbc»

Riesz : 3 ! gia = Òlg) sit

Bg Cad = agiata, y) Kay fa)

Borel fune . che : Bds) → LIH)

g- gia) that bla

→

intinta function and

EX tche già = tolse) ,
le J

Ettari = Arch = Tolta)
Ehe) is an otto goal proyecton :

inbeh : entri = È ( str)
'
= Idèe) = ente)

entri = Il #a) Tdttr) = TOCAI ) = era)
U

sta

Nextqtep : record.net A status from this progettare


